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(Fluid  Dynamics)  /  1 


Definitions  and'Ba  sic  Concofits  >■  ■  V 

.  .;iv.;;Hydrodyaainlcs  ;  Itydrodyhamics  is  that  branch  of  ro  a  thorn  atics  which  * 
de  ala  with,  thaclotion.of.  ftuldsor  that  ofbotfiesm  fluids.  „ 

j  J 2.  -Fluid  t- By  fiuid  we  xnean-a  suhstaace  whichgis. capable'  of  floWfo g^Actual  ■ 
fluids  iiu  illvldwi  Ui W- two  ca  bgorica;:: p/^uids,  M.  gas<»  -We  regard' fiqwds  as 
incompressible  fluldsifor  all  prac deal  pUr^eSTSltd.iiast j  bj  tumprci.aible  iluidsL 
Actual  Holds  have  £5  vo  physical  propcrties  'i  dcnsity;  volume/tcmpcrature,  pressure 
and  viscosity.  -  *=— ;  * 

'3.  'Shcaringslress  : -Tyva  type^.of  forces  act  ons  fluid  el  cm  on  L  Orioofthemis 
body. /pree'and  ihu  other  issur/acu7on:e;.The  body  forte  is  proportional  to  Uie  mass 
of  the  body  .on  which  it  acts  while  the  surface  'forte' acts 
on  thabouodary  of  the  body  anil  so  it.ls  proporUonalto; 
the  surfaco  area.  ' 

•  Suppose'  F  is  a  surface  foriia  aclihg.  ^'n  ^an  s^carin« 

clemcntaiy  suriaco  arca.dS:  at  lhc  point; A  df  surface-  &ct^ 

S  f  ct in  tfiedirix^MV 
of  tangent  and  nenn‘al,atF(Thi>  n.6rmaljXbii:c  j«runit ' 
pro  a  iscallednormalseerr  ahdiC  rrfnruRgdbmrartL. 

The,  tanccatiol  forte  per 'unit-'area<.is  cflllcdfsAgpryt^  • 
s U(X3.  ticnzc  FJs  a  kind  of  shearing  stross  and  is;  ^  ^ 

a  normal  stress,  .■  ■/,.*■.  ■  ,'r' 

■  -.4.  ^Perfect  Fluid ;  A  fluid  is  said  ft)  bo  perfect  if  it  doosnot  wort  any  .shearing 
stress;  hov^vcr:3ma)lythc  lollowtog  navc  il^samo.moaning :  pcrlcct.1rictionli‘SS,  - 
^vlscoufl.non  viscous;  enid  idea).  . 

— from  the.  definition  of  sh conn  g  stress [and  body forcqit  Is  clear-: that  body  forco 
per  uhltarva  at'  every  point  of  surface  of  a  perfect  fl  uid:  Qcts  aloa  g  the  hormalto  the 
surface  afthnt  point 

6.  pilforonce  between  Perfect  iluld  un^  I^)t0ul4^du9|.illmd-pr  real  : 
fluid  is  viscpus.and  compre^ible.ithc  mfljn  .difrerence  ^tvyccn  real  fluid  and  perfect . 
fluidia  thaistrcss.acrois  any.  pianos  urfacc  of  perfect  fliuidi*  always  normal  to  the-, 
'aurfaco.whilcitlsnot.truclh.cnsoqfreaJfliild.Tricasoqfviscousnuid.bothshtarmg,. 
stress  and  normal  stress,  exfst.  . 

6,  Viscosity,  j^scosityls  that  property  of  re^fluid  as  a  result.of  which  they" 
bfTorsoaiq'rcsIstan.co  to  shearing,  iiy.,  sliding  movement  of  oner  pariiclo.pasi  or  near-.., 

onothor  parti  do.  Viscosity  is  also  known  as  internal 
friction  of  fluid.  All  known  fluids  hnvo  this  property 
in  varying  degree.  Viscosity  of  glycerine  and  oil  is 
large  in  comj  arison  to  viscosity  of  water  or  gases. 

7.  Vejlot  ity :  lot  a  fluid  particle  be  at  P  at  any  Q- 
time  ta.OPer  tm'd  at  time  l  +  5/,  let  It  be  at  Q,  where 
Ok  »  r  +  6r. 

=  r  +  5r- r  =  5r.  .  ' 

ThVs  & ;  seconds  produce  .increment.  Sr  in  r.  If  St  -y  0,-§r^i0^#icn 
(^r^bKD.lb^<flord  <im6’de$wfxUi'£h^  tangent  at  P  to  tho  curve$^^^v 


FJjj.2  „  1 


We  define 


Tli  o  vector  *s  d  cimc^{i$.  pf.  ibtf  parUcle^t'P^^^ 


8;JFlii5  (Flow)' aero isimy- surface  vg 

Tlio  rate  bfflOW,  i'jl/  flux  acrdsfl‘  ajiyr<s\fifl^fjr  is'-'d'eJTncd  as  ‘the 'Integral 


..  y^V'- 

We  also  define 

Plpoc.=  density .  normafiV.eloc^y^  arci  of  the  surface.' 
n  being  unit  outward  normq|^qctor  of  any  point  P.., 
.Thff-^uld.t^otiQVmay  be^fudiad  hy,two.dIflfer?nt  methods,-. 
(lJrLa'gr^ngia^  method,  -•oi-(2)iiEulfcriamihethod;-> 

\  l.-.Lagrapgian  method  tin  this  meth'od,<  any -particle 


ffndlft  ih’ou 


&tai*gian  mempq  {.xn  this  Jaethbd;< any -purtl^eioiithe- fluid isrselecfcodv 

on;is  atudied.  H^ncenvc-Uotermuietha ^stoiy.of  evbiy JIujJ pdrticlc>. ~ 

Utuiluld  part ^c^c.brfiniti^y'-ni'the, point  (dTb;  cJfAfterl  tf-lajls 4:df tim o-"t j  lot 
the  same  fluid  jiartidc  be  at  (r^;sr>Mtis  bbyloTftlH^y.^a're  fbiic^^  ■ 

smep  particles  which  hove  initially^ difforent  positions  occupy  d i Cfer en trposi tions.- 
aftor:.thb. motion. is.  pllpwedr  .honpc;  th^  soordfnaka  z) 

dppcnd-ou.to.biO-.ul^o.Jbo#,.:  '  ;  :-‘ 

*  »-fl  (n.  5.  c," r),  y  -  f2  (a,  b,  c,  /),  t z  t).  ' 

^J.K^P^Vrpn.is^Qfywh^cconiinuouVth^ 
that  wc  can  assume  th'at'n'rslT^  uai  uuuyai 

cxist:  Components  of  acceleration  of  aflu;dpo,rtjQlea^oi,  y,r,  whoro^ " 

- :^V 

■X^d i2 


-  -  .  VI  Of. _ 

2.  Euler  Ian  meth  od ;  In  this  method, .any  point  fixed,  m;tha  spape  occup^cdby,.. 

L  lc^  )S.scJegtcd  .Jind; WO.  obfi^ryt  ihe.  chjnge  in.  tl\?  s^U/offhefl.uid  .^thop.uid  . 


paBaoa^hrou ghltbi?; pp in L  Sinra^thopomVt&ftxcxl. on d, 

"  -  V.  '  * 

^£^Jao:pw(b°^^®^^^?boaortWay0ry:j!pidqojtjcJa^ttrpt9db<^n>^.v>a3B 
cbffBap.iwdito  ta"div]dtuflU^'ra|«pr.ciia[^pa. 

VSr  "Explain,  '.the  :di(ferendh\b}i!^&(^uVfrg^  metfCods  la 

hydrodynam  lei. 

Uocal  oncUridividual  tlme  rate  eff chafigo  . 

.'jCpn.ifiacr.-a  fluid  motion.  nsedciit^^thX^Xi^.pemTfuhetion  q  (rrt)yKec^ing^ri 
tho-i^nf^-(r)'fixcd;  th.ti  chango  m  fivr  :  '  '  *  ’ 

*■■;■  '■  _ 

ond  it3.rate.ofchongc.ia-  '■'*  -m’_m  ...  . 

uin  -l  •"  • 

•  5f -» 0  W  d?v  •  ■  *•%■'- 

Sinco  A(r)  is  fixed  hen  co  |^;ia;  called; locat  iune  raie  pfefianse* 

■  ICccpsnff'th.o  particle  fixcd/chanco  ja>is’.  ^ 

?  ■  ■’  ‘  J&  : 


•  andr  cliariEoiu.  ^ 

■  ■  •  : 


iSinct  ,  -  4  “  O  \ 


;^».v 


*  ^“1 


’  rfividing  by  id/’. 


*> "  ‘ 

’l’JA^j^^th6'i,el3ti6h,liEwtoWtKS>Wo1rtma;r*lc#.  •  •- 

'L^^Nc^D^'Si m Uarly,. for  a  vector- function.  It  can  be  provo.rt'.that; 

-^V  .  ... 

Acceferotion 

>  lb  explain  the;  method  of  difTorcatmtion  following  .the  fluid  and  to  obtain  an 
:  expression. for  acceleration . 

Coasid^r  a  .  scalar  function-  0  (r; /)  associated  with,  fluid  motion.  Then 
^•(r,  <)'->;  fey.  z;/).'  - 


;-■■>=£; 


Dividing  by  dt-und  taking 


weobtairy 

Taidng: 


■ItSt 

«i.=  «1  *  hT+  ,wk..'^|^-+q  .vy«>. 


or 


This 


dt  - 

Tba^ ^ppcratqr.^  is  called  'Differentiation  fallowing  t he  fluids  ' 

Someb'mea  we  also;  write  in  place"  oC~ .  Acceleration.  A  is  d  efined  ai  total. 
dooVatiye  (MaLori al : de riv a ti ve)  of  q  w.r.t  f..Then 

da  rj'  1  ./'B  .3  3  Sa-: 

a“*=re*qiV‘]’KwtuS+0:^  +  "S'J» 

Equating  the  coefflcients  ofij,  kfrom  bothaides, 

f.B  9  V  3\  . 

(3  a  a..  .  a  v- 

0^(a7^^+w%+rar:Jy' 

r  a.  -3=;  a-  af--\ ' 

wheraaj.  aj,  a3  aro  components  oftheaccdleratioh along  the  axis. 

KlodO; of  Motion 

i:.  Stream  jlno  (Laminar)  motion-  A  fluiilmptibn  is  said.tnbe  strehm'  line 
motion  ifthe  tracks.'of  a  fluid  particla  fonn  parts  ofircgular  cuvoe.. 

2.  Tu  rbuJ  en  t  inoti  oh  :  A  fluid'  motion  is  said  to  be  turbul  0  nt  if  tho-  paths,  are 
widelytiricgular. 

3i;  SUady  motion :  A! fluid  nioti on'ia'saitl' fobe; steady,  if  the  condition  at  any 
point  inithe  fluid  at  any  time  r c m a ua 3<h e ;saon e  for  all  time.  Thai  is  Ur  say.'a  fluid 
motion  is  said  to  be  stcady-if  . 

:  '  |a=o,  ^1V 

df: 


=0.-  ^  -0, 


where  p,p;  q  daiptc  dfensity.-prcasure,  velocity  respectively. 
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Kin  ematlfcs  (Equations  of  Continuity) 


(Fluid  -Dynamics)  /  2 


jiotatJonal  jhptlcm Aflu (<t mpUoh-is  jfll4t6;beT6tati onal  ifW  =*  curl.q*  o,.sf 
ey ory.-tlroftap di at'^rypcrfnt,-  j.  . 

•' -Bi  to;irro&tiqaal..i£ 

DeflnWb^ofi^me.curvQs  ■  *  " 

1,  Stream;  lino  ^  1  '  > 

•A  streanil&ie  pi:fir[a;'crtf6yr:ta;  icih^e'isIU.t^  any*; 

•  Instant 

■.It.xneans  tJiat  j3^^ori  ot^ge«t:'ftiid Jdlr^m^fy^ixj^razsei 
pnrBlleTttfxfcandWi^^  '  .-v--  ‘  ''■*  --■■  '<■  .  ■■■  ^  .. 

rmiii  ,'dz-  r  •.  ...if/y  .V. ... jg  jft-  '/-'  r  siri'6:rf^:  \  VK.  ‘ 


-This 


■  •■••  •  *. :;•* ._  -.3rY '  r  <XT  :rain:0._*Tdto: 

,  Thessar®  the required  dlfrereqtiaVeguat^  liii  esfprrnr.; 

doublylnflnf  ta  sot  at  any  time  f:Hef  e  .;J  >. 

q*=.Lil+,ifI:+n/k.  .  -k 

2.  .Stream,  tube :  TOo^strtamlinesiamymv^oru^j.each  poi  ntofacIo3eKCcurve 

enclose  altuindiw.aurfa«  .int^  stream  :tubo  brtu b c  >£^ow^A,;: 

tube  of  flowitf  infmj teaimidlcrtjbai  a ecti on  fir  i^d  ef/rarri'/iiamen f/  ' 

3.  Patbifne*:  '  ■ 

'A-p&th'''&n's^s--a’fCunra'-wliic'h  a.  particular. fluid,  pi^clo^doscribeis.duidn^ita” 

motion.  Thio  differential  cquatSona  bf  path  lineaoro  '  ';:~ 

dr 


dt 


■  ut+itf  +  uik,  :a. 


dr.. ; 

•  .Vftr'1 


rf*‘.  dy.  _ 

Tr^a  tf.  — r  =  o.-  —  ^  LO- 
rft  ."  -dt.:  V/e  : 

Path  lines  farm .a  tHply  ihfmltO: « et..  .  . 

4.  IHffa  rtuvee  between.  stre  a  mllhesaind  -path  lines  -■ 

Til  A  Van  rnn  Ku  tn’t^ o  irtriifi tt4 ' 1  T-rt  t>Vcrl  vft  A  >  jrTvHInn%nfv*W»f^o  'ni 


!^e^^ta'Wtha;^oflM1Fner^ye!0ie;d^jc^i&pf^ttlfl«ities;birflaid'poi;tidali^ 
ot  various  pomta  at  agiventiroc,\vhile  tori  gouts  to  tho'  path  lints  gi  v  d  J  th  odirpctiposil; 
of:  velocities  of>  giyeh-fi.tMdipaLrtJcla.ntrv&f jovwfim  line*1 

show  how  each/fluid  partiiie  is  moryi ngi’ata  gi yen  in  3bant  wheronp:  the :  path  lines 
show  how.  a  gjvbn  fluid,  partlclo  ;js.-m6vi6g  at:  each  .instant.-  In:  Etendyflow,  stream 
lines  do.not:vaxy:wiith  time  and-  coiniclde"  with,  path  line W ..  •  ‘ 

-  Streak  linca  :  Aatmnk'15  ho  Is  al in a  on  whiltdi  hb  all; tbpse^ uid  ei enierits.;  th at 
at  some  earlier  insioritpassed  through  a  particular pcrfiit" In  space. 

A  atroa’tliho'ie  defi ncrdasithe.l ocu is  of  di heireht  partlclca  pasBing  through  fixed 

point  ■•  '-■'■■■■"  •  ■  .-  •  T...--:v.. 

Velocity  potontiail  .....  ■  .  '  ' 

Suppose  ‘  q-»  at  ^'b j.^.iyk1  is ;  velocity  at  any;pomt  P:(x,  y/z).  Ats'o: au ppos e-t he 
oxprc3s»on.u:<£r*+  v  dy  -Yio  th:\z  afcexhrt  diflcrential,:say  ~  di>. 

Then  !rr  d$:r*  u.  dx:  +  tt.dy  &ttdz;  •-  _ 

or  -l^dx  +  b  dy  +  S  +I?:£?f  )a  “  <lx+  '>dy+  w  dz  =  '  j| 


jjwhere 

This 

Hence 


. 

.v  =  --r1- .  w  ~-7r  ,  0 

*  ,i  rtv.i.  ‘ay.''  ■  .Qz  ■■  -  -  >3l:- 

q  =  ui'4-:trj  +‘<5k‘‘ 

;  Integrations  '4  =f  0  ilcci  a  re  8- th.a  t.d.  =1 0  .+/j-  (x,-  y,- 


-i  J-?.  W>  <^ 


where  /'j  (x.y.  z)  is  n  constant  of  iritegrafon.  This  c qua^bnMoj so  - d ocl arcs  ,tbftt 

"  .  • 

q  n  -  Y$  Is  therequfred'rcl alionl  B^reC  is  ^cfined.as  wtociO1  potcnliafor  udocily  . 
function .  Thft  Acgafivo  aigri.ln  the  equation  q  *>  -  enti on .  It  ensures  that 

<;  npw,  tnkeAfyom  lu^eff.tp^ow.er>pofent|als.  .  ^  >  - 

Thoorcm  L.Tb  Bhow  that,  surfaces  axiflto^ichOT.t EVrpom  lin.cajortlipgqhhllyiif 
the  velocity  potontlal  exists. 

Proof  ^T2vc.di.ffcrcntinl  oq u ntio ns  o f&t ro am-li n cs  arc  giyf^.by 

; 

;TrtCFfiiirfacos  which  cut  (1)  o>ttKbgon2Uy  are  given  by 

‘  .CO 

Tho  necessary  and  au ffi^r^condi tion  for  tho .exist once  of  (2)  is  that  C2)  must 
nd  m  it  n  solution  of  the  typo 

/(i.y,z)  =  c  —(3) 

c  being  constant oflntegralion.' 

Th o. necessary  and  sufficient condifionJbx'theexiatenec.qf  0)  is>thot* 

T f ;i^b’ ;shb « -thn t: ( <f X :i c  Bniisfied'wKeneVif  yel6a£y:l30ferttihl‘feHist5T:f:t-J'wHcn 
' u-^  ^ » ;  w  the  jeiuijt  wjH.jptlows- 

UB.S. 

.  nu  ..0.  +:!/  ir,Ux  .'q:*p.»;RH.Si  of  (4). 
l-yy.:)  .Hencei(4>is  satisfied^/ 

Somo  definitions 

1.  Vorticlty  Voctor  :  If  q  be  the  vclocjty.vector,  tlnM^W;k>flJhP,4<6l^H»t^?i8 
-caHed'vortldty  vcctOT.'-THc'DinAcmaticiRns  JiSinb,  MiIn^Thbmpstm;-.fRuthfcrford, 

Goldstein  ote.  follow^ihe/dcfiolticm 'W*V^orlq- whereas  BiHthofl>'-Robcit»on;etc. 
follow  the  definition  W  - 1  curl'q.‘Tf  ws  wrUo'-W-  -  W  (^.  n,  Q  then  W  -  currltj  gives 


1  ■  i  ■  k,; 

>3fcC::.  2%.  ;  ld»;: 
Wr‘i l 


-EquatiriB:  t^i  ft'c6efRcientsj)f  1  »5>k'«tbpth  si  d  es^ 

■  •  *  ...  /dux  9o-\-  ^uj:V  . :+  '  - 

*■  '  ^  y2a;'  J  i  ^  i 

A  fluid;  motion  Js-  said' /to;  JtevfiTptntloh^j  ;qtherwist 

rofeitfouah  -  ‘  j"  ‘ 

JL-Voirtex  line. 

W ^is.paroJIol.  to  dr^^rhjs.^.  & 

equafions:of  a.voricx'h'nd,-.-7  -  ;  -  .  . . . . 

-eritioeb  j'si  -tubular ^apaco:  In;  &q..^d:0awwTi;::as 

dhfinltcilinal^ ^crosa'sc'ctibir^ ^i8"f^^^t*/iexr/i/i»^t;orr.:^mply  't;o^ai:  - . 

;4.;  Bbltranlc  nblw  rAfi^cdd^bfibn;)? 
iWjU'ifcvifqXW'Kdriii'tfiixfcaBOi^Js.radied,^ 

Bouqdary;3.urfaco.  _. 

.Theco  ntact^bo  tw'eentheflurdand^  co 

wflLbc  rDalhtaihddlf  the  fluid  nhd  surface  have  tho 
'■^me-y^odityjUbhB).tlie'n.bTOBl;  to.th*+ s'ttjfaco;Tjetji), 

arbifraiy ;pblntLqh;'&e  a  j>, 

if;{r;  /)4^whcro  ’ 

■of  the  sdrfacp;  Is ; i* .  SlncA^onna^e^^nofi^fA'^p 
VoIocitybffluidw'nprmalccmponentpC^e^ic^f^^ 
iof  sOTfa'c^ "  rig.  a 

This.  =»'  ‘q.v  -  .* 

Since  is  normal  to  file  O^Hehcpitf  and  V^th  ar c  poroilel 


:Xbt  >  (r,  O’moye  Q  alsq-lies  on 

jP[rvio«  0-  HencqjF  (r.+ ^yl6rw3t}u^)y 


tVeBat-:  ^  & 


M. 

at 

vf„ 


.'5o'ij>bfh:th 0  volori ty:bftheirurface,  .. 

^ftw'ulbeccrmcs;  t  ‘  " 

"  ,-r .  w 


w-vFr-ji. 

.  tquiy"’ ^  —  i  — — 


f-.O 

di 


eqdiyalenUy- 

>This  is;thb;requiredicpndifioh.T()r;tho  surface  tb'boia  posaiblo  form  ofiboiindary 
.surfacc:-If  the  surfacc  »6:'a  rigid  auffneo.  then  tho.cpndition  becomes 

;  ..•  J  ;•  v  .....  . 

-• ... ,jw: z**?*~*y  ".. 

Rem  ark Normal  compone  nt  ot  velocity  for  the  boundafy. 

- 

'OK 


where  — 


EqukYon.'of'confiWui'ty./  ’■■'  ■  .'  . '  .  “  ' 

.  -*^‘eTra^'*c€.genen>^6n'.pfibi^-i^.thlD:a  givbfi--voium.e^m.uifibb  balanced  bR?n,' 
.equainctoutward  ilow.of  m«aa!froi‘fiieyblumo.This  amounte  bopayingithabmattaf' 
Ismeltfeer "created; nor  destroyed.;  , -  ::  .-..:v:- •>•  *  .•  V;:'v  'I  .< 

:EqiiatIori:6rCon«.nii^^Eutef3r:n^eM^?-  ^ 

Or  .Jf^tennine.  ecj|uafioiv..(^'<»n^.ai^by$ybtei^-  appVoQ^fiw^ ^■d;iiph*h'o*di^ 
lnCtrtnprfehs iblq.flu I di-^  :  /  ^ Vl'&S-  v  '-i'&Z. 

imbyinBiivildt jLetin  be ^  a:unltr  birt^^hpnnal,yei^jfcdr.awipnd^^8^^ 

<£Sv  ^heretfluid -.velo^ty;  ^  and  fimdifibiMi^ia.^Lijaw'a^inqrmal^ 

-n;qiMWbf.the.fluid;ebtcrihBa<X«a%e.;^  .' 

.  |  p  (-;io:q);cfS  » q (d£ » *f:  v'i: ■  vvJW’ 

'  J3  ‘.  "  .  ; ' .  .V -  - .  V'^.V I '.' ' :!  '!  -:  . 
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Kinematics  (Equations  of  Continuity) 


(Fluid  Dynamics)  I  3 


■S3 


+  V.(pq>-0. 


By  (3), 


This  is  Eulerian  equation  of  continuity. 

Vp+pV.q  =  0 

[|f,.v]p+pV.,.o 


...(37. 


..(4) 


+  p7.q=»0. 

Thia  is  an  alternate  form  of  (3X 

{Equation  (3)  is  also  called  equation  of  mass.pf  conservation]. 

Deductions :  (1)  To  prove  yr  (logp)+  V.q  ■  0. 

at  f  '  *  .  * 

Dividing  (4)  by  p  and  writing  •  -  * 

ws  get  the  required  result. 

(ii)  To  i  'rite  cartesian,  form  of  the  equation  of  continuity.  We  know 

d  3  _  3  3  -  3  3 

—  =--  +  q.V«>T-  +  uT-.+  ur-  +  u»-r. 
dt  3t  M  3t  dx  dy.  dx 

NoW(4)!ia  reduced  to 

(3-3  '3  .  9  \  ( du  3u  9lw  n  _ 

This  is.  the  cartesian  form. 

(lii)  Suppose  the  fluid  is  incompressible  so  that 

^  =  0.  Then(4)=9_pV.q»0  =»  V.q="0 
3u  ,  3o  *  But  . 

~a*  3y  3x“'°* 

■This  is  the  equation  of  continuity  in  this  case.  - 

Note  :  In  this  case  q  is  adenoidal  vector.  Fcrr  a  vector  f  is  said  to  be  solcnoidal : 
vector  if  V.f  »  0.  „ 

(Iv>  Let  tlie  motion  be  irrotntionaj  and  incompressible.  Then  thero  exists 
velocity  potential  $  s.t.  q  =»-  V$. 


Here  also  ^  =  0.  Now  <4)  becomes 


^$  =  0 


0  +  pV.(-V«)«=0 
c^fe.32*  n  ’  % 

This  is  the  equation  of  continuity  in  this  case.  .  ffcj 

Note  :  This  deduction  can  also  be  expressed  as  :  SAotu  that  the  equation 
continuity  reduces  to  Laplace's  equation  when  the  liquid  is  incompressible  a/wf'i 
irrotational. 


(v)  Suppose  tho  motion  i3  symmetrical.'  ' 

In  this  case  velocity  haa  only  one  component,  6ay  u. 


Then  wfe  have  —  »  ~~  + 
at  dt 

Now  (4)  become^ 


3 


.v.f. 


/  3  •  3  x  -  du  „  ' 


4V 


fvi)  For  .toady  motion :  In  this  ease  h 

dt 


.  Now  equation; (.3)  becomes 

y.(pq)  =  o. 

or  equivalently,  .  +  Ite"!  +  *&“>)  e  Q  . 

3x  &  dz  ^ 

This  is  Euler’s  equation  of  continuity  for  steady'motion:'^ 

Problem.  Write  full  form  for  the  operator  used  Jo  r  d  ifferen  tia  lion  following  the  fluid 
motion  and  gioe  equation  of  continuity.  }■ 

Soiation: 

—  ■  operator  of  dilTerentialio.n^followiqg  fluid  motion. 

Equation  of  continuity  fs 

day. 

,  .  dp^v=q  . 

Equation  of  continuity  by  Lagrange’s  method 
Let  initially  a  fluid  particle  be  at  (a,b,c)  at  time  t  =  t0;  when  its  volume  is 
dV0  and  density  is  p0.  After  a  lapse'  of  time  t,  let  the  seme  fluid  particlo  be  at 
(x»y.*) when  its  volume  is  dV anddeusityp.  Since  the  mass  of  fluid  element  remains 

invariant  during  its  motion.  Henco 

Po  dVQ  =  pdV  or  *  da  db  dc  =  p  dx  dy  dz 

°r  parfatf6dc»p4^Lp^dad6dc 

d  (a.  b.  c)  - 

°r-  .  Pif * Po",  -.CD  .  where 

v  (a,  o.  c) 

(1)  is  the  required  .equation  of  continuity.  ■  - 
Kem  ark:.  This  article  can  also  be  expressed^*  :  By  considering  Iho  constancy  oi  mass  of  a 
flntta  volume  of  the  livid,  obtain  the  equation  of  continuity. 

Equivalence  between  Euler  Ian  and  Lagrangian  forms  of  equations 
of  continuity  .  .  *  V  ‘  •>., 

Let,  initially  a  fluid" -particle  bo  at  (a.  b,c)  at  time  *  =  *o*  when  its  volume  is 
dV0  and  density  is.p^.  After  a  j8pse  0f  time  l;:let  the'  same  Quid  particle  be  at 
(*»y«z)  when  its  volumo  \kdV  and  density  is  p,  .The  velocity  components  in  the  two 

systems  are  connected  by  the  equations:  . 

U  »  X,  W  »y,  u/»i,  q  a  ul  +  l)J  +  lok. 


x  «  x  (a,  b,  c,  f),  y  ’=  y  (*.  b.  c,  0*  *  -  *  («.  b,  c,  t)  . 


Firstly,  we  shall  determine  . 


3(x,y,z)j 
* "  d(a,  b,  c) 


dx  dx  -  dx 
3a  ?  db  "  ~  3c 
&  &  *L 

3d  ■  db  -  3c. 

dz  dx  dz 

da  "  3b  ■  3c 


dJ 
dt  = 


dJ  ,  .  . 

—  =Ji+J2+J3 

Now  Jj  i s  expressible  as 

3u  3jf  dz 


du 

Du 

.du¬ 

dx 

:  dx 

dx 

do 

.db 

de' 

da 

db 

dc 

$L 

& 

dy 

_ 

du. 

du 

dw 

. 

da 

db 

dc 

;■ 

.  da '  ’ 

•  3b  - 

dc 

dz 

dz 

dz 

3r 

3r 

dz 

db 

dc 

3a 

db. 

dc 

dx  dx 
da  db 

*L  U 

da.  db 
3w  -  duf 
da'  db' 


...(1),  say 


:My 

du  3c.  3t*  3y,  ^3^f3r^.  dy  dz 

da  3a-  3y  3a?  ix'da  3a.  ,  3a 

3b  3b  +^3y>3bk-  3z  3b  3b  31 
3u  3x  j£3u  3b  3z  dy  dz 
3xi3?^)fe3c  *  dz  -3c  Dc  3c 

Du  3fr %%)  du  d(y,y,z)  +  3a  j.(zt^4 
=  fe.,3  (a.  Si  c)  •  3y  3  (a,  6,  c)  3z  3  (a,  b,  c) 

dy.  .  3r  3x 
Jy=*  J  ^r-^  IFijrja^etarminnnt  vanishes  if  any  two  of  its  columns  aro  Identical] 

Sim|ilariy,  "Jz 

1%  dJ  ,/  3«'  3v  -3m"\  .  *■ 

dl*  J  [  &  +  ay: *  dz } = J  ' q 


jdur' 

3v  du/ 


A 


f=yv.q 

Step  I.  Lagrangian  equation  of  continuity 
«  pjopo  =*.^(p^-0 


dt' 


J  P  V.q  =«  0,  by  (2) 


dr 

Dividing  byjf,  ^  +  p,vjj  =  0.  -  . 

=*  Eulerian  equation  of  continuity.  “ 

Step.il.  Eulerian  equation  of  continuity 

=  ^pV.q.O  +  = 

“  ,7*+P  *  =°  “.4(pJ>  =  0- 

integrating  wo  getpj  =  p0,  say. 

°  *»  Lagrangian  equation  of  continuity.  - 

Generalised  Orthogonal  curvilinear  co-ordinates 
Suppose  /i(x.y>r)-al,/2^,y.-z>»a2>/r3(x,y,i>-a3.  are  the  three 
independent  orthogonal  families  of; : surfaces.,  where-  (x.y,-/)- -are  cartesian 
co-ordinates  of  a  point,  the. surfaces  ai  ^.-conai,  a2  »  const,,1  eg"*  consL  form  an 
orthc^onal  system. in  which  (a1.  a2.  a3)  may  be  used  as  the  orthogonal  curvilinear 
co-ordinates  of  a  point  in  the,  apace;  The  relation  between  the  two  co-ordinates 
(x,y,z)  and  (a  j.  a2,a3)  can  also  be  expressed  by  the  relations : 

x~x((Zi^a2r  D3},  y  =y  (aj,  03,  a3),  z  -=z (Oj, a2.  bj). 


.  Dr ' 

*-£?**< 


dz  =  -^^dai 
3ar  - 


<fe  ,  3r  ,  . 


Squaring  and  adding  these  equations  column-wiso,  we  obtain. 

dx2 +dy2+dz2<.  (Aj  da _,)?.+  da^2+  (A3  cfa 3)?.+ cobfT.  of  tfaj  rfa2 

."--r  ?  :■  -  +coefT.  of daj t£ Iij  +  cociT.  of (fa3  tfa  j 

where  ^  ^ 

By  orthogonal  property,  the  terms  con ithi  Ding  da  j  da2 ,  da2  <fa3,  dbj  vanish. 
Hence  ,  t:  -  ‘  •  “  ,  . 

dr2  +  dy2  +  dr2  =  (Aj'daj)3  +  (A2  do2,  +  (A,  da/; 
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Kinematics  (Equations  of  Continuity) 


(Fluid  Dynamics)  /  4 


OA  -  h,di, 
OB  ■  bj  dnj. 
OC-hjdft, 


Using  the  fact  that  the  line  element  iu  cartesian  coordinates  is  given  by 
'  cU*  ^dx^.+df.  +‘&*,  y/e  get,  . 
ds*-"(fcj  <ia  j)?  +  ^s)2* 

’  Equation  ot  continuity  In genetanscd  orthogonal  curvilinear 
co-ordinates'  .  ,fcA'  "  " 

Let  p  be  the  fluid  density  at  a  curvilinear  ;  L  / 
point  enclosed  by  a-  small 

parallclopipcd  with  edgesof  lengths: V^l’ 
qlt  ^  53.be.  the  velocity 
ff»rn portents  along  OA,  OB,  OC  respectively  • 

Mass  of  the  fluid  that-ja^sesin'  unifc  thne  B 
across  the  face  OBLC  ■  ^  Fig.* 

s*  density  .area .hdrmal  yelepty  ' 

'  ^^(^^Q2-  ^3^3)  "?1  ■ 

^p'qih^hyda^day  . 

03,03),  say:  . 

Mass'  of  the  fluid  «hftt:passes  in  brut  time  across  the  face 

C'MB*A»/(o1+ £0^02,03)  % 

»/,Co„02.«3)>&i-^-  V 

Now  the  excess  of  flow-  jjjoverflow-  outfromthe  fa  ccs  OBLC  and  MB  AC?,  in  unit 
time  -  '■ 

•  =/-(/■■' ‘-i  \  '  .  "4 

'  : 

1  3a,  -  . 

n  - ■ £°i  •  <P7i  hi  h$  daz-da* 

“l  ■  .-  ■ 

=  -  (p?!  hz  h2)  dat .  da2 .  dar 

«»i 

Similarly,  the. excess  of  flow  in  over  flow  out  from  the  faces  CIMO  end 
OBB’A:  OCCTA  and  LMWB  are  respectively  .  ■  \ 

-  (po3  A,  Aj)  dax  da2  da3*nd~^~  <P?2  ^1  A3>  da,  rfa2  <fo3. 

Rata  of  i^rementin  mass  of  the.  fluid  within  the  parallelepiped 
■  Jj  (pA,  day .  Aj  da2 .  Aa  da3) 


=  ^ .  A,  A2  A3  day  .  da2  :  da3 


-l 

•v^f 


Equation!  of  continuity  says  that 
Increase  in  mass  « total  excess  of  flow  tn  over  flow  out 

.,  |^AlA2A3d^!lda2do3  =  -[“-(WiA2A3)+3^^AlA^ 


■■■Md 


fj  ■ +  [  (Wl  h* ^  +  ipq* h 1  *3)  +  ^ ( W3  i  a2  a3 

*  red  equation  of  continuity.  .  'Vi 

Rectangular  cartesian  co-ordinates :  "•4,-4’ 

;a  «  dx2  +  rfy2  +  d*2  -  (*  i  ja/  +  (*3  <W 

I,  »  A2  A3  «  1,  a,  ”  X,  °2  *?*»  a3>” 


This  is  the  required  equation  of  continuity. 

Deductions:  (i) Rectangular  cartesian  co-ordinates ; 

d^L 

Hence  A-_ 

In  this  case  the  equation  of  continuity  become®:^ 

(ii)  Spherical  co-ordinates :  T<-$:> 

Here  ds2  -  (dr)2  +  (r| 0>|+ (r^sin  9<f  co)2. 

Then  A ,  =»  1*  0.;  «,-r.  o2*0.  «3*=«- 

In  this  case  the  equation  O^conhnuity  becomes 

[  i  «*?%X  8)4  4  (P7J  .  1 .  r  si,  8)  +  ^  (P,3  - 1  -  r)  ]  -  ® 


— -fC: 


\z 


P(x.y.z) 


;/•  . 

-  Q  (x*  fix;  y  +.  Sfc  »  *.**) 


Maas  Of  the  fluid  that  pass ea  in  rinltbme  aenm  tho  face  QA'&Cr 
=/(x  +  fix.  y.  i).“  f+.fif  • 

Nowthe  excess  of  flow  in  flow  outfromthe  fljee  APCBand  QA'B’C  ihpnittlme 

Similarly,  tho^ ^cxcMa'of  fl6W;in^ri.o^twt:^^^ce3.cb^B, 
AA'B'^.CC'QP  is  respectively  -  .  '•  *-  •  v .  -jf  4> 

j-  ^r  (pu»j  ;;Sx:6y  52  .  arid- 


Rate  of  increment  in  mans  of  the  fluid^In:4he  parallelopipcd 


£.6r..6y.5r 


Equation  of  continuity  :  says^ffia^-^;  -- 

Increoa  einm  ass=.to  tal  ex  cesa-of  flow  in  over  flow  out  t.e, 

•  ••  IS  ^  i 


This  Is  the  reqSrW^quatidn  bf  continuity’ 

Deduction^:  (^Fthe  fluid  is  incompressitlo,  then  (1)  becomes  ' 
m  a  ’Jl  *  r'3i*..  9u  .  .(ho-'l.’.  l., 

0  +  p[ar+^.:+^J“0; 


...  (i) 


3t  1  .  r  .  r  Sin 


(ui)  Cylindrical  co-ordinates.  Hare  we  have 
rfr2  » ( drf  +  (rt/Q)2  +  (dz)\  . 

Then  A,  »  1,  h7  «  r,  h2  =■  1,  ax  =  r,  u2  »  ©.  ^2  “  z- 
The  equation  of  continuity  is 

to *  r  [  Tr' 11 r) * '**’*  *  S  to* r)  } *  ° 

or  +  (Mi  +  r  tH3  'W2^  +  3r  ^V?2)  0 

Equation  of  continuity  In  cartesian  co-ordinates 

Let  p  denote  fluid  density  at  P  (x,  y.  x)  enclosed  by  a  small  P®f  allcl®P>I>^1pVr^ 
edges,  of  lengths'  5r.  6y.  62.  Let  u,  o,  w  be  velocity  components  along  AA . 
respectively.  Mass  of  the  fluid  that  passes  in  unit  time  across  the  face  atl-o 
■  density  .  area  .  DOrmal  velocity 
-  p .  ty  .  5*  .  u  -  P(x,y.  x).  say- 


L  3r  +.dy;  +  $z  J 
3*.  ;3yi  3z 

the  equation  of  continuity  In  this  case. 

The  equation  (1)  Is  also  expressible  as 

"  , 

A’  £1  /  d  d  9  3  \  f3u  3v  dto  \  n 

¥  ...  (s->“fa1“’^+“arjp''|:'(fe"¥  'fer 

(iii)  If  velocity  has  one  component  u,  say,  then  (1)  becomes 

3e.&“.0 

,  dt  +  dr  U“ 

TA»  equation  h  very  important  for  further  study. 

Equation  of  continuity  In  spherical  polar  co-ordinates 

Th  derive  the  equation  of  conservation  of  ma&s  in  spherical  co-ordinates. 

Let  p  denote  fluid  density  at  a  point 
P(r,B,  <u)  enclosed  by  a  small  ^ 

parallelopiped  with  edges  of  lengths  .  -  Xa'-Zt 

5r, r  60, r  sin  9  So.  Let  u.v.to  be  velocity  w  a?~tZ6 

components  along  AA\  AP.AB  /lB-r'Mn08« 

respectively.  Mass  of  the  fluid  that  passes 
In  unit  time  across  the  face  APCJ3  Is 
density .  area .  normal  velocity  F 

=  p .  (r  59x  sin  9  5m)  .  u 
»  p  r2u  sin  9  Se.Soi  =  f{r,  9,  u>).  say. 

Mnss  of  the  fluid'that  passes  In  unit  time  across  the  face  A'QC'B'  i 

f{r  +  5r,  0,  o>)  =P+  6r.~^. 

Now  excess  of  flow  in  over  flow  out  from  the  faces  APCB.  A'QC'B'  in  unit  time 
-f-(/V5,.§f)-5r.§£ 

®  -  6 r  .  ~  (p  r2 u  sin  9  59.5co) 

*=-Er.-^(pu.r66.r  sin  0  Sa>). 

Similarly,  the  excess  of  flow  in  over  flow  out  from  the  facefl'AWJA ,  CC'P  B  and 
AA'R'BtPQC'C  are,  respectively 

—  r  sin  9  Su> .  — .  (pw  .  r  59 . 6r) 

r  am  9  da) 


(r,e.a») 


Q 

rig.e 


and 


-  r  80  .  (po .  6r .  r  Bln  9  6u>) 


Total  excess  of  flow  in  over  flow  out 

—  6r  :  (pu sin  0  60.5m)  -  6ca  ^  (pin  r  fi9  5r)  -  50 .  ^  (PV  r  sin  0  Cr  5«) 

»-[^(pu  r2)  .sin  0  -fr^(po  sm6)  +  r^(pii>)].  fir  .  50.  £0 
Rate  ofincrement  in  mass  of  the  fluid  within  the  paraDelopIped 


-  -Jj  (p  Er  .  r  50 .  r  eLn  9  5o>) 


y:- 
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Kinematics  (^quations  of  Continuity) 


(Fluid  Dynamics)  /  5 
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^  .  r2  sin  9  hr -. .5®  •  5to. 


By  equation  of  continuity 

sin  0  6r  60  5w  -  -  £  ^  (p  u  r2) .  sin  6 .  +  r  (p  u.  sin  0)  +  r  ~ J  Sr  68  6a> 

Simplifying  this  we  get 


~£  +  -^-J-(pu  r^)-h- — ^r^tpo  siu0)  +  — :  -,  • 
3f  r*  dr  -  .  1  i-.sm.0  3O  rsin  9  3<o 


(pu/)  =  0. 


This  ja;.the  reo  Mixed  equatbn  of  continuity. 

Probleml.EacAparfiek  of  amass  ofliq  uid  m  oves  uCapkme  through  axis  of  zffirid 
thzequafioiiiof continuity. 

-Solution.---:  Prove  ns  in  above  Article  1.20  that  * 

U  +sir'(*u*+rlki'k  <e"s*e>+ 7.^0^  (P“’)  ’  9 

;Fluicl  particles  move  along  the  tubs  ofrsnd  hence  w  =»  0. 

Equation' of  continuity  is 

* *  A&  ^ •*7^935  *in  e) 


rsinQ  3 

Problem  2.  /fo/noge/jeonr  liquid  moves'  so  thot  the.path  of  any  particle  P  lies  in  the 
plane  POX,  where  OX  is  fixed  axis. 

Provethat  if  OP  =*.  r,.  XPOX  =  0;  p  =  cos  0,  the  equation  of  continuity  is 

r  a, ‘ 


S'r  w-^e^B-Or  ..- 


where  q^  qQare  the  components  of vdocityalong  andprependicular  to  OP  in  the  plane  - 

pox, 

Solution' t  :Hore  motion:liesin  ay-plane. 

Hence  w  «  6.  Prove  as  a  Article  lv20  that 

+.1:  *  +  _J— Afpo  aIa  mV-  .1  -.-a<P^  -  o 

pt  3r ^  ~  .  >  sin  0  <30. ^  f  s  in  0  -  8o) 


Put 

we  get 


w.=  0,  p  -  const,  so  that =  0- 


riJs^f™5”6)50 

p^cosQ  »  <fp=-sin  0  <£0 

_  3  1  a  . 

3p~  sin  .  0  90 

Also  u  o  -  9o-  With  these  values  (1)  becomes 


...  (1)  ; 


But 


Equation  ol  continuity  In  cylindrical  co-ordinates 
,  Lot  p  denote  fluid ' density,  at  a  point  P  (r,  Q,  a)  '  B, 

enclosed  by  a  small  paraflelopiped  with  edges  oflongths’  y 
hr,r. fiO,  fix,  Let.  uj  u,  to.be  velocity  components  along  C 
AA\AP,  AB .  respectively.  Mass  of  thb  fluid  that  posses 
in  unit  time  across  the  face  APCB  is 

density .  area  .  normal  velocity 
-p.  50  fix  u 
■  fir,  G/x),  say. 


& 

%k^ 

3'? 


Mass  of  the  fluid  that  passes  in  unit  ticno  from  the'1^ 
•faca  A'QC'B'  is  ..  .#%  ! 


Ur  +  Sr,  6,  z)  .ft  Sr.  jjfc  <3%^  .’ 


Now  excess  of  flow  in  over  /low  ouLfirumithe^faces  APQB  and  A’QCB'  in  unit  - 


buy.  • 


f~  [f  SrTrX<Mri0-  fc>- 


Similarly,  the  excess  of  flpwjhlpyer  flow  out  from  the  faces  AA'B'B,  PQCTC  and 
PAA'Qt  CC'B’B  are,  rcspectiy^y^tv^  .  '  - 


Hence  total  excess  of  flow  in  over  flow  .out 

a 


“  [  5r .  •—  (pH  ;■  $0 . 5z)  +  60^.  ^  (puhr  .  Bz)  +  fiz  —  (pm  5  r .  r  50).  J 

(pury*  ^  (pu) .+  ^  (pm)  .  r.  J  hr.  50..  Sz. 

Rate  of  increment  in  mass  of  tho  fluid  within  the  parnllelopipcd 


=  ^  (p  5r ;  >  60 . 5e> 


11 4?  -  f  hr  SO  Sat. 
or  ■ 


By  equation  of  continuity,  .  . 

l^rarBeir^-^J-Cp  ur)  +  ^.(pw)V.^(pw).r]or5e& 


^ihU  i*  the  required  equation  of  continuity 


- Certain  Symmetrica/  torms  of  equations;  ot  continuity 

1.  Spherical  Symmetry  « 

The  motionis  symmetrical  about  the  centre  of  the  sphere  and- velocity  q  has 
onlyone  component  along  the  radius  r.  Alsoq-  =  q  (r,  f).  We  considertwo  consecutive 
spheres  of  radii  r  and  r +  fir.  MasS  of  the  fluid  which  passes  in  unit  time  across  the 
inner  sphere  .is-  density .  area  .  normal  velocity 

-  =p  .  WV q -f(r.  t),  say 

of-the  fluid  that  passes  across  tha  outer  sphere  in  unit  time  . 


=f{r  +  5r,f)  ■=/■-+  S»*  .|J . 


The  excess  of  flow  in  over  flow  out  from  these  two  faces  ■ 

•  =/,-(/,+srV)=-v-f 


=  -  fir  .  (p  4  m-2  qr)  =  -  (pr2  g)  4it  fir. 


‘  Sr  ^  Sr 

Rate  of  increment  in  lha  mass  of  the  fluid  within  the  spheres 


=  ^.  4i IT2  fir.  : 


By  thedef.  of  equation  of  continuity. 


^  z*  Sr  =  r 


...(1) 


This  is  the  required  equation  of  cqnt^^  ^ 

Baductiona :  (1).  If  the  fluid  is  ihcompreeBible,  then' the  last  becomes 

o 

O  +  ^C^q^O 

r^dr  ^  - 


i***-0’ 


Integrating,  or  •= /'<!).. 

(H>  Problem  :  TAe  particie^of  fluid  moi>e  symmetrically  in  space' with  regard 
to  fixed  sphere,  shout  that  equation  of  continuity  is 


,  3r  >*ar 


This  follows_frote‘equatio/i  (1)  and  there  replace  q  by  n. 

2.  (^lindriud  sym  m o t ry :  In.  this  case  velocity  q  at  any  point  is  perpendicular 
to’  a  fixedmtia  and  is  a  function  of  r  and  /  only,  where  r  is  perpendicular  distance  of 
the  point- from  the  axis.  Consider  two  consecutive  cylinders  of  radii  r  and  r  +  Br 
boujQdcd  by  the  pianos  at  unit  distance  apart.  Flow  acroaa  the  inner  surface 
=  p  .  2 nr  ,q  =  f(r;t ) say. 


r’‘T1ow  across  outer  surface 


=  f{r  +  Sr,  £)  a  f+  hr ,  . 


Excess  of  flow  in  over  flow  out 


Rate  of  Lnareincnt  in  the  mass  of  tbe  fluid  contained  in  the  cylinders 
~  (p  .  2nr  v  5r)  - .  2nr  6p 
By  the  det  of  equation  of  continuity, 

.  2jit  fir  ~  -  2rt  fir  .  (pnqr) 


This  is  the  required  equation  of  continuity. 
Deduction ;  When  p  is  constant,  then  the  last  gives 
5 


.0  +  -T- .  P  ^  (qr).~  0  or  -t  (rq).=  0 


a r1 

Integrating  rq  =  const.  *  f  (t)  or  rq=*f(t). 

Solved  probieia8  related  to  stream  lines  and  possible  liquid  motion  - 


Problem  \.  Find  the  stream  lines  and  paths  of  the  particles  for  the  two  dimensional 
velocity  field; 


=  y,  to  =>  0. 


Solution :  We  have 


“=TT7-  "■=*  “=°- 

Step  L  . To  determine  stream  lines. 

Stream  lines  are  the  solution  of 

dx  dy  .  dz 


Putting  the  value  ^  dx  »  ^ 


^  0 
^[1 ±±'\dx^<lz 

\  x  J  r.  f.y  -y  0 
=►  (1  + 1)  logx  *  logy  +  log  a,- dr  *  0 

t^.x1  *'»>ay,  x»fi 


Thesa  two equations  represent  stream  lines. ' 
Step  1L  To  determine  path  lines. 

Path  lines  qre  the  solutions  of 

x  -  ^  =  v 


dt  1  +  <  ■  dt  " 


dt 
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a  1 


ft 

Q 

05 

ft 

3 


05 

ft 


I 


:? 

I 


This 


.c£*  idt  dy.'  v,-  , 

v,. 

Integrating,  log*. “log  (1 

log>^  log  e. 

or  x.~'  a  (1  -t,t),-  (//'6)  -.e,,  z  =  c: 

or  -y .  S 

Thcse  two  equations  represent path^Une5.\  ' 

Problem  Z,  Determine  the  streamlines  and  the  path  of- the  particles 

ti  =  x/(l  + 1).  v  ~y/(l  +  +  (IAS-1994) 

Solution  :  The  equation  of  the  streamlines -are" given  by 
dr_dy  dz,  ■  ' 

.  U .  ~  V  ut-  ■ 

dy _ dr  •'  : 


x/(l  +  0  y/(l  +  t)  ^/(l  +  t).^ 

or  dx/x.=  dy/y  **  dz/z 

.  (i>  <»■>  eu> 

By  integrating  (i)  and  (ii),  we  have 

log  x  -  logy  +  log  A,  A  la  integration  constant,  ■ 

=>  .  x  ^  Ay 

By  integrating  (i)  and  (iii),  we  have 

log  x  =  logz  +  Iog£,  Bis  .ah  integration  constant, 
o  .  x~2?z.  *.  *"  •,  '  ‘ 

Hcnco  the  streamlines  are  given  by  tho  intersection  of  (1)  and  (2).  The. 
differential  equation  of  path  lines  is  given  by  --  ‘ 

dr 

q  . - 


...  (2) 


This 


dt 

■  dx  _  x  . .  dy  y  dz  _  •'  z 
dt  ~  l~rt  ’  dt~  l+t  *  dt  ~- 1  +  t 


■  dr  ^  dt  .  dy  ^  dt. 
x  ”l  +  f  *  y  + 


dr  ^  dt  ■ 
*,  73 1  + 1 


Integrating,  we  get  • 

logx  *  Jog  (1  + /)  +  loga 
logy  =  log(l  +  Q  +  log6  ■ 

.  logz=>  log(l +.f)-Kl6gc  .  . 

=»  x  «  a  (1  +  t).  y  -  b  (1  +0,  z  =  c  {l  4  0 

These  give  required  path  lines. 

Problem  3.  T  he  velocity  q  in  three-dimensional  flout  field  for  an  incompressibfefiuid 
is  given  by 

q3»2xi-yj-rk 

Determine  the  equations  of  the  stream  lines  passing  through  the  point  (1, 1,1). 


Solution  :  The  equations  of  stream  lines  are  given.by 
dx  dy  dz  dx^-dy  '  dz 


■A;  . 


(i)  (»)  (ill) 

FVom  (i)  and  (ii).  we  have 

'  =><k+**L=  o 

.  2x  -y  X  y 

By  integrating,  we  obtain  ,  - 

logx  +  2  logy  “logA 
or  xy2  »A,  where  A  is  an  integration  constant.'7^ 

FVom  (i)  and  (ill),  wo  have  jt 

dx  dz  dx  2dz  . 

~  =» -  =>  —  + - =*  0  -wf.  js 

2*  x  -  «  • 

By  integrating,  we  have  "  ^  ‘ 

xr2  =■»  U,  where  B.  is  an  integration  constant,. 

At  the  point  ( 1. 1 . 1)  A  «=  1-  =  B  '■ 

Hence  the  required  stream  lineB^refe^/^  '  ‘ 
xy2  =  1  andsT  'xx?=Tl. 

.  ‘  ^  ^ 

Problem  4.  Find  the  equation'ofjFe  stream  lines  for  the  flow 

q  =^r(3^)^J  (6i)  '  - 

.at  the  point  (1,  1). 

Solution  :  The  equations^of  streamline  are  given  by 
dx  _  dy 

u-  11 

Here  q  «  —  i  (3y2)  —  J  (Sr)  =*  u  3y2,  u  =-  -  6x 

dx  dy  2 dx  dy  i  ■ 

or  - o”~lT  ^  OT  2xdx=*y*dy 

-  3yz  “  ^  yz  * 

By  integrating,  we  have 

x2  =~y3  +  c,  where  c  is  an: integration  constant. 

At  the  point  (1,  1),  e  =  -|  =*3U2=y34  2. 
which  determines  the  equation  of  the  stream  lines  for  the  flow  field. 

Problem  B.  The  velocity  field  at  a  point  in  fluid  is  given  as 
q  =  (x/f,y,0). 

Obtain  path  lines  and  streah  lines. 

Solution  :  Here  q  =  ( x/tTy ,  0). 

The  differential  equations  of  path  lines  are  given  by 


Si:;' 

iS 


*  j.  j,  J  * 


d*  i 


d*xZ  f&iv 

*  ■'  *  y'dt;  U' 


.S(l.2,3) 


dt't. 

By  integratingfl),  wo  have  •■■■"  ■'  ...  y  J  ^ 

•  *=*:  lbgx^l^'t>-)bgiAS  “>S:'x«'Ah-  •'*'  (4^ 

Let  (rQ.yo.  -oj  beVhe  coord  in  a  tea  of  th  e  tdj  dsen  fl  iiid  partid  e  attimo 


Xq  a  ACq 


-  From  (4),  we  have 


_fo. 


*:7*.W£S. 


T By  integrating  (2),  wo  h ave 

y 

or  •  logy  =  f>  log  B 

At  .  y-y^r-to;^ 

From  (5),  we  have  ■  J  ' 

•  -  :  ■  '  : 

By  integrating  (3),  we  hi  ave  ;/  -  ■  ■  ■  '  '• 

^'=  0  _’=0  'X^  e  f.e. ,x  ia  indfipendent  of t  Wz = xq, 

Hencetbe  path,  lines  are  given  by  ■ 

*•-  :  -  -  •  -.-.(6) 

v  V 

.  Let  I  the. .fluid  particle!  (r0.y^f  Xo); pa8»^brtmgh-.a  fixed  point  Xj).  at  .an 

instant7  of  time  t  ■  where  S  T  5  f_/Thefe^e-tdatipn  :<6)  reduces  to. 


.  (7) 


Problem  6i. The  oetdeity-  components  -in-. a:  tivo-dupienaional  flour  field  for  on 
incom press  ibl£fluidtfye  given  by  "  !!  • 

e*  coiA  y  ■  and  ^  — sirih  y... 

Detenriinirthc  equation  of  the  stream  lines  for  this; flow. 

Solutloikc  The  equations  of  the  stream.Bhea  are  given  by  . 


where  T  is  the  parameter;  ^ubetltuting  the  relation  (T) into  (6)., we  have 

.  ■  j-_-r  . . 

,  x  y  .«  . 

which  gives  the  equatj§Ajof ^streak  lines  pasaihg  through tbift  point  (ej,y.j,r'j)- 


■Jx 


-dx 


e*  cosh  y  e?  slnh  y 


r  or  ,dr  +.coth  y  dy  “  0 


(i.e.;  dz~  0) 


x  +.logsinh y  » log  c  ■=$  slnhy  «ceT* 
rere  log  c  is  an  integration  Constant- 
Problem  7,  Obtain  the  stream  lities  of  a  flow 

,  B  »X.  Bn-y. 

Or,  Jflhe  velocity. <\  i*  given  by 

q  “Xi  -^yj,  .  ' 

determine  the  equation  of  the  stream  liqea. 

Solution:  q  «li/,4  jv  +  iok' 

Here  we  have  u  -  x,  t>  ®  — y,  .io«0. 

Stream  lines  are  given  by . 

dx  dy  dz 
u  y.  _..u> 
dx  .  dy  dz 

or  - — n—X- 

x  -y  0 

dx\"dy  dx  dz 
x  -y ’  x  *  O' 

Integrating  these  equations, 

log  x  4  logy  =  log  e, 
or  xy  -  c,  x  = 

.  Stream  lines  are  give  n  by  xy  ='c,  x  ••  Cj. 

Problem  8.  Consider  the  «Jdci<y  field  given  by 

q-(i  +  At)i+jd-  ^  : 

Find  the  equation  of  stream  lihe.at  t  ■“  Cq  pasting  through  the  point  (x^,yo)-  Also 
obtain  the  equation  of  path  tine  'of a  fluid  element  which  cornea  to  C*o.  Vq!  att  ”  ^a- 
Shouf  that ,  lfA*=  0  (?>.,  steady  flaw)'  the  stream  line *  and  path  luiex  comc/de. 

Solution:  q  *•  (1 +AQ  i4^j. 

and  q  -  ui  oj  4  »k 

This  aa»l+-Af.  u  -x,  o>eO. 

I.  To  determine  stream  lines. 

These  lines  are  given  by- 

dx  dy  dz 
u  v  to 

Stream  lines  at  time  t  *.t0  are  given  by 

dx  ^  dy  . 

1  4  Af0  ™  X 

in  two  dimensional  motion, 
or  x  dx  a  (1  4  A/q)  dy 
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Integrating  ~=fl+Ato 

1  .x2  =  2(L-+/i0)yV,fe'-  - 

*0  =  2(1  + Atjyo  +  c 

(1).-—  (2) gives  • . 

.  -  2  (1+ A/g)6'^o) 


•-(I): 

...(2) 


•  IL.Tofindpathlmeswhi^^  (xj^-'y^at'time  r  =  ■. 

Equations  of  path  linesCare-*  x »  u',’ ^y.p.u.  -  ,  - 


•ll-ib'At,  ~?Tax 

at 


=» 

■:.dx~(l+AJt)dt  # 

-.-(3); 

dy.^xdt 

—  (4) 

Integrating  (3] 

vie  get 

.7 

■  —  <b| 

Put  » 

■.■i. 

v' 

— •  (6)1 

;;j 

(5) -(6)  gives 

—  (7)r 

Using  (7)ih<«, 


Integrating.  y  =*.* o* 


Putting, 


(8)- (9)  gives. 


y~yo>  --  f  Mty'y?  b<* 


...  (8/ 


...o) 


•  •  /** 

y  -yp  v o  ^  t  -  v] 

or  y  -yo  *  -  fo)[Jco/:|  (‘t  +  fo)~fo  +  f  {  (  ~  )  ~  f0  }  ] 

or —  y-yo  =  <,_ro>[xo+ 2  +  • 


Required  path  lines,  are  given  by  (7>and  (10X 
IILXctA-O. 

To  show  that  path  lines  and  streamlines' are  coincident. 


.  By.stepT,  stream  lines 

x3  -  4=2  (1  +  Aio)  (y  -Wo)- 
or  x2-4-2  0?-yo) 

By  step >11,  path  lines  are  given  by. 

y  -  yo  “  (*  r-  <o)  [^o  +  2  ^  ”  ^  +  s:  {*2  +  “o._  2j 

and  x-x6-(f:-t0)+4^“^*'  4&U 

y  ~y«  -  <*-  ]:  > .  %J 

x-J0»«-ip 
from  the  last  tv 

y  -  >0  *  (*  ~?o>{ 


% 


"'V- 

^(UV 


W2® 


by  (7) 


This 


Eliminating  t  -  fg  from  the  last  two  equatiohs/^%x. ^I?' 

■ 


■  ?r  2  (y  -y0)  =  4 

t which  is  the  same  as  equation  (11).  Henceefcreairi  lines  and  path  lines  are  coincident, 

'-rTt. ' 

Problem  fli  Prpiia  f/iof  Zuyuicf  /*» qfju? jJ&'ixasa ii U  wfwycIocity:at(xp  y,  z)  is  given  by 

/  ^  J  ,  2 

CVaiid  stred/n  lines  are  /Azin tersec tion  of  the.surfaces,,  (r~  +  y2  +  x2)3  =  c  (y2  +  r2)2, 
;V6ythe  p/a/ie.:  passing  through  Ox. 

Solu tic  u  i  S  tep  1.  To  prove  that  the  liquid  motion. is  possible.  For  this  we  have 
''.to  show  that 41 - - e- — — -1” 


is  satisfied. 


tho  equation  o f  con tinuity  naro ely  .-■ 

3u  -3u  3m.. 
dx  +  dy  &  ■ 

r3  *»  x2  +  y2  +  z2  =,£»*-  ^  =  - 

^  it  r'  r  ’  3r  r 

3o  (6x  —  2 x)  r5  -  6r8x  (8x^  -  /)  3v  _3x  .  s  _  s  2* 
ar5*'  rW  ’  ^  r.lOl 

.  •/■  •- 

*  i^  +.:§7 +  ^~  =  0:  Honce  the  result. 

-V  «  ,J)r  &  '  .  ...  •”  : 


...(1) 


This 


...(2) 

...  (3) 


Stop ILTo  determine  jtreanv.lines. 

Stream  lines  ara  tie  solutions  of^-—-^-  .  Putting  the  values, 

dz  dy  .-  dx  .  x  efr  -r  y  dy  +  z~dz_ydy  +zdz ' 

3x2-  r2  *  3^?  ^-.3**  ”  x  C3r*  -/)  =  (y^+x2)" 

dy  _  dz  -: 

Zxy  :  3rz 

xdx  +  ydy+zdz  ’  ytfy  +  z  dz 
•  -  2(r2+/  +  z1)  + 

(2)  =>  — ^ ~  =  0,  integrating  this  log  ^  =  Iog  a 

or  y»az  ...  (4),  this  is  n. plane  through  (??.. 

Integrating (3).  we  get 

|  log  (x* + y2  +  x2)  =  -  log  (y2-»x2j'+ ^  log  b 

■  (r2+y2  +  x2)3.=  b(y2  +  x2)3.  ..  ~:(5> 

Problem  10.  If  the  velocity  of  an  incompressible  fluid  at  the  point  (xfy,  z)  is  given 
by  ^  . 

[3n  Syr  3 

U  ’  rS  >  J 

proi/e  /Aat  tfte  /iqtiu/  r 
determine  the  stream  lines . 

•  ,  3orz  3yz 

Solution :  Given  u  =  — t-  ,  *>=  * 

Since  r3  =  x2  +y2  +.r2  hence 

SLep.L  To.  prove  that  the  liquid^m^o^is  possibla-Forthis  wc  have  to  provo 

that  the  equation  of  continuity  xfHh 

du  .'du  .d'uj  ^.  ■  . 

3x|j.ri^e^r 

is  satisfied:  ' 

£%^f  3  *3)2' 


nit/  motion  is  possible  and  the  delocttypoUn tial  iscoaWr2.  Also 
ram  lines .  '•&.  A  ^  (IFoS-2009) 


id^-SrV- A.  Jr^r4-  1*A») -  0. 

3x  dz  r10  rJU 

,t.  HeQCO'tho  reautL 


This  =>v  ‘ 

\  Henco'thi 
>vfe  Stop  II.  The  6how  that  0  =  cos  i 


dt>  =  ~  dx  +  dy.  +;^  dz  =  -u  dx-vdy  -  w  dz 
dx  ay  •  dz 

=»  -  I3xx  dx  +■ 3yz  dy  +  (3x2  -  r2)  dx) 

r° 

»  - {3z  (x  (£c -Fy  <fy +z  dr)  -  r2  drl 
r° 

Integrating.  ^  »  —  =>  r  c-°^- -  °^  .  neglecting  constant  of  integration. 

r".  *  r  •  .-  rr  - 


ar 

Integrating  w.r.t.  x,  . 

(^oV +/*.»?)' 

r  -  .  .  x  rco3  Q  cos  8 

°r  ^ =  (x2  +4- +x2)3^~  r3  ”  r3.  "  r* 

On  neglecting  constant  of  integration.  . 

Step  IH.  Stream  lines  are  the  solutionis  of 
dx  dy  dz 
u'v-ui*- 

I’utting  the  values  of  respective  terms, 

dr'  dy-  dz- _ x  dr  ■*■  y  dy  -♦•  z  dz 


Taking  the  ratios  (1)  and  (2),  - 


30X  322.^^  3 zi^+^+^i-^z’ 

•  0)  (2)  (3)  -  (4)  - 

>  ^  =  ^11 
y  * 

Integration  yieldH  the  result 

log x« logy  +  loga  or  x»ay,  '  . 

By  (1)  and  (4), 

dx  xdx+ydy  +zdz 
3r  jr2- 

4dr  _  ,  (  2 xdx  +  2y  dy  +  2r  dx  ^ 

^^Vz2  y  , 

Integrating,  4  log  x  =  3  log  (x2  Vy2  +  x^.+  log  6. 
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Kinematics  (Equations; of  Continuity) 


(Fluid  Dynamics)  /  8 


...  (Q) 


or  x^fc^+^+r2)3. 

The  (5)  and  (6)  cquationsrepreac^t  streamliara:. 

P  ro  hi  em  w  that  if  velocity  potential  ^qTfprrorational  fluid-motion,  is  equal 

(oAfi2  +y2+ X2)- 3/2  X  fan^1  (y/x),’ on  Me  seriesofthe  surface*,  „*  .  v<f. 

'  i2  +y*  ♦  z2  i  .  (IAS-2008  model)  StepH.'Ib  show  that  the  aurfaces  orthogonatto  streamlines  areplanes  through 

Solution:  Spherical  co-ordinates  are- ‘^r-  '*  i.  .z-ubC'  '■  -  j 


x.=  >  sin  0cosaj,y-r3inesinta,z  =  r  cos9. 

$=A  (i2  +j?+z2r  tan-1  j 

^A.r^3 r  cos  e  taiT1.  (tanxB) 


dx3 

dy^dz 

4  '  ■.' 

u 

> v  w 

"  , 

.  1  , ,  dr 

or  equivalently,  — ^  = 

3r 

rdf) 

.  l^a 

"  r  39 

r'sinB  dia 

1  3»  .  • 

r  sdn'9  3co' 

dr 

rtfQ 

rsinOifto 

or  2/1  o  cos  0  ” 

r2 

1  A  .  -  lv- .  -A  cos  0 

--jrnauie  -rAl8. 

dr 

rdO 

r.sin2erfcB. 

m  2oj  coa  9 

(1) 

-o»  sin  6 
(2) 

■  -  cos  9 

0) 

Integrating,  'log r -  2  iog: an. (tt+logX,  . 

or  - 

or  r’-iC^+y2) 

or 

or  *.+£+*-!&&+??*.  • 

.  Stream  lines  lie  on  this  aurface.-  •  . 

Problem  12.  Given  u  =  -  c^y/r1,  »=:  A/j2;  u>  cfff.uihere.  r  rfenofe®  distance- from  - 
axis.  Pine/  the  sur/aces  urAicA-  are  orfAogomii  to  stream  Zincs,.  fAe  liquid  being  . 
homogeneous.  ■'  (IAS-2003)i 

Solution :  Stop  I*  Tb  show  that  liquidmoticm  is  possible,  we  have  to  show,  that  - 

the  equation . of  continuity  +^.  +  ^-«0  jis  satisfied. 

3u  3a  dto  2c?y-  x  .2A  y 
Dx  +  3y  +  3r  r3  *  r  V3 


Here 


t  +  o~0  ,| 

as  r2  =  x2  +  y2.  Hence  result! 


Step  IT  :  Tho  surfaces  orthogonal  to  stream  lines  are  the  solutions  of 
udx  +  vdy  +  ivdz  *»  0 


—  dx  +  ^  dy  +-  0  dz  «  0  a/  %*. 

r*  '  r* 

or  ^  0,  integrating  this  lbg^  - log  a  • 

or  ^  ~  a  or  y«=ax.  *  j;p’  " 

This  surface  is  orthogonal  to  stream* lines.  .gsvy.  sfcv 

Problem  13.  SAoto  that  ^  ^05 

(x2  +  y1)1  *  (x2  +  y2)2 


are  /Ac  velocity  components  of  a  possible  liquid nwtioni'ls  this  motian.  irrotational  f 

'T'f5 

Solution  i  Step  I :  Tb  show  thatthe  xriotion  ^possible,  we  have  to  show  that 
the  cqu  ation  of  continuity  ^  -|^  +  ^  +  ^^^J^ji^flatisiflod . 

vGf?  +0C) 

•  *  TT  I-^Cx2  +  y2)2  -  (X2  -  y2)  2  Cx2  +y2)  2yl  . 

fx2  +y  ) 

Hence  the  result  L  ‘ 


Step  IL  lb  test  the  nature  of  the  motion.  The  motion  will  be  irrotational  if 
3u  <hu  "  3co  _3u  0 

*  dx- 


du  '  dv  ^  _  _ 

dy  dx  *  dt  -dy 


3u_3o  2xx  (x2  -  3y2)  .2ct  (3y2-x2) 
3r  3x=  +  ~  ct2^)2 

3v  3  io  x2  — y2  x2  — y2  n 

^  ~  (x2  +  y2)2  (x2^2 

3to  -3t/.  ■  2rv  2xy 

dx  de  (x2  +>2)2  +  (jc2  +y2)2 
Hence  th&motion  is  irrotational. 


»0. 


Problow  14.  Given  u  =—  coy,  u  -  tax,  ta  *0;  shout  that  the  surfaces  intersecting  the 
stream,  lines  orthogonally  exist  and  art  the  planes  through  x-axis,  although  the 
velocity  potential  does  not  exist. 


Solution :  Step  I*Tb  showthatHquidmotion  Is.  possible,  we  have  to  showthiat 
tha  equation  of  ccmtlntrity  ^+^  -f'^:  **  O  iii  satisflei  V  -- 


Here  “ “«0  +  0  +0=0.  offence  theterndt  L  . 

n'-'-vy-  -oz  1 


r-aris.  '  .  '  j 

■  The.Tequircdsuifa^.artSolntronsor 

■V  dx+o.dyVwdzmOr-  ix^ 

-  wy  dx  +AK  ify.:+  O  tfr>  0;  - 

"-.’JdSe  &  A.  - 

“  •  T-,  "°r  ,  v  .  ; 

integrating  log -.= log  a!.  or  ^*=a  ■  ot  xJ*ayt 

which  is  a  plane  through  r-aris.  •  r-  .;  •_  ...  '*  -  '  ‘ 

Step  11L  T6  show  that  voloa^1-  jpotentia  <>  does  not  exist, 

Bydefi, 

■■■ '  cr  —  f—  toy  dx  +  tor  dy- dr}- 
or  6^-ioydx -tax dy  Ndyi  tsvy. 

Here  ^=“-  Sr':^S;,I?v  “  >  :;v  •.  ••  . 

Therefore  the^uoUon  .wynefieMct-m^i^fl^-o^.  capVoot  U 
integrated'SO  that  ^’doefl  not  euat^V^-"  • 

Probl  em  ■  1 5.1n  the~ steady  motion,  ofho^^eneo^^^ld  if  th^ptijfacts  4» 

Op  'define'  the; stream  lines,  prone  of  fht  velocity 

components  iqo^wore  -.  .  ' 

■  ...  . 

Solution :  Since. the  motiSh  fs.sttady,  hctice  stream  lines  are  independent  of  t 
Therefore /i  and  f2  are  fun Aiomsbf^ y.'x  oiily.  :, 

•  -  :  - 

:  .  ;  ;C$fZ4&g0*r 


^  az:” 32 :  ^  :^;ac 

U 

. 


dx  ^  dz.  m 

J-i  Ji  J-2. 


,  «r...  .  .  ac/i./y  .  ao'i./z) 

[%■ v,w  _q'JE*  -  2 'Te^rF 

But  the  stream  lines  are  given  by 
dx  _dy  ^  dix 


acy/z) 

"  3  (x,y)  • 


-.0) 


...  (2) 


On  comparing "(1) and (2),  say. 

•'I  .2 

u  jP,  o  =  ^jf,  ui  ■  «7jP.  ...,(3) 

Tb  determine  the  nature  of  F.  -  ■;"*  *  ■ 

In  order  to. make. the  liquid  motion  possible,  the  velocity  components  must 
satisfy  the  equation -of  continuity,  namely.  ' 

3ii  ■-  dv  ■  dto  _ 

ar  +  ay  +  ar'“0'- 

By  the  property  of  Jacobian,  *»  6.  f 

it  ^  3  Vl'fodF  3  (/i.  /b)  3P-;  WjitedF-  A 

eD  ^(y,2)  3x.  3  (x^x)  ay  ^  3  (Xi!y)  3r  ".' '  ' 

3P  3F  3P 
dx  dy  dz 

Vi  V,  V±. 
or  dx  ay  dz 

dfe  dfe.  dfe; 

■  3x  ay  ;3x . 

'  This  proves  th.a.tF.  fe.fz-am  not  independent, 

Ther afore  P  =  F  (fj,  fe).  Now  (3)  proves  the  requlred  result. . 

Solved  problems  related  to  boundary  stirfoco. . 

Problem  16.  Show  that  fAe  uarw&Icelfipjoii 

^$7t*?2L(»)  +(ijf  j=I 

is  a  possible  form  for  the  boundary  surface  of  a  liquid  at  any  time  t 
Solution  *.  Let 

P(x,y.  r,  0  ■ 


.0  or  .^#.0. 
3  (x.y.x) 


To  show  that  P  =  0  is  a  possible  form  of  boundary  surface.  It  is  enough  to  prove 


3P  3P  .3P  3P  _ 
“  3x  +u  3y +  ly  ^+’3T"°‘ 


...  (2) 
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Kinematics  (Equations  of  Continuity) 


(Fluid  Dynamics)  /  9 
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c® 
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Puttmgithe  values  of  respective  terms; 


Hence  (9’u  satisfied  if  we  take 


-0,  o+^> 0, 


i.e.,if 


3u  3u  3ta  v. 
3x  +  3y  +  cb- 


It  will  be  a.  justificable  step  if  tho  equation  of  continui  ty  - 
is  satisfied. 

3u’  3u  duf  2  1  I.  -,  ■ 

Here  T—+-=r ~  T-:7^0-  • 

■  .  .  a*- .  ay-  •  dz  i  .  .t  t-  ■ 

Hence  (lj  is  a  possible  form  of  boundary  surface. 
Similar  Problem ;  Show  that  the  ellipsoid 
•  x2 


a2;*2  *2"  7 
is  a  possible  form  of  boundary  surface..- 

2  2 

ProblenvI7- Show  that  ~  taa2  it +^r  cot2:t-l=  Ci. 


is  apossible form  of- boundary  surface  and  ' find  an  expression  for  normalvelocily. 
Solution  ;  To  show  tbaiP=iO. is  apossflble  form  of  boundary  surface,  we  have 

toshow'that 

3 F-  a F  dF  3F  .  n 

us***?f**5;-*W"t'  '  ■  <“» 

Putting  the  values  of  various.terms^.we' get 

u  tan2  /  +  u .  p  cot2 1  +  to,6  +  ^—tan/sec2  /-^pcot  r  coscc2 /  ^  =  0 

Thus  (2)  wUl.be  satisfied if.wc  take 

-  x  sec2 1  .  .  casec?/  .  _ 

u  i-  — - —  =  0,  o  ~Y  .  *  0. 

tan  t  J  cot/ 

-*  _ y 


■  -sin  t  cos  t  *'  sin  /  cos  /  * 


This  will  be, a  justifiable  step  if  the  equation  of  continuity,  namely 
3u  3o  ,  du> 


Now 


tC  +  ^  +  ~  0  is  satisfied. 

dx  \  3y  3z 


% 


3n  t?y  chu 
3bc  .'9y  3z 


sin  /  cos  /  +  sin 7  co*  t  T  ” 
Honce  (l)is  a  possible  form  of  boundary,  surface.  . 

Second  Part.  Normal  velocity  - — — 


'  - 

(b2x  tan~/.sec^,/^o2r  cot  t  cosec2  /) 

D~-  :(^f?taht7  +  d4y2  cot4  t)u2 

v.  •..  •••  ^  "  •  •. 

‘'Problem  IB.  Determine  the  restriction  if 

rM^dpossih/e/orm  ofboundary  Burf<£*cfn£ liquuL 

/rf&SoIttjtloirr^t  (1) 

Vv.  -■  i  o  '§>6  'C*  -  • 

-  7b  show  that  f*  0  is  a  possible  fonnof  bound  ary  surface,  we  have  to  prove  that 

(7*”0)  satisfies  the  condition  . 

3F  3 F  3F  3F 

a«  F.  - <2> 

Putting  the  values  of  respective  fcenJLa, 

r2  r ,  y2-,,-  22-,  2r.,  Iy,  2r  r  ,, 

“5 /i  +  /i  +  ~2 /s +:.**  "5  Ai  +  w  +  ^ /a  ^  0 

If  wo  take  u  +  X  =■  0,  U  +y  ~r  -  CT,  0,)he6  (2>is  satisfied.  This 

’  J  73:/  -i-S 

.will  be  a  jus  lifi  able's top  if  the  values  of  u,iif  w  satisfy  the  equationrof  continuity. 

•  3u  "~'3tr- -3ut  . 

"  ■  :/  . 

Putting  thb' values. 

Integrating,  log  f3  « log  c  or  ;  /,  f2  f3  »  C 


Problem  19.  SAoio/ho/  all  necessary  and  sufficient  conditions  can.  be  satisfied  by  a 
velocity  potential  of  the  form  (>  =  ax2  +  ft/2 1  p2.  the  bounding  surface  of  the  form 

F  =  axA  +  by*+.cz4- X(t)  =  0, 

where  X  (t)  is  a  giue/r  function  of  time  and  a,  p,  Y,  a,i,c  ore  slittobIe/unc//ojis  o/“ /Ac 
time. 

Solution  :  Let  0  =  ar2  +  py2  +  yr2  '  *.  ...  (1) 

and  F  (r,  y,  z,  t)  *=  ax*  +  hy1  +  cr4-X  (/)  =.0.  ...(2) 

Step  L  To  prove  that  q  satisfies  all  tht  necessary  conditions  fi:e.,  equation  of 
continuity)  ■  ‘ 

32»  32»  '  -  y 

or  • 

Putting  the  values  of  respective  terms;-* 

2a  +  2P  +  2y  =  0  ’or  dr+p+Y=0. 

The  velocity  potential  $  has  to  sutisfy  this  condition. 

Step  JDL  To  prove  F°  0  satisfies  the  condition  ofboundary  surface.  We  know 

that 

3o  .  -  3<y.  ■_  3q 

"""I Z'.v~:.dy*  u,='fr 
This  =0  u  =  -2or,  u-~  2fiy;  w  2yz. 

F  =  0  will  bo  a  boundary  surface  ifit' satisfies  the  condition, 

3P  dF  3 F  dF-  -n  ^ 

Putting  tho  val  ues  of  respective  terms,  ^  ^  ' 

-  2 ax .  4ax3  -  2R y .  4fcy3  —  2(r,4cz3^+  x£a'  +  rV  - X '  (/)  »  0 

or  x4  (a'  ~  8aa)  +  y4  (6'  -  8Rh)  +  x4^(c^^p’X'  (0  “  0  ...  13) 

Since  (2)  and  (3)  both  have  to  hold!  for  all  points  (x,y.  z)  on  the  surface  hence 
they  should  be  id  enlicaJ.  Comparin^w^gettV ' 

a'  -  Ben  X'  (t) 

a  c  “X« 

(4)^5(&r  •  (6)  (7) 

By  (4)  and  (7). 


Integrating^  "v  J og  o  =  log  X  +  I  8mf/ . 


.4”^,  '-ivti' 

Similarly;. 


t- 


log  6.=  )ogX+.  J 8Rd/.  byi5)  and(7) 
log  c  =  log  X  +  J  8y  dt.  by  (6)  and  (7). 


>i s.L  a  +  R  +  y=0 

The  aurface  F  «=  0  will  have  to  satisfy  these  conditions  for  the  possible  form  of 
boundary  surface. 

Problem  20.  Prove  that  a  surface  of  the  form 

ax*  +  by4  +  ex4  —  X(Z)  ■  0 

is  a  possible  form,  of boundary  surface  of  a  homogeneous  liquid  ot  time  t.  the  velocity 
potential  of  the  liquid  motion  being 

4>«ffi-Y)x2  +  (Y-a)y2  +  (a- p)x2  ' 

where  X  a,  R,  y  are  given  functions  of  time  and  a,  b .  c  are  suitable  functions  of  time. 

Solu  tion  :  Proceed  as  above. 

Here  equation  of  continuity  =»  (0  -y)  +  y-a  +  <*-Pe0 
Condition  ofboundary  surface  => 

logo  =  ft  J  (R  -y)dt  +  logX 

log  b  =  8  J  (y  -  a)  dt  +  logX” 


log  c  =  8 


l(Q- 


R)d/  +  JogX 


Problem  21-Shoiv  that 


4/(0  +  4  ❖ 


j/M  +  fj  $<*)=!. 

o  6 

where  f  (/)  0  (/)  =  const  is  a  possible  form  of  the  boundary  surface  of  a  liquid. 

(tas-ioo^) 

Solution  :  Let  F  =  4/(0  + 4^(0“  1-0.  -■«> 

a 

Tb  prove  F  =  0  is  a  possible  form  ofboundary  aurface.  For  this  we  have  to  prove 

that 

3 F  3F  dF  dF  ' 

u  —  — +  U;  — + -~  o  0.  ...Ui 

3r  3y  dr  dt 

Putting  the  values.'  ,  • 

“  /  +  v  ~2  0* +  W-0  +  % ('• +  <►'  =  0 

b  a*  6* 


If  we  take  u  +—■  ^r  =  0,  =■  0,  then  the  condition  (2)  will  be  satisfied. 

2  /  2  p  — 

Here  we  get 
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This  will  b«  a  jdstiGabte  step  if  tit  equation  of  continuity 

■■  ' 

ia  satisfied.  Putting  the  values,  '  .. 

yH&-*  ' 

or  ...  f+f”° 

Integrating,  log/>«*log  consCor;^  »  const.; which  is  given.  Hence  (l)  is  a 
possible  form  of  boundary  auifaee.  ‘  -J  'r 

Solved  Problems  related. to  equation  of  Continuity : 

Problem  22.  A  mats  of  fluid,  is  in  motion  so  thattfie  lines  pf  motion  lie  on  the  surface 
of  co-axial  cylinders;  show  that  the  equation  of  continuity  is 

'  -  -i 

where  vq.  vz  are  velocities  perpendicular  and  parallel  fox 

Solution  t  Consider  a  point  P  whoie  cylindrical  co-ordinates- are  (r,.©;z).-With 
P  os  centre,  construct  a  parallelepiped with  edges  of  lengths  dr,  rdQ,dz.  Suite:  lines 
of  motion  lie  on  the  surface  of  the  cylinders  hence  the  fluid  lies  on  the  surface  of  the 
cylinders.  It  moans,  that  there,  is  ho  yeloQty  jn.  Vhe.  direction  ofdr.  Equation  of 
continuity  gives  -  .  .. ,  ■  .  .  -  •  ' 

—  (pdr.rdO.dx ) 

=-|^dr^(p.0.rd8.  dz)  +  r  dQ  (pi>e  -  dr dz)  +  dz  ■—  (puz  dr .  r .  <f  0)  J 

or  »+r[s(p"«)+,'S^"i,]=0  ■  "  ■ 


Problem  23.  If  every  particle  moves  on  thesurfaceof a  sphere,  prove  that  theequation 
of  continuity  is 

^  cos  0  + ^  (pco  co«  0)  >  ~  (pwT  cos  0)  «=  o; 

p  being  the  density ,  O.Qthe  latitude  and  long  it  itile  respectively  of  an  element  and 
u>,  to'  the  angular  velocities  of  any  element  in  latitude  and  longitude  respectively. 

Solution  i  Stop.  X.  lb  determine'  the  equation  of  continuity  ,  in  spherical 
co-ordinates.  Consider  on  arbitrary  point  whoso  polar  co-ordinat^a  are  (r,  0,  <J>)  ■  With 
P  os  centre.construct  a  parallelepiped  with  edges  of  lengths dr,  rd&,r  sin  &d$.  > 

Lc1  <7v  <h,  Qs  *>®  velocity  components  at  P  alon  gdr.  r,  d0,r  sin  0  dQ,  respectively."™^ 
The  equation  of  continuity  gives 

d  "•£ 

--{pdr  .rdQ.r  sin  0<f$)  V 

~  drHr  \rcf0* r  sin  6  *&)  +  rdQ  (p?2-  • r 

d 


+  r  B  *  TsOwfp’ Ar"- r  rfe>  ] 

a  i  a  ■  '  • 

a?  +  7“^  [sin0l:  (p*i f2)  +  r  ^  ^  o 


Simplifying,  we  get 

I?. 


af  *  ^  l  tot  d>  ■ ♦  r  9  ^  (P?2 .  (PTa)  -  «  ■'••(» 

This  ia  the  equation  of  continuity  in  sphenqal  conordinates'. 

Step  II.  To  determine  the  equation  of  contmidty  in 
the  required  case.  ’SSS, 

It  is  given  that  fluid  particles  mov^on  fhc^surfaca  of 
sphere,  hcnco  qi  o  0.  "■*%.  ' 

Tb  get  the  oquation  ofcontiihut^rin}jiresent.Cft£c,  we 
hnve  to  replace  0  by  90  -  ©  (1)  and  d0  by 

d  (90  -  0)  =  —  d0.  4|L  %  , 

For  Op  line  makes  an  angfe;-90  —  0  with  z-axii 
0  =  to,  $  —  0)' 

"72  *=  rtT  gives  q2  =  r  ~  (90  -  0)  -  -  rB  -  -  no 
“<73  °  r  sin  0  Ogives 

73  =  r  sin  (90  -  0)  to'  a  (r  cos  0)  to' 

Putting  these  values  in  (I), 

^■f0*r3in(90-S>('MlP('r")“*°l).+  7Sn(90-e)3<. 
or  0> "  (pc“0  0 
°r  9^CO3°  +  ^fP®co80)  +  — (pcos0a>O  =  O 

This  is  the  required  equation  of  continuity. 

^Cm  24-  If  the  lines  of  motion  are  Curves  on  the  surface  of  cones  having  their 
tees  at  the  origin  and  the  axis  of  2  for  common  axis,  prove  that  the  equation  of 
continuity  is 

v  .  2p<Jr  .  cosec  0  3  ,  .  „ 

a,  +  —  *— ^3^.(WJ  =  0. 


Flg-B 


r-(pr  cos  0  (O')  “  0 


^SolntioarStep  I.  To  derive  th  o;eqaationofa>n Unuity  in  aph  crri  cal co^irdih atis. 
(Here  write  Step  I  of  Problem  23). \ 

.  Step  ILTbdateriiiijiethe  equ  aidonofcmdhmty  intherequ  ired  case;;it  b  giwn- 
thsit  linw  d'ffcwlieon  thesuriaces  qlTconea^ ^andh^re^oa^peipenicuiar  toflie 

.  ••  ■  . 

Replacing  qj  by  . 

.  Problem  iS.  If  the  lines  of  motion :  are  cnrvts<M:jhe'8urfacea:  of  spheres,  all  touching.' 
the  xy -plane  at  the  origin  O,  the  equation  of  eohtinuity  ir 

-  r  ^  ®  |? ‘^>  ??a  0  ‘ 
where  rathe  radius  CP  of  one  dftheaphera,  0  f Ae .  angle  PCO,  uthe.  velocity  in  the 
plane  PCO,vthe  perpendicular  velocity*  and  pthepiclin  a  tibn  of  the  plane  PCO  t6a 
_ fixed jilane through z-axxs. . 

'  Solution : We  consid erany two^ris'ccu^espherajwlth  : n 
centres  C and  C#.  .  '  -  *'  .  .  ^  A  • 

Ut:  CP  =  r»  C '  Q  =  r+  fir,  .  ZPCO -  9,  :  ^ 

Then-'  CCT  “  Irf 


.  Applying  this  formul  aih.ACrC^^^jf’.: .  . 

(r  +  ifirfe.+PQfcjuiis  B 

Neglecting  PQ2,  -  *  ?  -  - 

'fir;'-  r  fir  c^9  =  PQ  Xrt  0)’:. 


5r{l  -  cos  fir  cioa  0)T 

1  ..  ■  f.  .r-  _j 


.  = .  ^  =  &■  (  i  -:  ^  c®3  ©  ^  : 

» •&■■(!.-  coa!0)^:I>—  cos  0  j 
6(7(1-003  0)' 


-*.negle&j^6r?;and  its  higher. powers: r 

PQ^a-ixbO)^'. 

h#  3:  -  .  '.I’.V.-  ■  .  .. 

Since  IhelincB  ofjlow  lie  on  the  suHhces  of, the  spheres.  hence  velodty-aloDg  . 
^.b  zcroL  Now  we  consider  aJparnnelopip^LSrith^^a  of  lcngths  tlj-.^s  0)  6r.; 
y  r50.  r  sinfip..  the  velocities  Iftlong.^esVelemmte^^r  o^  ujru  rMpei^yjtij^Jih^ 
equation :  of  'contihaity  gives-  . .y . . :  , 

^;^i(l-cos  0)  dr/./d0.rsin0d^}-^':;.;:  -■  ;.  • 

:■  :*  cos:.0ydr>;  ^ r  air,  .0  d® .  . 

;  '  +;nf0:'r— ifpu  (lpcos  0)d^.  r.iiri  J0  .  d^) 

:'  Vjr.inn  0  d^  r  ,-  '.  co3  0),dr  .  rd0)l 

*•  ‘.T  Sill  -  •*: 

or  &  +  ■  1  -  '  r  T-~,  Ipu  (1-  doa  9)  sih  01  +  r  (1-  cqs  0)  ^  (pb>  ]  .-  O'-  . 

r2  sm  0  (I cob  0)  L;  .?y  ■  ? 

or  roine^o  —  ^  Ipu  (1  - oii 0) da 0> <po) - O  . 

or .  r  ain  9^ .  + ,0 jpu)>^  (pp)-^  p« .Ci^2:^^).T0C-C  -. 

:  For  (1  -  cos  0) ^cos  B-+; sin*  Bpi fl--  ^.^1cio*;9>  1^^0  01* 

Problem  20.  The  particles  of  a  fluid  move  vymmelHcpll^  tn  space  wi  t kfegard  too 
fixed  centre;  prove  that  the  equal iiyri  of coniinuiiyits--  "■  . '_  ••  • 

where  u  is  the  velocity  at  a  distance  r.:  '  -  ’ . 

Sohidon  t  Hero  first  provo , 


>  -O) 


Putq  =  it  in  (1),  then 


f^l 


V* 

Problem  27.- If  u  is  the  area  of  crpss.i^ion  of  ahtjeafn  fdamehtfprbohthattht 
equation  of  continuity  is  '  '  ■. 

0  0 

(pto)  +  g^  fpcoq)  "=  0 

Solution  ;  Consider  a  volume,  bounded  by  tho. cross-sections  through  points  P 
and  Q-wbere  Q  where  Q  ia  nt  a  distance  ds  from  P.  Mnsa  of  tho  fluid- within  the 
volume=rpa>dc.  By  def;  ofcontinolty;  rata  of  generation  of  coa«  * 

»  excess  of  flow  in  over  flow  out  thrmigh'thb  volume. 


H.O.:  105-106, Top  Floor,  Mukherjee  Tower, Or.  Mukherjee  Nagar,  Delhi-9.  B.O.:  25/8,  Old Rajender Nagar  Market,  Deftii-60 
Ph:.  011-45629987,  09999329111,  09999197625  ||  Email:  ims4ims2010@gmail.com,  www.ims4maths.com 


https : //upsepdf .  com 


https  ://t.me/upsc_pdf 


https  ://t.me/upsc_pdf 


;JT 


3 

«+-5 

•d 

& 

Q 

& 

s 


& 


~S 

£3 


-  :*•>'■:■■: fv ;  ,V: - ;:  ' : 


Kinematics  (Equations  of  Continuity) 


(Fluid  Dynamics)  /  11 


•"  ..  !<,»&)=-* i.^U)  .  Q\\ 

^>^fc®-9)=p; ...  F.>t 

Problem  28^Amasj  pfjluidmoyts  insuch  a  a  circ/e 

in  one plane.  about a  fixed  px&'sAbui  Dial  the  equation  of  continuity  is 

■■  ’ 

u>Aer«  ay&.’f^antfu/ajr  velociiypfa.patiicle  u>Aqiuriax^^W  a/igfe  is  0  of  lime  /. 

•  Soluti on;:  Co ander  appmt;P,w)i08e  polorccp^tTin  atea.  arc  (r,  6).  Let  there  be 
an  elc^nUu^'sOTa.r^^;-vbeb:t^ff  ar^a  is  revolvednbout  CJ^tben  it  describes  a 
cirde  tfo  tHat  yelooty  OP  vanishesi  By  equation  of  continuity,  -• 


•or  ..  '  0 ^  /' 

or  ...  «f ■' ■  -1-.. ': 

Prijblcm.2&':SAi>m//u:ritt;iA£'mQji^;0^^  dimensions  if  pie  current 

co-ordinates  {x,  y)  arccxpfc3sibU  Tn  iertne  of  pitialco-ojdincUes  (a,  b)  and  tiuc  lime, 
IhenPe  motionp irrotationalif.'  .  .;  y  ••’  '■  . 

.  dfT;  jy  ]  d  (yt  y): 

Solution  :  Let  u.  y  be  velocity'  cbinjpQnerita  parallel  to  the  axis  Ofx  and  y, 
respectively. .Then  - 

.  ..  -  du  :vdu::dx.  3«.3y 

*;**«.:>*■  •  - 

Obsoryo  that  ' 


d(ijxY  9  (y,y)  2  3  '(«»  >1 .  J  3  fr.  y)'j 

3  (d; by *  3(a,4)  3  (a,  4)r  3  (a  ,  6). 


■d  u\ 

:‘3  w 

,  3w'  3o 

3d  ;'  34  ' 

da.  34 

dx  dx 

+ 

h  & 

da- 

,34; 

-3a  D4 

du  dx  3r:-3u  -  3u.3y-.  3y>0u: 
''* .3 d$b  “3cfc3fc+  ad:'3.&.'- 


■  3* 7_du  ckc  ■  ■■•  3u  3y  \  3x  /.  3u  '  ;,3y  \ 

"  abX&-3a*-dy  da  J  3a 1:3*34  +  3y;36  J 


% 


du  f  dx  &yr.  dx"3v.\  3o V:3y  3x  3y 

3y.\  34ia»'.yi3o-;34y  3x:(-j34  3a  : ‘3o  36y  ^  ^ 

_/ du  du\dQr,y)  ' 

1 dx  '3y.J  3(a,  4>: 

.0iB.2a-%-ov 

«r 


#c% 

>  '*ML 

4'-«.  • 

r-%: .. 


or  ifT  motion,  ieirrotationaJ. 

Problem  ZO.Jfq  is  I  Ac'  resultant. velocity  atanypcijU  of  a  fluidwhicK  ismouing 
irroUitionaUy  in  two  dimehsidr^  prove  that-^  ' 

'  ■  r 

atjoha^  therefore  <J>  exists.  Equation  of 


Solution  :.  Since'  motion  vis!1: 
continuity  ia  '  L 

***■*••  0 

-  Difforcnliating.(2)  j>artial]y  w.r.Lx  aedy.  respectively, 

■  y  a*  ax  ^^  ay  ^ay, 

34  3^4 .  -3>P:3^4 
.  q  ty  *  dx  dydx  + dy  :fy? 

r  .  Again  difrorentiBUnp  (3)  w.r.tx  and  (4)  w.r.L  y,  we  get 

Adding  (6)  Md  <8);-:^  - '.■  -.y'  - 

I 

and  noUng  e= ,  we  gel 


a) 

....  (2) 

...(3) 

...(4) 

...(5) 

..,<6) 


...  (7) 


“2[(si:)  Tvs 

Squaring  and  adding  (3)  and  (4), 


.  Hence  the  lost  gives 

ax*  3y 


4(Sf-(?jHsft(9R$n-«n®Nsy] 

■  ■  ■  . 34  r  _  A .?».  i  '■ 

Ox  3y  Lett?  ^  &  .  dx2  &  J 


Using  (2), 


Usingthisin  (7), 

Problem  SI.  The  vdocity&mpimenU  for  a  tvo-eHmeruLonal  fluid  system  con  be 
given  in  the  Bulerum  n2x*2y  *3t.v  ,xsy*  it  Find  the  dieploeem.nl 

of  a  fluid  particle  intheldgrangian  system. 

Solution  u-2*.+  !y  +  3r 

u=x+y  +  5<. 


«it>.  ":\l~  '5” 


...tl) 


t^BytlTand  (2).  (D  -  2)  x  -  =  3t 

-r  tS*^.  '  . _ I- 


j  f 


Opcrationg  (4)  by  D  —  2, 

(O  -2)(£>- l)y  -  (D  -  2)x=|(D  -2){ 

(D2 -  3Z>  +'  2)y  -  (£)--  2)x »  J (1  -  21) 
(3)  +  (5)  gives 

'  (D2  -  32>  +  2)y  -  2y  -  ±.+  2t 

(D?-3p)y»i+2il  -• 

Auriliary  equation  is  given  by/ ' 

m2  —  3m  =  Oy.  this'.  ;.=^  m  =  0,.3 
C.F.  =  Cj  +  Cj  e3^ -c1+c2eS/ 

1  7  I '-"A  1 


...13) 

...  14) 


...  (5) 


' .... 

-Up+*): 


By(4X  Dy-y-x  =  -t 

Using  (6)  and  { 6 S'), 


y  =  C.F.  +  P.I.  gives 

^=30, 

1 


...(S) 

...  m 


”  *«*«i  ej<3‘:'  w  -a^H 1 

-O  -  Zt  T  -7 1^ 


By  (6). 


7?;  I2 

y  =  c1  +  C2e..-  —  L~- 


...(7) 

...-(8) 


Initial' conditions  are  x  «  j0,  y =yo  .at  I  *  0. 
Puttingm.(7)  and  (8).  we  get 

•..*»- -c>  +  '2 , 
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Kinematics  (Equations  of  Continuity) 


(Fluid  Dynamics)  /  12  . 


Solving-  these  two;.we  got 

V^or^oV  ,7,  .'___ 

c*mV~s-^Fv 

2:.  L  .3  .  yS4-  / 

Putting  these  values  In  (7)  and  (8).  wsgettfie  required  expression* : 

■*  *3  <*b  - +[  3  ^0+Jr°^  +  27  ] 27  *  3*  *  ¥ 


£  X 

54 


Problem  32.  The  vtlocitinata  point  in. a  fluid  In  the  BuUrian  eyztemdr*  given  by 
u  +x+y+s+t.v-2(?+y  +  z)  +  lpU>m$t**>*z\+L  Find  the  displacement  of  o' 
fluid  particle  In  the  Lagrangian  eyetem-Also  determine  the  velocity  of  the  fluid. . 
particle  at  (x^7oXq)1  k  - 

Solution  :  The  velocity  components  mny  be  expressed  in  terms  of  the 
displacement  a* 


=  2  &e+y+r)  +  f. 


.  .  -  (1) 
...  (2) 
...  (3) 


...  (4X 
(6) 
...(6) 


...(7) 


...  (8) 


The  differential  equations  can  be  written  in  form  of  operator  as 
(D-l)*-y-x+<  ’  ? 

-2r  +  (D-2)y«2i  +  * 

-3x-3y+(D-3)x=»i' 

'Multiplying  (4)  by  (D  -  2)  and  adding  to  (5),  we  have 

[(D  - 1)  (£>  -  2}  -  21  x  -  (D  -  2)  m. + 2r  +  (D - 2)  /  +  t 
.  (lP-3Z>)x-J>z  +  1-K  , 

Multiplying  (4>  by  2  and  (5)  by  (D  - 1)  and  adding,  we  have 
l(D  -  1)  C©  -  2)  -  2Jy  «(Z>.-1)  (2z  + 1)  +  2 r  +  2f 
or  (Z^-80y-'2Zte^l+f. 

Multiplying  (0) by  (D2  -  3D),  we  have 

'(I^-SD)  (D-3)x  =  3(D2-3D)x  +  3  (D2-3D)y  +  (D2-3D)/ 

FVom  (7) and  (8),  we  have  ■/'  ' 

(D*-3D)  (D-3)x-3(Z>z  +  l-0  +  3(2Dir  +  1  +  t)  +  (D2-3D)r 

D2(D-6)**3.  ;■  ...  (9)  j 

The  solution  of  the  differential  equation  (&)  is  given  by 

z^A  +  Bt  +  Ce*- jf2,  .  ...CIO)  f 

FVom  the  equations  (6)  and  (0).  we  have 
(Dr2)y  — 2z-2r  +  f, 

-  Sy  +  (D-3)z  =  3r  +  f. 

Solving  the  equations,  we  have  - 

(D2  -  5D)  y  =*  2Dz  + 1  - 1 
(D2  -  5D)  z  =*  30x  +  1  +  £. 

FVoni  (1),  we  have 

CD  -  1)  x  =  y  +  x  + 1  '4^. 

or  (D  -  1)  (D2  -  5D)  x  -  (D2  -  5D)y  +  (D2  -  5D)£^‘(^%-5l>) 

or  (D-  1)  (D2  -  5D)  x  -  2Dx  + 1  -  f  +'  ZDx  +1  + 

or  (D3  -  6D2)  x  =  -  3 

The  solution,  of  the  differential  equation  beconi«%^ 

x  «  At  +  SIt;+"Cjie\+  i  t2. 

Proceeding  in  the  same  manner,  we  have  %... 

y  .  -  ...  (15) 

Thus  the  equations  (10),  (14)  cuni/15j^deteniiine  the. displacement  of  a'fluid 
particle. 

Let  x  •=  x0,  y  *  yQ.  z  10~  0 

The  relations  (14),  (15)  and  (10)  give 

tj^j+Ci,  >0=A2+.C2,  ZQ  aA  -t-C 


% 

r?i  % 

^.^(1I> 


...  (13) 
...  (14) 


Thus 


x-x0-C1+DIf+  C^e64  +  ~  I2, 

y-yo~  C 2  +‘  -^2*  +’ 


...(16) 

..(17) 

...(18) 


x  =  x0  -  C  +  Bf  +  Cc6*  -  J  t2. 

Substituting  these  values  in  (1).  (2)  and  (3X  we  obtain  the  following  identities 
B,  +  60^  + 1 1  =  x0  +  y0  +  z0  -  (Ci  +D2  +  Q'+  f&i  +  B2  +  B)t 

■  +{C1  +  C2  +  C)cf*  +  t  ...(19) 
Bl  +  SCje01  =  2  (X0  +  y0  +  z0)  -  2  (C*  +  C2  +  C)  +  2  (B ,  +  B2  +  B)  t 

+  2  (Cj  +  Ci  +  Qe^  +  I,  ...(20) 

B  +  6Ce6r-|t  =  3(xi)+y0  +  20)-3(C1  +  C^  +  O  +  3(B1  +B2  +  B)t 

+  3(C1  +  C2  +  C)e*  +  f.  ...(21) 
Equating  the  coefficients  of  t,  e®*  and  the  constant  term,  we  have 


ro  ^  yo  \  iict'p2  ■ 

-f  J  ;Cj  +.  Cj  +C.=.6Cji 

'  .;  ■'■=  -.:.  v 

-;Z'(tiyy$#z&r.(Ci#Cz$ej;’&gi: 


.  Prom 


Also 


theso  valucs  in  the. relations  (l6),  (l,D,  and  (18)  and  siniplifying, 
.6*®  6 70 r  6 Z° *. ?*?. : t  4:5s  72 ’  - 


Thus  the  velodty%f  tbe;fluid particieiB’giveriiby;:;:.  ' 

ProbIem,  L33^.T/ie  velocity  components  of  flout  ,  in-  cylindricaLcch-ordiriatej  are 
(r^xjpo^eJrz'fiin  9,  x2r).  Detefrr  incthe  componen  ts  ofaccflera  tiqn  of  a  fluid  particle-: 
^3iSolu ti on  ;;  Let  u,:p,'it».-  be:  vel^ty  -compohentB  in  cylindrical,  cc^ordinatea 
>.4(r3^)''We  know  that  ' :  *  - 


a 


:c)r 3y:.",r  20'*  :.  . 

Given  u  =  r*z  cosO.  _u  =  rx  siii  9,  ■.  Tw> 

Let  a1,  o2.  a3  be-  components  of  acceleration:- V.  '  .  ' 

a  =  ia^+jo^  +  ltna  '  ; 


^  at 


...a) 


Bu  o  ■  do  ou;  !  ■-  Icfto 


ffl  J  <ff  r 

^■3 


■  “(k‘  e|:4 J^080’ ‘ 

=  0  +  (r^z  COB  0)  (2rx  cas  0)1+'  si  h  .0);(-'A  «in  0)  +,  (r2  j.  (r2  cos  0) 

■  -.  : -f’ .V '-"■■/.I"  j'  -i.'"'  0: 

=  rz2.[2r2  coa2  0  — rein20.—  ffin^  9  +  rt  cds 6)  y  . 

do  «»-:•'  ..  ./  .  '  ’  '  '---  •  ' 

=  (1^X03  0  ^.f  x  sih  0|—  +  z2X ,“^rr  std  0  +  z^*  sin  0  cos  0 

=  0  +'(r2x  cos  0)  (i.sin  0)  +.(Psin  0)  (rz  eas  G)  +  C*2f).r  slnO) 

.  ..  /I-.:.  ‘  1  f-xV^-eih  9 cos  O 

=  x2  sin  0  [2J2  cos  0  +  r  cos  0  +.rtl-  ■;  '• 

=.  z2  +  0  +  0  +  z2t  (2zt)  m  2*  [1  +  2Z/2) ; 

a  j‘ a  rx2  cos^  0  -  r  sin*  0 -- sin2  0 +.  rt  coe  fl] 
a2  *=  z2  sin:0’(2r2  cos  0  + r  cbs.0:+rf] ;  1 

a3~z2  ll+2zt*l  ;  ,  V  ?;’y  . 

Problaiin  3A.  Give  examples  of  irrotationaljand  rotational  flows. 

Solutlon.  L  C consider  fluid  motion  given  by  u  *»  Jfcx,  u'  »  0;  w  ■  0,  (A  i*  ,0) 

Then  ' '  '  •  q  “  iAx  .  .  \‘t-  :  % 


curl  q-.= 


Pnally. 


■  i- 

J 

k 

a 

a 

d 

dx.  ■  dy 

dz 

kx. 

0: 

.  0 
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■■:i 


~2 


S3 

£H 


Si 


curt  q  3 


.  iiL  'l*'\viL:- 

cbr  :"•  .£►£  • -  ^ 

,'ajy}  .:'-pLi..  :-0'| 

,  =i.(o)-j(o>+k{orax  >  ;, 

v  •  -v;'>^  ‘ ''•■'■•'  :'\  '. '  '  •' .  '  -..; 

:  •  HenceraoUori  ia'no.t  mpSlipnai..'  .;••'/  •  T  '. -  r.-  ...  •  \ 

.  Consequently, motionis rotational  ^  .  ■.%.■■ 

Pr  oW«  m  35-//*  velocity'  distrib  ttfion-Ls  ... 

q>i (Ax^O  +j  (By2**)^.  k (CzX?).  . 

;  wAere'A/.B/C.ariff;cqnsXanff,:  then  find  ^deceleration  andporiicity'components.  .  . 

■  Solution :iet".  .  q^ixi  +'. uj  +  mk. 

Then u  **  Ax?  yt .  u  --By??/..-  -lo^Czr2:-"'- 
LLet  o  W  lai'.-t  Ja2  +  kc<3  denotA'abcderaticm;Th«n 

:  </q> :  '.  ' 

:aT.^>.raa “M.c  :  >  : 

■;  v  -  -v •  .V;  . 

*  ■  1  V/»<  .  _  V  *  *  •  •  ■.  i  .  .  1 
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' '  j-; v;  ^r^:|| to)>. <p>-q:  &;f 

-  /."^;Mpti9n;u  irrotat^na}^  '  ;■;  -  v; 

.Vffi  Consider fluid motion  given  by  .  - 

|  '  u-»ay;.u  »0,io.=  0,  (aVO).;;  T 

•■  i  ^  ;£V:k- 


.:  Vfu-.  ■•.- 

.;  v*' 

_ai-. 


.  i  (6) :  ”  .  . 

*  ■> =vii V  t  ■  7  };X'C  V  V-  .  C2)  '.] 

oa'=-^Vith  ^  pven  by  (1): 

=  By?*  +  {Ajthl).  (O^+XSy^O  (2Byzt^ip£ftiBy*Q  '■  \:/  : 

,  « iyVii+ /.•  \  >;': 

^  given  by .(l),..-.,;'"  • 

f  ;  ^  ic  *  *  c"2 J )  c"2  \ 


•  t  o3  =  2CxX  +  (A*2?)  (0)  +  (By^zt)  (0)  +  (Czt2)  {Ct7) 

-  Czt  [2+.Ct2l 

Acceleration  components  are  given  by  (2).  (3)  and  (4t 
II.  Let  W  =  curl  q.  Then  W  is  vortidty  vector. 

1  J  k 

d_  ±  d_ 

2tr  dy  dz 

A x7yt  By7zt '  Czt2  . 

-  i.(0  -  Sy?t)  -  j  (0-  Q)  +  k  (0  -Ax^'^'% 

atn  av 


w* 


-V' 


Vortlcity  components  aro 

-ByaI,  0,  -aA 

'.'Frohlem  35.  Test  whether  the  motion  specified  by*£  ^ 

?■'  «  A2  ,,  \Ai  *• 

£v  .  .  -  q’ 

,.Ts_a;poi8i6/c  motion  /or  an  inoontpr<«£6te^ttCi^//‘ so,  cfeter7ninc  tAe  equations  o/ 
vVtrianitiTzes.  Also  tell  whether  the  moljori  ii.fi/tfce  potential  kind  and  if  it  determines 
gtfc* velocity poten rial  '  (IFoS-2011) 

Solution :  Here  tz  =  -  ,  w  =  0. 

x*  +.^^r4»jr+yz 

I.  Equation  of  continuity  for-iricompressible  fluid  is 
du  do  "Dw  . 

.-■v.  -But  +  ^  +  _ g^_V 

dx  3y  dz  f^+y2)2  (^ty2)2 


r+0. 


Hence.equation  of  continuity  is  satisfied'. 

XL  Stream  lines  are  given  by 
■  «fy  _  dz 
u  =  u  “  0 

'■  ffr  (r2  +■  V2)  _  (x2  +  y2)dy  dz 

-A2y  fx  ~  0 

=»  •  yXdx  fydy-  0,  dz  =  0-  ^ 'u\?; 

*»  *  .  .^t/“02,  "zyb  .  .  ‘ 

Ifence  stream  lines  ore  circles  vyhose  centres  lie  on  z-axia 
HL  lb  test  the  existence  of.velodty  potential. 

-  <i$»  u  dx  +  v  dy  +  w  dz 

-—Xly  — ^ — +A2x  — — — ■ 


»  A2  (Af  <£r +Af  dyX :  say 


3W 


j^L 


TjrX  (x2  +>y  r  (l2>y2)2 

~F  te^+'y2)— Er2*]:  9Af 

■  at"“L^J^+^sdy 

Hence  Af  dx  +N dy  is  exact!  Therefore  its  soilution.of  given  by 

:  ■ 

Hence  0 'exists  and  is  given  by--  “* 

».4’un-(£V+C 

Problem  37.  The  velocity  vector  in  the  flow  field  is  given  by 
q  *  i  (Az  -  By)  +  j  (Bx  -  Cr)+ lc:(Cy  -Ar) 
where  A,  B,  Care  non-zero  constants, 

Determine  the  equations  of  the  vortex  lines. 

Solution  :  Let  W  =  i£  +  jq +k^  bo  the  yorticjfy  vector.  Then  W  fc  curl  q 

-  .2-  -  JL  ' 

dx  <iy 

Ar  -  By.  [. 

^itC^Q-K-^A) 

This>;^2Cr.  n-2A.  C*2p-^a 

Vortax  lines  are  givenby 

dx  d%:  <fr.  ■ 

•  .  Ti»  -  •• 

PuUiDg;the  . values,  -  yk 

dx$,dyrP^z  ■  \ 

^2C~202B  '  : 

;U:f£r-.  .dy  dz 

or  pt^jCiPA  ~  b  .  ; 

=»  <iy  -  Q,  :B  dy  -Adz**0 

integrating, 

^^^bc-Cy.^ci,  fy-Ai*  c2 

Aferte3Clines.are  given- by.theseequations. 

,  .  w^Ss^/T.'  ■  .  ,  . 

ProblemfCS.  JAou»  fA’ot  ^  a  (x  -  ^)  (y  - 1)  represents  the  velocity  poUntiat  of  an 
^incd^ipressible  two  dim ensionol  fluid,  Sfcow  that  the  stream  lines  at  time' l  art  the 

.^^iun/fis'  _ _ _ 

(x  “  02  “  (y  -  0*  ”  constant  _ 

^'a nd  that  the  paths  of  fluid  particles  Aave  the  equations 

log  (x  -y)  =  ~  [(x  +»- a (x-y)_1+6,  (IFoS-2010) 

where  a  and  b  are  constants. 

Solution:  piven  $  -  (x  ^t)  (y-  f)  -  ...  (1) 

L  lb  show  that  the  liquid  motion  is  possible, 

A 

a«J 


fluid. 


0+V-° 

v2^  =  0,  which  is  the  equation  of  continuity. 

Hence  (1)  represents  velocity  potential  . of  an  incompressible  two  dimensional 

IT.  To  determine  stream  lines. : 


Stream  lines  are.  given  by 

dr  rfy 


_=-6'-0: 


Integrating, 


-'(y-O  -Cx.r'O- 
(r-  0  dx**(y-  t)  dy 

x2  '  y2  - 
~2  ~U  ~  **  *  const. 

or  a?  -  2rx  ^y2  -  2ry  +  const. 

or  (x  -  f)2  » (y  -  X)2  +  const, 

or  C^~t)*-(y'-02“  const, 

which  represents stream  line 3. 

Ill:  To 'deterniine  path  lines. 


dt' 


:  dx 


Upon  subtraction. 


dt  .  ’ 

=»  dr  =  (X  -y)  rfx 
dy  =  (t-x)dt 
dx-dy  ~(x-y)  dt 

x-y 


(y-0 

(x-X) 


...  (2) 
'  -:.  (3) 


wrmfTC  of  sunitVATxai  sarwfsi 
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Kinematics  (Equations  of  Continuity) 

.Integrating,  log(x-y)=/  +  logc 

r  x-y=e/V.  '  * 

(2)  +  (3)  =?  <£c+ dy  =  [2? - (r  +y)]  dt : . 

Putr+y^u,  dx+rfys da,  then (5) gives.' 
da 

*+  : 
It  is  of  the  type  ^  +;/y  =  Q  whose  solution  is 


(Fluid  Dynamics)  /.  14 


...(4) 

...(5) 

(6) 


•-  fPir  f  [Pdx 

yz>"  =c+tQeJ  ^  dx 


Hence  solution  of  (6)  is 


2 iJdt 


Taking 


tte*=m{t-l)er 
u=ke*+2{t-  1)  . 

ft +^)  +  2  lo&(  “  2.  by  (*) 

.log  {x  - y ) = ^  \{x +y)  -  kc  (x  -y)‘!J  +  1+ log  c 
*  kc 

l  +  )ogc  =  6,  we  get 

log  (r  -  y)  =  |  I(x  +y)  -  a  (x  -  yf1!  *  6 


This  represents  path  lines. 


problem  39:  JXicrminc  whether  tht  motion  specified  by 

rr  a  possible  motion' for  an  incompressible  fluid.  If  so,  determine  the 
equations  of  the  streamlines.  Also,,  show  that  the  motion  is  of  potential 
kind.  Fwd  the  velocity  potential. 


Solution.  We  know  that 
V.q  »  0. 


A {"  *  (j+p) +  ay  (x2+y) 


2xy 


=  0, 


% 

■4%% 


1(is+>2)2  (^+/)2} 

which  is  evident.  Thus  the  equation  of  continuity  foifari%cbmpressiMc 
fluid  is  satisfied  and  hence  it  is  a  possible  motion for  an  incompressible 
fluid.'  jfkgjr 

The  equation  of  the  streamlines  arc 
dx  dy  di 

-  S3  — 1 U  =»  * — * 

It  V  w 


dx 


_  dz 


...(2,3) 


or 

By  integrating, 

X2  -f  y2  =  “constant,  2  »  constant. 

Thus  the  streamlines  are  aides  whose  centres  arc  on  Z-axis,  their 
planes  being  perpendicular  to  the  axis. 

1  J  k 

a/ar  d/dy  a/az 

Ay  Ax 


Again  V  x  q  = 


(x’+yV^+y2) 


Vx<t  =  k 


f+f]  dy[x*  +  ?\ 
£ix2 


V  X  q:3  YA 


JLiSL.+jtuL  i_0 

<*2+y)2(*2+y2)2| 


Thus  the  flow  Is  of  potential  land,  so  we  can  determine 
^  (r, y.z)  such  that 


or. 


/tr 


&p  Ay  .  &P  ' 

^  =5  —  K*  =»  6,  j 

UZ  . 


-.(4,  5,6) 


which  shows  that  ^  is  independent  of  z,  hence 

£  =  ^  (*O0*  -  '  •  *  ' 

Integrating  the  relation  (4),  wc  have. 

*  Of.  >J  *  ^  *an"1 0 w  +f(y) 

or 

Using  the  relation  (5),  we  get 

/' (y)  •*  0  ■»  f  (y)  ^constant. 

Therefore  <f>  (x,y)  *=  A  tan" 1  (r/y).  -  :  =*' 

Probkm  40:  S'/low.  r/jot  the  velocity  'potential  - 

satisfies  the  Laplace  equation.  Also: determine  the  rrreamlincx.  CIA5-200Z) 
Solution.  Let  <*>  be  the  velocity  potential  for  the  velocity,  field  q 

then 

q  =.  -  V#  =  £*+>2-2**) 

Taking  divergence  of  both  Ihe  sides,  we^ave 
V^  =“V.  q  • 

or  W  -  - \o  V*  (Zrf  +  2yJ  -  Azk)- 
or  VV  3  —  (2  +  2  —  4)  «  0  ^ 

Hence  Laplace  equation  t^sStlsffed;'  .  <* 

The  equation  of  strft'jmlin^S^^rcn 


by 


dx/u  »  dy/v  =  4z£y*y{ 


or  '  r6r/(—  «x)  =  qy)\=“  dz/Qaz) 

C«i> 


(0 

From  (ii)  and.  (lii)t>ver  have 

%!SX»{l°C?-'losC. 
where  C  is  an  integration  constant. 

y2z  i-,  c> 


"iff 


which  represents  a  cubic  liypcrbola. 
Probfem''4ir*^Atw  that 


u  =  — 


2xyz  (F  —  y*)z 


x*  +yJM 

..  ar&J/i'e  velocity  components  of  a  possible  liquid  motion.  Is  this  motion 

Jm&Mlonat? 

'  .  - 

.Solution.  The  condition  for  the  possible  liquid  motion  is  given 

vj~by  ... 

5“+ .  > 

which  Is  an  identity.  Hence  (u,  v,  w)  are  the  velocity  components  of  a 
possible  liquid  motion. 

Again  the  condition  for  Irrotational  motion  Is 


.  ~  ■*  0  and  ~  - 

dr  $z  dy 

x*-y?  :*2-y2 


dv  _  aw 
dz  dy  * 
dv  dnr 

DZ  dy  *“  (x}  +  ytfL  ~  (X*  +  y2)2  * 
jbv  _  3u  2ry  2ry 

Or  i  Or  "  ‘.(r^  :  (x*  +y*jf 


dv 

etc 


■  0,. 


and 


Oif.  Ov  ^  2rz  (3>^  ^x7)'  2xz  (Jr  —  x2)  ___  Q 

Oy.  ar-^.  {r2+y^2  ~  ** 

.  Thus.V  x  q  =»  0.  »>’that  the  motion  is  irrotational.  . 

Problem  42:  find  {hc  necessary  and  sufficient  condition  that  vortex  tines 
maybe  dnfght  angles  to  the  streamlines.  (IAS-2005) 

Solution.  The  equations  of  the  streamlines  and  the  vortex  lines 
arc  given  by 

dx  dy  dz  ^ 

.u  ~  v  ~~  w 

and  ,-P.a) 

The  equation  (1)  and  (2)  arc  at  right  angles.  It  follows  that 
tff  +  VJ7  +  *'£=i:0 

(drs  Ov\  ■  ■  tdu  Oh.'i  /Ov  0u)  _ 

“U  Or;  V  (t)z  Or)  w  (ar  dy)  a 

In  order  that  +  *v<lj:  may  be  a  perfect  differential.  \vc 


have 


it  dx  +  vdy  +  n>  dz  =  X  d<p 


=  X  i^fdx  +^fdy  +~^-dz\ 
v  (Or  0>'  /  02  ) 

»  U  -  X^-  ,v  X  ,wal^, 

Or  Oy  Or 

which  determines  the  necessary  and  sufficient  condition. 

ProbUm  43:  In  an  incompressible  fluid  the  vorridty  at  every  point  is 
constant  in  magnitude  and  direction;  prove  that  the  components  of  velocity 
if,  v,  yv  are  the  solutions  of  Laplace  equation.  JAS-  2004) 

Solution.  Let  Q  be  the  vorticity  at  any  point  In  an  incompressible 
fluid  then 

0  =  ^l  +  7j+^k 
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_ 

fdu  -dw\ 

_±\ 

du\ 

i 

dZ 

Idr  Dx) 

& 

u 

dy) 

© 

© 

1 

50 

& 

* 


•> 

Ih 


du  ■  dw  .  ^  dv  _  *£  _ 
c  az  ax’*  “.ax  ~  ay  " 


0. 


J  3w  dv 

where  £«-^- aj*’3 

The  magnitude  and  direction  cosines  of  its  direction  are.  given  by 

O'-V^+^+'P  ^nd 

piffcrcmiaijng  >7  partially  with. regard  to  r  and£  with  regard  toy 


•55 +*3r ' 5? fe+^J  ai2**2*  az2 

Hence  the  Velocity  components  satisfy  laplacc  Equation 

Problem  44:  Find  the  vortlcity  components  of  a  fluid -particle  when 
velocity  distribution  is 

g=*i  (fcp^*)  +  J (V^O  +  k fri2*2)’ 

K-Acre  kp  ky,  kj  arc  constants. 

Solution.  The  vortidty  components  £,  q,  £  are  given  by 


Oy  ai  ^ 

du.  _  Ow  _  Q 
1  dr  ar  = 

dr  dy  1 


Problem 45:  Determine  the  equations  of  the  vortex  lines  when  the  velocity 
vector  of  die  flow  field  is  giVe/i  by  _  - 

q=l(ylr-5y)  +  J(Br-0)  +  k(Cfy-^lr).  ' 
where  A,  B,  C  are  constants. 

Solution.  The  vorticity  components  are  given  by 

:2C, 


_^_|,  =  c+c= 
Oy  dz 


On 

dv 


dw 
OX  * 


A+A  =  2 A\ 


■;■■' dr  dy 

The  equations  of. the  vortex  lines  are 
eZr _ «fy  dz 

5  “  */  “  T 

<Ic  _  dy  rfz 

*  2C  ~  2/t  ”  28 

(i)  (ii)  (iii) 

From  (i)  and  (ii),  we  have 
ytX  —  Q?  a  fcj, 

From  (ii)  and  (iii),  we  have 

By  —Az  ='/c2,  where  k}  and  are  integration  constant 5.-^2)'^, 
Hence  the  vortex  lines  (1)  and  (2)  arc  the  straightlines.  ^  ’i3%- ' 
Problem  4tr.  Investigate  the  nature  of  the  liquid  motion  give/J^by&^j  ra 

ax —by  ay  +  bx  „ 

U  =  — j - j-,V  —  Hj - 7,  Waft  ,5-  ^  m; 

x2 +y*  ’  x2  -hy2  a  ^ 

Also,  determine  the  velocity  potential.  —  ^-r 

Solution.  -Here 


■0\;Q 


x2  +yl  •  X^+y*  'V.bJP  ■ 

du  ^  a  (x2  4-  y2)  —  2r  (ax  —  —  x2)  +■  2fay 

clx r  _(£  +y^7  •  (x2  Vy2)2  ’ 

dv  a.(x2  +y2)-2y  (ay  ^bx)^a  (x2  -y2)  -  2bxy 


#  +  £=o.  •€.%' 


ax  ’  cfy  ~  ? 

Thus  the  liquid  motion  sarafles^the*  continuity  equation-  hence  it 
is  a  possible  motion.  , 

Let  Q  be  the  vorticity  then^L^ 

Q'=  If  *%*%■£. 

v  ^  _<dv  ^  n 

3y  flz?“  • 
du  3w 


where 


it  foil 
Let  0 

■  T 

.  .  i 


dx 

£  =  a 
dy. 


ows  Unit,  the  nature  of  UTc  liquid  motion  is  irrotationl. 
be  the  velocity  potential,  then 


.i£. 


dy  —  -  udx v  dy 


dA  ~  ^■f*fr4r+y-fjy)  ,  &  Crcfy-ydrj| 
^  -r2+y2  +,,Jf2+y?,.r 

1-  J 


log  (x2  4-y2)  +.  6  tan"  1  . 

-  Problem  47:  If  u  dx  +  vdy  +  w  dz  —  dQ  +  X  dp  where  X,  t),p  are 
functions  of  x,  y$  z  and  t,  prove  that  the  vortex  lines  at  any  time  are  the 
.  lines  of  imcrsectipn  of  the  surfaces  X  =  const,  and  ;i  —  const. 

Solution.  We  know  that  .  . 

.  u  dr  +  y  dy  +  w  dz  =  dQ  +  X  dp 


or  vdz+vdy.+  wdz=  (^dx  +^rfy+~dz+— ^ 

‘  \aX  oy  dz  dt-  )  . 

,  (dx  .dy  Oz  w.,  ) 

Equating  coefficient  of  dx,  dy,  dz  and  dt,  we  have  . 

50  .  du ■  -  dQ  .  du  ■  '  1  ■  ■ 

u=¥+Af  ■ •v-=#+xip  •  •  ■  . 

W=i?+A&  o^lt  +  x&L. 

dz  dz*  ,  .  5r  ■  dt 
The  components  o I  spin  are  ' 

2£  -  —  =  f—  +  a I  +X^\ 

~  dy  ■  dz  dy(dz  dz)  dz[dy 

^  .  2>  =  X-^-  +  — 

^  Zh*  str  To  Tr  •  *  Tv  Tt  Tt  Tti 


5y  dz  dy.  otz 
dX  dp  _  di  dp 
dy  dz  '  dz  dy 
,dX  dX 


dy  dz  dz  dy 


Similarly 


Therefore 


Xx  Xy  Xx 

:  = 

K  \  K 

•1 

f*y  Mx 

Similarly.  +  f  ;  , 

It  follows  that  the  vorioriinesi lie  .on  the  surfaces 
A  —  a)nst?and^^  —  .ccinst.  ■' 

Problem  AS.  If  the  velocJyfof.an  incompressible  fluid  at  the  point  (i,  y,  z) 
is  given  by  Bxz/r5, 3yz/r*,  (Bz2  -  r^/r5,  prove  that  the  liquid  motion,  is 
possible  and  tturt^fresyelotity  potential  is  cos  Q/f*.  Also,  determine  the 
stream  lines.  {IFoS-2009) 

SoIuUor^TlM^ondliion  for  the  possible  liquid  motion  is 
%.  5tt' ,  dv  dw  __ 

3rz  du  3z  15xz  dr  -  3 z  15 xXz 


.#”•3 

<^5 


r5  ax 
iSx^r  ,  3z 


*  dr  rS  r7  — 
6x  15x3  3z 

~X — ^“  +  73'  =  0 


*4'  4 

=.^or 


I5z 
r5  ‘ 


15z 


=  0, 


3 id  (x2  +  y1  +  z1) 

<^--T - p - — ■ 


15z  I5z  (x2  +  y2+z2)-  n 
p  ~ 0  ^  r»  r1 

which  is  an  identity-  Hence  (u,  vr  w)  arc  the  velocity  components  or  a 
possibleTiquid  motion.  * 

If  <p  be  the  velocity  potential,  then  _ 

dp  =  (50/dr)  dx  +  (dp/dy)  dy  +  ( dp/dz )  dz 
or  dp  as  —  (u  dx  +  v  dy  +  w  dz)- 

or  dp  r--  -  (3xz  dz  +  3yzdy  +  (3z^  —  r2)  dz) 

or  dp  =  -  ^  (3z  Qcdx  +y  dy  +zdz)  —  r2dz) 

dz 

7*- 

,  3zd(r2)  dz  3 z  2rdr  dz  .  fz\ 

#  =  -T_w+_y=_T._^+7?.  =  J|_) 

By  integrating,  we  have 

z  .  i  cos  B  cos0 

r2  ’ 

constant  <if  integration  vanishes. 

The  equations  to  the  streamlines  are  given  by 
dx  dy  dz 
u  ~~  v  ~~  w 
dx  _  dy  ^  ■  dz 

0r  ?ixz7rS  ~  ”  (3z2  -  r2)M 

dx  _  dy_  _  -  dz  _  xcjr+yrfy+z^z 

U‘  3rz  3yz  3z2  —  (x2 ,+  y2  +  z2)  2z  (x2  +  y~  +  z^ 

(i)  (ii)  (iii)  (iv) 

From  (i)  and  (ii),  wc  have 


=>  logx  -  logy  +  log  c  =>  x  =  cy. 


-(I) 


From  (i)  and  (iv),  we  have 

dx  _  xdr  +  y  dy  +z  dz. 

3r  “  2  (r2H-y2.+  z2) 

By  integrating,  wc  have  ■  -7  .1.-  -  ' 

-  logx  =  “  log  (r2+y2  +  z2)  +  log  £>. 

where  D  is  an  arbitrary  constant. 

x2/3=£»(x2+y2  +  z2)1/2.  -..(2) 

Thus  the  equation  (l).and  (2)'  represents  the  stream  lines. 

Problem  49:  For  an  incompressible  fluid  u  =  ~  ary,  v  =  oix,  =  0,  show 
that  the  surfaces  intersecting  the  streamlines  orrh ogon ally  exist  and  arc  the 
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Kinematics  (Equations  of  Continuity) 

planes  through  Z-amr  although,  the  velocity,  potential  does  not  exist 
Discuss  the  nature  of  flow.  (i  as- 2003) 

Solution.  The  motion  will  be  possible  if: it  satisfies  the  equation 
of  continuity,  that  is,- 

£  +  £  +  f  =  0.  ' 

3r  dy-  -  dz  •  .  - 

which  is  true  from  the  given  relation^  Hence  the  motion  is  a  possible 
one.  ■.  '  ’• 

The  differential  equation  to  the  lines  ;of  flow  are 
dx_<fy'  .dz  dx  dy'  '  dz 
u  v  w  -  -  ay  ~  o)x  -  -  .0 
or  xdr+ydy  =  (hand  dz  =  0  ■■■*•: 

By  integrating,  we  have  - 

x2  +y2  -  consu,  and  z  =  cohst^.  • 

The  surfaces  which  .cut  the  stream  line's  orthogonally  are 
u  dx +  ydy  4-  w dz  Wfl 
or  -arydx  +co£dy  -  0 

By  integrating,  we  have  . 

dx/i.~  dy/y  =  Q  =>  log  (x/y)  - logc,  . 
where  c  is  an  arbitrary  constant 

Thereforex  =  cyt  which  represents  a  plane  through  Z-axis  and  cuts 
the  stream  line  orthogonally.  ■ 

-  The  velocity  potential  wilt  exist  ‘if  u  dx  +  ydy  +  wdz  is  a  perfect 
differential  But  udx  +  vdy  +  wiiz  is  not  a-  perfect  -*  differential, 
therefore,  the  surfaces  intersecting  streamlines  orthogonally  exist  and 
are  the  planes  through  Z-axis,  although  the  velocity  potential  does  not 
exist.  Further 

,  •  1  j  k 

Vxq=  d/jtx  d/dy  d/dz  .  =  2wk.: 

^  -  wy  cur  0,'  . 

Hence  the  flow  is  not  of  the  potential  kiqd.  It  shows  that  a  rigid 
body  rotating  about  Z-axis  with  constant  angular  velocity  <uk  gives  the 
same  type  of  motion..  ■  • 
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or 

momentum  « 

mass  x  velocity 

; 

i/M 
dt  K 

) 

-using  0). 

<1*  t 
dT  * 

EQUATION  OF  MOTION 


-  Theorem  1*  Euler’s  equation  of  motion. :  7b  dcrivg  'Eulir's  Dynamical 

equations. 

Proof :  Let  a  dosed  surface  £  eadoslng  a  volume  V  of  a  aon-viscaui  fluid  be 
moving  with  the  fluid  so  that  $  contains  the  same  number  of  fluid  particles  at  any 
ilime  f.  Consider  n  point  P  inside  S.Xctp  bo  the  full)  density,  q  the  fluid  velocity  and 
dV  tho  elementary  volume  enclosing  P.  Sinco  the  mnsip.dV  remains  unchanged 
throughout  the  motion  so  that  A  ' 


SET 


i(0rfV)-0 
The  entire  momentum  M  of  the  volumo  Y  is 

q  pdV 


M  -  [  S 

Jv 


...  (2) 


Let  n  bo  the  unit  outward  normal  vector  on  the  surface  element  dS.  Suppose 
F  is  tho  external  force  per  unit  mass  acting  on  the  fluid  nnd  p  tho  presauro  nt  any 
point  on  the  element  ds.  Tbtal  surface  force  is 


FpdV+  [  p{-n)dS 
Jv  Jr 


*T  JS 

IFor  presKuro  nets  along  inward  normal) 


by  Gauss  Theorem 


«  [  Fpc/V *  f  -VpJV. 

Jy  )y 

-  I  (F p-Vp)dV. 

Jy 

By  Newtons  second  law  ©f motion, 

rctUj  ofehango  of  momentum  »  total  applied  force 

j  <Kp-vP)<fv, 

J.  [  ^  p  -  rp  ?.  ,  -• 

Since .  >  is  arbitrary  and  so  Vis  arbitrary  so  that  the  integrand  of  tho  lastiDtqgrid 
lUhes, 


by  (2)  and  (3) 


vanishes, 

&e.» 


m- 


W0:rr.  r# 

This  equation  is  known  as  Euler's equation  of  motion.  If  v/c.iyrito 
q - q (u, u.ii;),  .  F »F\X.K .  ~ 

Lbco  the  cartesian  equivalent  of  <4>  is  • 

This  &L.-ZJ!$L 

qI  — •  ft  nr  nL^eXiu  rt  •  nt  •  ft  rtr 


...  (4) 


with 


p  ctr  *  dLS^  :p;3y  *  eft 

d  i  ...•>  '4h± 

.3'5+“arjS^“5r- 


p  3r 


Deduction :  (i)  To  deriv^i^^aotrlcnl  form, 
Hero  wo  have  q  »  u,  V  ■ 


Now  {4>  becomes 


Ido 


(a(+u3f)“’?"pf- 

(U)  Tb  derive  Lamb's  hydrodynamicnl  oquation,By  (4), 


I 


using  this  In  (5), 


f +(q.v),-r-ivP 

V  (q.q>  w  2  [q  x  curl  q  f  (q.V>  ql 


...  (5) 


f*v(i^|-qx«rl,.r-|vp 

writing  W  »  curl  q.wo  obuln 

f+v(|,»)+wx,.ir-ivp 

TliisU  known  as  Lamb**  hydrodjnamical  equation.  The  chief  advantage  of 

Uihatlti*  invariant  under o  change  of  co-ordinate system.  '  -  ^ 


till)  Euler’s  equation  in  cylindrical  co-ordinates. 
Euler ’i  equation  of  motion  is 

*i.pa.p.i  Vp 

dt  di  ,  p  * 


Let  {a,.  q&.  Qj)  be  the  velocity  component*  and  (Fn  Fq,  F,)  bo  tho  components  of 
.external  iorco  in  r,-0, r  directions.  Thru  w«  knew  that 


Pq  o  ffr<?o  DgI  x 

Dt  \  Dt  7m  r  \  Dt  J 


Substituting  In  (1>  «»*vl  equating  the  coof&dant  oTLJ.lt*  wo  obtain  Euler's 
equations  of  motion  In  cylindrical  coordinate*  as  i 


Dt  r  'v"p3r 

iiE. 

Dt  r  0  p  vdO 
Dt  p  Z* 


...  (2) 


D  9  9  <7o  9  <  9 

Bra  .  + 

(lv)  Euler's  equations  of  motion  In  spherical  polar  coordinates  » 

Euler’s  equation  of  motion  Jb 

dSL.^.rgi^  ...  m 

dt  Dt  J.- 

Lot  (7^  y^) bo  the  vcl oaty  ^^p^rKuo Ls  and  (F,,  Ffj.f'oJbo  tho  compononts  of 


3 


..  O) 


oxtomal  force  in  r,  8.  o  directions.  Tben’Wo  know  that 

Dq  f  Pq'?P<i£r<$’  PQ*  ^♦  cot0  C^<?0  q^^cotUv 

”1  Dt v— J  *  Dt  ~  r  *  r  '  *  Ol  r  J 


Di 


Subrtiluling  in^ljiaod  equaling  the  coefficients  of  i.  j,  k  wo  obtain  Euler’s 
oqua lions  of  mqiion  loisphoricsi  polar  coord  inatos  os  : 

_  JL  ^£  '  ‘ 

^  r  r  p  Zr 

&L  ^1  3e.  *  ...<31 

Dr  .  r  *  r  pr90 

-SK  %r  “  gq,  1  .or-1  I  $£ 

|S*  D  9  9  Co  D  g,  9 

rgvJOTO  D?“^  +  ^^1'”dO  +  rsia090 

Definition 

The  \xlpdty  q  is  called  Rcltrani  vector  if  q  is  parallel  to  W,  i.e..  if  c*  x  \V  ^  0. 
Dcf.  t\  fluid  is  said  to  bo  bu  roiropic  if  p  -  f  (p). 

Def.  Conservative  tlotd  of  force  : 

In  a  conservative  field  of  force,  the  work  done  by  a  force  F  in  taking  a  miiLmwj 
from  a  point  A  to  a  point  B  is  independent  of  tho  path.  i,r.. 


I  F.dr-  F.dr--Q, 
Jacr  Jaur  '  "7 


JACB  JAD8 

Here  Q  is  a  scalar  function  and  is  known  os  potential  function.  It  con  be  proved 

that 

F-- va 

Tho  ore  m  2,  Prcsiuro  equation  (DomouJli’s  equation  for  umUcady 
motion).  When  velocity  potential  cjusLs  nnd  forces  oro  conservniivo  and  ? 
dcrivobto  from  a  potential'  Q.  tho  equations  of  motion  can  olwnys  bo  /  \  ^ 
Integrated  and  the  solution  is  cl  j^D 

A/ 

.  Kf.  2-1 

Proof:  Existence  of  velocity  potentials^  tho  motion  Is  irrotalional  and 

qs-VQ. 

Forces  arc  cooscrvolivo  »F*-  VQ. 

ut  P‘C  lh'°  ^■p“'lha'  Vp-X‘^x' 

or  W>“S‘Te|?-J:|^-;V/>  »r  VP-^Vp 

dp  Ox  p  OX  p  0 

By  Euler's  equation. 

^-F--Vp  or  ^+(q.V)qv-Vfl-V^ 


v(-|j*D*P)+ivy2-qXcur]q-Q 

For  VCq.cO''^  lqXcurlq-»  {q.  Vjq} 

[For  curl  q-Vxq«Vy(-  o  curl  grad  0  ■  01. 
Multiplying  scalarly  by  dr  and  noting  the  dr .  V  -  d,  we  got 
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Equation  of  Motion 


(Fluid  Dynamics)  /  2 


Integra  tin?.  Q^P  +  |V*-^r  ^(0  s. 

where  T(Q  fa  a  constant  of  integration. 


-O) 


The  equation  Is  known  ns  BembaUCs  cqualton  for  unsteady  brotadonal  motion. 
This  Is  alio  known 'as  pressrrro  equation. 

If  fluid  fa  incompressible  then  (1)  -*  .  .  ‘  ’ 


Deduction :  Suppose  tho  motion!*  steady. 


Then  |^»0.  Now  (1)  becomes. 


«*.P(9®C*  absoluto  constant 


This  fa  known  as  Bernoulli’s  equation  for  steady  motion. 
If  p  »  constant,  then 


Q  +  ^  +  —  q1  -  const. 


Tot. Derive  Bernoulli’s  equation  for  unsteady  tnationof  an  incompressible  fluid  and 
hence  derive  expression,  for  steady  motion. 

Solution :  Here  write  the  above  proof  and  its  deduction  complete. 


Problem  I.^horo  that  the  velocity  field-  ..  ' 

satisfies  the  equation  of  motion  for  an  inviscid. Incompressible  flour*  Determine  the 
pressure  associated  with  this  velocity  field  B  is  constant  (XFoS-2012.  IAS-2006  model) 
Solution :  Euler's  equa  tion  of  mofon  In  ntxscnco  of  external  forces  1$. 


Bui  motion  fa  two  dimensional  as' to  ■  0  and  q  »  ul  +-uj 


Putting  tho  values. 


r  ?.  ,  iL  .  -?2*x—  J.  j,„  L.  „JJ  2e \ 

lot +  <?>??  a*  (r2  yf? ^ J(  W a, ) 


*3 


As  u.  v  roxe  independent  of  A  by.  assumption. 


~  .  o  -  v*  *  Hcnce'the  last  gives 
dt  ■  ot 


*V  ♦*’>*' 

»  I  1  ' 

rltxUWl  ‘  <x35Bs%. 


...<w 

...(2) 


...  (3) 


ai-ag^-igtfe^P 

A  |  2xy  r4^3*(£?~y2) 
Writing  (1)  with  tho  help  of  (3)  and  (4), 

pBV 

*7? 


...<4) 


...(5) 

...<6) 


...  (7) 


Writing  (2)  with  the  help  of  (5)  ond^6). 


Differentiating  (7)  nnd  (8>  partially  wxty  and  x  wo  find  that 

Thl*  proves  that  velocity  field  satisfies  the  equation  of  motion. 

■^dx*^dr  •*.. 


...(8) 


dp-- 


’  Using  (?)  and  (8),  V:  .  .  \,‘. 

aV/  Qry  \_3AT;  '.’■ 

(x^+y2)4  d* . 

/. '  Af  dx  +  Afdy  fa  exoct,-  j:l, :  .;  '  ...  . 


;  -jj 

In  view  of  this  (9)  becomes,  /••.'" 


P- 

P““~ 


pB—  ,  -  •' 

This  fa  the  required  expression  fof  pressure. 


Problem  2.  The  pnrtfe/e  wiociry  /or  a- fluid  motfohjtfajzd-  lo  rectangular  axis  is 
given.  By  the  components  .  ‘  :■  '  V  '  ;.  ” 


under  no  body  forces  in  an  m  finite  fu^^fijdTl'ube^  - a Sx  £  d,  0ii.£.2d.Ufso!,  /fad 
the  pressure  associated  with  thiegdcZityfflcldL' 


Solution  ;  Tho  equatlonslof for  a  two-dimensional /steady ,  inrisad, 
incotnpresslblo  flow  under  no  b^yTbfco.'  ip  cartesian  coordinates,  aro  gh  cri  by 


^  ' 


HcW.  n  o  A  cos  ~  cos  ,  p  a  0.  to  a/\  flio  T”  sin  . 

■■  ■  ^^  ^  2a  2a  2a  2a 


...(1.2.3) 

...(4) 


T>'S)rodi^equn Lion  (2),  it  follows  that  the  pressure  p  Is  independent  of  yi.e.. 


Using  (4)  Into  (1)  and  (3),  we  havo 

f  .  nA  ice  .  7tr  >  1  dtt 

x  - —  tos " *vn 77^  -  — 

V  2«  2a  2a  /  p  dr 


nAl roc  .  icr  .  1  3r» 


( A  ^  )  +  (A  *'n  S”5"  S  ) 

.-■-■fU  \  1  i>p 

rt - cos--  1”— - - 

* ) 


P  2r.  * 


itA2  P  •  tu  .  '  rot  '  o  roe  ■  ror  .  »'■"  a  nr  1  1  Dp 

cw,'^ccs^8,nfa<DQ 


...Cfi) 


roA2  r  tt-l  V'.Jcr  1  dp 

Tho  equations  (6)  nnd  (6).  show,  that  the  velocity,  components  satisfy  the 
equations  of  motion:  ;■ 


Again, 

By  integrating,  we  havn^.v, 

<*»*  g  ]  tc. 

whert>  C  if  an  Integration  constant  Tbfa  glvc*  tho  reqruled  pressure  distribution. 


Probtom  %.  Determine  the  pressure,  if.  the  vcforify/IeW7f  »  0, 70  -  B,  q,  -;0. 
satisfies the  equation of  motion p ^  .  where  A  and  B  am  arbitrary  constants 
Solution  i  . 

or  +™1;)  - 

By  Integrating,  wo  havo 

P  -  P  (  ~  A2'*  -  ~  r2AB  log  r  j*  C.  » 

where  C fa  an  Integration  constant. 
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Equation  of  Nation 


(Fluid  Dynamics)  /  5 


Initially,  *U„  ' 

5^  '  96  '  3cN  ' ;  96  *  3c  -  - . 

Subjecting  (6)  to  this  condition,  : 

■ 

ere  W  “  curl  q  -  £l-fr  itf  4  '  .. 

/'3u9x  Ducks  {&&  9w  9yV  /&g  &r  9m'  3z  N  . 

1 96  3c  ~  3c  36  y\  5i>Zc~  9c  96^t96  9c  “  9c  36  J  ^ 
.ra*/3tfjhc  3u  <3y  3u  3r  \  3r  fdu  Dbc--  3m  3/  9u  <fa 

L  *1  a*  a&  +  9y  ai>  &  3*jl~  36  t  a*  ay  a* ;  a*  3c  ,1 J 


...  (7) 

.  Samlariy  4  + 1  C- »» 

...<8) 

'•  V 

...(9) 

Multiplying  (7),  (8),;  (9)  by.- 

•  obr  3*  Ac.. 

3a  *  36  ’  3c  ...  v.  ■ 

respectively and  adding oolumnuaso, 

t  &  fr.yj 2)  o9fr.3f.3Qi  \  y3  fr.  y,r)  «.  3*  ..■•  3x  .  _  3x 

* 9  fa. 6. e) +  n 3 (a, b. c)  ^9 (a. 6,c) "  3a  +  .^  06  * 

:  -.  But  .1 


P(a.6,c)  W  ^ 


:5?=>.r^HcrcO 


-  Po  '  .  3*  .  9r  -  Dr 

^p,"^3a^36+Vofc 


•  «!.•/ 


...(10) 


N  .•  Similarly 
and:  ’ 


...a» 


— 4^— 

P  Po  9a  •.:Po-36  t  Po  <k:: 

n.  .k  & + k.&v—&  .. 

p  Pq  3o  p0  36  p0  3: 

■-  - 

p  “p0.9a+po36.v;.poidc-*:  .  ,\.  .=  k 

■^. -■  :.ThQ.ouatioiu  (10).  (ll)  and  (12)  aro  called  CaiieAy  integrals.  Tbo  vector  forn»  of 
these:  equations  Is  "  _- .  \ 

S.Yfe3,22V%Vr 

p  IsPo^0  Po  Po«V 


...  (12) 


Deduction  1.  Topro ve  the  principle  of  permanence  of  urotational  motion.  xM 
Proof  ;*3f W0  ~  0.  i>.  if  5o  -  -no  -  (o  -  o.  then  (10).  (11>.  (12>  *  ’  vX 

*>'  t»n-C-o 

wi-o  «.  w-o  -  -  •  ’  ^ 

This  proves  that  if  tho  motion  bo  Inrotationol  initially,.  always 

Irrotationnl  for  all  lime.  This  establUhes  tbo  principle  of  IrrotMionfij  moiioa  for  all 
ticao/.  “v 


aR7. 


Doduotioa  2.  To  prove  Cauch/s  integrals  are  the  integroh]of  Helmholtz  vorlitity 
equations.  ■  ‘^r-  * 

Or  To  prove  Helmholtz  equations  with  the  help  of  Caitchy**  Integrals. 

Proof:  ( 10) x^Mll)X^ 4  (12) X 
i  /  *.  _  9u  r3u,,|  r  <**  ^  3r  \ 

p\y  2bc  ^  cy  **“3*  J*  Polibr  -  : + 

'  .  '■£*  - •  . 


-’S' 

So  cfci  <^0 du%£o  9u  -  /  £  \ 


.  This  U  equivalent  to  single  vector  equation; 


,  according  to  (10). 


l 


This  is  known  os  Holmhollx  vortioty  equation. 

Th<K>rcia  $.  Equations  for  lie pulslvo  Ac tipn : .Tb  obtain  general  equations 
ofinoUpnf<^unpul^v^actioD.  .■* !' 

.  Proof: Consider ^on ujrbltxary closed surfocb Amoving wiUi ® non*vdacous fluid 
.  aueh  that  it  encloses  a  vuluroe  Y.  Lctq1  ayd  ^  beflui^Veloducs  »tp  within  S  just 
befocn  tho  impuLto  ruxl  juit  aftor  Uxo  impulse.  l*C  p  bc  fluid  density  at  JK  Suppose 
I  is  the  external  impulio  por  unit  sows  and  u  tho  impulse  pressure  on  o  surface 
clement  etS.  Also  Itt  ft  be  unit  outward  normal  vtcolr. 

.  Changoof  momentum  «  Total  impulnvo  forces  -' 


J  P(<l2-  qt)d^-J  JpdV4  J  -nSk/S 

IFor  to  acts  along  inward  normal) 


By  Gauss  thoorom  tho  last  givos  - 

(P  faa  -  qi)  “  Ip  *  Via)  dV  m  a. 


Since  the  surface  S  is  arbitrary  and  henco  the  integrand  Of  tho  lastinlcgral 
vanishes.  - 


P(<?2  -qjJ-Tp^Vw-O 


q2-qxol_iv5 


-  CD 


This  is  the  required  equation  for  impulsive  action.  If 
X  »  I  &.  y,  Z),  «l2  ■  q,  (U,  V,  w%  q,  -  q,  (u^  u0.  u>$. 
then  tho  cartesian  equivalent  of  (1)  is 


1  3<u  -  v  1  DS  „  3co 


Dy  (1), 


i>  ate  ^  v<>  ^  p  3y'  °  "  3r  ' 

Deduction  (D.Vm'ti city  in  anon-vienus in comprcSKiblc  fluid  is  novor  genornted 
by  impulses  if  tho  extensd  forces  are  conservative. 

Proof :  External  impulses  aro  consorvntivo  -o  1 »  -  VO. 

.  Fluid  is  Inoomprcisiblo  =»  pis  constant.  tC'’— ^  _ 

r  v  •  ; 

or  Vy(q2-qj)»0as,Vx  V«»c5|r^gnuj>0 

°r  -  curl  q2  x-  curl  qt 

From  this  tho  required  result 
(ii)  To  prove  V*w  =  0  under  suitable  amditions. 

-  __  -iC.'  ^-3  . 

Proof :  Let  llic  external  irnpulao  bo  ahscnt  so  that  I  >•  0.  Also  lot p bo  ooastnnL 
Thea(l)  givos  _ 

v-^V.  v-£li*.Vv 

q2-qiAvf^V  ...(2) 


or  'W_  -  p  l-  V.q34  V.qJ  “  p  (-  0>  01  or  VJ3»0. 

F0rV.q';^“Qj»_V:q2  is  tho  equation  of  continuity. 

RomarJc  :  Jftho  motion  is  irrotatfonah  thca 
+  ,by(2) 

V  IP  ^  ~  “1  ■  0 


^Integrating,  p  (P2  -  pj)  -  u)=  0.  neglecting  constant  of  integration 

’%V-w  _ 

*yr  to  -  P  -  Oi). 

(I»j)  To  prova  ci  =  po  under  suitable  conditions,  let  thu  external  Impulso  be 
absent  so  that  I  »  0.  Also  let  p  bo  constant  and  motion  auirts  from  rest.  Then  ( 1)  gives 


Since  the  motion  starts  from  rastby  tho  application  of  impulsive  pressuro  henoo 
it  must  bo  irrotalioaal.  Then  q  -  -  Vq. 


-V$. 


-  ~  Vti  or  V  (po  -  to)  «  0. 


Integrating  it,  po  —  to  »  0.  neglecting  constant  of  integration. 
U-P6. 

If  p*  1,-thon  co  =  $. 

Remark  :  If  I  »  0,  q2  *  0.  thou 


(I>  = 


-q1  = 


-IvS, 


Further,  if  velocity  has  ono  component,  thon  this  gives 

■  •  1  35  c  1  dio 

.. .....p  <fac;  p  dx 

tlujapadx;- 

This  equation  Uuery  important  for  further  study. 

Def.  Flow  ;  Consider  any  two  points  A  and  3  in  a  fluid.  Tho  vnluoof  tlio  integral 


f 

I  (u  (/i+  vdy  +  u>  dz) 
*  - 

luid.  i 
loflov 

f- 


■J 


qxlr 


taken  along  any  path  in  the  fluid,  is  called  flow  from  A  to  B  along  that  path.  If  the ; 
motion  is  irrotatioDal.  then  tho  flow  is 


1 


qx/r  ■■ 


VqJv 


-f 


“  °A  “  **0 


whero  and  Op  denote  velocity  potential*  at  A  and  3.  respectively. 
.  Dot  Circulation : 

Flow  along  o  closed  path  e  Is  defined  as  rirrulnMon. 


rirculalion  *  I  qxfr.  -s •  j  i  v 

5  -f  :  . 

If  the  jnotion  is  irrotnlionn),  then  drculalion  »  qA  r  Op  Oa  **  °- 


For  a  closed  path,  points  A  ahd3  coincido. 

Theorem  9.  Kelvin’s  Circulation  theorem  :Thc  circulation  along  any  closed 
phlh  moving  with  tho  fluid  is  constant  for  all  limes  if  tho  external  forces  are 
conservative  and  density  p  is  function  of  pressure  p  only. 
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(Fluid  Dynamics)  /  6 


Proof :  Let  c  be  a  elosod  path  and  dr.  denote*  circulation.  Theft  * 

-dr.«J^qcfr.  y 

'■■■  ^tcirl  -  g  [  rfr  ♦  q,  ] 

mj[*y +q^j  rfl> 

by  Euler's  equation. 

7,;\ 

'  -.  — ■  •  .  ...O) 

For,  on  R.H.S.  of  (IX  the  quantities  involvcd>rc  single  valued  und  on  passing 
■  onco  round  tho  drtuit,  tho  chnngo  expressed  l>  «m  Thua  ^  (cir>°  0. 

This  ■»  circulation  Is  constant  along c.fbr  ill  times. 

Thoorom  JO.  Permanence  of  lrrotaUoiudxaotIbn://2A«  motion  of  a  non  viscous 
fluid  is  once  irrotational,  {I  rtmalns  irrotcdionalevtnaferuxirx^  provided  (he 
external  force*  are  conservative  and  density,  fits  a  fund  Ion  of  pressure  jp  only. 

Proof :  Let  e  denote  *  dosed  path,  movioc  with  iho  Uuid  imd  cir  denotes 
circulation.  !.•  -  rS.  i.  .  ... 


Then  cir 


-  qxfr»  I  a.i 
■v  *s 


curl  q  dS’.byStckft'a  theorem.  . 


Suppose  motion  is  onco  Irrotntlonal.  Then  dr  along  c  Is  xero.  By  Kolvin’s 
theorem  dr  sa  constant  for  all  limes  along  e.  Consequently  dr  along  c  is  zero  for  all 
times,  •  £  u 

(£..  ;  dr ••  0  Vtnlongc. 


Then 


Jri t curl q dS » 0.  AisoSia arbitrary.- 
s  '  J- 

jnotioh.  Is  irrotationnl  for  all  timeu- 


Henco  vucurl  q  »  P  or  curl  q«0.‘  this 
Hence  motion  Is  permanently  irrotationaL 

Theorem  IT  To  obtain  equation  of  energy. 

Proof  :  Consider  an  arbitrary  dosed  jrurfocoS  moving  with  n  non* viscous  fluid 
s.L  It  encloses  a  volume  V.  Let  n  be  the  unit  Inward  drawn  normal  vector  on  an 

element  dS.  Lot  tho  force  bo. conservative  so  thnt  F  ■  -  VG.  Since  force  potential  Q 
is  supposed  to  bo  independent  of  time,  so  that- 

—  -A 


m  0.  Further  —  .+  (q.V) 

^““♦(q-V)Q-(q.V)W 


dt 
rffl 
dr  "  at 


Let  r,  IV,  /  denote  kinetic  energy,  potential  energy  and  i ntd.n jrtc^WeV gy. 
respectively.  Sinco  G  it  force  potential  per  unit  man  htmeo 

r  f  jr$ 

TV- I  Qdnt-\  QpdV 


T’j  |p<^rfV-|J  fpdVgi 


tthft  motion  hence 


Sinco  elementary  mass  remains  invariant  thro^ghoi] 

f  ■ 

flMJWl** 


Intrinsic  energy  B  perumt  ron**of  tho  fluid  Is  defined  ostho  work  donoby  tho 
unit  mass  of  the  fluid  npu'nrtvcxlcmal  pressure  p.  under  the  supposed  relation 
between  pressure  nnd  density  from  its  actual  state  to  somo  standard  state  In  which 
procure  and  density  nro  p0  and  p0  respectively.  Thoa 

7  =  J  EpdV,  E-  *  prfV where  Vp-1 


•i; 

E"  |  -^cdp.  Hcnc odE m-^zdp 
■  JPo  P  -  P 

-J: 


(-P  V.qJrfV 


J^tpV.q»° 

Is  the  equation  of  continuity. 


Finally, 


dT 


•  — ; 

' 

-J  V(v%/ 1  v. 

.^(2) 

Sf:  .  " 

■  C 

-:<3> 

g 

?“-VQ--Vp 
t-  •  p  r  . 

j 

q  .  §  p  <*V>  -  Uq.v)  £i|  pdV- (q.vp)  <rv 

Integrating  overy  andi  uxing  (2)^  ~:j  ' 

■  '*■  *  J  (iv^p  JV  V  J  (qJVpj'dV  -  0 

''  ^  +  f^p  ^ + J1  '0..by  (I): 

■But  V.{pq)n  /vV.q  +  q.^>7  ■  r  ' 

Mow (4) becomes  J  n!(pq) dS-0. 


.W,by(2l; 


as  n  1$  Inward  nonhaL 


Y  .  -  ^  ■*  \  1 

' or  ■  .  '■ 

This  U^rSjgyf^ation.  This  proves  that :  reto'of  change  of  total  energy  {K.E. 
+  Potcnflal  ^i^luinRrc)  of  a  portion  of  fluid  Is  equal  to  tho  worjylone  by  external 
pra^ui^OT^ohou  ndary  provided  Jho.atarod  forces  aro  conservative. . 

Principle  of  cnoryy  for  Incomprosaiblo  fluids.  In  the  present 
ca»/  *timcnco  the  rate  of  change  of  total  energy  (KJE.  4  P.E.)  is  equal  to  tho  work 
-idoniTby'the  pressure  on  tho  boundary.  -  . 


WORKING  RULES 

*ln  order  to  solve  tho  equations  of  motion,  wo  adopt  tho  following  techniques  £  , 
^  ^  (J)  Equation  ofmotioalF^W^-F--'^  - i 

•  •  •  •  P  •  ao  -  ■ 

whero  F--rr~ 

dr  . 

{2)  Equation  ofcontinulty for  sphoricatsymmotry if p- const. 

:  (il)  xu  n  F(0  for  cyUndricrfl  symmetry  if  p- const. 

(iii)|^4^*0(gencalca*o)  j 

(3)  Generally  tbo  fluid  Is  assumed  to  bo  fit  rest  ftt  Infinity,  , 

x  « r  -  0,  p>  «iy. 

(4)  If r  be  tho  radius  qf  cftvl^’forhoIloTV  sphere),  then  x“  r,  p  **  r,  p  «;0.: 

(5)  .Whenrya;prt.0^^t^!^j'»6. .  r  ‘ 

(6)  Bale's  law :  pj  V^^y^einsL  ItjinltcTTiatcform  is  p”M  (k. 

17)  Flux  =  croift  Bccriohadarw;fnoTOalvelprity:.  density. 

(8)  Equation  of  impulsivd  nctioh  iacfa>  »  podr  »  pv' dr' 

(9)  K.E- of  tho  liquid  s  work  dono  «.J*  -;p(/y. 

(10)  If  . a  sphere  of  xadlvsi  d  dsVaiinSlulaled;  then  when  x-a^p-.O  so  thnt' 

-  0.  '■'.■■  V  "  fm 'if-;  \ 

(11)  Ifa  problem  contains i.cxtcrpal.arid Internal  radil;/xl;^  fl  andr.lhcnsubjceV 
iheresutt  (which  is  obtained  fyomthblntcgratloh  of  tbo  equation  of  motion) 

•  .  to  the  two  boundnty  conditions  for  ft  and  In  this  way.  yc«>btMn  fin 
equation  free  from  cohstantoflntcgmlJoniC  arid:  pressure.  pV  Again  we 
.  Integra  to  this  equation  to  obtain  the  required  result.' 

SOLVED  EXAMPLES 

Problem  l.  A  sphere  is  at  rest  in  an  infinxiiriidss  of  homogeneous  liquid  of  density^ 
p,  fAe  prtuurtat  infinity  being  1%  fhow  that,  if  th  t  radius  ft  of  the  sp  here  varies  in 
any  manner,  the  pressure  of  the  surface  of  the  sphere:  at  any  time  U 


n^pL  dt*  [d'  Jy  ^i 


If  ft  -a  (2+  cos  nf),  shout  that ,  to  prevent  cavitation  in  the  fluid,  l  must  not  be. 
less  than  Zp  aPfi7:.  J  „ 


IMS* 
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Equation  of  Motion 


(Fluid  Dynamics)  /  3 


%  r-AVrilo- . 

\  'if 


::  "  ....  ..  .  .  ... 

^(C^SinCo  w.-.. 0;  hncc  the  above  equations  became 

ir£?'T  -  ISe' 


jYobkml  For  a*  j  n  wrci</  incom/vwsiWe,  steady  flow  toiih  negligible  body  fortes, 
velocity  components  in  spherical  polar  coordinates  are  given  by 

U^V{  *  "  ^  )CC,  °'  “tf**  0. 

Uq  -  0. 5A«tf  M<x/ 1/  is  apessibU  solution  of  momentum  equation?  (Le^  equations  of 
motion)  R  and  V  art  cons  tan  ts. 

Solution :  Write  u,  »•  u,  u0  -«  u,  »  w.  Then 

-  «  •  1  ~  ^  J  cos  0,  vy-  X  <-j“'j|sin  0,  w  *«  O.  * 

To  show  that  vdocity  components  .vatigfy  oquaUon  of  momentum,  wo  havo  to 
show  thntihq  vol&city components  i  n  liafy  Euler’s  equation  bf  motion. 


■&r*b 


S-F-jvp 


By  assumption,  q  Is  independent off,  ^  *0  and  body  forca  F  is  ncglipblo. 

■-I  ’ 


,  (q  »  V)  q--i  Vp 

n  d  vd 

Do  it  -  *•— 


dr  *  r  dot  r  ain  0  p$ 


ho  values  of  u/s/w,  '■■ 

'i5^-?!p]wfHcnl  polar  equivalent  j of  (l)i*-v  ....- 

4-.yrv=U. 

r  p  dr 

Z>l>  i  1  1  ^ 

:  r  r  "~prd0 

IS©  :  col 0 - 


...<i> 


...(2> 


p  r  sin  0  dfr 


Ov-Si.-iM' 

.  r  p  dr 

Dvi.as...Xk 

r  :.pr d0 


:.{5);=3 ^  =  0  ^>  Pnf(r,0). 


1  1:  dp 

pr.iiaOd)  ;- 


...(3) 

...(5) 


By  (3).  ^rd^=p=j t5S — - 

Putting  Urn  values 

With  D  given  by  (2V  simplifying;  wo  jet 


D  pven by  (2).  simplifying;  wo  jet  -.  '  :  . 

idp  3V2/?3  c .  ^  v .  in  3^/ ,  rt3  y a 

p  Br  — 1 * 1  ->r) .  V- (( 

....  urlyC4)giv«ja 

i  dp  3 V*ii?r.  &\ ,  A  av2^/. 

. .  p^o 

Calculate  it)  - 


4^ 

E€fe--* 

(6) 


.(7) 

...(9) 


(Colculato  it)  .  ^ 

Diffbron  tinting  (6)  partially  w.r.t.-0  and  rimplifying^y<o  get 

.  1  d*p  Y  9V2)?3  9VV  \  ;  XA%3*k . 

p.aOOr *(.  r*  “  :2rV: 

Dlflercntiating  (7).  paib'allyVj.t'r^HtoiCCingi  wo  got 
l7p  ^  9^  g  ;  :  ^  . . . 

-.Sinco  (8)  and  OJnroid  ontlca^^^twjuation  df  motion  b  satisfied. 

.Problem  b^The  velocity  camponqnt^.  , 

-J.  "- !:  -":  ;'■.  /  .  -'ll  v  ■  '{. 

",  ^ <r, 0) » -y ^ v- ^ 0. 

y«o  (r,0)=;v^  l^^jsin  6 

satisfy  equations  of  motion  foraju* o  dimensional  (n  uiscld  incompressible  fleno .  Pin  J 
rA«j>reMU7»  ax«H^<*c/U)^/iWoci/y/I</i  VcadaoTecons/Q/i/f, 

Solution  :  Eulcr’s  cquation  of  jnolioo  ifl  ahscnco  ofextcnial  forces  is 


<fq  1 
dtm~ 


Vp 


...(1) 


But  u,  »•  u,  u0  ■  w  nro  independent  oft. 

'•••  ; 
Now  (1)  becomes 

(q.V)q— ~Vp 
.  Write  u,  »  u,  V©  “  li, :  ux  »  in.  Then  * 


it*- Y^l-^^cosO,  o*  Y^T-*'~^ain  O.ui-0. 

Write  +  But  w  =  0  '  , 

Or  r  OO  &  -  ‘ 

. .dud 
D  -  u 

Or  r  00 

Putting  the  values  of  u,  u,  we  get 

®*V[_(1"7)~'e>V(‘r+7)*,,»] 

Cylindrical  equivalent  of  (2)  is 

DuX..ll E 

r.  p  Or 
0  ou  1  Op 

^T'-^ao. 

.  P  0* 

But  u»  -  0  =»  Z)io  **  0  ==>  ^  “0  w  p  »p  (r.  0) 

Pulling  the  values  in  (4)  and  (5). 

-  v0|’ 1  -  7.)  o--^  ( 1-  (|  -  -  £  i?  --<7> 

w ( 1  }^? ®4( 1  "' <8> 

Simplifying  (?)  with  the  help  of  (3),  4 

■’  4. 


...  (3) 

...  (4) 
...  (5) 
(6) 


plifyihg  (3)  with  the  holp  of  ^ 

‘ ^ •  - 0  - <10> 


Diflerentioting  (9)  w.r.t.0  andsiiPplifying, 

pOO.Or  p. 

DifTeren  tin  ting  (lOXp|%3dly  w.r.t.  r, 

tfr^0  r*. 

Evidently  Ki)[IS?of  (11)  and  (12)  arc  equal.  This  proves  tllat  the  given  velocity' 
component^  satisfy  equatjoDS  of  motion. 

LI.  To 'find  pressure  p. 


dp-^dr.&dO 


..Cutting  tho  values  from  (9)  and  (10). 

1 M 1  -7 )+ 14  7  )s!r“  °  «s  0  ( ^ 


...(13) 


It  can  bo  soon  that—*  ~  .  (Prove  It) 

Hence Mdr  +  NdOU  exact.  Solution  of  (13)  is  gi von  by 


2^0 : 


2Vgoa 


_ _ J_r  1  ■  -  -  a*  “1 

Bernoulli’s  Theorem  3.  BomouLli’s  equation  for  steady  motion  1  If  (i)  the 
forces  aTo  conservative  (ii)  motion  i#  steady  (iij)  density  p  Is  a  fbnctioa  of  pressure 
p  only,  then  tho  equation  of  motion  is  :  .  ' 


If4^ 


+  ii*  CiC  being  absolute  constant. 


Proof  :  Stop  I.  Forces  . aro  coasesrvalivo  afa-VQ.  Motion  Is  stendy  " 
* 

type  f*  “  J  90  that  VP  -  ^  Vp. 


»  4^  ■  0,  density  U  a  function  of  prouuiro  p  only  *»  them  exists  a  rctniion  of  ibc 


By  Euler's  equation.  ^ -  VQ  -  VP 


+  (q .  V)  q  -  -V  (fl  +  Z1)  or  ■  V  (Q  +  P)  -f  (q .  Y)  q  -  0. 
V  (q  .  q)  =  2  (q  X  cu  ri  <1  +  (q  .  V)  q| 


* 


V  (Q  +  ?)  + 1  V<f  -  q  X  curl  q  *  0 


...(1) 


Stop  1L  Multiplying  (1)  scalarly  by  q  and  noting  that 
q .  (q  x  curl  q)  «  (q  x  q) .  curl  q  *  0. 

Por  q  x  q  »  0.  wo  obtain  q.  V ^  Q  ♦  q2  ^*0. 


rKTiSi 
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Equation  of  Motion 


a*  (Fluid  Dynamics)  /  4 


1 


*-♦  (2) 


The  solution  of  this  is  Q  *-  P  q2  *  const.  »  C  ' 

«  .... 

Theorem  4»  If  tho.  motion  of  an  ideal  Quid,  for  which  density  Isa  function  of 
pressure/!  poly;  is  steady  and  the  external  forces  ^conservative,  then  there  exists 
a  fanny  of  surfaces  which  contain  the  stream  lines  ah  d .  vortex  linos. 

Proofs  Step  I,  •  ?j'Q  +  JP+|g2^-'qxcvaiq.  ...<l) 

Here  writ©  atop  I  of  Theorem  3.' 

Step  Jt.  Writ®  Wn  curl  q  *  vortldty  vector. 

Then  V^a>P  +  |92^-qxW.= 

Write  V^Q  +  P+I^j-N. 

Thon  *  N-qxW,  \ 

Thus  N .  q  ^  0  ~  N  .  W.*  IForV(bxc)»0,if*nytw©of 

a,  b,  Oarocquall 

-*  N  is  perpendicular  to  both  q  find  W.- 
Also  N  perpendicular  to  the  family  of  surfaces 

11  const. «'C.  ■ 

IFor  V/'is  perpendicular  everywhere  to  f  »  const.] 

:  Thfs  lends  to  the  conclusion  th  at  q  and  W  both' are  tangential  to  tho  surface 

:v  :a+p*iy-c.. 

It  means  that  tho  surfaces  Q  ♦ P  +  ~  t?  -  C 
contains  stream  lines  and  vortex  lines. 

Remark  :  Tho  abovo  theorem  can  also  be 
rostoted  oa  follows : 

Tb  prove  that  for  steady  motion  of  on  invialcnl  -  Ti*-*-* 

isotropic  fluid 

Cp  -  /*CP))*  J ^ ^  qz  +  Q  -  co  list.  : 

over  n  surface  containing  the  stream  linos  and  vortex  lines.  Comment  on  the  nature 
of  this  constant. 

Theorem  G.Lngran  gc’s  equation  of  motion.  To  obtain  Lagrange's  equation 
of  motion.  • 

^roof  *  ^ct  Initially  a  fluid  particle  bo  at  (a,  b,  c)  at  timor.**  1$,  when  lut  volume 
is  dVa  and  density  is  After  a  lapse  of  time  /,  let  ho  snino  fluid  particle  bo  at 
(*.y.  *0  when  its  volume  is  dV  and  density  is  p.  Tho  equation  of  continuity  Is  • 


p-/  «*  Po 

where*/  »  "  .  The  components  of  acceleration  arc 

3  (a,  6,e) 


-  a2*  -  -  Dr2 


D<a‘  * .  Dr3* 

Let  tho  external  forces  bo  conservative  so  that  F  -  -  VO. 
But  Euler’s  equation  of  motion, 

n  p  _  A  Vp  -  -  VQ  --  Vp. 
dl  P  F  P  ^ 

Its  cartesian  equivalent  is  -?! 

a2*  % 

ar2"~3.x  "p3*  " 


...(X)  J 

.  ,aJ 

* 


.  By  Euler’s  equations  of  motion. .  ■  ■ 

..  f’yr;V 


^*(q.V)q«-VQ-VJ\. 


dl 


But 


V  (q jq) *  2  [q  X curl  q* (q . V) .qj . 

\  W* -  RXcurlq--? (Q  +  f)  ?’ 


or  r V^fXvp+^iT2 j»qxW.‘ 

Th)ong  cmi  of  both  sides  and;  jiotSpg  (bat  eu/lgrad  *0,  obtain 

*  curl  curl  q«.~-airi  (qxW)\. 

Or  —  -  q  (V.W)  -  W  (Vq)  *  (W.  V)  q  -  (q_  V)  W.  .  -  * 

But  V.W  •  div  curl  q  «  0  and  equation  cf  continuity  Is 

^■*p(V.q).0  '  - 

lienee  ^■°;?A*tWV>.a,-<,»:V>W 

*  V v 

*  ■,  • 

0r  ...  ..  I  "•m 

This  Is  called  Hclmhbltxvorticilytequntlon.  If  wo  wriui  -  -• 

v-vv."-  v/  .  .  :  -Js  >^-'y+nJ>9c.  q  -  ui  +  pj  +  tok.  .  .  - 
then  thecartednn  form  of  .  '  - "  ’  ’ 

/  a  T*ra/lK  ayiv-.  i/;«  r-5fVi-  *■ 

Rernhrk^For  p  »  const  ( l);»ecs  origuiatlygtvm  by  Stoke  and  Jfelm/ioltz  and 
lalcr  o7T<s€7vdcd  to  the  above  form  by  Nan  ton. 

:  ^Theprcia  *1-  Cauchy’s  Integrals :  Lagnuign’o  hydrodynamlcnl  equations  aro 

fr^~-V  d/a  da  *  5c2  ~^d;  -do .  p.‘  3u 


f^xvntktwo  sfmjlorequatiomt. 


If  wo  write  <?-  11  ♦ 


f 


,  thon  the  last  becomes 

P 


<Py  t)Q  l'3g' 
2?°  $r  p<>y. 


#%# 

-vw 


aPr-  DQ  JL^e 


Multiplving  lhe?c  equations  by  .  r 

a <  i  #'%.  *■ 
•5J> 

respectively  ond  then  adding  colUmnWlsO^ 


...  (2) 

.-.(3) 

...  w 


^2  do  *  So  "  3o  :  p  ’  «>J  * 

Replacing  a  by  h  ond  c  rwpettively.  we  get  two  morn  equations 
A  Jr  9^y  3y  J^t  Jr  -  JQ  _  1  Jj> 

3r2^  +  ^236  +  af2»"“^  Pa5 
Ar  5r  yy  3y  "  3?r  ft:  DO  _  1  dp 
dr3  3c  Jc  ^  Ar  "  ^  ~P  ^ 

Tho  equations  (1).(2),  (3)  and  (4) together  represent  Lagrange’s  h>drodyrtamicnJ 
equations.  . 

Thoorem  6.  Helmholtz  vortloity  equation.  If  tho  external  forces  aro 
conservative  ond  densitv  i«  a  function  of  pressure/?  only,  then 

Proof :  F  Is  oonservotivo  F  *  -  VQ 
p  Is  ft  function  ofp  only  »>  three  exists  a  relation  of  tho  type 


Si2  Dt2  ,*1  +  af2:**.  .  ^ 
Similarly  we  have  ■  •  “ 

oyao  t  at2  »■  a**- »  - .  ■ ».  *. 

JVJt  :  Ai)r  5Q 

Pot  &  i*$wu'* 

Kow  (2)  and  (3)  are  expressible  as 

jit  Sr  Du  3to  Sr-."  5^ 

Dx  D6  +  Dr  db-:  at: D6, 

3u  .  Dx-  ■  3u  •  3ip  9r  .  33. 

dx  '  3c^. ar.  3c +  at  ac"“.0c-f '  - 

EH  ml  no  ting  Q  between  H)  and  (ft),  yre  hare  - 


..(It 


..  (2)i 


.i 

-P 


p\[  3x  Du  <Fx  a^u  3y_; '~3ti  D^y  tPv*  3e  -  3to  3^r ...  . 

a^3e  36  T.  3t  .,36.3c  +  De  3c  36.  3t  36  De  3t  3c  36  *  3r  363c : .  . 

3?u  ^r  Du  -  D^x  k  cjPo  Dy  3^o  3tg..  D^s  . 

"3631  3u  *"  3f.363e;-  D63r  De  3r  Dc35:  D6.Dt.V3<rT  3ff3 6* 

/  P*u  D^u  Px.Y-/  3^  3y  ^  ^  ( -^2{° ^uy 

l363rF3t3t36j  +  V363t  3c^3c  *  36  J  {  36  Dr  3c  dcdtdbj 

[3  /  Du  ebe  Du  3r\  Du  3^c”  Du  D2 x.q 
3r  (  36  3e  ”  3e  36  J  **  36  3r  3r '  3e  3r  36  J  7  ^  ,  ,rj^ 

"•  ■'  ::  v  /  3p  Dv  Jp  jy  V  ;3u  D^y  ^Dp 

.U3*ld6  3e"3e36  Jr36  3f3c  '3e3t36Sl^ 
r  j /Jio  Jr-  3to  3r'\.'  3to-  D^r _~  '3»> -  3^ t T _ 

L  3r  t  36  3c  *  3c  36  36  ar  de^  3e  :  3l  36  J 

3U-  tftr-  3a  Ju  J«  jV  J^jji  .#" 

But  36  Dr  3c  **  36  3e  *  3e  dr  36  *  3c  36  ’ 

Henco.tenns  outside  tho  bracket*  cancel  so  thet.  | 

3  if. Do  3*  Du  ^e  ’t .  Af  Do  iLITito  &  ^3a»  fte  :'v 

St  36  3c  "  3t  36  )  D/l  36  Do  .  3e  36  /  3»  t  Dr  3c  3c  36  /  * 

Integrating  w.r;u  it; 

(  3u  3r  3u  3bt  v  /3v3y  3oDr\  /DtoDr  .&u.3=  V  '  .ViftV 

36at“3e36j^t36  3e'3c36j  t36;3e"  3e>;  C  ^ 
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Equation  of  Motion 


(Fluid  Dynamics)  /  7 


k  ■  '  Solution  :  Equation  of  motion  if  and  equation  of 

J  continuity  bjx^v  «*  F(f)  so  that ~  ■  ’ 

Hence  ~( fc  cpnahoL 

TatcgnlSagw.r.Lxi  +.^ o*r  -  ^  +  CL  - 

Boundary  ccndUlonsaro 


...(!> 


”  "^;X^v  y;hcnjF:»r*;^“n,i>aO,  ■  .•■  ;  ■ 

:/■*’  AbftA-^'fo-iz2^ .;"  :.,■"  ;•.*  ^,r;. 


...  (2) 
...(3) 


.'.  *  '  (0  »  2B  tf)2  ♦  jtfl  .  ,  ; 

•Subjecting  (1>  to  the  conditions  (2>'ahd  (3X 


0  V0»-“+  C  and  ; 


P. 


1"  ^ 


p^n.+:|pI3(B>*+2R^ 

+  ft#  ^4  (25  «)  ti2- zk2  +  2XR  +  A3 

dr  « 

..;  xNoW’-fd) become*  p- TH^p^^— +T?3  J 


-.(4) 


.Kow 


...  (S) 


.j£; VfSocond  part :  lot  Jt  na  (2  +  cos/rf)  ...  (ft).  L*t  there  ho  pb  cavitation  in  the 
./fluid ?  cvcrywh cr o  on;  the  jurfaoe  so  that  p>0.  Then  wo  have  to  provo  that 

;Hn>;3jR'«*«2l  •  " ".  1  :\  ■ 

1  r>-..-WoliovoJ^«*-<insln«i;  B  - 

;  -.-  .pbjervo  that 2JIR*  OB2 -  2a  (2  +  ccj  ni) (- an2cos n |)+  3a2n2*in3n/ 

-  -  -  o2n2  fc-  4  cos  tit  - 2 obs2ni  +  3.  sm2  nt) 

«« V.(-4  coihi^  2  +  fi  am3fl(i 1 
■.using  thjg in  (4)  '. 


p  -n  + 1 p a7n2  (-4  ce»>/  -  2  +  5 rfn1  nt).  ...  (7) 


Ascosnf  varies  from -la&d land eoffvarioafiroma  to 3o, by  (6L Thus  sphere 
ahrinkj  Drool  JS  -  3a.  UrJl  -  a  and  ao  there  is  a  possibility  of  cavitation.  Alio  p  is 
minimum  whon  nt  *»  0  or  2mn. 


% 

Ah.  ?: 

J±"W 


V  n  + 1  PC  V  (-  4-2  +0),  by  (7)  b  fl  -  3p  aV 
p>0  ^  Pa^XO.  -o  n-3po2/|3>p  »  n>3pa3/i2 

'  .  r---s"  ‘  '4 

ProPltfin  2. An  infinite  mast  of  fluid  aeUd  on  by  a  force  yr~  3/2  pc r  unU^mas, 
directed  to  the  origin.  If  initially  the/Iuul  h  a  serf  andVterv is  «  coin*  Jhd&Mh 
ofthe.*phMrorm  dn  it. nftotu  that  the  cavity  willbt  filled,  up  after  on  uUtnxhaftime 
(2/5p)^c5/<.  . .^^#2009) 

^lutioa  :Lctu  ho  vo]odty,pth6  prcoA  uront  a  diataheef#  froStho  origin. 

then  thoequauonsofmoUon  and  continuity  are  rospocUvcly.  : 

_ 

-  a/  at  ^  ?;:  par..  & 


- 

LusmUn*.  . 

■'  ?■'  2  .  ■/•.  . 

Boundary  conditions  are 

2.  Whe n x •» -, o - 0, pVO ■  ■ 

3.  \Vhcn  jc  -r,  (radius  of  cari O.  y  »  r 

C.  Let  T  bo  tho  roquiwti&a^ffflling  the  cavity. 

-  Subjecting  <2  )  to, tho  coDdi&0tuK2)  and  (3X: 

o  +  6  «  0  -  0  -  <?  and  (?)  -  -  0  +  C 

'  v!-' 

s,oe,>  -  “  ^dr-rwiit. 

Multiply ing by  .^(Odl.  or  A. 

l-dp/^dr- 


...(1) 


Integrating, 

Subjecting  (0)  to  (dX 


■  ■-  -5  .  .*■■■  -  *  ■  •  ■ 


...  (6) 


hW(c>  «  .  ‘  .  c5^)  ' 


IncgaUvo  Hgn  is  taken  as  velocity  in crensca  when  /•  dccreoscsl 


•{ 


-I'ttr-  — 


'  f;(sr  I 


l0 


...  (7) 


Put  r6/2*C'/2  aia20.  ^  r^1  dr  °  c^.2  sin  G  coj  &.d0. 


HiTC i%T: 


_**  All  ter:  Equation  of cbnUnuJty  (1)  where  u  ii  velocity  atdwtantc 

x  and  v  is  velocity  ota  dblanco  r.  K^bi  T.of  liquid  when  radiua  of  cavity  is  r : 


T- |(4roc2di.p)  u3 


"2ap 


-ZatpeV’J 

.  ■2jqxA?.. 

If  ft  is  force  potential  due  to  external  forces,  then" 


ac— u 
■rSmpn 


Integrating  ^  ^ 

'  -*4  L"  .^^ 

Work  done  by  external  forccbj^ ,  . 

-%  “  •  J  ^  t4,“S  *  * p) 


,W^.8S 


W(c6^-^) 


6 

Bypnndplo  of  energy,  work  do no  ■  KL\ 


-j-  n  P  u  (c3/i  -  r^2)  »*  HxpJ1/3 

— -C^rr 


r^dr 


_tW2^\/2 


Problem  3.  Steam  u  nubin,g  from  a  be  Her  through  a  conical  pipe,  the  diameters  of 
the  ends  of  which  are  Darutd;ifVand  u  be  the  corresponding  iftlodtirt  of  the  eiream, 
and  if  the  motion  be  supposed  to  be  that  of  divergence  from  the  vertex  of  the  cone, 
prove  that  -■ 


w,  -D  tS-Y^nJk 

y  *d2  . 


loAr/e  A  u  M<  pnesrure  divided  by  the  density  and  supposed  to  be  constant. 


Solution :  Let  v  bo  tho  velocity  at  a  distancox  from  the  end  A.  tho  equation  of 
motion  is  .  - 

(Since  tho  motion  Is  steady)  — * — 

d/1  7\  A3e  "***' 

or  5l5* 

I,.*. 


03  p  -  Ap 


Integrating, 


--Alogp  +  c 

,2 


logp-logA]  *■”  2A  °r  p  aAte~  ’ 

Boundary  condition  are 

(i)  p-pj when u-o  - 

(h)  p-Pjwbcouo  V. 

Subjecting  (1)  to 0)  and  (ii)  we  obtain  Pj  -  Aj<''^/2A  andpj  -  Al  <T  V*™ 


This 


^  £1,^- »•)/!* 

.pa..,  .--a-. 

By  the  equation  of  continuity 

flux  at  A  «  Flux  at  ZJ 

. 


...  (2) 


(|  )4'V*p2' 
Pi_V:^ 

p2  "  v  *  d-  * 
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Equation  of  Motion 


(Fluid  -Dynamics}  7.  8 
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New (2) becomes 

v  a 

or  *  *2/^-  V*y2* 

°r  V  ^  .  ■■ 

Problem  4.  A  /nar  i  of  homogeneous  liquid  it  moving* o  lAa/  tAe  ue/ccfty  of  any  point 
ii  proportional  to  At  time,  and  that  the  pressure  it  given  by 

p.-  +■£  **  (A4 + A*  *  x^2) 

prove  that  this  motion  may  have  been  generated  from  rest  by  finite  natural  force* 
independent  of  time;  and  shew  that  if  the  direction  of  motion  at  every  point  coincides 
with  the  direction  of  acting  forces,  each  particle  of  the  liquid  describes  a  ctiroetohieh 
io  the  intersection  oftuo  hyperbolic  cylinders. 

Solution :  Velocity  it  prijportlooil  to  linro,  ijt.  q  «*Xf ...  OX 

Also  ^ajijyx-~t2(yV4-z*x2  +  ^)^i''  .  ...(2) 

^  ».  .  » 

Step  L  Let  tho  motion  bo  generated  from  rest  by  finite  natural  foixo  F 
(conservative  forte),  then  there  c^stsvelodty  potential  pa.t.  q  -  -  Vp.Tbpravclhnt 
Fisindcpondcntoftimo. 

I  -j 


By  pressure  equation,  {0 

p  2  at 

Qm  h*.  q  -  —  V$  «=>  y.r). 

Write  ^~sfg  etc.;  (3)  is  expressible  ns 


...  (3) 


Comparing  (2)  and  (4),  /-Q-juyr,  F(f)*0 

Now  XV  -  t2  -  (Vo)2  »  f2  (V/)2  -  f2  £2  +i? 

*~iff+g+ff  <*  zf?-*y2z7 

Z(f?-y&)~0 

This  =o  f*  -yV  «  0,  £2  -  x2*2  »  0.  fj  ■  XyV  •  0 
~>lmxyt 

We  hovo  seen  that  /-Q-pjQrx,  this^* 

xyz  -  Q  -  yuz  or  F-- VQ«  V(y-  1)  xyz 

F-<p-l)VCx>xX  ...(5) 

This  *=»  FIs  independent  of  t. 

Step  II;  Let  the  direction  of  motion  coincide  with  tho  direction  of  octing  force' 


Tb  provo  that  stream  lines  nro  tho  intersection  of  two  hyperbolic  cylindersT^V,?5 


Equations  of  strewn  lines  are 


CL 

d!r  ^  ofy  —  dr 

U  0  to  * 

p 

>s 

Using  (6). 

By  (5). 

c£r  dy  </r 

r>**'2*rs' 

dx  dy 

(H-  l)ye  "  (M-  l)xx 

e  S 

or 

dx  dv  dx 

yx  ”  xx  "xy':  - 

& 

This  -o 

x  dr  -  y  dy.  x  dr 

Integral tl on  yleldn  tho  result  x2  -y2  < 

,.t3F’ 


0*-y)xy 

r  '  f-i  v-tr.  a.-' 

*  or  x  dx  *  y  dy  •  xdz... 

-  ,isi‘  'i$r-  i-n- 

_  ^jr^M^Thla  represents  two 
distinct  hyperbolae  cylinders.  Heoco  tho  result..^.  ■% 

Problem  S.  Air,  Boyle’s  lam.  It  in  m qtfon^hn un ifo r m  tubeofsma.lt  section, 

prove  that  tfp  be  the  density  ond  u  the  velotfiy  dia  distance  x  from  a  fixed  point  ot 
timet .  ^  ^  ^ 


Solution  :  Equation  of  eonth^ity>is 


Equation  of  motion  Is 


JJu  3o  1  ib 
Jl-  r3r  “  p  Bx  ' 


—  (2) 


By  Boyle’s  law.  pr.  voL  —  const. 
But  voL  density  ■  mass. 

Hcnco  pr.  voL  -  const,  vol.  -  - 
mass 


P. 

*  const. 


This  »o  const.  -X,  any  =>  p  -  Ap. 
By  (2), 


da  '  do  k  9o 

- - - 

3f  me  p  ax 


To  determina  — §  . 

■ 


'  ■  Es^t  (0»2  +*P) 

w  •  t  .  .r ' 

Problem  6.  An  elastic  fluid,  the  weight  of  whieh  is  neglected  obeying  Boyle's  i*  in 
morion  in  o  uniform  straight  (u&e*  show  that  on  the  hypothesis  of  parallel  Sections 
.  the  velocity  ot  any  time  tat  a  distance  r  /Vtjini/uTrf  pbtni  in  (he  tubels  defined  by 
thecquation  '  \  V'^  ‘  '  .i;*- :  •  \ 

ifa?  <i  { *  3o‘  :  yBd  \-'  ',<pv 

•.  •  -  *  , 

Solution  : 'Boyle's law  U  ^■I'Mvblomo’^A'. 

......  P  .  -  P>  : 

Equations  of  continuity  and  motion  aro.^  ;  ‘ 


. 

do  ■•■-•  3g'-L-  1  3p  , 

a*  u  ar*"  par  • 

ck»  •  '  do  ■’  -  h  . 

■  df  +  p  3r"  ~  P  ar  -  .  ^ 

To  detenaino  ~ .  By  (2X:wc 

.A  ^  '  ' 


^.(l) 


-(2) 


aV  a  r-  3P.v  j?&  a  /  ad  >  ap 
^ rsL^*sprr  art'  at  at  J 


6^^-' 


■  375?  C  2  p) 


4/ 


<■  /■ 


a^  a  /■  ’j  au  ■■  2*0  ap  ^  .  a*y 

ar  2  ^u  /  ad  ■.  aw\T  f  a2^  .  ^  ='| 

-a?r 

M-u  rtf 

a2^  a  /  ?  ap  >  \  .  a^p 


rrobIom-7.  A  mass'O^h^fd  su/TOtuufs.a  sb/wt  sphere'  of  radius  and- its.outer 
surface,  whichix  a  concentric sphcrvcfrad(usb,fs  subJcit  tOdgivenconslaht pressure 
II  noo/Acr/orecs  being action;  on the  liquid  Thai  solid  sphere  suddenly  shrinhs  into 
a  concentric  sphere;  it  is  required  to  determine  the.  eutscqitent  moliori  and'thc 
impulsive  action  on  tha  sphere,  •*■'"■'  "■_ 

Solution  :  Equations  of  motion  nod  continuity  arc  , 

a*  a*  pa* 

s?o*F(ty.  .-••*; . 

„coco  ' 

Integrating  w.rX  x,  wo  get 

_OQ.iv5..|.c 

Since  the  liquid  Ik  contained  between  two  spheres  r  •  a.  r  *  b,  iso  w«  auppose  tbntr 
nndJt  are  Internal  and  external  radii  nt  any  time  t  and  tho  corresponding  velocities 
are  u  nnd  LT. respectively.  Boundary  conditlona  aro ' 

when  x»r.  .tr p-0.  '.  ...  ^.H) 

(Since  preasurb  vrujiahe*  on  tho  Internal  boundary) 
When  1  x"Jt,  U-.R-C/,'  '  i..(5) 

(Since  outer  ourfocc  Is  subjected  to  constant  presaurtTl). 


. 

;„;(2) 


(3) 


r  »  a?  e  «  fr*  0 ;  so  that  J*  (0  =*  V* 

Subjecting  (3)  to  tho  conditions (4)  and  (3),  -: 

_  —  Q)  X  m  0  +  C 

Also  «*  F  (!)  *  R*U  upon  subtraction. 

Sine c  i^u  -  F{f)~  Jt*U  i.e.,  r2  dr  ■  F(0  dr  -  J?2d/?. 
Multiplying  (7)  by  2F  (t)  dt  -  2^  dr  *  2R2  d^.  wo  get 


-($) 


.*»<«  :3 
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Equation  of  Motion 


(Fluid  Dynamics)  /  9 


-Tbdcfcm  jijjc  f  Aee^uo/in/i  ofim puLtiveaclicui.  Equation  of  impulsrvo  oclion  is 
dto  pvdx» 

......  . 

r.:.;/.^niowbolo  impulecoa  thotuxfaco  ofthoSphoro  xa 

4arSpu  ...(9) 

^(8)oiid{9)  aro  lho  required  equation*. 


Integrating,  •**  *•*•/' 


-  •  :-  2  a3' 

Subjecting  this  to  (6),  0®^~“.n+A 

.  •  ■  u  p..  • 

Subtracting,  wo  got 


-■  .  ..  " 

or  ;  ~®  • 
,vnth_.  '.  ^-^»6S-o3.;  ’ 

;  For  total  mass  of  liquid  is  constant 

<*>  volume  ofliqvidatanytlttefvvoluino  of  liquid  Initially. 


-  Problem  8.  Ail  infinite  fluid  in  which  a  tphtHcal  hollow  shell  of  radius  a  is  Initially: 
at  res  funder _lha  action-  of  no  forces.  if  aroonstant  pressure  D  is  applied  cl  infinity, 

show  that  the  time  of  filling  up  the  cavity  is  ■23/<5.fT  (1/3))^. 


-  /  Solution ;  Thu  equations  pf  motion  and  continuity  arc 

■'  : . 

at ax  -pa* 

fi*W?  f  ■  '  - 

H»oc. 

■•.  **  ■ dx  .  '  p  VX .  ...  , 


...  (1) 


-.(2)1 

/>fW 


Incgraling  w.r.L  x, 

^ZL£l'*^b.+c. 

*  2  P 

Let  T  bo  iho  time  of  filling  up  Ow  cavity. Boundary  conditions  aro  : 

(0  wjnnx-  — ,  v  -  0,p  « IT,  (since ’cods taut  prc«ure  n  Is  applied  at 
(u)  wh  mxar  —  radius  of  cavity, v  ■  ti~?;p  -0,.  ^ 

[The  pressure  vnDishc*  on  the  surfqco of'cayi ty] 
(m)  AV)  enr-a,  so  thatr  ■  u  -  0,F(r)  ■  0.  ^1^3  ? 

Subjecting (2)  to  tho  condition  (0,-.:-  ,^C \v  ^ 

I  0.-2.C  .ir  C-^. 

Subjecting  (2)  to  (U),  ^ 

I  ^^y|:u2-ovc 

Multiplying  this  by  2,?' fit  «•  2/^dr,k  "V 


Subjecting  this  to  (iii). 


r®  on  , 

Integration  yiold* 


0»— ~o3-*i4  . 


~3p  ' 

dr  r 

d*“rL  3p‘.v*V  J 

galf/o  sign  it  taken  os  velodty  Jncresses  when  r  decreases). 

-.  ;  -r-m'-w:  ■ 

:wh?ro  ■  •  ,  ■  .  .  .  /-J, 

Put  r3  -  a3  sin1 0,  3T2  dr  -  2o*  «m  0  cos  0  d0 


...  (3) 


■r 


a^rin  e  2a3  sin  OcotOJO 


3r* 


-r 

-to 


2o3  sin?  Ode 

*<d*in?/?=6)2 


(srn  Q)2^  (cos  0)°d9 


(  5 


Recall  that 

rwro-/!)- 


•fe)  .  aJK.  res'! .. 

mm  ■-(§)' u> 


—  w>. 


vrwr("4)''f® 

FOT"*5;r(l)r(!)r(l)-^ 

imi > 


u  2n 

“  ain  .(a/3)  "  'S' 

^r(l)  ■ .  -  ■’ 


Hence 


uamgthis  >n(4X 


Now  (3)  is  reduced  to 

/Hm. 


Allter :  Let  v  when  radius  of  cavity  b  r.  Similarly  u  io  tho  volocity 

when  radius  is  x^Equation  of  continuity  is 

^  ^  »r*o  '  '  ...  Cl) 

K®.-J  jCHw*  H*  • « <*J 

'  0 


K.F,  -  2n  p  r4u2  [  -  ~  J*  “  2sp  Pi? 
Work  dono  by  outer  pressure 

*»J  rKdKx^d*)- 4>in  J*  J?dx 


?H(a3->3) 


By  principle  of  cnorgy, . 


&prV3yn(d3-^ 


dr  V  2fl  f  a3  ~P  \l/2 

- --f^J  (./ 


~<it  {: 


j>-£t  »r&§* 


From  this  the  required  result  follows. 

Problem  $.  A  ptUst  travelling  along  a.  fino  MtialgM  uniform  tube  filled  urith  gas 
causes  the  density  at  time  t  and  distance  X  from  the  origin  where  the  velocity  is  u0  to 
become  Pq  b  (o/  -  x). Prove  that  the  velocity  U(at  timet  and  distance  xfrom  the  origin) 

(u0-v)0(vt)  ■ 

UK.™*, 

Solution:  Equation  of  eontinuityb.' 

a  t  *  &  v*  . 

(Wo  -  w>  O.(^) 

wo  havo  to  prove  u  a  o  +  _*)  “ 

Givon  P  “  Po  ^  (pt  -x) 

and  u*u0whcnx-0. 


...  (1) 


...(2) 

...  (3) 


(2)’ 


Putting  these  values  Ini  (iX^Kp  K^t 


y  p0vy'  (pt  -*).  ^  -  -  Po>' (yt -*) 


Po oO'  CiC  -Kx)  +  u  t“  p^'  (oc-xl  *  p0n  (Ot  -x) 0 


.  .  ^-Dn.  .  du  b  (vl-x)  ,  A 

(u-u)q  ♦0-^-«0-  or  - ♦  T~  *-■  dt - 0 

1  /v  \ a*  .  u.-u  o(trf-x) 


Inrcgruting.  log(u  -  u)r*log^  («r  -x)«-r  log  A 

(6  -u)0(t’/-x) 

In  view  of  (3),  this  (o  -.«o)  (yO  “-A 

(t>  -  u)  b  (o/  -  x)  «  (u  -  Uq)  b  (vt) 
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Equation  of  Motion 


(Fluid  Dynamics)./  10 


I 


(p-UoJMtrQ-.- 

or  v  -  u  ■  ■  ■  ■:  i- 

;  O(pi^x)'  -V- 

:  "  ^-@0 

or  u«t>+- — — : — - — ;  ■ 

■  ;■*•©* 

:  Problem  10.  A  stream  in  a  horixontalpipsoflerpassing  a  contraction  in  the  pipe  at  • 
which  itt  sectional  area  lsA,is  delibereddtatmbspheric  pressure  at  a  place  where 
the  sectional  area  is  B.  Shout  that  if dsldetubtjs  connected  with  the  pipe  at  the  former 
place,  water  will  be  inched  up:  through  U  into  thefyipefrom  a  reservoir  at  a  depth 

—  ^  Wouj  the  pipe,  i  being  the  delivery  per  second. 

Solution  :  Let  d  and  Vbe  tho  the  vclodty.of  the  stream  ot  two  cross-sections. 
The  equation  of  continuity  i»  given  by 

flux  at  tho  first  cross  section*  fi\w  at  the  second  crow  section 
Avp  -  BVp  -  3,  (given)  ‘  " 


{ For  flux  ■  cross  section  ores 

x  density  C  normal  vclo.J 
•  Also  p  •  1  Cor  stream. 


Hcncci/a~, 

Tho  equation  of  motion  is  u  ~  ^  as  ihe 

ax  p  ox 


-  motion  ts  steody. 


***** 


dp 

-£ a3  pwJ- 


J  u2--p  +  C 


(1) 


Integrating, 

Boundary  conditions  arc : 

V  ■- (i)  tt-v:  p-a 

(Sinco  stream  is  delivcrd -at  atmospheric  pressure  p  »  fl.  say  at  a  place 

where  cnsss-scctlonal  area  is  B). 

(u)  u«u,p-p. 

.  In  view  of(l)nnd  (it),  (1) gives  ^  V*js  - n >C  . 

is^p+c; 

Upon  subtraction,  n -p»|(o2- 

n.p.d(±_±y  . 

Lot  k  bo  tho  height  of  writer  column  in  tho  sldo  tube  which  is  sucked  from  a 
reservoir,  then  H-po  difference  of  pressure  *  pgA.**  gh  as  p  *  1. 

"  *-£(£*]?)• 

This  concludes  tho  problem.  _  vHgf 

Problem  U.Showthatthe  rate  per  unit  of  time  at  which  work  is  done  by  theiriternaV- 
prruurx  between  the  parts  of  a  compressible  fluid  obeying  Boyle's  law  isp. 

ff  f  /  3«  thf  '  0u>  >  ,  ,  ,  ■-&. 

JJMaP  *♦*)***• 

where  p  ts  the  pressure,  and  (u.  v,  w)  the  velocity  at  any  point,  and.  the  integration 
extends  through  the  volume  of  the  fluid, 

Solution  :  Let  W  denote  work  dono,  then  ratty*  work;donc  is  —  Ui 
q  =  ul  +  tj  ♦  wk  and  rfV  -  dx  dy  dx.  .*&&£' 


■  Vj:;: 

Then  wo  have  u>  prove  that  <■  |  p 

dt  J  jfr&V’li 

-\-pdV 


Wo  know  that  Vi** 


dp 


+  P  (V .  q)  -  0  (<hj  Uatio&Tof  continuity) 


...d) 

...(2) 

(Boyle's  Jaw) 


llcnco  ^-{-f^^l^dVasp.pi 
°r  ^rr~kj^dVa-*\-PF-<>dV.  by (2) 

-  J  *P(V.q)  dV-jp  (V.q)dV 

Honco  thorwulUl). 

Problem  12.  A spherical  mass  of  fluid  of radius  b  hasp  concentric  spherical  cavity 
or  radius  a,  which  con  tains  gas  at  pressure  p  whose  mass  may  be  neglected;  at  every 
point  of  the  external  boundary  of  the  liquid  an  Impulsive  pressure  w  per  unit  area  is 
opphexL  Assuming  that  the  gas  obeys  Boyles  law,  show  that  when  the  liquid  first 
comes  to  rest,  the  radius  of  the  internal  spherical  surface  will  be 
a  ocPt  “  °7(b  -  o))  where  pis  the  density  of  the  liquid. 

is  SoIution  *  Equation  of  impulsive  nction  isdS*  pudx  and  equation  of  continuity 

**o-F(t). 


K® 


/  This 


/0  Ja  ^  J- 

or  .. 

Lot  r  bo  tho  radius  of  io  tern  a]  spherical  cavity  and  pj  the  prossuro  thereL  Siiico 
gas  obeys  Boyle’s  Jaw  hence  ■  v. .  . 

Pi*ypU. 

(Internal  cavity  of  radius  a  contfllnsgns  at  pressvrppU 
Finally,  tho  liquid  i»  ot  rest.  . 

Gain  In  KE.  =  J  ~  (drtt2 dx .  p)  v2  m  2xp  J; x*  ^  c£r  asxV * F  (0 

r^nn(h-b\  e?a2b2  * 

V  °b  J“  p2<h  *'“)2 

»  2n  oh  (?/p  (V- o). .  . 

Work  done  in  compressing  tho  gna  from  re di us^a ' to  jmdius  r  is  J  ~p  dY  in 

“r  -  ‘  »  •  -V  •  • 

usual  notation 

A  .  r3.  ' a  ) 

Dutgainin  KE.  *  workdopd^.^t- 

p{.?flW€S 

or" 

AAflJ.  /dfl*pp{6-c) 


.  V 


’  2a3p  p  (h  -  a)  )  ■  . 


Problem  closeJ  cylindent,  of  heigh t  c,  with  their  bases  In  the  same 

h  orison  tal  pldntfCpefU  l ed,  one  with  icatir,  and  the  other  iaith  air.  of  such  a  density 
os  to  support^  column  h  of  water,  hee.  If  a  commirn/carfon  be  open  between  them 
ot  tfwir;ba9c£ifte  height  x,  to  which  the  water  rises,  is  gi ven  by  the  equation 


cc-x2  4-c A 


!*?SoluUon  :  Suppooo  that  tho  eyHpdora  A  and  B  aro  ' 

\fifled  with  wnter  and  g*a  respeetivety  Let  A  be  tho  cross 
V  Action  of  each  cylinder.  The  water  and  gas  both  oro  at 
rest  before  and  after  the  coannunlcatlon  .Is .  allowed 
belvrecn  tho  cylinders,  llcnco  initial  and  final  both  K.E. 
aro  zero.  Chango  In  X.E.  »  0.  ^ 

This  -r  Total  work  dene  «  AAngo  In  K.E. 

.  -♦  Total  work  dono  ••  0. 

-  Initio!  potential  energy  dao  to  wnter  in  A 

.*• ’W!gA*  in  usual  notation. 

»f  (Arp)gdz*.^Agpc* 

Jo 

ond  final  potential  energy  due  to  walr  ofhelgJtit  c  -x  In  A  and  heights  In  B  Is 

f  {ItPIgdx  +  f;  (Arp)4Tdi*|  Affp  rcc-x^  +  x7! 

Ja  Jo  '\  :  y  =■  ‘.v-  •;.-:■■■  ' 

Kow  work  dono  by  gravity  -  loss  ia  potential  energy 

»Iniu'&l  RE.-Finai  P.E.  .  ..  : 


mA 


.  Work  done  by  gravity  m  hgp (ex  - .  ..  .. 

Abosomo  wiorkjs  dono  against  thocbmprcMlon  of  nirinJB.Lctp  be  tho  pressure 
of  tho  gas  when  tho  height  of  water  level  In  B 1 ay.  ByBoyloVi  law,  ' 

P,V,  ~  P2V2  or  p*  (c  -y)  -  hpg .  ke. 


Tbts^  P  •  P  bdhg  density  of  water. 


{For  pressure  >•  -height,  density,  /f  and  initial  pressure  ofthegrw  in  Bit 

equal  to  pressure  due  to  a  column  A  of.woter  (given)}.  . 

Work  dono  against  tho  compression  of  gns  in  fl 

fS. 

— pdV ,  in  usual  notation. 


■I 


"Jo  dV~*dy^ . 

-Atflpfe AIog(^J.‘ 

Equating  the  sum  of  (2)  and  (3)  to  (1), 

Af p  (or - x2) +  AgpcA  log * 

ex  -  j?  -'*■  cA  log  ^  "  0 


...(3) 
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Equation  of  Motion 


(Fluid  Dynamics)  /  11 


Problem '  13  (ft)*  Water  oscillates  inabsnt  uniform,  tub*  in  0  vertical  plane.  JfObe 
the  lowest  point  of  the  tube,  A3  the  cqutlibriurnleocl  of  water,  a,  P  the  inclinations 
of  the  tube  to  the  horizontal  ct  A,  S  and'OA*  a.  QQ  •&  thtperiodof  oscillation  is 
given  by  'f  ‘ 

2,1-  (V^~ 


^{naa4Mp)  1- '  .. 

Solution :  Suppose  O  la  llio  Iowest  polotof  tlio  tul^AS.Uic  equilibrium  level 
of  water,  h  tho  hoightof/LB  abov^Oy  &  (1  the  indmationflof  tho  t  abb  to  tbs  horizontal 
nt  A  uod  ZT-rtaipectivciy  and  0  ,th  ein  d  In  a  tibn  at  n  dtetanc  a  i  from.  Q.  let  OA  ■  a, 

•  'g  &»B?~ 


\JL 


dU  -b.  AP.nx.  Let  water  in  tho  tubo  bo;  displaced  at  email  dictimco  *  from  its 
1  equilibrium  positioa  io  that^LP  »  x.  After  diiiplacement 
h +x'sln o^i» OP  x  at  JV 

.  (ii)  p  » ll.y*  h  -  x  sin  P.x=  OM  *»  -  (6  -xj  atjV; 

Let  u  denote  velocity.  Equation  of  continuity  is 


.it  Dy  « 


•f-o- 

9* 


"ari.'Y 

;  j£  Tbis  1/  in.  independent  of  s, 

:  '  ^  ;Eq  datioY  of  motion  U  "" 

j-  3u  <fa  .  „  .  1  dp 

.  ¥,  no---.* 


:.(» 


But 

HoncOwo  havo 


Du 


~»Q.  sinO 


3*  ? 


4« 


:  Integrating  w.r.ts, 

fan 

J-Dt 


3u  n 

*--=••- sr-1- 


3r  "  ~  p 
(f  (0  i»  constant  ofintcgralion)  * 
Applying  (i)  and  (li). 


fit) 


(a  +  x)~«“g(A  +  xsma)--^+/(0 


>Tt 


(6  -x)~--g(V-x  8ia0)v-^/(/) 


Upon  subtraction. 


.  3u 


U  **X,  ■  U  "X 

(a  +  6)  x  ■»  -  yr  (sio  a  +  si  d  0) 


•V;.  fix  ja&Ji*-®*  a~—  A 

^  (a  ♦  6) 


rrooicjn  At.  Ayww  yuami ty cy  u^aiu. J7iwa^unqcf. /w/twccS.  in  a  wiooM  ctvttcoi 
tub*,  having  <*  *tnall  ucrtlcalongle.  arultke^dUiohce*  of  tit  nearer  and  farther 
extremities  for  the  verux  at. time  t  are  rSnd  r^pshoui  that  • 


_ _ _ ■ 


f/ie  pressure  at  the  two  surfaces  being  equal.  Shorn  also  that  the  preceding  equation, 
results  from  supposing  the  vLuJivaofth*  mass  of  liquid  to  be  constant;  and  that  th 4 
velocity  of  inner  surface  is  given  try  the  equal  ion  . 


V4- 


CF 


Si/'-r)' 

C and  c  being  constants. 

Solution  l  At  any  timo  t.ict p  bo  tho  pressure  at  a  distance  x  from  tho  vertex 
aloes 


and  v  thovolod  tyOverc.Tbo  equation'  ofmolion  is 


3u  3v-  _  1  D/> 
Hf  V9x":  pUx 


and  tho  equation  of  continuity  is 
(xtOD  0)2tf»  ' 

U;  "  ■  *  f  {t) 

whcn>  f  (t)  -  (  Here  •f-*'  ~~  ”  ban  a  V  = 

tan2 a  A-  ...  *  *  -  . .  •  )  ;  '.. 

'yr. 

Integrating 


x  a  p 


...  U) 


Boundary  conditions  aro 
(0  whcax-r.p-p.V-r»u,say 
Gi)  wheax  »  r'.  v  »  Cf  -  r^.p  "  P. 

I  Since  the  pressure  ot  the  two  ends  U  equall. 
Subjecting  (l>to  the  conditions  G)  and  (ii),\ 


■  Upon  subtraction  * 

But  r*u  "fit)*/1  If  ... 

(SrX- 

Dividing  by  (r  —  r')/2r' w  wo  get 

t/V  /dr\af.,  r  r3 


This  proves  tho  first  required  result.. 

Second  Pari :  Tlic  via- via  =  iKJS  d' 

KP  tan-* 


f^  *- 

aj  ~/2(0<fr 


By  the  principle  of  ccns.crvtjjion  of  vis- via, 

npUn^AO.^-p) 

or 

X  i{H&Y4'u*‘c* 


.  S(h 

U  H  - - q 

^-r)P 


or 

%  * 

^  Bcjdicing  U  by  V  and  Cj  by  C,  wo  got 

V^Cr'./r3<r'-r). 

5?  " . . 

>v.,3'  ‘+iAgHln,  *inco  mass  is  conaLont  nod  so  Is  volume. 
This=o  —(xr'2  Umar' -nr2  tan2 CLT)» const. 


i^5  -  r3  ■  const.  »  eJ,  say.  For  volumo  ■»  ^  (radius)2  A' 


This  concludes  tho  problem.  ' 


Problom  IS.  A  portion  of  homogeneous  fluid  is  confined  between  two  concentric 
spheres  of  radii  A  and  a,  anil  is  attracted,  towards  their  centre  by  a  force  varying 
inversely  as  the  square  of  the  distance  thi, inner  spherical  surface  is  suddenly 
annihilated,  and  when  the  radii  oftheinher  and  outer  surface*  of  the  fluid  are  rond 
It,  the  fluid  impinges  on  a  solid  ball  concentric  with  their  surfaces;  prove  that  the 
impulsive  pressure  at  any  point  of  the  ball  far  different  values  of  R  and  r  varies  as 


Solution:  The  equation  of  continuity  isx2^.*  JF(r)Bothot^  •  Equation 


of  motion  is 


da  -o  1  Dp  •  ■  |i  l3j» 

9/  +  31*  p  dx  -  jj2  p'dir 


las  ja/x2  Is  a  force  towards  the ocnlrol. 

£ZS!X+  i. ( 1  Jt„±/’ey 
a*  1^2  J x^  .^vpJ 


...(I) 


Integrating  w.r.t.x.  — "  u2o^  -  ^  -fC- 
Lct  r  and  I?  bo  in  terna)  and  ox  ter  rual  radii  at  any  time  t.  Boundary  coaditions 


(i)  whonx-r;  u  snyp^O. 

(Since  press uro  vanishes  ca.tho  intcmsl  surface). 

(ii)  whenx  -  R.  v  »* R  **  U  tayip  ■  0.  - 

(Sinco  pressure  vanishes  on  the  surface  ofn  annihflntcd  sphere), 
(iil)  whon  r  -  o.  R  »  A.  lh«  velocity  iazsro  so  that  F (f)  ■>  0, 

Subjecting  (1>  to  tho  conditions  (i).  and  (ii). 


Upon  subtraction 

IFor/^u  «F{t)  ->Rlin 
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i  1 


$ 


■i 

;•£ 


5+4 

•a 

& 

Q 

0. 

3- 


0h 

4* 

43 


...(2) 


Multiplying  by  2fcir  dr  equivdtontiy  by  «***£«  &  dr,  wo  obtain 

«r  I  jr*  }*“ + ^  *^1  ’  ^  ^-RaR) 

Integrating,  ^ 

Subjecting  tW®  to  (K),0-)i(af -A*)  fCj 

Tho  equation  of  Impulsive  action  Is  '  1 

.  tfq>  ppuifair.^^f^abe/ ’. . 

iw.-  f°  <s£f:  «.3.|i-A|pF«) 

pn  LtJng  tho  values  off* (O.fttwi  (2)  In  tht®  equation. 

_  ( 1  -  l  y  F  U  (/■*-/£* -.c*  * A2 

fiftI 

or 

or  wvariousasj^  (a2-  r2  —  A?+-R7)^'~  rjj  j}  J* 

ProblOin/fS.  A  sphere  ofrxsdiusa  is  svmoundcdby  infinite  liquid  of  density  p,  the 
pressure  at  infinity  being  FL  The  sphere  U  suddenly  ahnlhUatecfShoio  that  pressure 

.at  a  distance  rfrom  the  centre  Immediately  fills  to  11^  1  J. 

'  Show  further  that  If  the  liquid  h  brought  to  rest  by  impinging  on  a  concentric 
sphere  of  radius  a/2,  the  impulsive  pressure  sustained  bythe  surface  of  this  sphere 

Solution :  The  equntlOn  of  motion  bA  *  F{f)  so  that  —  -  .Equation  of 


3o  do  1  dp 
*.+a*x~~p*x 


Integrating  w.r.t_  x,  +  ^u2»-^  +  C’ 


...  O) 


Boundary  condition®  arc 

(1)  vrhonx  ■~.p’*n, >  “  0. 

__(ID_sy hen x  »»,»■!*  O.p  o 0,  f  ■  0_ 


^ _  '  • .  t 

[Sinco  the  sphero  of  radius  a  Is  annihilated  and  pressure  vanishes  on 'the 
annihilated  sphere} 

Immediately  after  annihilation,  the  liquid  has  no  time  to  moveC.So’  w<f ** 

*  .  -  ‘  .J,  V- 

yOppOM  %  Nl-.:  ” 

(iii)  when  f  •  0,  x  ■»  r,  p  »  0, p  “p<^  where  r>a.  g» 


We  wont  to  prove 


PO 


■■ 


Subjecting  (1)  to  (i)  and  (ii),  0»-— >C 

i  -^-^i  +  O-O  +  C. 

a 

1W.  « 

rnvicwof(iii),(l)gtvw  ^  ^ ' 

V'l^TF*  *» 


-...  (2) 


Second  Part :  LctSbotKo^roquIrcd  Impulsive  press urt®. Then  wo  havo  to  prove 
that  Xlpa2^2 

First  we  shall  determine  velocity  on  tho  inner  surface.  Let  r  bo  the  radius  of 
inner  surface.  Then 

<iv)  vrhcnjr-r,  t> -r  •»  u  say.p*  0  when  r  <a 
{Note  the  difiortmeo  of  (il)  and  (lv).J 

Since  pressure  vanishes  on  tho  Iqpcr  surface.  In  view  of  the  above  condition, 
(1)  gives 

r  2  ~P 

or  -F- ’W  *• 

t  2  r*  P 

Multiplying  by  2  F (f) dt  or  equivalobtly  by  2r? dr,  we  obtain 
r  ft  p 

fzH 


Jntogniltng  — 

..  I :•  -. 


In  \-fcwofOO.thU 


n  2H. 


■3- 9 


•  ..... 

3  9  •  P 


•  wV-f ;  ' 


Equation  of  impulsive  action  ’ 

This  *o  dffl  npurf^o  ^|”  d3  ■p(nj^.  dr 


Problem  1 7.  A  sphere ibh'ooe rodi u»  at  time &£+ 
extcnding  to  lnfinltyufufernofcuvrx.Jhrx>oethdithfpr^^rfat  a  distance  rfrom  the 

centre  is  less  than  the  pressunetdrilnfbtOediti^afby^r  ■  * 

-— (6  +  a  cosn/){  a  (1  rSsin?  ii^+  ^^J»i:*^r^(i  +  floo»*hif53  8ih2hC  I 

"  ■.  -1'  :  \ 

Solution ;  Let  n  bo  tho  pr^ur^^^flnlly  and  p0  at  distance  n:  Then  wo 
hove  to  prove  that  "  ' 

—~r  »  —r  (&  +  a  ora  JiJt)  [. a  +  6  cos nt +"  (b  +a  cos  p()3  sto2  nt  1 

p  ~  -  -L  ■■  ■"V  = '..-■'■\2r-i-v  ■ -■  .  '  J 

:4(1) 


EquaUon  of  conUnuily  Is^ii  F  (r)  *o  Uwt^-^^; 


Equation  of  motton-Is,^* 

13^ 


IntcgfhUnRT.' -  -  #^-»-^p2^-£  +  C 

^%-v'  '  '  '  ■*  2  P 

^Boiitfdhry  condition*  are  -  ■* 

^i^.Uh^Vhcn x  * u-0. p  - n  _ 

r  \r^  ** ,'  . 

i  '"(II)  when  x  »  r,  o  »  f  -  u  say.  p  “Po  : 


Subjecting  (2)  to  (i)» 


0w_n+c  er  c--. 

P  P 


“*(3)7 


^l+ID*.ILi£ 

X:  2  '  '  P' 

Subjecting  this  to  (II).  ^ 

r  2  P 

-p'-w  if*  n-po 

r  2  r4  P. 

Let  i?  be  tho  radius  at  any  time  t.  Then 

J?  «  b  +<a  cos  nt.  Also  let  U-R.  Wo  have 
r2  f  ■  r^u  »f*(0  -  /l2 A  « -  no  sin  at. 
f*  (r)  -  f?2 R  ■  (6 eo* nt)2  (- no  «In  at) 
f'.(0«  2  (b  +  a  eosht)^ n*#1  sin2  nf  -on2  cos  nt  (6  +■  a  cos  nt)2. 
Putting  Iheso  lo  (3),  we  get..,  .  i.  .  .  .  ..  .  ... 

"  -•—  m  -  —  [2  (6  +  a  cos  nt)  n*o2  sin2  nt  -  (6  +  o  cos  nf)2  n2a  cos  nf  J 

P  f  /  y  -  ..  .  v  " 

Ae&uk soi./1v,in*B, 

* 

rr  (ft  +  a  cos  nf)  “^  ^  -  2a  ain2 nf  +  (6  *  a  cos  nf)  con  nf 

+  (jr+a  cot  »f)3  *  1,1,12  } 

n  (b  +o  cosht)  (1-3  sin2nf)  +  b  cos  nf 

1 .  a 

"2  V 

ThU proves  the  required  result. 

Problem  18 (A  mass  of  liquid  of efenstty  P  utftome  external  surface  iso  long  circular; 
Cylinder  o/rondfuier,  which  b  subject  to  a  constant  pressure  tt^surrounds  a  coarfaf 
long  circular  cylinder  bf  rodius  b.  The  internal  cyiinder  b  suddenly  destroyed  Show 
that  If  o  it  the  velocity  at  the  internal  surface  when  it*  radius  fi  r,  thrn 

j. _ mjtLuh. _ 

p  r2  log  [(r3 + a2 -r  b2)//2) 

Solution :  Equation  of  continuity  I®  jru  *  f(t)  and  equation  of  motion  is 

ar"“'5-;s  .“•*  “■jr- 


.  ^ ♦  a  ws  ni]3  .in*  tit  J 


Si 

EZdudu 
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lo?.  F'(l)l0g*+~tf*-T  J  +  C 


...u> 


...  (2) 


{  UX*F  »  xxmj?.  k>  XtlxvF 

Lett  ft  and  if  bo  6xLornaland  (nUrngJ  radii  atanyUra'a  r.  Siaco  total  mass  of 
liquid  if  ccwulout,  •  Ucooo.  moss 'of’tbo  liquid  at  aaytlmo  X  -  maw  of  tho. liquid  at 
time  0.  i  .  .  .  "-w  ■ 

lx.,,  (it  ft2* - «  r2*)  p  -  (re  aaA  — .  b  6?A)  p 

or  «>**-r**a*-i3. 

Boundary  conditions- aVo-...  . 

(»)  when i -ft.  U  »ft.p  -  IT. 

(Poroxtemnl  bound ary  la  subjected  to  a  .constant  prtsjure  17). 

(II)  when  *  -  r.  zi  «  r  -  uF/>  -  0. 

(For  pressure  vanishes' "on  Iho  Internal  boundary). 

^  Gii)  wbcui.r- 6,  u  - 6  »  0.  fx.,  F (0  -O.p  •  0. 

;  Subjecting  (1)  u»  (0  and  (UV  -  ' ; 

t  jr®.- 

*'01ogr+i.^-O  +  C 


eobkactintf, (to*# -  k>gr)  F'  +  if4  ' 

^^Multiplying  (3)  by.?F  2r  dr  •  2R  dJt.  • 

l?F[dt  ,0ogJ«-lo^)+.^i^  — j-,-^.2rrfr 


...  (3) 


%J'  - 

jtjbiyi. ,-  _ 


(log «- log rJ/^  —  Sr^VCx  : 


r* 

_nf 

~  pr 

vVn . 


rf|(logA-Iosr)/aj»-2r^.dr 

Inicgratin  g, 

V7‘\  r  ■ . 

->  [ic* 

v  t  ‘  In.vicwof(li'i). tliijt.-*  0.-63— .C, 

5$*\<  [kg(— y  )](™)2  -2  «? -r*j 


p  r3  log  I(r3+d2-62)//3| 

.  Mtarnolornothcd:  Equation  of  continuity  [*jru  -ft  (/),vrhcroi-  u.LotJ?and 
r  bo  external  and  Inlarnal  radii.  Since  total  maw  of  tho  liquid  la  constant  heneo 
(re  ft2* *  r?A)  p  »  (a  a?A  -  *  63A)  p 

or  ft3 - r2- a* - 6  2  or  ft2-/* to2 -6*. 


.  r"  rA 

K.E.  of  tho  liquid  »  g  I  \2xx  dr)  p  n2  «*  np  I  x 


<SsJ8$ 

fn  CR  ^n-X. 

Work  done  by  outer  pressure  -  I  -pdV~  I-  -2itkitc^rF 
■  -  "o 

-  nfl  (o?-7?)a%i:i2A-  r*X  V  O) 

•  .  -V  -^Workddna-  K.E.  -  <¥* 

ur  _ 1 _ 

.- •)og|r2  +  o3-b2)/^] 

*  .  -V  .  ,  ^  *  'i/Qjf  ■ 

Embl€c^  l9.  Lwuid  u  cprtainc4^  parallil  plonesi  the  free,  surface  is  o 

c ifxuiar  cylinder  of  ra dins  a  whos^axi*  ii'perpcndicu/or  lo  th  c plane*.  Att  the  liquid 
urtthinu  concentric  cirtuldrc^uUiePclrtidius  bu  suddenly  annihilated.  Prvoe  that 
ifnBethepretsureai  the  oitter  eiu^oce.  the  initial  pressure  at  any  point  of  the.  liquid, 

distant rfromtheceiiri  U  T'V '  cixs-2006) 

n[~Kiri2KAT 

■.  L  log  a  -r  log  6  J 

Solution  rThc  cquqtidn:  of  continuity  isau^ '*  F(l)  and  equation  of  motion  is 
v.  ' '  do  '■  ckr  .  1  So  . 

•• '  •  .  - 

.Intonating  F' (Olog*  +  2  p+C  ■  —  (i) 

.  jKoU>:thaliniUaiIy(/^.f atf"0)ihojlqiiJdlgatreiL 
\;I^ridaiycoiHJiUons  ouo. 

:(i>  wbon<»;a>.irx  -.0, p-fi,  1  w  0V- 

(Slncotho  outer  surface  is  subjected  too  .constant  pressure  IB. 

(ii)  whonx  -  h,  v  -  x  •»  0.  p  -  0.  r »  0.  :  ’ 

:  [Sinco  pressuro  vanishes  on  tho  surfsco  of  annihilated  sphoro). 

(iil)  when  x  »  r,  t  »  0,  p  »  p0  say. 

...  W«l*«  *•!*»,<>*“ 


Subjecting  (1)  to  (>j  and  (10, 


ft’{0)  logo C 
P 

f**(0)logb-0  +  C. 

F’ (0)  %o  ♦  F'  (0)  log 6 


Also,  by  (2). 


C-F‘(0)log6»--rJ^- 

z  p  log  (a/6) 


...(2) 

...  (3) 


In vicA'- of (iii), (1) gives  ft'(0)logr »-  —  >C 
? 


p  log  (0/6)  p  p  Jog  (a/6)  '  yw. 

or  ^,gg^“^fb),n/rtoS£rjggb^ 

P°..;  log  (C/6)  .  •  (,  log  a*- log  6  J~ 

Problem  20.  An  infinite  mass  of  homogeneous  Incompressible  fluid  is  at  rest  sub jcci  - 
too  uniform  pressure  II  and  contains  a  spherical  cavity  of  radius  a,  filled  with  a  gas  . 
at  a  pressure  mTl;  pm*  that  ifth*  inertia  of  the  gat  bt  neglected,  and  Boyle’s  lam  be 
supposed  to  hold  throughout  the  ensuring  motion,  the  radius  of  the  sphere  will 
otdllott  betuften  ths  value  O  Qndtid.  tohere  n  Is  ditermiixci  6y  |A#  equation 
1  ♦  3ot  Ifigh  -  n3*  0.  ■  J^5? 

Jfm  be  nearly  equal  to  J r  the  Urns  o fait  cseUl^opwll&e  ilnC&^.p  being 
the  density  of  the  fluid.  ' 

Solution  :  Equation  of.  eoniinuity^is>^i:^/o  ta  that  x  *v  —  *£1S& 

*  .  ’  .  •  -  "  •  -  -  *  X2  * 

Equation  of  motion  is 


-  - 

£li£l  +  Af£h.\$JL(  £"i 

Integrating  w.nt,x,  £5¥ 


Boundary ^dcditioixa  arc 
(0  whenx^f^p  •*  n.v-o. 

InUnllo  mass  is  sercit  subjected  to  a  constant  pressure  Ill 
l^t/.bbtho  radius  of  canty  at  any  lino  f.  then  r<a  and  p  j  tho  presoura  thcro. 
_.oc  Ihc^gas  within  cavity  obeys Boylo’s  W 

•••:-•;•' 

ftjVj  -  PjVj  a  consU  fjf„- 4  nr* Pi  ««*  ri  -4  a«J' 

|u#  %  .  J 

a3 

3^”  :  p\  =  ™n  — .  ...(2) 

GO  when  x  -  r.  p  -  p„  u  -  f  -  u  say. 

(iiO  whcnr  »o.p -mTl.  u -f.-O.; 

Subjeoing  (1)  to  (i  j, 

0*-“  +  C 
: ? 

Now  (I)  bocomes  , 

r'(t)  i  n~p. 

■x  +2V’p* 

Multip^-ing  by  2F  dt  -  Zt*dx  faaj^x  -  F(C)J.wo  got 

i  +  ttdxm£jJL  ,2^  dr  ..«> 

*  .  x2  P 

Now  we  enn  not  inlcgrato  this  oqualioii  w.r.L  xnspis  not  coostanl  due  to  the 
fact  that  cavity  con  Inins  gas  at  varying  pressure.  So  wo  subject  this  equation  10  iho 
condition  (ii)  and  using  (2)» 

-^<1,  ^dr^n-mn^l^Jr 

Integrating.  -mo2  logr  ^  + Cj 

or  r2u2-~^^ma2  logr-y  ^C3. 

By  (iii).  this  -*  0  »  ~  ^nw3  log  a  -  ~  j  +  C3. . 


Upon  jsubiracUon.  wc  get . 


Slnco  radius  oscillates  between  a  and  no  hence  wo  put  r  - 
Hence  wo  get 

tnh2‘logn  +  ~  (aJ  W«3a,)| 

•  -p-  i  .o  ~ 

or  3m  log  n  +  1 -a8.-0 

or  1  ■*  3 tn  logn  ~/i3  «  0. 

Second  part : AVh.ei)  m  » 1  (approximately). 

Let  r  *  a  ♦  y,y  being  small  u  *  f  -y.  . 


...  (4) 
v  -  f  »■  no  -  0. 


IMS’ 

(TNSTTTyTEOFSfiTKtMATieiLSafiCtSl 
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N<n*H)givt3  .■ 

Expanding:  upto  second  degree  terms*  .  -I  -  . : 


) 


■  311  2  -  .  ■  ■  ■• 

Differential  iogvr.r.t  /,  2&y. *».-.■?% ^nr-'A-  ?i\"' 

■  (xr  . 


y  m-  py  vheroji 


311:': 


J^-IllS  tho  equation  for S.H.M.  .  ■■'•  ;.■  ■• 

Hence  limo  period  ■  T«  ^?(^3rr)  '  *  ■'■ 

Problem  21.  A  solid  sphere  0 f  radius  ait  surrounded  by  a  mass  of  liquid  whose 
volume  is  ^  r^3,  and  its  centre  is  attracted  by  d.  farce  yu^.  If  the. solid  xphtit.be 

suddenly  annihilated,  shexathat  vefocityofinneriUrface,  when  its  radius  is  x;  is 
given  by  ••'  •  «  •• 

where  p  u  (he  density.  17  the  external  prestart  e/utfi  the  distance. 

Solution  :  ThO  forco  F« -  nr^aspx*  I*  a  forco  directed  towards  the  origin. 
irt..  in  the  negntivo  direction.  Equation  of  continuity  Is x*v  -  F  (f)  so  that 

Equation  of  motion  is 

'  K.-  %..  .■■  .'  T.  -■ 

df^.ar.  _r,2dx_ 


...O) 


Integrating  wj.t.  x.  -  - -  ^  r  ^  a2  -  -  C 

X  2  3  .:.p- 

Lot  r  and  R  bo  internal  rmd  external  radii  respectively  at  nny  timo  t.  Slnco  the 
total  mnw  of  tho  liquid  Is  constant  hcnco 


(^r-rt3'3,^,),,*3n'Jp 
F3  — 

First  vro  shall  prove  that 


•*£}% 


•  (  *f  IK3)  <"3  *  »*>  t'3  ♦  <j)'/a  c%  C§3> 

This  equation  is  obtained  by  putting  r  »x.  in  the.  given  nsndfe^oubdary 
conditions  are  ;  ' 

(i)  when  x  •/?,  v  «  R  »  V say,  p  -H. 

CIO  when x * r,  u> r«  u  say. p -0.  t:--.‘'^,-r. 

Since  pressure  vanishes  on  tho  surface  of  inner  sphcra.'F;. 

(ili)  when  r*o.o»0>» thatF (O'* 0.  .pi""  . 


Here  also  wo  have  x*v  -  F2  U  *»  r*u  *  F(q.  m 

Subjecting  (1)  to  (l)  and  (ii),  '  ^  ^ 


ZIIB  .  i  y»._  . 

F  .  ■  2  3 

»■.  2  <S*X-  ■  >. 


Upon  subtraction. 


loar'u -PfO-T^Ul 

Multiplying  by  2F  dr  »  2/J2  cfF -2T3  </r. 


Integrating. 

By  <iii),  this  gives 
(4)-*  (5)  gives 


—  c*o 


Replacing  rbyx.ure  get  the  required  result  to  be  established,.  • 


Problem  22.  A  mass  of  liquid  of  dciisliy  p  and  volume  is  bi  the  form  of  a 

tpherloal  shell;  a  constant  pressure  J]  Iscurtsd  on  the  ceffmoi  surface  of  the  shell; 
there  Is  no  pressure  on  the  internal  turfoce'andno  other  force*  act  on  the  liquid;  ■■ 
initially  the  UquidMat  rest  and  the  btieriutl  radius  oftht  shell  is  2c; prove  that  the 
ctloeityof the  internal  surface*  when  lit  radius  he,  is 
•  ‘.V  r  1411:  2^ 

v. 

Solution :  Equations  of  continuity  and  motion  arc 

A-eco*;  ■••■/ 

and 

OT.  ;.  -T+ttt-  ^l  .p  OX.  ■■  '  1 5  -  ‘  i  •' 

Integrating  iv:V  "  :.;fl) 

*  : .  2  ‘  _  ■"'... 

Let  r  and  R  be  internal  and  externalra<^  rcfpoctiw)y.  Sincc  lhc  tctal  muss  of . 
the  liquid  Is  constant  therefore  ■.-  .}<•■.  1-  ‘ 


Boundary  conditions  art  -  .  --  -' 

(1)  when x  ■  J?,  u  p yTL  ^-  .:  ..j '  ■^'1^ 

Since  external  surface  U  subjected  lo  a  constant  prewure  rL 
(ii)  when  x  *«  r.  u  «•>  r>  »oy p  *  0- ..  . 

Since  there  Is  no  preawuro  on  the  inl<TTU^urfacd^  ..  .i  ’  * 

(HO  whonf»Onridr*&|V«dsdlbat^<^*'6^  I 
For  Internal  radius  of  tho  shell  ’ r*'  ■  '  r' 

Wc  want  to  proro  that  ■  ^  '  :k.  -. . 

;  . 

Subjecting  (1)  to  thceondltfoffio)  and  (U),  ■ 

3lP-5*^  ■ 

■fe.  ;  • 

Upon  subtra^ti^^F'  (0 1  +  -  u^i  •  —  ™ 

.^Multiply  by  2 F  dt  or  its  equivalent 2/t2  dll  -  2r^  tfr. 


...(2) 


'■V 


(hil 


iFrdt+i* 


dR  dr 


dr\  FI 

“r»/‘T  P‘ 


2^  dr 


Integrating. 

In  view  of(iil). 
C3)  —  (-4) 

Putting 


ft  211  o-3'«  /» 

sF-80  ,c> 


...  (3) 

-<4> 


-  (7-s)^W-f  ^-&s> 

[ ' VB) - ' “  » <8gi~fl1-  “!nirm 

r"c-  [;-fp^]c',(“,>'-'’If(8c,'c^ 

,  .  r  wn  2 1/3 


Problem  23.  A  mow  of  gravitating  fluid  Is  at  rest  under  Its  own  attraction  only,  the 
free  surface  being  a  sphere  of  radius  b  and  the  Inner  surface  a  rigid  concentric  shell 
of  radius  a.  Shota  that  if  this  shell  suddenly  disappear*,  the  Initial  pressure  of  any 
point  of  the  fluid  at  distance  r  from  the  centre  is 

|«p2  (6 -rj  (r-^)^5—  *  1  j. 

Solution  :  Let  r  be  the  radius  of  inner  surfnee  at  any  lime  f.  The  fore©  F  of 
attraction  at  a  distance  x  from  the  centra  of  the  liquid  is 


*]• 


3'k  ,2  •  LFor/’’tmjr:>] 

Equations  of  continuity  and  motion  arc 

9  .do  dv  4  (x3  —  r3}  13p 

Al ■■ F m “dDf  fl '  S  —  3^ *  P 1  J-1 ->  £ 

Ids  tho  force  fs  directed  towards  tho  origin] 

... 

JntcgrntVng.  ~ 3  n p ^ F"* 

Houndsry  conditions  are . 

(i)  whenf  »0.  p-0.  r-‘a.p»p0aro 

[For  initially  the  radius  of  tho  loner  surface  l*  a  and  also  this  surface*  contains 
gravitatiog  mass  and  so  there  will  bo  pressuro  on  JtJ. 

(Ii)  vrhcnf “O.x-o^w^O.po-O. 
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-  For  pressure  vanishes  oa  the  annihilated  surface. 

(iii)  when  t  -  0,  x  -  6,  p„  -  0,  v  -  0. 

*  [Since  there  exists  noouler  pressure]. 

■\Yo  wanj.  to  determine  the  value  of  initial  pressure. 

Subjecting  (1>  to  (i).  ^  ^  ^  71  ”  ♦  C* . 

Subjecting  this  to  (ii)  and  (Hi). 


-..(2) 


...  fa) 


rnpy 


■flhfl* 


*  .  3' 

Upon  subtraction, 


F'C0)--£*pyab[^-~] 
F'(0)--|xpya  I4(«*b>-2a2] 


'(H)] 


(2)—’ (3)  give* 


-§  2(  3^  -t)+«.  P«U/  ] 

•  *p2y  (x  -  a)  [  .  {4  (a  +  &}  -  2a2}  j,  by  (-1). 

”  |  XpV  («  -  O)  (4  -  X>  [  1  X  ] 

Replacing  *  by  r  wo  get  the  required  result. 

Problem  24.  A  volume  ~  xc3  of  gravitating  liquid,  of  density  p,  is  initially  in  the 

form  of atphsrieal  shell  of  infinitely  great  radius.  Jfthe  liquid  shell  contracts  under 
the  influence  of  iU  own  attraction,  there  being  no  external  or  internal  pressure,  show 
that  when  the  radius  of  the  inner  spherical  surface  isx.  its  velocity  will  be  given  by 

V»n (2r*  +  2x3x  +  212*3  -  3i x3  -  3z4l 
IS*2 

cohere  y  is  constant  of  gravitation  and  x3  -z3  +  c3. 

Solutioirrbot  r  be  tho  radius  of  Inner  suHhco  ot  any  tljno  /.  Tho  force  f  of 
attraction  At  a  distance  x  from  tho  centre  of  the  liquid  is  4 

4  -  _ 


5  «PT  V 


x2 


% 

r  >  m, 

[  lor  >  ** - tor'll-.  ^ 


Equations  of  continuity  and  motion  aro 

■i  .  do  4  Of3 -r3)  13> 

x^-FP)  and  — 


^  ■  ‘ 


Integrating;  | 

Lel2t.bc  tho  cxtomal  radius  at  any  timo  £  Since-tho.  total'1  mass  of  tho  liquid  is 
constant,- 


i  rif3  p  -  -<•  ax’  p  -  c5. 

:  Boundary  conditions!!  ore  . 

(i)x  ,wh<^x  -R,v-  J?»  C/say.^jO^^ 
Smcctherbbcingnocitoraalprtraow.^;  - 
0»)  .•whOTX*r,v»r-u.aa^j^.d<^;  - 
Suly  octing  (1)  and  (I)  and 


...  (2) 


.  Upon  subtracting, 


[1  I 

lr 

Rl 

Since 

Hcnoo, 

r;«{- 

E”' 

Muitlrfj 

jing 

2 *FT, 

“'j 

r*3-** 


rtu-FmtfU. 


SPY  ((R*  dR  -  ir*  dr)  +  2r*  (ft  dft  -  r  </r)l 

3  ...  ■  •■= 


Integrating,  wo  get 

t  1  1\„7  4  rx5-*5-^  2R5  2c3R47 

- s - 

neglecting  constant  of  integration.  Butrin  -F(0. 


“2  “  "  Is  "W  I3  (R4  -  *V  ScW — 


r*Ol-r) 

-  ~  I2R4  +  2 RV  +  2R2/2  -  DRr3  -  3r^I. 


Ropladag  R  by  x, /•  by  x  and  u  by  V,  wo  get  the  required  result. 

Problom  215.  A  mess  o/  perfectly  incompressible  fluid  of  density  p,  is  bounded  by 
concentric  surfaces.  The  outer  surface  is  contained  by  a  flexible  envelope  which  exerts 
continuously  a  uniform  pressure  71  and  contract*  from  radius  Rj  to  radius  Rj.  The 
hollow  is  filled  with  a  got  obeying  Boyle’s  law,  its  radius  contracts  to  cj  and!  the 
pressure  of  the  gas  is  initially  p±.  Initially  the  uthole.mass  is  at  rest.  Prove  that, 
neglecting  the  mass  of  the  gas,  the  velocity  v  of  the  inner  surface  when  the 
configuration  (Rj.  cf)  is  reached,  is  given  by 

Solution  ;  Tho  equations  of  continuity  and  motioirarc  ^ 

Hone 


.rsu,yg%$ 


...cn 


Integrating, 


t  .teU^Xc 

r  %^-lf  p 

let  r  and  R  be  internal  nndfcxtcrnal  radii  at  any  time  t.  Let  P  be  the  pressure 
at  a  distance  r  os  caviiycontams  gas.  By  Boyle  *  law. 

,  .3 

°r  •>•%»* 

Boundai^eenditions  nro 

t>)  <^bonrx^  R.  v  ■  R  -  Cl,  say.p  *»  71. 

Fcrll^outcr  surface  exerts  a  uniform  pressure  17. 
when  x»  r,  v  sm  }  »  u.  say.  p  » P. 

^^lili^svlicn  r^cj.tieOso  that  F{t)  »  0. 

:p-  ^ 

A^H«ra^u  =  F (0  =  R2U  so  that  (/*»—;,  u2  -  ~  . 

*«*■  ,  R4  r* 

Subject  (1)  to  (i>  and  (il), 

R  2  R4  P  C 

■  r  2  r4.  p 

Upon  subtraction, 

\r  Rp  r*)  2  P  x3  '  P 

Multiplying  by  2F dt  «  ir3  dr  ■  2R2  c/R.  we  gel 


Integrating. 


In  view*  of  (iii),  this  *= 


(  x  -  *  ^  W  ”|  [  ci‘p»  loc  X  -  §  r3  ]  t  A 
C»3]*A 


Upon  subtraction. 

ul’f 3 

For  coaCguration  (R2,  c^).  Is.,  when  Jt  ■  Rj,  r  •*  c2,  tho  velocity  u  is  given  by 

Problem  26-A  sphere  of  radius  a  is  alone  in  an  Unbounded  liquid  which  Is  at  rest 
of  a  great  distance  from  the  sphere  and  is  subject  ta  no  external  force.  The  sphere  is 
farced  to  vibrato  radially  heeping  ils  spherical  shape,  the  radium  r  at  any  time  being 
given  by  r  =  a  ♦  b  cos  nl.  Shota  that  if  1 1  is  the  pressure  in  the  fluid  at  a  great  distance 
from  the  sphere,  the  least  pressure  (assumed  positive  at  the  surface  of  the  sphere 
during  the  motion)  is  17  -  n2  pb  (a  +  4V 

Solution  i  Equal  ions  of  conUnuity  and  motion  oro 

A-x„  '•  , 


m 
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.Hoc*  .  ' 

Integrating. 

-  ... u> 

*  2  p 

Subjecting  it  to -the  boundary  cohditon, 
whcnx  =  «».  u»0.;»*ri.wcgct0* -“-+C.  ■ 

/^(Q  la-  n-p 

- WtTlfB - t 

r  :  2  p 

whcnx.*r,  Jclpapj.T>H:r»ir«u«>Mthot 

.^4» _» 
^  1> 

Given  r  -  a  4  6  cos  /if.  *"  •  -  -  ; 

Hence  f  »  n  w  -  bn  sin  hf 

F  (Jt)  3  r*ii  -  (a  ♦  A  co«  nf)2  (-  i>/i  sin  nf) 

>*'  (/)  *s  2  (er  4  A  cos  /if)  (A2/j2  sin2  nf)  -  A/»2  coo  nf  (a  h  A  coo  /if)2 
or  -  n2A  |2A  jJn2rtf  -  co»  tit  («  4  A  cos  /if)].  - 

This  ^  *  u2  *  2n2A  {-  2A  sin2  nf  ♦  (n  ^  A  eoa  nl)  cos  nf]  ♦  A2n2  s»o2  nf 

«  n2A  I-  3A  sin2  nf  +  2A  coo2  nf  +  2a  cos  nf] 

Using  this  In  (2), 

2  (p|  -  FI)  ■  n2pA  |3A  sin2  nf  -  26  cos2  nf  -  2/i  cox  /tfl.  ...  (3) 

•  In  drdcr  that //j  Islcnst.  u-e  muslhnvcf  =  07  ' 

A  2  (pj  -  n)  -  n2pA  |- 2A  -  2a J 

or  p,  o.  fi  -n2pA  (a  ♦  A). 

Problem  27.  A  centre  of force  attracting  inversely  as  tha  square  of  the  distance  is  at 
the  centre  of  a  spherical  cavity  within  an  infinite  mass  of  incompressible  fluid,  the 
pressure  which  at  an  infinite  distance  is  IT,  and  is  such  that  the  work  done  by  this 
pressure  on  d  unit  orca  through  a  unit  length  it  one  half  the  work  done  by  the 
attractive  force  on  a  unit  volume  of  the  fluid  from  infinity  to  the  initial  boundary  of 
the  cavity;  prove  that  the  time  of  filling  up  the  cavity  will  be: 

■  • 

a  being  the  Initial  radius  of  the  cavity  and  p  the  density  of  the  fluid 

Solution  :  Equation  of  continuity  is  z2o  «  f*(f).nnd  equation  of  motion  is 
3v  <h>  p  t  dp  : 
dt*v0x~  7x2  P3x*. 


x2  +0xU  J  ^  3*tpJ' 

_^.,I«,2-*-*4C. 
x  2  x  p 


Integrating, 

Boundary  condition*  nro 
ii)  when***®,  u*  0,p»n. 

Lctrbc  tho  radius  ofcnvityatnny  time I. Then 

(ii)  whon  x  ■>  r,  w  »■  r  «  u  aiyy.p  »  0. 

Since  pressure  -vanishes  on  tho  surface  of  cavity. 

(iii)  when  r  «  o.  u  ■  u  a  0  so  that  F (0  “  0. 

Subjecting (1)  to (0  and  (ii),  0n-~.C 


% 

rm>:% 


mgs*' 


_  %* 


and  -  +  f  “*  “  r  T  C :  * 

These  two  equations  =r>  -  —  as  r*u  ■  F (f) 

r.  -  &  7P  ' 

Multiply  by 


Integration  yiolds, 

In  view  of  (ill),  this  = 
Upon  subtraction. 


r  -,’r  ;  Jp 

-  0  •  p  o2  + o2  +A 
3  P 


~  —  i*  ji  (r2  -  a2) -4  —  — * .  (r2  -  a3) 
r  ^  7:  3  p 

r V ®  p  (a2  -  r3)-*!"  (a2 - r2). 


...  (2) 


It  is  given  tbnt 

Work  done  by  II  on  unit  area  through  a  unit  length 

-  —  .  work  dono  by  -  ^  on  n  unit  volume  of  fluid  from  x-«toico. 


Hence 

This  => 


I^orw  (3)  becomca  ... 

■dr-  -  2TI h,/2 r  3a  fo2-^)  Vfd,-/a)1l/2  r~  -  ■ 

.  dt-^H  3p  }  L  .  .  ;  J  .  /  . 

INcgatiw  sign  .is  taken,  beforo  the  radical  sign  becausc  r  decrenj  es  whon  t 
increases].  .  V'^  : 

Let  T  be  the  required  t3mo^  Then  >: 

f-  * •^(ot)x;vJ['  ? 

'  a  /Mv^  -  - ' 

^  -  :  ,s  V^|l 

/  Ca-r)^(2a4^ 

Put  r  *  a  sirr2  o7  .v  ;.-.:  !, 

^.^/i3p  S1"?  0. 2a sin gcoa O dQ  .. 

/  \  2UJ. JQ'  a^coaO .  a  (2  +  ain2  €) 

.  *  J&  J  *  .i/i. 

2  \I/ 

3J 


foaeo/irfonf  prcM£S^af,r/^f?nffy-  SAow'fAof  fAcp/wortof  iiiriafjee/’/ho/n  fAcccnfnc 
wAeh  themdlujfof  thefciiVitji*  xr  lx  to  fheptttsuin  at  Infinity  as 

*  <a*  T  ^  (<^  -  fW  • 

3oluttoir£^Satlon  of  continuity is  A  »f*(f).*ind  equation  of  motion  Is 

.l3g  .  ,=° 

■  4^  d£<  Ac  p  0hy.  " 

•a-W’-  ^  J  «rU): 

’  ■ 

't^'lnt^line.  :7rQ'"2“2*'p  +  C-  ’  ■  ■  -«> 


Let  r  bo  tho  radius  of  cavity  ttt^tmy  timo  t  Botimiitry  conditions  oro 
(i)  wlMinx*-, i/wO.p-JL-  . 

(ii>  whcnz»r,*»  w  u  «>,p  — 0. 

Sioeo  preeauro  vanish  os  on  tho  surface  of  cavity. 

(lij)  when  f  ».a,  w  «  u  »*  0  so  that  F (t)  «  0.  . 

Subjecting  ft)  to  (i)  and  (H), 


Thin  ^  . 

■  r  2r4  P 

M  ul  tiply  by  2F  dt  (■»  Tr1  dr),  yro  got  .  > 


-(2) 


las  /-*«  «  P*(0l 


-ZFF'dt  . 


./^ dr  ••  —  .  2r* dr 
P 


Integrating.  *V“*"f^r3  +  ‘A 

In  vk»w  of  (iii).  this  gives  0  -  —  ~c?-tA 

3  p 


_ f»ie 


:..<4) 


Using  this  In  (2),  wc  gct:  '  .  4 

E1IH  D  n.v w 2 to*-  A 

r;  *  f  3^(  ° 

or  ■  r'(0”s^(aS“^  ■ 

Writing  (1)  with  tho  help  of  (3)  and  (4),  . 

n  .  i  - 1  2  rtr. ; I 

3P  x  2  ,4*3  pi  ^  P  P 

P  „  . /'h3-4/,2\:  r(a?-r3) 

3x*  r2  4  (a3  —  Ir^  X3  -  r3  fa3  -  r3) 

'  ~ 

This  gives  the  pressure  at  a  distance  jr,  when  r  U  tho  nxfius  of  cavity.  In  onfo 
to  get  the  pressure  at  a  distance  r  when  the  radius  of  cavity  is  x,.wo  roplnco  r  by  f 
and  x  by  r.  Thus 
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Equation  of  Motion 


(Fluid  Dynamics)  I  17 


/>  g/‘4^»(a3-<^>)^~y3(©3--x3> 

n"  .  “3?V. 


problem  29.  A  spehri  isatraUn  on  infinite  mast  of  homogeneous  liquid  of  density 
p  the  pressure  at  infinity  being  P.  If  the  radius  R  of 0c sphere  varies  in  such  o  way 
that  R-‘0  +  b  cos  tit,  where  b  <  9,  show  that  pressure  a  t  the  surface  af  the  sphere  at 

any  time  UP +  ^~^(b -4a  cos  nt-Sb  e<xrit).. 

Solution:  For  tbo  sake  of  convenience  wo  wntoP^n. 

Provo  as  in  problem  26  that  '  *  -v  . 

.  2  (px  -  fl)wn3pb  135  sin2*/  -  2b  coo2  nt- 2a  cos  »/I- 
ITliis  is  the  equation  (3>  of  Problem  26 K  ^ 

=  n2pi  ^  |3  -  cos  2>ir)  -  2  (1  +  co^  2/i/)|  -  2o  cos  nc  j 


"  2  "  ^  ”  mla  co3  nt  ~  n*l 


P 1 


•  ft  ♦  ”■  lb  -  4a  cos  /tt  -  6b  cos2  n/J. 


Problem  30.  A  mass  of  uniform,  liquid  is  in  the  form  of  a  thick  spherical  shell  - 
bounded  by  concentric  spheres  of  radii  a  and  b  (a  <  b).  The  cavity  is  filled  with  gas, 
the  pressure  of  which  varies  according  to  Doyles  law,  and  is  intially  equal  to 
atmospheric  pressure  Hand  the  moss  of  which  may  be  neglected.  The  outer  surface 
of  the  shell  is  exposed  to  atmospheric  pressure.  Prone  that  if  the  system  is 
symmetrically  disturbed,  so  that  particle  mooes  o  long  a  line  joining  it  to  the  centre, 

the  time  of Small  oscillation  is  2r.  o  £  p .  j  ,  where  p  is  the  density  of the  liquid. 

Solution  :  Equation  of  continuity  is  s?v  0  F  (0  and  equation  of  motion  is 


d(f  Du  •  1  dp 

*^7  ♦  u  —  “ —  . 

dl  dr  -  p  dr 


Integrating;,  ~  ®  +  \  a  ~  ♦  C. 


l«t  r  and  Jt  bo  internal  and  external  radii  of  tho  sholl  at  any  timo  t.  Sinco  tho 
shell  contains  gas  hence  there  will  bo  pressure  on  the  inner  surface,  help  °  pj  when 
x“  r,  Sinco  the  total  mass  of  tho  liquid  is  constant. 

«■  -.3. 


...  f2> 


Dy  Boyle's  law. 


5«^p1-j»oa.n 


l'.*  the  initial  pressure  of  the  gas  is  equal  to  Qtmosphcric  pressure  I'M. 


Boundary  conditions  ani__  _ _ 1  ; 

(i)  when  x*R.  v*R  *  U  say.  p  »  n 


(Sinco  tho  outer  surface  is  exposed  to  atmospheric  pressure  fl). 

o3n  #4.  ^ 

(ii>  -  whon  x*r%  v  -  r  •  u  say,  p  ~  P\m  ~T~ . 

4k^9'-' 


Wo  wan  l  to  determine  aa  equation  of  form  x  a  -  px. 
■  Subjecti  ng  Cl)  to  (1)  and  (il), .  ■  ' 


£ 


Upon  Subtraction,^—-  Jf'  (/)  4  “  (t/2  -  1  j. 

For  610x11  osdllntions,  if*  and  t*2  aro  am oj ) q u anti t) as  and  hence  neglected. 

P  {Q  —r^u  *o  F'  (f)  M  2ru2  +  ? u2  ts  neglected 

■  Sinco  the  displ  a  cement  ii;»n»q}KTe4  r—a  *x,R-b  -yx'.  Then 


'  P  ;(o+j)J  :b+xT-a-x 


-  n  u -<1  ir/o)!i(h^ 

OP  (1+a  )4  ^“X  +  !>“a) 

n  m  (-axya)(bi-j):' 

■  “  op  (1  ♦  4x/ay  (s'- x  +  b  -  a)  ®PproX‘ 
(2)  -»  (*  *  ✓J3  -  (a  +  x)3  -b3-a3-  • 


of  JE3  is  nogloctcd. 


— +  — -dx 

b1  “ 


Tbereforu  ^  ^  J  (b  ♦  +~  +  *> -a) 


3xj> 


X  -  -  - 


a  (b  —  o)  *  ? 

3x5  n 


a  (5  -a)  *  a  p 
Timo  of  small  osoilation  is 
2jc 


when  p 


using  this  in  (3) 
3bn 


o2  p  (b  -  a) 


-  2ho 


r  Piy-o)-)1^ 

L  36n^  J 


Problom  20.  A  velocity  field  is  given  by 

q  .  (~iy  ^>1 


^+y* 

Determine  whether  the  flow  is  irrotaiionaL  Calculate  the  circulation  round  (a)  square 
with  corners  at  (I,  0),  (2,  0),  (2,  V.  (2,  2);  (b)  unit  circle  with  centre  at  the  origin. 

Solution ;  ^ 

(x^+y2)  .  ' 

'  01  To  dotarmlno  tho  nature  of  motion  ’Tg#'  .  - 

I  J  *Jk 

±  i5te^ 

ax  J^y'^si 


Curl  q.“ 


Motion  U  irrotatiQnal^^j 
(il)  Let  r  done  to  circulation.  Thoa 


r  whoro  c  b  dosed  path. 


ApplyiDgSLoicVlhcorem 

S&K*  ^S* 


.  dr" -  J.  curl  Fin  dS  j 


P<i.D  CM) 


oUo.oj  "tor1 


■  VW' 


^weget 


-11) 


T  **  I  curl  q .  n  dS. 

lienee  q  must  bo  continuous  diiTcrcntiablo  over  S.  In  present  earn  q  is  q©l 
continuous  at  tho  origin  but  origin  doe*  not  lio  inxido  tho  rcetangl©  so  thnt  StoWs 
theorem  is  applicable.  By  part  (i),  curl  q  «0. 

Now  O)  gives  T»Q 

lb)  Equation  of  puth  c  is  x2  +/  a  1, 

This  circle  c  contains  origin,  tho  point  of  singularity.  Hence  StokuV  theorem  >& 
not  applicAbte. 


-1 


{Mdx  *  Ndy).  say. 


DAf  y1-*1  W 

*  °  <*?  +/?  ” 

Mdx  *  Ndy  is  exact. 


-(?) 


Now  (2)  becomes 


-  -  lion’1  (ooLO)^  »-[  tan"1  ( tan  ^  ~  -  0  j  |  ^ 


Problem  31.  Show  that  ifq  -  r-  ^  (ax?  »  by 2  *  a2),  V*  ^  (/x3^  +  my?  *  /u2). 


where  a,  b,  c.  I,  m,  n  ore  functions  of  time  and  a  +  b  +  c  **  0,  irrotational  motion  is 
possible  with  a  free  surface  of  equipressurt  if  {l  ■+  a2  ♦  a)  e2^0^.  (m  -%  b1  ♦  b) 

(n  +c2  +  eje2^'*  are  cons tonts.  , 


Solution : 

(»)  Motion  U  irTOlational  if  V2^  ■  0 


0a-i(o x2*5y2*cr2) 
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Equation  of  Motion 


(Fluid  Dynamics)  /  18. 


%. -  0  '• 

a  ♦  6  c  -  0 

f  t!>  Bernoulli's  pressure  equation  for  unsteady  motion  is 
Xjox2 

q1  -  (VO) .  (VO)  -  (VO)*  -  X (  §*  j*  -  X  (<“)* 
Putting  the  values in  (2X 

— (1 + p*)  *  “  2K (/)■  ^  k 

For  a  firee  surface  of  oqmprcssuiu : 

dt  3r  dy  oz 


...(2) 

...(3) 


.(3) 


By  (3). 


By  <U 


■§?♦*£“•  .  -«■ 

— - -  Xx2  (/  ©aw)  +  E  iuc3  -  2F'  (O 
P  at 

=  Ii2  (/  +  20i  +  n)  -  2F'  (0  : 

~^-I2r(r  +  oJ)  +  Z2ir'  > 

ox  + 

p  dr 

*- 

Putting  thcao  valuta  in  (4). 

£x2(J-4  2ad*a)-2f**(r)-*'X2ax2(/-4a2-4d)-0 

or  IQ  *2aa+o)+2a  tf  4  a2  +  a)\ -2F*'(0-0 

It  is  identity  Hence  each  coefficient  of*1, y2.  j3  vanishes  Identically. 

(f  4  2aa+a)s2a(f4a5^a)-0ctc  —(6) 

and  /*'(0-0  -(6) 

Integrating (6).  we  gctFtO-c- constant. 

*  #  *'l 

or  log  (I  ♦  O  ♦  d)  4  2J  orff  *  log  Cj  3  J 

or  (J  +  c7  4  d)  e2/**  -  c, 

Similarly  (m  4  62  ♦  6)  e2J  **  .  c2  ^ 

(n  +  c2  4  c)  e2 1 flrff  -  c3  _ 

Problem  32.  Fluid  is  coming  out  from  a  smalt  Hole  of  cross-stcticm  <jj  in  a  tank,  if 
the  minim  um  cross-section  of  the  stream  coming  out  of  the  hole  ijO,.  then  shexo  that 

.£-W 


aV 


£2^  1 

Solution : Let PQ  be  iho hole  and P'^b^JufmSge on 
the  opposite  wall  of  tho  lank.  Ut  />,  bqjhh^tawure  at  PQ  V 
whon  tho  hole  Li  dosed.  Letpj  ho  tho  p^suro  iThd  q2  be  the 
velocity  at  the  minimum  cios>aoc4^;'n^vc!oicity  of  tho  ^ 
fluid  coming  out  from  roinimu^«o3s?|cctlon  Is  nt  right 
angles  to  the  hole  and  the^dlrfcctlonrof  velocity  will  be 
horirontal  there. 

Equation  of  motion  is  %* 

°lOj -P2)“ct2P7j3 

~  (Pi-P2>-^wf  ...a) 

Bcrpoulli’a  cquation-for  the  steam  lino  connecting  a  point  of  P'Qr  and  a  point  of 
minimum  cross-section  of  tho  jet,  becomes 


Pi  P2^l  2 
P  p  2vr 


►  PrPi-^W 


>Vom  ( J)  and  (2).  wo  hnvc 

*2  I 
<■/** 

Problom  33.  A  horizontal  straight  pipe  gradually  reduces  in  diameter  from  24  in. 
to  12  in.  Determine  the  total  longitudinal  thrust  exerted  on  the  pipe  if  the  pressure  at 
the  larger  aid  it  60  Ibf/in2  and  the  velocity  pfthe  woter  is  S  ft  /sec. 

Solution :  Let  it  j  and  A 2  bo  tho  cro***secliou  of  tho  larger  and  the  smaller  end. 
Let  q j  and  q2  bo  the  velocity  and  />j  and  p2  bo  tho  pressure  at  the  lancer  and  the 
smailor  ond  of  the  pipe.  From  tho  equation  of  continuity,  wo  have 


*  02?  Vi  *  *  (6?*  Vi  «*  *9i  *  *2 

Vi*  8  jt/*4cond  ■*  8  X 12  Inches/second 
w  96  Ihches/seeopd  *  '  f 

ByBcrnouIlfs  equation,  we  hay  a  ■ 


-.(1) 


P  2 


'<72 


...12) 


...13) 


OT  by  (Ik 

lb  longitudinal  thrust  exerted  Pii  the  ptpo 

'“Vi-iV'a 

From  (2),  we  have 

:  Py-Pt— |pxl5x(M)* 

From  (3)  and  (dX  we  have."  1 

Total  Ihurt  -  36*  £;>i  +-£PX  J5X9$X  96  j 

^  w  3AX f  lCQ  I  1^  ^13X90X96 

,-20x^100*  12‘iciix  12  J 

-3«x2W(ht 

Problem  34.  Liquid  Is  discharged  ot  th*  rat0f3g$-'f^itcc  from#  siphon  in  the 
reservoir.  The  siphon  has  a  diameter  of  6'liidiFind  the  devotion  »  ana  the  fluid 
pressure  at  the  top  cf  the  siphon.  . 

Solution  :  BemouQlb  equation  Toj^tho  three  points  on  tho  same  atre  rpllnocon 
bo  written  as  '  ^ 

2?.£».r 

%+s+Ta^ &*<&**'  ’¥+i rx» 

Hero  qQ  -  o.p,  ~Pfr~Xo-y2  (let)  . 

. 


£9 


lv 


3-80  x  16  x  7 
"  :  -22..... 
>19-62  floret 
q2r2gx  / 

'  '  ;  19-62x1982' 
'  --  2x32 

-  S  fL  (opp.) 


t;Sinc«  the  velocity  at  tho  top  Is  tho  saioa  as  that  nt  tho  bottom.  Bernoulli*-; 
^■b^uation  written  botween  these  two  levels  gives 

—  -  —  8  ft.  of  liquid. 

Pd 

i>.,  bolovr  th©  atmospheric  preosurr?. 

Problem  35.  A  conical  pipe  has  diameters  of  llTem.  and  16  an.  ot  the  turo  ends.  If 
the  velocity  at  the  smaller  end  is  2m!  see,  what  is  the  velocity  at  tho  other  end  and  the 
discharge  through,  the  pipe  T  _J 

Solution  :  Let  q,  and  bo  the  velocity  at  thasmallcr  and  larger  ond.  From 

continuity  equation,  wo  have 

Here  <?3-2  nv'sec.  Ax  -  (n/4)  (0-1)5,  A2  -  (tt/4)  (0-15)2. 

-At 

(015)2 
-  0  89  m/*cc. 

Diachargo  through  the  pipe 

*  Q-<n*i 

«  08157  mVace. 

Problom  36.  A  horizontal  can  leal- pipit  has  diameter  2$  an  and  40  cm.  at  thetujjjr 
ends,  (a)  Calculate  the  pressure  alt  he  larger  end  if  the  pressure  at  the  smaller  endl*\ 
6  m.  of  paler  and  rote  of  flow  «  n^/sre.  (h)  Calculate  the  discharge  through ite} 

pipe  if  the  manometer  connected  between  the  two  ends  reads  10  cm.  of  mercury. 

Solution  :  Lot  qj,  q2  ^  tho  velocities  mdp^p2  be  tho  prwurt*  ot  th©  largo} 
and  smaller  ends  of  the  conical  pipe.  Lot  Q  bo  tho  dxflchnrgo  through  tho  pipe,  then- 
Q-Ai?l 


A  0-3 
~  A,  "  (k/4)  (04)? 


From  th©  continuity  equation,  wo  hav© 
At  (CM)7 
(a)  Using  Bernoulli's  equation,  wo  havo 


x  2-38  *  6-30  m/*cc. 


£i  lL  +  — 
P  "  P  ‘ 


..(ft 


(Hcroxj  "*3) 


IWR! 


ffvfemTO  of  wATumncaL  sen  n  cm 
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Equation  of  Motion 


(Fluid  Dynamics)  /  19 


„  (2  38)a  Pi 

',t2x9^1  “  A  *2x9*81 

.'/»*  .  (£38)2-(8-10)2 
p  ***'  2x381 

-  34  m  -  034  kg/cm2  '/ 

Pressure  at  tire  larger  end  -  0*34  Vg/cm1.  ■ 

<b)  •  fVxwn  manometer,  we  have 

10(13  6-1) -126cm.  -  l-26m. 

.  p  p  . 

From  continuity  equation,  we  have  -  V  ' 

A(9y  0^272 


Using  Bernoulli’*  equation,  we  have 

£lV— -  —  f  — 

o  *  2ir  "  p  2ff 

$1  /  fl£  i  ^  P±Z£l 

.  .  a?\**r  ;  P 


3 

=*  — ^(258)3-lI  1-20 

*& 


9,  «^l-26x2x|||  «  2*11  ro/sce. 


-  lienee  di  fdiarac  through  the  pipe  is 
Q3*j9, 


Problem  37  *  A  pipe  of  IQ  cm  diameter  h  suddenly  enlarged  to  20  cm  diameter.  Find 
th*  lot*  of  Accj  t  token  CO  litre/  see  of  looter  is  flowing. 

.  Solution  :  Let  91  and  92  bo  the  velocities  at  the  smaller  and  larger  end  of  the 
pipe,  then  j 

Q  Q 

or 

or  _  •  0  05  -0  05 

"  C*/4>  (0-1)  V  "  (n/4)  (0-2)x 
or  q,  »  M6  m/tscc..  92  -*•  1-59  m/scc. 

Low  of  lieu  J  due  U>  sudden  enlargement  '  \ 

(V|“V2>5  1636  -‘l:59)3  _ 

“ - - - —  -  — — -  ‘  *  j-jo  m 

2  x  9  81  • 

EXERCISES 

1.  AMuroing  UjotUic  cocth  la  m  floid  *pbo»eofr*diu*o,  of eoiv«v»nt3ort»ityp.  orul  without  s 

rotation*.  »ho>w  tKnL  the  preaxure  at*  tfUtanc*  r  from  the  centre  I*  t go  pf  1  —  ~ 

2  v  a 

2.  A  hum  of  fluid  of  density  p  and  voltuae  (4/3)  xe*  u  is  in  the  form  of  a  sphonrs]  sheJI^!^ 

Themis  a  coosant  pressu  rep  on  the  external  nuiaoe,  sad  xcro  pressure  on  0»o  ioti  mal  _  1 
surfsoo.  Initially  ilw>  fluid  is  at  root  and  the  external  r*  d  lu*l »  2/i  c.  Show  that  WfesyfreiL 
uuraal  ndlut  hxomat  ns "  *  * — "  *‘l  *  *  '  *  '  *  ™ 


one.  the  vdodty  (/of  the  oxlenrjal  surfsca  is  given  hyt, 

u*-“z 

3p 


3.  Provo  that  If 

.Dl»  /Jo  3u\  ■■  /  J uDuf\ 

I  "a<  V(at  ’Dr) 

Aa«lp,p  k re  two  similar  expretsioot,  then  Xdt  +  p  dy-*vdi  Is.s  poifoctdirTcrtnlial.  (f 
tho  fore**  are  coasarvativo  sad  the  dually  {>  conaUaL  -yp 
4  Jffis  the  rosultentvolodty  atanjr  polotofaUuid  whJchL^m^viogirrotaUonally  in  two  - 
dimensions,  prove,  that.  Jp  -2> 

S.  Show  that  in  Lho  motion  of  a  (hud  ia  twe  dicaoosloasifUiecurTcnt  co-ordinate*  (x,y)  are 
expressible  }n  lenns  of  Initial  co-cfdlnatc^o^fcKdpd^  tho  tlmo,  then  the  motion  is 
irrotational  if  '  \fc,  'wSi. 

o.  ^ 

D(a,A>*3(e.6)^-%  ^ 

9.  ihrove  that  for  stondy  motion  of  n  o  ioWsokflm tropic  fluid  p  -  f(p). 

f  &»i4w»94‘  . 

ovor  a  surface  containing  thesUcaxo  lines  and  vortsx  linos.  Comment  on  tho  nmiuro  of 
this  constant.  ' 

7.  (a)  When  velocity  potential  aula  and  Iho  forces  are  conservative,  show  that  ®:*ilc^» 

Dynaroknl  equation*  can  always  be  integrated  in  th«  form 

J 

where  the  symbols  have  their  usual  meaning*. 

(b)  Air,  obeying  Boyle's  law,  la  In  motion  ina  uniform  tubs  of  unsll  section.  Prove  that 
if  p  bo  tjio  doiuily  end  u  the  velocity  at  a  distant* or  from  a  fixed  point  at  liaoe  f, 

where  k  ij  the  prewurA  divided  by  lb*  density  and  auppOKd  constant. 

8.  AoinAmte  fluid,  in WWch them U a apbericJboncrtvofrudluxo.ljinjUiByntrost under 
the  action  of  no  fprt**.  If  aconstsnl  pmstire  n .is  applied  at  infinity,  show  that  the  timo 

.  of  filling  up  tho  cavity  ie  2^*  t^a  ^  *  j  j  ?• 

9.  Prove  that  the  dcuUtion  ta  any  ck«od  path  moving  with  tbo  fluid  it  constant  for  all  timo 
giving  the  condition*  under  which  Ithsldx.  Hanc*  deduce  th«  iheomn  of  the  permanence 
of  ImUUooal  motion. 


10.  A  sphere  of  radius  o  alono  is  on  unbounded  liquid  which  is  at  a  grout  distanco  from  tho 
sphere  and  Is  subjected  to  no  external  (bras.  The  sphere  is  fined  to  vibrato  ml! ally 
keeping  its  spherical  shape,  the  radius  r  at  any  time  bring  given  by  r  »  a  +  6  cos  nt. 
Show  that  ifllUtho  pressure  in  tho  liquid  at  a  great  dUtonco  from  tho  sphere,  the  least 
pressure  (assumed)  positive  *t  ihc  surface  of  the  apSere  during  the  motion  is 

‘  n-ftVfafi). 

11.  If  ui  is  the  impuUivo  pressure;  $.  p'  the  velocity  potential  immediately  before  and  nfttr 
an  iropuko  sets,  V  the  potential  of  Impulses,  preve  that 

<i ♦  pV + p  ft  -  ^0  -  const, 
where  p  is  tho  density  of  tho  fluid. 


'.&ix 

4%.  ~5- 
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sources;  sinks  &  doublets 

(Motion  in  two  Dimensions)  v 


SET  -  III 


y/ 


3.1.  Motion  In  two  dimension* : 

If  tho  lines  of  motion  aro  parallel  to  a  fixed  piano  (flay,  X?  piano),  and  if  the 
velocity  at  corresponding  poiaU  of  all  planes  has  the  some  magnitude  and  direction,  . 
then  motion  is  said  to  bo  two  dimensional,'  Evidently^  in  .this  enso  id»0  and 
•'  * .  ;.--:tt»u(r.yfOfv-w.(*,y,flk  V- 

In  tho  diagram,  a  aormnl'ia  drawn  t&oughJP  which  . 
moots  i'y.  pJ an e  In  J>".  Tho  points  P  ond  P'ajre  ^ 
corresponding  point*. ..  ‘  • 

3.2.  Uigrango's  stream  function : - 

(ft.  current  function). 

Suppose  tho  motion  is  two-dimensional  so  that  u>  *  0, 

ThodiXTorential  equations  of  stream  linos  are  given  by 

dx  dy  . 

. —  -  -x-.  i*.. 


Mr-aj. 


vdx~udy-0l*Mdx4N4y)  ...(1) 

Tho  ©quation  of  continuity  for  Ihmolpresslblc  fluid  in  two  dimension*  is 

U  +  ^“Q  - 

Tins  dccjorco  that(l)  is  an  exact  differ  onUal  say  dxfjx. 

vdx-u  dy  -dyn^dx  +  ^dy. 

■dx  ay 

Thi*  -» o  ■  4^,  -  u  ■ 

th’  ety 

Now  U)is  cxprcnsiblo  asdy  *0. 

Intcgrat*ngit,y-  const.  ...  (2) 

Tills  function  y  is  called  iho  stream  function  or  cumni function. 

Tho  stream  line*  oro  givoa  by  0),i^..V  »  const.  It  follows  that  stream  function 
is  constant  along  a  stream  line. 

Remark.  (l)]t  Is  dear  that  the  existence  of  a  stream  function  is  a  consequent  ’ 
of  stream  lines  and  equation  of  continuity' for  ipcomproasibla  fliud.  (2)  Stream 
function  exists  for  nil  typo*  of  two  dimensional  motion — rotational  or  imoUlional. 
(3)Tho  necessary  conditions  for  the  oxutaooo  of  v  aro  .  -1 
(i)  tho  flow  court  be  continuous 

(ii>tho  flow  must  bo  incompressible.  "v  ' 

3.3.  The  ditferonc©  of  tho  values  of  y  at  the-two  poInUTepresenls^^ 
flux  of  a  lluld  across  any  curve  Joining  tho  two  points;’-  A 
Proof  sSupposo  ds  la  n  lino  domont  at  a  point  X 
Pfcr, y)  of  a  curve  AS.  Lot  the  tangent  PTajako  an 
anglo  6  with  x-axis.  Let  PH  bo  normal  at  P  and 
(u,  u)  tho  velocity  components  of  tho  fluid  at  P. 

Direction  casinos  of  tho  normal  PN  are 
cos  (90  +  0),  cos  d,.cos  90, 
fa.,  -  sin  0,  cos  0. 0.  . 

For PH  makes  angle*  90  +  0, 0, 9Q  with  x*yif'  [~/f0 
axes  respectively  '  % 

Inward  normal  velocity " n.q.  in  usual  nofiibonj^ 


»  u  (-  ain  0)T^dorO)  +  (0).0 
«  -  u  a  In  0 -Kp^coj’^Q  ’  ° 

Flux  across  UiccurvoAS  fiomilght  to^eit 
-  density,  normal  volo.ayei'onho^OM  ioction 

f  .  ‘  1 

-  r-  p(n.q)<£*Vfe  p(-ti  sinO+vcos  0)<£* 

/a?  '^aB 

where  y,  and  Vj  aro  tho  values  of  y  at  A  tnAB  respectively. 

Fhuc  across  AB  is  p  Ivj  -  Vj). 

Thi*  proves  tho  rcHjuircdi  result. 

3*4.  IrrotaUorwf  motion  In  two  dimensions 

To  show  that  in  tuxxlinunilona}  irrotatlonai  motion,  stream  function  and 
\  wfocityjptcntial both  tofts fy  Lapfocts  tqualbn.'.''  ,  . 

Proof?;  lot  tho.  fluid  motion  be  irrotational  so  that' 3  velocity  potential 
$  »-t-q  ■-  V  d»,  this  «o 

-  -  i.— ■  -a) 

dx  f.;  oy 

(Hero  tho  component  w  doo*  not  exist). '  >- 


If V  I*  a  stream  Junction.  U»w 

u  v. 

SlflpI:rron(l)in(ll2X 

Cbr  4r* 


Thi* 


-9-8 


This  w»  vV  "  0-  Hoaco  tho  roeult- 
Step  31 :  To  uhow  that  0  satisfies  Laplace** equation. 

Solu  Lion  :  W«  know  that 

U  3*-"  dy 

By  equation  of  continuity,  .  . 

\J*&-  ■  .  - 

or  *  ®'  or  . 

Henco  tho  rtatolu 

Noto  tho  following  point* 

( 1)  Thn  *  Cream  function  y  exists  ^whether  tho  motion  Uirrotallonal  or  not. 
(2>  Tho  velocity  pckotid^oxiiU  oDly  whan  tho  motion  it  irrotational. 

(3)  When  motion  Is  li^WUoh^.  O.euu*^ 

(4) '  O  and  V  both  sotia(^l^*i>laieo'oquL]ition;/x^ 

Also 

,tr^  *Jx  j.  3y  *  ity  -  ■  Jdx  -  -  * 

Pi~ob  J  e  Dx.J':To\s/imu  that  the  family  of  curve*  0  (jr.y)  »  ccnrC.  end  v  C*,y)  “  conn 
cut  orthogCrnOllyoi  their  point  of  intwnection. 


Or,: 


TojpibwijJiat  the.  curvc-t  of  constant  potential  and  constant  ttrrant  functions  cut 
oritiogonalty  at  their  point  of  Intwctian. 
j^^jSoIutlon.  Curve  of  constant  potential  Is  givon  by 

^  »  const.  IhU  et>  da »  0  = 

^or 


■  g &+%*•<>:  ■  — 


.  — say.  where  <tJ 


'Cy  etc 

Hero  m,  is  the  gmdiont  of  tangent  to  the  curve  a  -  const. 

V,  dy 

Similarly,  v  "  const »  m2,  *ay 

y/j  ox.  s 

_  f  $k  V,  \  •  Oj  -  V*  (-a)o  . 

or  m,mj  *-l.lhi*  provo*  tho  required  rctulL 

Problem  Z  If  $  (x3  -y2)  represents  a  possible  flow  phenomenon,  determine  the 

stream  function. 

Solution :  Horo  <>  -  A  (x2  -y2). 

=>  V  n  2Axy  r  C. 

where  C  i*  an  integration  constant,  which  i*  tho  required  stream  function. 
Problem  3.  The  velocity  potentiate  o,  -  X1  -  y*  and  bj  -  &  cofl  (0^0  ore  solution*  of 
the  Laplace  cquolion.  Prove  that  the  velocity  potential-  Qj  »  (x2  -Jr7)  +  Vr  cos  (0/2) 
satisfies  V2p,  »  0. 

Solution ;  Hero  $ ,  »  x2  -  y2  and  C^  »  Vr  cos  (0  /2)  - 

Tho  Laplace’*  equation  in  cartesian  coordinate*  and  cylindrical  polar 
coordinate*  i*  given  os 

or  ~  ^  cos  {(V2)  -  — ^  coi  ((V2)  +  cos  (CU2)  -  0 

that  0j  nnd  bj  satisfy  Laploco's  equation. 

Thu*  V7o,  =  OtV3bj-0 

Adding  Va(o,  +  b2)-0  '  -  '  ‘‘  \ 

Uut  b|  *  bi  -  Oj 

V70j  =  0. 

Problem  i  Shout  that  u  •»  ‘2Axy,  v  «  A  (a*>  x7-y7)  one  the  velocity  components 
possible  fluid  motion.  Determine  the  stream  function. 

Solution :  Here  u  •  2Axy'.  v  »  A  (o2  *  x? -y^).  ■ 
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■  This  will  bo  a  possible  fluid  motion  if  it  satisfies  Ifco  equation  of  continuity 
ix.i  •  ■ 

|;-*;|.o~2Ar-2Ay^o.;; : ; .  : 

.which  ts  trn  a.  Therefore,  tbo  given  velocity  components  constitute  a  possible  fluid 
faction.  »  .■■■■..*■■",'■ 

We  “know that '  u  n-^and  v  . 

•  <tr  ■  She-  -  ■"  /■  •  - 


^«-2A*y,  and ;Jz£\;*AXaf.+xt 


s°  ■ 

By  integrating,  we  havo 

Differentiating  (2),  wo  havo 


-.0) 
.’.(2) 
...  (3) 


From  (1)  and  (3),  wo  hovo 

-ity2  4  -  A  (a2  +  x2  r  y^)>»  ^  »  A  (a*  +  ^) 

By  Integrating,  wo  havo 

/(x.f).-A^o2x4-^x3J^x(0. 

Substituting  (ho  value  ofjf(x.  t)  in  (2).  wo  hiiyo 

V-A  ^<?x  -acyf* £  jt 

which  is  tho  required  stream  function.  ‘  _ 

Problem  ff.  Find  Me  stream  function  y  for  the  given  velocity  potential  ft  <*  or,  where 
c  is  constant.  Also,  draw  a  tel  of  streamlines  and  equfpolential  lines.  (XfoS^ZOlO  model) 
Solution  iTho  velocity  potential  ft  -cr  represent*  fluid  flow  bedtuso  it  satisfies 
JLaplaco  equation  V2«>«0.  .  • 


Since 


“  ■»  -c  •  a  nnd  u  - -1^. 

«  ,  3y 


Thorofom  -cy 

PifrerentiatlnB  with  regard  to x,  wo  have 
*2 

But 


“>  /*:(r)-0,  ->/“(x)  -  conrL 

Tho  stream  function  y  is  given  as 
y»conrt.4cy. 

which,  represent*  parallel  flow  io  which  lUtam 
lines  ore  parallel  to  X-axis.  ' 

Tho  corro^pohding  stream  tinea  and 
equipotcntinl  lines  arc  represented  as  follow*  (Fig. 

3.3): 

Problem  &  A  velocity  field  is  giver^  by 
q  11  ~xl  4  (y  •*■  f)J.  Find  the  stream  function  and  the 
stream  tines  for  this  fietd  at  t  -  2. 

Solution.  Hero q  »ui  +  vj  ■  -ri  4 (y  ♦  t) J 
*•  u--x,v~y*t 

We  know  that  ...  H; 

-  u“  -  rand  •  v  -y  ♦  f.  „ 

By  integrating  (1)  with  regard  toy.  vre  havtf^t,  t-** 

where  /(* .  0  is  *n  integration  constant.  ^-r 

It-, .If 


...  (1) 


...  (2) 


4-Conu.  v-0;i 


i&n-  cieu: 


.0.2) 

...  (3) 
...  <4)' 

...(6) 


From  (2)  and  (4),  wo  havo  % 

“*  /(X.  !)-*#♦  . 

From  (3)  and  (5),  we  bav<j'vi> 

ynxyrrt  ♦  £<*)- 

At  f-2.  V~x<y42)  +  *  (2). 

The  stream  lines  arc  given  by  y  •  const.,  therefore 
X  (y  ♦  2)  *  const.. 

whfch'represcnt  rectangular  hyperbolas. 

Problem  7.  Prove  that  far  the  complex  potential  Inn” 1 x  the  stream  tinea  ana. 
cqui-potentiats  are  circles.  Find  tho  velocity  at  any  point  and  examine  the.  I 
singularities  at  t  »  ±  L 

Solution. Tho  complex  potential  is  given  by 


ia*»0>  iv«  tan-1  x. 
to  «  ft  -  *  V  =  tan-1  x. 


Also 

By  subtracting  (1)  nnd  (2).  wo  have 
n”1*  - 

- »  x2  +  y*  +  1  -  2y  coth  2<*_ 


...  (1) 
...<2) 


2iy  ■  tan*1  x  -  tan*1  x  -  tan-1  ■*  ~ i 

1  4ff 


\*n1iyn—  . 

l+xi*/ 

Tho  stream  line*  y  a  constant  represent  tho  circles 
x3  +  y24  \<*2y coth  2v- 


,  Similarly,  by  adding  (1)  and  (2),  wo  have 

2ft  » tan'1  z  4  tan_I?»  tan’'* ,~~b «  lan'1^ " — ) 

^  l  —x2  -y2  »  2x  cot  2ft. 

The  equi*potentiala  ft  -  const,  also  represen  t  circles  which  are  orthogonal  to  the. 
jtnamHne*  y  -  const>  and  form  a  co-adal  system  -with  limit  points  at  x  » t  i.  Tho 
velocity  component  (a.  v)  is  given  by  r 

;  -<« 

the  denominator  vanishes  atz  ■  t  i,  therefore,  it  represeJitathoaingidaritiftaat 
these  pmnts.  - 

Atx  -  4  i,  substitute  i  4  *j,  where  }  x|  |  is  very  small 

.  ~  dm  da>  1 _  1  . 


dx  -  dxv  .  1  4  (-  1  4  2it$  2ixy 


by  integrating,  wc  hnvo 
io  -• 

o  that  the  singularity  at  a*  i  is  a  Vortex  of  strength  with  circulation 


io--|ilogx1- 


Sinjjlarly,  tho  singularity  ot e*-ii»  a  vortexof aUebgtll  *  » |  with  drulalion 

W  -  •'  *$£/*  - 

3^. Complex  Potontial.  'x  %  *  v  ■  ,T 

Suppose  ft  and  v  rop resent  vclodly^  pclcntial' and  itreani  function  of  a  two 
dimensional  irrotaiional  motion  of  a  prefect  fleii  Let  to  -  ft  4  ixf.  Then  to  is  defined 
a*  complex  potential  of  tho.  fluid  ^otlcft^Slncc  ft  ■  ft  (x.y).  V  *  V  (*00  80 

to»ft4iy  can  be  expressed  as.ffunetloiv  of  t.  Hcnco  »«f(r)*ft4iy  where 
r-x4iy. 

Also  we  know  that  ‘  5k  •  <tk;*  t 

x  ^ 

*  dr  -  "• 

which  are  Ca\ichy*Iireroann  equationa.  Thus  Cauchy- Kicmsnn  equations  ore 
satisfied  io  la  annlytic  function  of x. 

Converrelyf? fto  is  analytic  function,  thon  ita  real  and  imaginary.  I-#,  0  and  V 
give  the'VclodtV  potential  and  atream  function  for  a  possible  two  dimensional 
ijTotntionoifltiid  motion.  .  S;>  = 

^THoorem  1,  .To  prove  that;  any  relation  of  tho  form  to  •fig}  where 
<A»-*ft^4iV  and  x**x4iy,  -reprosent*  a  two  dimcnsfonal  irrotnllonal  motion,  in 
which  the  magnitude  of  velocity  is  given  by 

y-  If  I- 

Proof,  w  -  o  4  iy.  u»  -  f(z). 

D1  ffcrc  n  tie  ting  w.r.t.  x, 

dr  it  ■«  «  . 


dio 

dx 


-u-4  4u  nsx  »x+  iy  vo  3z/3x«  J. 


This  «>  |  “  j  -  V(ul  +  e2)  -  magnitude  of  velocity. 

Hence  j  J  represents  mngnltudo  of  velocity. 

Remark.  tThe  point*,  where  votodty  Is  zero,  are  called  stagnation  points, 
dto 

Thus  lor  stagnation  points,  »  0.  ■ . 

3A  Cauchy- RIemann  equation*  Iii  polar  form.1 

to  -  f{2 )#  to  *  ft>  iy,  ‘ '  z  ■ 

Hence  ft  4  iv  * /"  C**®) 

Diflbrentlntingw.r.t.  rand  0,  respectively, 

I 

Combining  these  two  equations. 

]-£*£ 

Equating  real  nad  rroaginary  parts, 

_r*X.m&.r*SLm'?2 
r  ?r  dO'  dr  30 

r  do'r  ae  Or 

These  two  equations  are  known  as  polar  form  of 
Cavdiy-RIcmann  equations. 

3.7 -Two dimensional  sources,  alnks. 

(I)  Source* :  .  j  .  » 

A*ource(cwo  dimensional rimpto  source)  Is  a  point  from  which  liqui  diaftaillted 

radially  and  aymmctricnlly  in  all  directions  Id  ay-plane.  }  . 

(II)  Sink :  A  point  to  which  fluid  Is  flowing  In  symmetrically  and  radially  ia  ail 
directions  is  called  sink.  This  sink  i*:  a  negative  of  source,  * 

DifToronco  between  source  and  rink. 

Source  is  a  point  at  which  liquid  is  continuously  crentedimd  rink  i*  *  P?”” 
which  liquid  ix  continuously  annihilated.  Really  speaking,  rewceaod  sink  arc  pwtsy 
abstract  conceptions  which  do  not  occur  In  on  turd. 
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Sources,  Sinks  &  Doublets 


(Fluid  Dynamics)  I  3 


(1U)  Strength :  Strength  of  a  tource  ft  defined  as  total  volume  of  flow  per  unit 
time  from  it-  . 

=  Tim*,  if  2xm  ia  t ho  total  volumb  of  flow  eexos#  any  small  circle  surrounding  the 
source,  then  m  Is  called  strength  of  the  source.  Sink  U  a  source  of  strength  -  tn. 
3J&.  Compklx  potential  duo  to  A  sourco »  ..< 

ToflDd  thoeompTcx  potential  fora  tvroditocosionidspUJTobfstroAgthm  placed 
at  tho  origin- 

Proof :  Consider  a  source  ofsLrength  m  atthecrigin.  V/o  are  required  to 
determine  complex  potential  w  at  a  poinj  P  (r,  QXduo  to  this  source.  The  velocity'  at 
P  doe  to  the  source  it  pundy  radia).  let  this  velocity  ho  qr  Flux  across,  a  circle,  of 


radius  r  surrounding  tbo  sourca  at  Q  Is  2x  rqn  By  y 

'definition  of  strength, 

.  v  .  :2xrg^*2r.wx.  banco  qK »  mdr.  .  ..  . 

Then  u»7rco«  0  *~co«  0 


v  *  qr  tin  0  =  ”  sin  0L" 


Wo  know  thot 

■  •  ^  „  _ 
dx‘ 


®  cos  0  fain  01 


'  dut 


n  o- 


»  <£  .  /■;  *rc,p. 

HI  .  , ' 

a-—  ■  or  ou;  *»-n 

.z  ■ 

Integrating/  m  »  -  m  logx. 


(neglecting  cons  tan  to  f  i  n  togra  ti  on  ) 
(l)b  tho  required  expression.  .  .  v- ■  , 

.  Deductions :  (1)  If  tho  sourco  +  os  it  ait  a  point  x®  zjlnplaoo  of*  ■  0.  thon  by 
shifting  tho  origin,  .  '  ’  ‘ . 

jwchovo  [y-.-mlog.fc-Zj). 

.  Thk  is  the  required  expression  for  to  In  this  case. 

(lijTo  find  the  complex  potential  w  at  ony  point  x  due  to  sources  of  strength 
m1%  m3,  .ii  situated  at  oj,  oj, o3, 

"Proof?- Step  L  To  determine  to  duo  to' a  source  tn  at  tho  point  z  -  0.  (Horn 
provo  os  in; $  3.8  that  w  ■»-«  log* . 

Step  11.  If  a  sourco  of  strength  4>ii  isetz  -r,.  thon 
in  —  mjlogfr-z,).  by  step  XT 
Tho  roquired  com  pi  ox  potential  is  given  by 

w--m1Jog'(z-o1)-/njJog(*  -afi-... 


t  mn  log  (r  -  an% 


n  •  1 


*S; 


0»-  21  mn\*grn. 
»-.I 

3  r.V0-* 


V  3  "  2:  mn0„ 


3.9.  Two  dimensional  doublet  s 

A  doublet  is  dnfinevl  us  a  combination  of  source' -*-«i  and  jink^m  of  o  small 
distance  5s  apart  s.t.  the  product  mbs  it  finite.  (Sink  -m  moanssink  of  strength 


fis  5-o^thtf 


Strength  of  doublet.  If  mbs  ^|i=  finite  whero  m  &»  ^'OTthen  p  is  called 
strength  of  the  doublet  and  line  &*  is  cnllcd  tho  axis  of  the  doublet  and  its  dircctioa 
is  LaVen  from  sink  to  source.  k'^»r 


3.10.  Complox  potential  for  a  doublet : 


_  r<fe,  -V 

Let  a  doublet  AD  of  strength  u  bo  formed  by, a  sink  -  m 
u>5q). 


at  A  (r  *  o)  and  source 


*m  at  B  (z 
Then 


...  (I** 


*.,.abA 

IFor  z  . 

as  a  is  tho  inclination  of  the  (bus ro{. the  doublet  with  x-axis.  Thocomplox  potential 
w  duo  to  this  doublet  at  any  poinfPfz)  (s  givon  by 


w  -  •*■  m  log  (x  -  o)  -m  log  lr  -  (o  ♦  So)] 
t  f  z -a~ba  } 


1 ) 


n.  ^  upto  first  opproxi motion. 


-log(l  -z)-z  ♦  ~ 


"by  (1)  =  ^ 


n,'«  ■■ 

wot - is  the  required  expression. 

|**rO  f  -  .  ;  .V; 

Deductions  (i)  If  Hie  axis  of  doublet  Is  along 
x*  axis,  then  1.  .... 


a  -  0  >0  that  id  = 

1  —  a  j  -  a  ' 

<li)  If  tho  axis  of  doublet  is  along  x-axis  and 
tho  doublet  is  at  thoorigin.  thon  a  «» O.a  »  Osothat 


. 


(ill)  If  a  systom  consists  of  doublets  of  strongth- p,,  jJj, . 
z«ot,a2 .  then  w  due  to  this  systom  is  given  by 


placed  at 


* 

tv  ^  2.  - 

- 


where  <x„  is  tho  inclination  of  tho  axis  of  tho  doublot  of  strongth  with  x-axis^. 

3.11.  Image. 

If  thoro  exists  a  curvo  C  in  thoxy-pbso  in  a  fluid  3.L  thcro  is  no  flow  across  it* 


then  die  system  of  sources,  sinks  and  doublets  on  ono  side  of  C  is  said  to  b«  the 
.  images  of  the  sources,  sinks  and  doublets  on  tho  other  side  of  C. 

Significance  of  Image  "• 

A  two  dimensional  irrotational  motion  whon  confined  to  rigid  boundaries  ii 
regarded  to  have  been  caused  by  tho  presenoo  of  sources  and  sinks.  If  we  toko  the 
Ml  of  sources  and  sinks  (imagining)  to  bo  on  cither  sidoof  the  rigid  boundaries,  the 
velocity  normal  to  these  boundaries  will  bo  zctol  As  xch  these  boundaries  be 
taken  as  strooxn  lines.  This  is  duo  to  the  property  of  stream  lines  that  tho  velocity 
prepcndiculnr  tostrenm  lines  is  zero.  This  ret  of  sources  apd  Sinks  on  either  sid#  ix 
called  the  image.  Thus  the  motion  is  no  longer  constrained  by  boundaries  so  that  it 
is  possible  to  predict  the  n  atu  ro  of  tho  velocity  and  pressure  at  oach  point  e  f  tho  fluid. 

3.12.  To  find  the  image  of  a  simple  lourca  ia.rwt  a  plane  {straight  line)  and  show 
thnt  the  image  of  a  doublet  w.r.L  a  plane  is  an  equal  doublet  symmertically  placed. 


Proof:  (i)  To  find  the  image  cf a  source 
w.r.l  a  straight  litie  (plane).  We  aro  to 
dclcrmino-thc  imago  of  a  source  +/n  at 
A  (a*  0)  w.r.t  the  straight  line  QY.  * 
source- ♦  «i  at  0  (-a.  0).  Tho  cocopfw' 
potential  at  P  duo  to  this  aystem  it  givya; 3 
by  10  -  -  m  log  (z  -  a)  -  /ji  log  (fefaf" 

-  -  m  log  (x  -  a)  (z  +  aif 


0  “  m  log  (rje*0* . 


...(1) 


log  ^1^.2  t0*  1  where  PA  -  rJ(  PD  »  rfi 

or  0  *i\f~  ^/r^jlbgX^j  r2>^1  <°t +  M 
This  yr»  ^jrS^bj- +  O^X 

If  P 1 1  e*on  >•-' thon  PA  -  PB  so  that  ZPAB  -  ZPBA, 

' *-  . 0>n^0lf02.  ...  (2)  I 

By|i7^dt2'), 

,i_  "  ~  mx  or  v  -  conaL 

_  '^ir-Wpans  thot  y-oxia  is  stream  line.  Heaco  tho  image*  of  »  source  ♦  m  at 
j,  u  twurco  tmntfl(-o,  0).  That  is  to  say,  imago  of  a  source  w.r.t-  a  lino  is 

^  .  ..  • 

^'^a-source  of  the  samo  strength  situated  on 
%the  opposito  side  of  tho  line  at  an  equal 
.  distance. 

in)  Image  of  a  doublet  w.r.t  a  plane.  We 
aro  to  find  tho  image  of  tho  doublotAA'  wxX 
y-axes.  Treat  the  doublet  AA!  as  a 
combination  of  sourco  rn  at  A'  and  sink 
-Jn'at  A  with  its  axis  AA'  Inclined  at  an 
anglo  a  With  x-axi.s.  The  images  of -m  at 
A  and  +  m  nt  A'w.r.Ly-axia  nro  respectively 
B  and '  *m  at  5's.t. 


I  *L  — ni1 

Fig.3^.  ' 


BL  -  LA,  B'M  -  MA\  Honco  tho  imago  b  a  doublot  BiT  of  tho  jomo  strength  with  its 
axis  anti-parallel  to  AA'. 

3.13  Image.pf  a  sourco  In  o  circle. 

Wo  arc  required  to  find  tho  imogo  of  a  sourco  +  m  ot  A  w.r.t  the  arclc  whose 
centre  is  O.  Lot  B  bo  tho  inverse  point  of  A  wj-.t  tho' 
circle.  Lot  J'  be  any  current  poiot  00  tho  drde  at 
which  y  is  to  bo  doterminod.  ■■  °  ■ 

Plnco  a  sourco  +  m  ntB  and  sink-  m  at O.  Tho 
valuo  of-V  duo  to  this  system  is  given  by 
V  w-m0j  -mftj  -»-/7j0 
or  v~-m  (Oj  +  Oj-O). 

Sin  co  B  is  tho  invorso  point  of  A, 

OB .  OA  o  (radius)2  *  O.P^- 
OB  OP 


Fig.XB. 


...U) 


»  ~p~  also  ZBOP  -  ZPOA. 


fic.ua. 

Honce  bOPB  and  AO  PA  arc  similar.  Therefore 

ZOPB  -  ZOAP. ix.. Oa -  0 - r.- Oj  or  0^ 4  0j  -  0  -  x. 

Kow  (1)  becomes  v  »  -  nui  or  V  ■  const 

This  declares  that  circle  is  a  stream  lino  »o  that  thoro  exists  do  flux  across  tho 
boundary.  It  moans  that: 

Image  of  source  *  m  at  A  is  a  source  -*■  m  at  Bi  the  inverse'potnt  of  A  and  sink 


-m  at  the  centre. 
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Sources,  Sinks  &  Doublets 


(Fluid  Dynamics)  /  4 
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3.14.  Imogo  of  a  doublet  relative  to  a  circle  . 

Wo  arc  required  to^dthoImagodflhodoublotAA'vr.r.tlhoarclovirhosocciitro 
Ix'O.  The  nxl*  of  tho  doublet  is  Inclined  at  aa  angle  d  with  Or.  Let  OA  »  f  and  p  the 
streiigtlrof  tho  doublet;  *iyca$  this  doublet  aar -a  combination  of  sink  -m  at  A  and 
nource  +  m  at  A*  so  that  p  •mi  AA*  wheiW m,-*  ••.and]  oogth  °  f  AA'  -*  0.  The  imago 
of  sink-  m  at  A'  at  4  is  a  rink  -  mat  B^the  InversoTwint  of  A  and  source  +m  at  O. 
Tho  imogo.  of  #duxco’+  m  fit  A' is  a  source +  m  atB*;  th'o  fnvorso  point  ofX'  and  sink 
-  m  at  O.  Compounding  Ow»e,we  find  Omt  source Vmand  sink-  m  both  atO  cancel 
each  other  nnd  thcro  rein  tins  &  doublet  of  strength  pi  *  m.  2?ZTnt  B » tho  Inverse  of 
A.  V  * 


Wstn. 


for  A*  — >  A  **>  B"  — >  B. 

Here  wo  h«vo  03  .  OA  •a7  »  OB' .  OA', 

a  *  rsdius  ofthio  drd*. 

Hence  ~  ^  Abo  /BOB’  -  ZA'OAe  > 


o  A OBB*  and  aQAA'  aria  similar; 
BB*  03  ■ 

A* A OA' 

.  B 


This 


«>  m  .  BB*  -  m.  AA'  .  r 


'  m  .  Bit*  ••  (m  AX) 

Taking  limits  ns  A*  -*A.  so  that 
B*  B.  wo  get 


OB.OA 

OA* .  OA 


JL^TL- 


.,u%JP 

Also,  by  similarity  of  triangle*.  . 

Z  OBB~  -  ZOA’A  -  X  OAT  (in  limit)  -  a. 

Thus  the  image  of  a  doubJctofatrengthji  at  A  (where  OA  •  f)  rclfttiv-cjoa  circle 
is  a  doublet  of  strength  ji*  -  pa2//2  at  B,  the  imerso  poin  t  of  A.  tho  fix  is  of.  the  cloublo  t 
maXcs  supplemontary  nnglo.  i-e.,  a  -  a  with  tho  rndius  OA.  a  %?% 


3.15.  Circle  Theorem  of-MHne-Thomson 


Supp<xso/(r)  is  the  complex  potential  of  a  two  dimensional  'Irrotfitional  motion 
of  an  incompressible  liquid  with  no  rigid  boundaries.  Th©n^fji\circulflr  cylinder 
|  *  |  -  a  Ik  Inserted  in  tho  flow  field,  th*  complex  potential  of  tK&resulling  motion 
Is  given  by  ^ 

U>  -  /(-)  +  ?<«*&)  for  I  *  U  «  ^ 

provided /“(*)  haj  no  singularity  inside  1x1“  aSv  ^ 

Proof :  Let  C  be  the  cross-section  ofitho-irircuinr  cylinder  |  x  J  -  a.  Then  on 
c. TX  •  a7  or  X  »  a7/x  so  that /(r)  d  »d/(*)  -?(a7/z)i 

Th  Ls  =>  w  -  /(x)  ♦  /  (a2/x)  ♦  /  fx) 

=>  iu  »  real  quantity. 

Equating  Imaginary  parUga^otl^ides,  vOonyt.  const,  for  0  is  also  a 
constant.  Thu*  v  I*  constanl^on^O&'bouadnry  C.  It  means  that  C  Is  a  stiram  line 
In  tho  new  flow. 


We  know  thnt  ifx  lies  Outside  C.  then  the  polnto2/e  is  inside  C.  Also  it  Is  givon 
thnl/(r)  has  singularities  outside C.  Consequently,/ (aa/x)  and  lhcroforo7(a2/r)bas 
.  singular  itics  inside  C.  Itmcnna  thnt  the  additional  tcrm7(o2/x>  introduccn  no  new 
singularity  outside  C.  In  particular  ? (rrVr)  has  no  singularity  at  r  -  -  m  /<*)  has  no 
singularity  at  x  “  0. 

Since  the  motion  Is  irrotatlonal  and  fluid  is  incompressible,  the  function /(r) 
will  satisfy  Laplace  s  equation  and  therefore  w  will  satisfy  I -n place's  equation  for 
two  dimensional  irrotatfonal  flow  of  liquid  with  C  inserted  ns  does  the  function 
/»  in  the  absence  of  C. 

Remark : Tho  MUne-Th'omson  rirclo  theorem  provides  a  conventional  method 
for  finding  the  image  system  of  a  given  two  dimensional  system  which  lie*  outside 
a  circular  boundary.  For,  if  w  '•/‘(c)  represents  the  gioen  system  in  the  presence  of 
tho  circular  boundary  |  r  |  **c,  then  u»  -  f[o7U)  represents  the  image  system. 

3.18.  Imago  of  sourco  w.r.t  a  circle  of  radius  b.  (I.©,  alternative  mothod  1 
of  3.13).  i 

Consider  a  source  of  strength  r  m  at  x  -  /50  thnt  the  complex  potential  due  to 

this  sour co  is  -? 

/•(x)t--m  log  (?-/>.  j. 

Let  3  circular  cylindor  |  ;  |  «  a  (wherea  </)  be  inserted,  thca  by  circle  theorem*'^ 
the  complex  potential  is  given  by  ”'i2 


,  — J*-mlog(x-/)-m  log|^Y"7 J 

=  -  m  log  (r  -  /)  -  m  log  f — J 
•- m  log  («-/)- m  log  ^  ^  t  -  y  ^ 

\  ■  f  .  J2  .  .  1 

»-m  k>g(r-./)-/7x  Jog^x-y  j-m  l&g(“/)»  m  logx 

Ignoring  tho  constant  term  -  m  log  (-  /),  wo  got 

to--m  log (x  -/)+mib®vX-/n  log^r 


-d> 


This  Is  the  complex  potential  due  to 
(i)  source  +  mat  x-/, 

(H)  sink  -  m  at  X  -  0. 

(iiD  source  +  m  At  x  »  oa//l 

For  this  complex  potential,  rirclo  Is  a  stream  lino  and  hence  the  ImaRo  syslem 
for  a  source  ♦  m  outside  the  circle  consists  of  a  source  +  mot  the  inverse  point  nn'd 
sink  -  m  at  the  orf^n,  tho  centre  of  the  centra.  Sinco/and  a2//"both  aro  inverao  points, 
w.r.t  tho  cirdo  |  x  |  -  a. 

3.17.  Altcmativo  method  for  the  Imago  of  a  doublet  relative  to  a  circle. 

Tho  complex  potential  /(r)  due  to  a  doublet  cf  strength  p  nt  2  =  /  with  its  axis 
inclined  at  an  angle  a.  is  given  by 

.  *r-‘-Zr 

When  a  circular  cylinder  |'x  ]  *o  whcTea'</‘.-jfs,1Jn)‘crtcd  In  Uio  flow  of  mobon, 
then  the  complex  potential  is  given  by  ^ 

w  *»/(r)  +  /‘(a2/x),  by  cirdc-lKeircrn-j. 


a  h! + r  r -JL5-  He~tq. 

U  (a2*)  -rXJii, (a7fx)-f 

*  *-f~  f *  f  It  -  («*//)) 

2  ’2 

t) 


IgnomTg  tht  constant  term  p  c*  w  ~  0>//,  we  get 

'-f V  f,iv 

r'^??  l  -/J 

^.<-3^'  '  This  is  tho  complex  potontial  duo  to 

(I)  doublet  or  strength  p  ate  -  /“with  Its  axis  Inclined  at  an  angle  d. 

(ii)  doublet  of  strength  p  a7ff7  at  z  a  a7 if,  the  Inverse  point  of  s  «/l  its  axis  is 
inclined  n  -  a. 

For  this  complex  potential  rirclo  is  a  stream  lino  and  heuro  the  image  system 
for  o  doublet  or  strength  p  fit  x  •f  (outrido  the  rirclo)  is  a  doublet  of  strength 
p'  ■  pa3^2  nnd  Us  axis  Inclined  nt  an  anglo  a  -  a. 

3.1 8.  Blaslus  Theorem : 

In  steady  two  dimensional  motion  given  by  tho.  complex  potontlnl 
ui  =/(r) »?  +  iv.  if  tho  pressure  thrusts  on  the  fixed  cylinder  of  any  shape  are 
reprcscnled  by  a  force  (X,  V)  and  a  couplo  of  moment  N.  about  tho  origin  of 
coordinates,  then  neglecting  oxternnl  forces.  f 

- 

flndnn  renl  pnrtof[-^  p  3rdi  ] 

where  p  is  tho  density  and  integrals  are  token  round  the  contour  c  of  tho  cylinder. 


Proof:  Consider  an  element  da  of  ore  surrounding 
tho  point  P  tx,  y)  of  the  fixed  cyllndor.  c  donootei  the 
boundary  of  the  cylinder  of  any  shape  and  sito.  Let  the 
tangent  at  P  jsako  on  angle  0  with -X-axis,  so  that  tho 
'  inward  normal  at  Pmhk©  angle90*  *  0  with  X-axis,  Tho 
thrust  pds  at  P  acts  along  inwardnormol,  Sts  j 
components  itlongxandy  axe*  aro  respcctivety  ’ 

pds  coo  (00‘  +  0).  pds  .  sin  (90’  r0] 
lxM  -  pds  .  sin  Q.pds  .  coa  0. 


pdxmO 


Henco 


X ^  j  -pdsjinO,  y*»  J  pds.coa  0 

This  -o X -  fL »  J"  p  (-  sin  0-  i cos  0) dt 

•  -  i  j p  (cox  0  -  i  sin  0)  c£s. 

Bernoulli’s  equation  for  steady  motion  give* 

®  r  ^  q2  -  A  -  const, 

p  2V 

p-(A-i«2)p. 

X  -  iT  *  -  fp  J  ^  A  -  5  (?  ^  6  -  i  ri  a  0)  rfx 


...O) 


EH 
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Sources,  Sinks'&  Doublets 


(Fluid  Dynamics)  /  5 


■  ^  J(W0-isIn  &)<if 

But  *—  *  cos  0.  ^  -  sin  0  os  tape- dy/dx.. 

ax  ■  ax 

-  *P  a  j  {dx-idy). 

But  J  {dx  -idy\  m  J 0,  by.Cauch/s  theorem. 

Hooco  X-iY-  f  {/«*“*.  V 

Let  u  and  u  be  velocity  components.  Then  wc  know  that. 

-;v  ~jjf  q  C09  0.fi7«la0»-fl(co«0-iain 

••>•  £.*-*-»  or 

1  |2  tir  “  o3  <-^8  -  (too  0 , .in  0)'d>  «“  **  d».  ■ 


...  (3> ' 


Using  this  in  (2)  we  get  tho  first  required  result,  namely 

wo  consider  anUdodcwiae  mcaacnts  a*  positive. 

The  moa»ootofUjeUiru>tp4»  about  tho  bHphis' 

N-  \  [- (-pdr  ainQ)  y  +  (pcfs  com  0)x) 

■> 

»  Jp  (/  »in  0  4-  x  cos  0)  ds  »  J ^  A  - ^ p  (y  sin  0  -*■  x  co*  0)  ds 

» Ap  J (y  ala  0  4x  coo  6)  d!»  -  §(  q7  (y  sin  0  +  x  co*  0)  ds 

-Ap  I  (y  dy  +  x  dx)  —  ^  I  q2(y  sin  0+xco«O)£f* 

But  Ap  I  (y  dy  +  x  dy)  -  Ap  I  y  dy  *Ap  I  _xdx  =  0  +  0.  by  Conchy**  theorem. 

"e  *c 

Hencu  W-JRhal  part  of  J^re’^ds  j 

-  Rool  port  of[- 1  by  (3X  ^  - 

e  "***51 

This  proves  tho  second  required  rorulL  ^  ' 

Solved  Problems  ’  v 

Problom  I,  A  tins  soutxa  is  in  the  presence  of  an  infinite  plane  on  which  ts  'placed  a 
i  tmicirculdr  cylindrical  boss,  the  direction  of  the  source  is  parallel  to  theiixiei^f boss, 
the  source  is  at  a  distance  C  from  the  plane  and  the  axis  of  bass,  whose  radius  is  a. 
Show  that  the  radius  to. the  point  on  the  boss  ut  which  the  vciccityj-is  a  maximum 
'  makes  an  angle.  0  with  the  radius  to  the  source,  where 

i  A  <?+<*  :■  %y% 

0  -  cos  1 - “ fy  -VfrSr 


12 (o* 


If  the  axis  o/y  and  the  circle  x7  +y3  -  O2.  are^fixtd  boundaries  and  there  Lx  a 
two-dimensional  source  at  the  point  (c.  0),  wh &re -C>  a,’ show  that  the  radius  drown 
from  the  origin  to  the  point  on  the  curie,  wJureJfutJdelocily  is  a  maximum,  makes 
with  the  axis  of  x  on  angle 

_,-«[  oa»e2  j]%v  ^ 


rrtP  . 


When  c  “  2c,  show  that  the  rcquirediangle  is  cos-*  flW(34)l. 


^5=5,  ■? 

■  *  m  •  rr» 

> 

*JJ  *|M  ■■  *  m 

0 

V 

l< 

AW  A(c.«)  3 

r '  - 

.  SolutloniTheabjcctsystemcxmsists  of  source  +  malA  (e,  0)  with  semi-circular 
boundary  and  parts  of y-axi*  lying  QuLsido.Jmnge  system  consists  of  (o>  (i)  aourco 
+  m  at  A\  tho  inversdpoint  of  A  so that  OA^PA'^a^ofOA' «  a2/c 
(i»>  *ii|k.-/7i  at  O.  tho  centre  (origin).  Itisdue  to  circle. 

(b)  Above  system  now  gives  its  own  images  sis' 

-  (i T  souixo  ♦  »»  at  A”  (r  -  -  oa/e) 

(This  is  tho  image  of A" relative  toy-axis) 

(ii)*  source  +m  at  AT  (r --c) 

Thi*  is  tho  Imago,  of  A  relativo  toy-axl*. 

CiiiX  sink -;m  at  0. 


(This  is  tho  imago  of  r  m  ntOroUtlvc  toyixfifX  - -  .s 

Tho  complex  potential  duo  to  object  system  with  rigid  boundary  is  equivalent 
to  object  a/s  tom  and  its  .imago,  syrtota'  without  rigid  boundary.  Now  complex 
potential  is  given  by  / 

uf  «-mlog(x-c)~m-lc«^V-^^+2m'logf*-0) 

'  d-i  4  .  "  ' 

ai  *  -  m  log  (*?  -  c^) ^log ^  4  2m.  log  z 

dio  T  »  '  .  '  i  11  . "  ‘  . 

:  sT-jJ  .  : 

/ 

„  4H\,- _ 2 m 

<t  .  -  ' 

If q\i velocity  otx  - ae'°. thou 

7,|  dw_  |  _ _ 2m  }  a4 


.  tiLdSta  c 

2ma<2  \  S*-!) 


But  l  d40-  1  |2-(cos40-l)?*aL 


-2-2  cosdO-.^ 

|  1  |  =2j»in20 

|  c2  d70  -  a2  | 2  -  (c1  cos  *in  20)* 

-  e*  ♦  a&^ia&cos  20' 

.  |a***«-e*  |a-(afUl^cy.+V3in20)*/ 

.  -a^|i2oVeo*20 

Writing  (1)  wjLhthchelpnf  (2),  (3J,  (4), 

"  ^moc^-  sln  20 


/(o'1 1<£-  2o2ci  cos  20)  » 

q  is  maximum  if^-  f  — - — am^. - 1-0. 

d0La*  +c  -  2 aV  COS  20  J 

Th  ia^gives^, 

.L%^2.eS  2  0  (a  4  4  e"1  -  2a2c2  co*  20)  -  da  20  (4a3 c?  sin  20)  -  O 
?r^Vy^i>r  2  (u"*  4  c-4)  cos  20  -  4a2cl  -  0 

*  cos  20  - 

a*  H 


...  (2) 
...  (3) 
...  (4) 

...  (5) 


«  1  ~ir  2cVi-] 

q-2°*  [777] 

This  gives  tho  position  of  tho  point  whort-prcs*uro  is  minimum  as  : 


pi  2  . 

p  2 

suggeats  that p  is  minimum  If  q  is  maximum. 

5  2aV 

By  (6).  2  cos2  0  —  1  —  - j 

a  4C  ; 

«  /«24^  (024eV 

or  2 com3  0-^r - f-  or  cm20-)— - - {r 

aS^  .  2(oSO 

a^+c1  .  mi 

or  «xs  0  -  - — - — ■— trj  :  ... 

[2(q44C4)]W  ’ 

(1 4  -i)o2  '5  ‘ 

rr  c»2.. 

Similar  Problem  :  In a  two  dimensional  motion  of an  infinite  liQuid  there  is  a  rigid 
boundary  consisting  of  that  part  of  the  circls  x3  4-y2  °  a3  u/AicA  hes  is  the  first  und 
fourth  quadrants  and  the  parts  ofy-axls  which  lie  outside  the  circle.  A  simple  so  urte 
of  strength  mis  placed  at  the  point  (f,Q)  where  f>  a.  Prove  that  the  speed  of  the  fluid 
at  the  point  (o  cos  O.a  *inQ)  of..\.the.  semicircular  boundary  is 
4 amf3  sin  2tVla*  *  f4  -  2a2/3  cos  20L  _ 

Find  at  what  speed  of  the  boundary the  pressure  is  least. 

'■  Hint :  Put  c  -/in  the  nbovo  problom  and  refer  equations  (5)  and  t7X 

Probio  m2  A  region  is  bounded  by  afixcdquadrantal  arc  and  its  radii,  with  a  source 
and  unequal  sink  at  the  ends  ofont  of  the  bounding  radii.  \V how  that  the  motion  is 
given  by  . 

1  ( V 

uia-mlogf  — — — k. 

and  prove  that  the  stream  line  leaving  tiOierthe  source  or  the  sink  at  an  angle  cut nth 
the  radius  is  r2  sin  (a  +0)  -  a2*!!!^—^);^:  ■  •.  'yj 

Solu  tion;Tho  object  *y*tcmahd  iUltsagcsystcm 

consists  of  (i)  source  +m  at.  A(r»n),(5i)xiirk  -V* 

-m  at  z  -  0,  (iii)  source  4  m  at  A*  (*  -  ,r  a), 

Tho  complex  potential  duo  to  object  system  wiU»-  ~  :  , 

rigid  boundary  b  equivalent  to  tho  complex  potential  ~lv  ® 
due  toobjoct  system  and  its  imago  system  with  no  rigid 
boundary,  honcoeompicxpc4chtiallslpv.cn  by 

io«-m  iog(r  +o)4A:J6([(t*6)'r*log(tr o)  . 
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Source^,  Sinks  &  Doublets 


(Fluid  Dynamics)  f  6 


;:1 


,r-  —mlo 

tx*-at\  ■ 

if  '  logf  — ^ — •  \ 

Second  Part:  Wo  have  to  --  m  log 

t  c^-fl^^/nlpgrc^0. 

Equating  Imaginary  parts,  .  . 

»  -  m  tan*1  T  SfteosQ-ithfrcesSoi  +  a^jrfn  0  "I 

L  {^aM^-a^ttarOVr^rinZOiinO  J 
For  tan*1  a  -  tan*1 6  -  lan*1 

Jt  +  ab 

and  legfr  +  fyJ^logCx^.y^Wtsif1* 

V  ■,«:uar1f  ^■rtgC2°:’  e)»a1rinot 

:  L  r2  eo*  C23  -  0)  -a2  coo  0  J 

.  . ,  -«> 

VB-Jn  (n  -  a)  gives  the  atr-cam  lines  wMimako  angle  a  at  A,  By  (1)  and  (2), 


:  l(r*-n^ca»o  J 


_  fr^  ^-o2)  sfn  S*  - 

or  —  tan  a  a  ■4— - c — : -  .  ■ , . 

^-a^cosO  r  ■- 

or  -nna.wsO.t^-a^a  (r2  a2)  sin  0  i  ccs  a '  - 

or  sin  (a  +  0)  »  a2  sin  (a  -  0).  '  * 

Item  ark:  To  justify  the  Image  system  of  the  above  problem : 

LcttM  be  a  bound  Ingrad  (us.  Consider  a  source  ♦  mot  A,  sink-m  at  O.  Take 
an  imago  aotireo  ♦  oi  alv4' a.t. 

OA  -  OA'  -  a.  Then  complex  potential  W  fs  given  by,- 
w-/»log(r-a)+mlog(r-o)-m  logft— a)'  '• 
this  gives 

Vn*m  tan*1  £  +  a^)sin  0  J  (By  equation  (1)  of  the  obovo  solution] 


-  m  tan""] 


L  (c2  —  a2)  COS  8 

By  (1),  at  r  *»  a,  v  ■»  —  mn/2  =  const, 
and  at  &  =■  n/2,  ye-  m-x/2  ~  const 
Also  when  6  «  0f  V  "  0  ”  const. 

OA  la  stream  line  when  8  =  0 
OB  la  stream  Hue  when  0  -  v/2 
and  are  AB  is  stream  lino  when  r  = 


■] 


...  cm 

A-~  is 

*  __ 

■^’as3vbJ1 

rr» 


Thus  the  image  system  for  the  fluid  motion  boimded^byTquaridrantal  arc 
OABO  duo  to  Kink-  m  at  O.  source  +  m  at  A  would  be  a  *ource~4>mrBt  A'. 

■g.  ^(vor 

Problems.  Within  a  circular  boundary  of  radius  a  thdre  is  twd'dimensional  liquid 
motion  aue  to  a  source  producing  liquid  at  the  rate  rrffdi.a'distance  f  fro  m  the  centre 
and  an.  equal  sink  at  thecentre.  Find  the  velocity  patcntial^ndisfioio  that  the  resultant' 
of  the  pressure  oft  the  boundary  is  p  m2  /5/[2aJrt|^*2  Deduce  as  a  limit,  the 
velocity  potential  due  to  a  doublet  at  the  centre^^^^ 

Solution:  Liquid  is  generated  due  to  d'aourcest  the  rate  m  at  the  point  A  where 
OA  »/.  Let  A  bo  the  strength  of  the  somrtSsTthOTL^ . 
by  def.  2nJk  »morl- ml 2ft.  the  object'syfteih 
consists  of  0)  a  source  +  A  at  A  (ii)  jrak—A  at 
O.  The  image  system  consists  ofi(i/J«mrce  +  A 
at  A',  the  inverse  of  A  so  thatfpA^^?=  a 2  or 
OA'  -  a7/f  and  a  sink  -'Ait . 

(iiT  sink  k  at  infinity,  the  inverse  point  O 
nod  a  source 4- A  at  O. 

Source  +  A  and  sink  -  k  both  at  O  cancel 
each  other.  Finally,  the  object  and  its  image 
system  consults  of  source  +  k  at  A,  source  +  A  at 
A',  sink  -  A  at  O.  Sink  at  infinity  is  neglected, 
since  it  has  ho  effect  cm  fluid  motion. 

The  complex  potential  due  to  object  system  with  rigid  boundary  is  equivalent 
to  complex  potential  due  to  object  f^raein  and  its  image  system  with  no  rigid 
boundary.  Hence  id  is  given  by 

QJ--A log (r-/)- A  log (r- /'0+'k  1°S*-  ...(1) 

Equating  real  parts  from  both  sides, 

$=»-A]og|r-/”|-Alog|  z-f'  \  +  A  log  |  *  j 
*- A  log  AP - A  log  A'P  +  A  log  OP.. 

..  AP.A'P 
.or  $--A  log — Qp— 

dio  k  A  A 


Pig-S-ie. 


Second  Part:  By  (1). 


dz 


z-r  z-r-z 


_ i_y — ?_ +_l+2[ _ LU _ ___i _ _ i _ i 

AH^J  (s-/)2  -  (3  -  /■  o2  z1  L  {z--rf)i?-f')  z{z-f)  2(r-4'>  j 


jfthe'dnJe  fire  *  *«  0  and  t  •f.  HeJrt  tl 


Tho  polos  Iniido  the  boundary  e  of  tKe'ciri^e  i 
of  the  residues  of  the  function  -■  . 

•  JntI  mQ-:"T: 

and  r  -  fit  obtained  by  adding  the  coeflidente'et^liind  f 

.bWMH 

By  Cauchy’s  rcriduca  theorem^ 

.  J  ’—^^y'dz  ••  2)d  [Sum  of  rtriduesl  _ 


'rt.thofum 


ft 


*)<t  if- nr 


^  ByBlauoiusthoorem,  ;  •  '■ 

2np/A2  __  2n>  f3  ^  fti8 
°2  {c^-f2)'  4x* 

;  \  fKf  f) 

ior:  X-iY  =  p Z'3 irPna7 % (a2-/2^  jsr-  - 

- .  Equaling  real  and  Imaginary  part*,  wo 

Vik-c.-.  .  X+pfrrPhji&i 

vlbwultant  presaura  on  tho  bbundaiyi^^^ 

,;J  Thlrd  Part :  To  deduce  velocity  potential  due  to  a  doublet  atO  as  i  limit. 
-vUiTwoiako  limit  as/*— »  •».  then  -  and  hence  neglected.  Also  A*  tome*  noar 

.ths  poiht  O.  Wo  hare  alrcadyaripk^  A  at  O  and  we  hayo  brought  a  source  near  iL 
,  Thikcornbi nation  forms  a  doublct'of  Btroogthp  whera  p  -  A.  (a2//)  ns/’-*  •». 

'^■"'  Noww  becomes  . 

;  '  id  “  -^A  Jog  (r  -/")+A  logx  *is  *ource  -»- A  s t  A  is  ncgloctcd. 

:  *  t  -]  Feb-  )oj  <1  -a)  *  *  *£+ ~ 

'  n<^c<tir^hlgb<r  dcgrco  terms-  ■ 

^  m«J  -. 

^+,v - 


This 


2s /ire10.  2 rrf 


‘'"2 xA  • 

== -  This  i*  tho  required  volocity-potoatUL — ' 

Remark.  By  O),  *■ 

oe  la-- Alog£l-^J-Alog£r-yJ 

--A  log£l -f)“*  ,0«  ncgloctlng  constant. 

■*[(f •  ..  T 

o,  + 

f. 

If  wo  mako  /’->  0  so  that— then  we  get  a  doublet  at  the  centre  and  il« 

strength  p  »  kf.  Then  ur  -  ^ 

r  a 

Equating  real  parts,  $  -  ji  ^  +*~  J co*  0. 

Thus  wo  get  two  answers  for  the  two  limits  namely/”-*  0  and /■-*•». 

Problem  A.  A  source  of  flu  id  situated  in  tpoct  6f (too  dimensions  it  of  tueh  ttrength 
lhat-2npn  represents  the  mass  of  fluid  of dentity  p  emitted  per  uni tof  time.  Show  that 
the  force  neewory  to  hold  a  circular  disc  at  rest  In  the  plane  of source  a 
ixpji^aVcr^-a5), 

where  a  is  the  radius  of  the  disc  and  r  the  distance  of  the  source  from,  lit  centre.  / « 
what  direction  is  the  disc  urged  by  the  pressure  1 

Solution :  Let  X  and  Y  be  the  components  of  the  required  force.  Then  wo  have 
to  prove  that 

Vtx*+r*i- 

VC^  r  (/*.-  o2)*  1 

This  ■»  r  >  a.  By  DInusius  theorem. 


where  c  represents  tho  boundary  of  tho 
disc.  Since  2rpjx  represents  the  mass  of  tho 
fluid  emitted  at  A  heneo  slrcngth.of  tho 
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Sources,  Sinks  &  Doublets; 


(Fluid  Dynamics)  i  7 


source*  is  |JL  Tho  imago  of  source*  p  at  A  (OA  »r)»  a  source + Jt  at  theiaverto  point 
A4  *-U  OA.OA’  «  a2  and  sink  -  p  at  Qt 
Then  QA'-aV-/'  «oy. 

Tho  complex  potential  duo  toobjoct  system  with  rigid  boundary  is  ©quivalonl 
to  the  complex  potential  due  lo  the  object  system  and  its  umsgoayrtem  with  no  rigid 
boundary.  Hone© 

w  -  -  p  log  {j  -  rj  -  p  log  (r  -  r^  *  p  log  ^  -  0) 

.... 

dz  UL s-t  x-s?  xj.  . 


1  Sdut>?u  ^ _ _ _ 

pJ  V  dx  J  m  iz -r)2"  (*-  /)2  7  z2  *  <*  -  *><*  -./>  (x~  *0  ~  *<*-/>" 

Tho  function  has  polos  *  £  0  and  x  ■  rLwithin  d.  Residue  ot  x  •  0  i 

tho  aumofc»cfficicnls  of— which  b  equal  t$T 

.  bV.-M.-'H) 

Rcaiduo  atr  “/'-aumofcodBacnU  of  1 

„r__2 _ 21,  m_2 _ 2 

t  r-r  s  J,./'  /- r  . 

Sum  of  residues  all- 0  and  r  ..  , 

2  2.2  2  2r  .  2oa  :  ^ 

rV0fV“^.  • 

By  Cauchy*©  residues  theorem, 

J"  ^(^]f  d^  «  2xf.  Sum  ofroslducswilhin  C 


.*2 


Wo  have  seen  that 

r-«-y-4> 


V-*V 


i£  2xi2a2  i?  2o2xpV 
r  *!<»*-«*>’ 

T»i»  -X.-??^|-.y.o 
->  + 

■  r  (r2-©2) 

Thb  also  declares  that. the  fort*  is  purely  along  6k,  tho  disc  will  bo  urged  to 
movo  along  OA.  Also  tho  eyllndor  I*  attracted  toward*  tho  sourctr.  and  sketch  of  tho 


stream  Unas  rovoala  thaL  the  pressure  is  groalar  on  tho  opposite  ride  of  the  disc  than 
that  of  tbo  source.  --  \  ’’  y‘ 

Remark :  Tho  above  problem  con  bo  expressed  as  i  ,'v; 

Shout  that  the  force  per  unit  length  exerted  on  a  circular  cylinder,  radius  a;  due  ihi, 
to  a  source  of  strength  m.ata  distance  e  front  the  axis  is  ■  .y. 

..  2a  pm2a2*  (e2- a2). 


Problom  &.  What  arrangement  of  sources  and  sinks  mill  give  risejo  the  function 
tu  — log  ^  z  — — ^  7  Draw  a  rough  sketch  of  the  stream  lines  in  tkiscascdnd  prove  that 
two  efthemsub  divide  into  the  circle  r  •*  a  andaxis  ofy.  yfr- 

r  - 

Solution :  Civ  on  w  •  log^x-~^  ^f^Vk  * 

or  to * log(z -  u)  .  loj(i  ...  (l>j 

This  shows  that  tho  gj von  arrajxgument  conxists  of  two  sinks  each  of  strength-^  - 
-1  atz^o  andx--a.sind  asource^ljiUen^th4.1  atthooripnl 
Second  Fart  :TodoUrmli>o''*treamlija©s. 

Dyax.  .  ;'-y  . 

0  +  » V  “ log(r>r  d^  ty )  +  log  (x  +  a  Viy^-  log  (x  +  iy). 

Equating  irnngin ary  parts,  ~NiJK 


ytfoXiu; 


^  tan**  |~  ~ ♦  yty  *  o)  1.^.)/ 

l  1  -  yf(x  -  a)jf/(r  +  a)  J  x 

-ton 

x2-®2-^  -  * 

tan-ir  ^/Cx^o'^^-Cy/r) 

L  1  ♦  (y/x).2xy/(g 1  -  o2  -  y2)  J 

xt^+y2-*©1) 

Stream  lines  arc  given  by  V  3  conch.  i>.. 

-i  y  (x2  ♦  y2  ♦  a2) 

«  1  ■L1 - * - zr  -  const. 


y  U2  *  y-  »n3>_ 


const-. 


.  ...  C2) 


xC*2-ya-o2) 

If  consL  eO.  then  (2)  =■  y  t*2+y2  »a2)  •  0 

w  y  ^0;  Cor  s2  -t-y2  +  a2  *  0.  ■; 

If  concl.  a  then  (2)  =>  x(x2  ry^-a2)  -  O  —  x-O.r2  *  a2 
=*  x«*0.r;-a 

Bulx'c  0  represents  y-axis  and ri- a  represents  drtlo  with  radius  a  and  centre 
at  the  origin.  Thus  we  see  that  particular  stream  lines  arc  y-axis  and  the  cirdo 
r  -  g. 

A  rough  sketch  of  the  stream  lines  b  as  given  iarfigurc  3.18. 

'  *  -  -  ^  %• 

Similar  Problom.  What  arrangement  of  sourc^andjAUihs  will  give  rise  to  the 
function  w-log^i— |jl  Draw  a  rough  skelckofssT^m  lines  in  this  case  and  prove 

that  turn  of  them  s  ubdivide  into  the  circle  r^^oj/u^zsis  of y. 

Hint.  On  replacing  a  by  1  in  the  ajK^prpjScm.  wo  get  this  problom. 

Problom  6.  In  the  ease  of  itvo  dimcnsjoruit-fluid  motion  produced  by  a  sourw  of 
strength  p  placed  ot  a  point  Q 

outside  a  rigid  circular  disefofi  /yi  ‘ 
radius  a  whose  centre  is  O.-sAbfa  sj  - 
that  velocity  of  slip  of  the  fluid.jn^-’  ’■  > 
contact  usith  the  disc  is  gredtssUjzt 
the  points  where  the  lines  joining 
S  to  tAc  ends  of  the^didmeter  ot 
right  angles  to  OS  cfui  the  circle, 
and  prove  t  half  its  rnagnit  ude  at 
these  points  is.^, 
ny  -St-o 

2pri{rjlg-  o’  ),  whero  05  -  r. 

SoIuUod.  Let  S*  be  the 
inversoTpoint  of  S  w.r.T"lhc  circle 
05.05'  "a3  or 


Fta.2.19. 


.  JOSZfr-'a*ir  c  s'. 

r;^ 

Tho lmagesyslero consist* of coura>-» putS* andsink-  patO.TakoO  nson^-in 
~,/and  OS  as  real  axis,  then  tha  equation  of  complox  polontial  1a  given  by 
w  •  —  p  log  (x  -r)  -  p  log  {z‘-sr)*p  log  (z  -  0) 

dui  n _ Jl_  ^ 

dz  z-rx~-rfz:..' 

’-If 


I. 

(a2/r)]  j  I. 


1  (z-r)  li¬ 
lt)  Order  to  determine  volocity  ot  any  pointon  the  boundary  of  tho  disc,  we  shall 
pulcuod0. 

X™. 


1  a<  | 

*  l(a 


{(a  cos  0  -  r)2 ♦  a2  lin^OJ  l(r  cos  6 -  a)2  *  r2  sin3  0)  1 

.  2rsin0  _ 

*  -  !*■ (a?  * z2  -  2 ar  ecs  O)1^  (o2.+  r2  —2m  cos  0) 1/2 

a*  i  —  2ar  cos  0  .  -  , 

For  q  to  bo  maximum,  ^  »  0,  this  » 

i  cos  0  fo2  -»  r2  —  2or  cos  0)  —  2a*~  sin2  0  |  Q 
'  (o2  •*-r^--2orcos  0)2  '  •  . 

or  (o2*/3-  2ar  cos  0)  co#  0  r  2ar  wn2  0  -  0 

or  co*  0 » 2ar/{a2  ♦  r2)  -  --  ...(2) 

Tho  value  of  0,  given  by  (2),  gjva*  maximum  volocity. 

(2)  ain  ©  -  (r2  -  o^r2  +  a2)  - 

By  (1).  w-2^|  1 

V-o2)2  - 

or  o„nV »  Tprtir2  -  o2).  .... 

Tho  vclodty  will  b©  along  tho  direction  of  tangent  to  the  boundary  and  will  be 
equal  l©  tho  vclodty  of  slip  nx  th©  bouadaiy  of  tho  disc  ix  a  stream  lino. 

Rom  ark.  This  result  Is  nlio  expressible  a*  . 

2p.PS  ' 


OS3-©2 
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Problem  7.  Between .  (tie' fixed  boundaries  Q  *  jtf4  and  0  -  -  n/4,  fAe/ri*  a  ftre- 
tfimertaJWiof/IuWmofiontfuifoaeoiircecfrlrei^Am  oe  f Ac poirt  (r  » n.  0  -  0)  and 
an  equal  tin, I  or  tAe  (r»A,0  »  0).  Shota  that  the  stream  function  is 

-mt^K  fJ£L=^*slf- i. 

/r  -  r4  (o^  -  40>  a4  A4  J 


nnd  that  the  velocity  at  (r.  0)  u 


4m  fa4- A4)  r3 


Solution.  Consider  tho  transformation  {  -  x2  which  maps  points  from  x- piano 
to  {-piano.  Let  r»  remand  {•/?<**,  then  , 

.  T,  »-**<-*<*« 


♦  m  -m  : 


(b»,o>  <x=.oi) 


l 


4“-*/2 

ng.4so. 

C S-28 
Also  0  ••  ±  jtfi  bo  that  5  » t  a/2, Xe.,  q-axis. 

By  this  transformation  points  (a,  0)  and  (A,  0)  in  x- piano  aro  mapped  on  (a3,  0) 
and  (A2. 0)  m  {-plane.  Tho  images  of +m  at  (a*  0)  and  -  m  at  (A2. 0)ln  {-planow^r.t. 
n-axis  are  ♦  m  at  (-a*.  0)  and  -  m  at  (-  A*.  OX  respectively.  . 

The  complex  potential  due  to  object  system  with  rigid  boundary  la  equivalent 
to  Iho  complex  potential  due  to  object  system  nnd  its  image  system  without  rigid 
boundary.  This  -o 

-  m  log  ({  -  a3)  -  m  log  ({  ♦  a2*  >  m  Jog  ({  -  A2)  +■  m  log  ({  +  A2) 

-  -  m  log  <{2  -  o4)>  m  log  <{3  -  A4) 
or  to  -  -  log^r4  - o4)  m  log  (r4 -A4) 

“  -  m  log  (r4  e'44  -  a4)  *  m  log  (r4  ewe  -  A4) 

Equating  Imaginary  parts. 

V = - m  r  f  )- 1 1 

\  r4  co«40-o4  </  U1  cos  40 -A4  J  J 

Since  .  tan_Ix— tnn^y  *  tan**1  (x— y)qi +jy)  _ 


...<1) 


Henco  q  »  -  m  Un'lTj — r  40 — | 

'-r1®-  /  (c4  +  A4)  cos  40  +  a4  A4  -» 
Th la  completes  tho  first  part. 

ByU). 

dm  m  (dr3)  4QIX3 

r4-o4  +e4-A4 

,.c 


4%,,  "'V: 


>-1^1* 


4mr3  fa4  -  A4)  . 


I  (r4  **<0 — a4)  (r4  r*4?  —  A^j 
4m  r3  (a4  — 


[(r8  +  a4  -  2a* r*  cos  40)  (i^^A8,;- 2A4r4  cos  40))^ 

This  completes  tho  problem. 

- q. 

Problem  fl-  Bctmcen  the  fixed  boundoriaS&n  ■x/Qtand  there  is  a  two 

dimensional  liquid  motion  due  to  a  souree'ot. iRe'point  r  »c,  0  -  a,  and  a  sinh  at  the 
origin,  absorbing  water  alike  sarne  /at£as  t^source produces  It,  Find  the  stream 
function  and  show  thae  one  of  the  MireornlinttYt  a  port  of  the  curve 
r’sio  3a  -  c3  sin  30,  ~  *> 

Solution.  Consider  :tho^iukp-/5^"X3  from  2-plnnc  to ;  so  {-plane.  Let 
e  -  r  d\  {  -  R  e*8.  Then  R  er^3?^%  thia 

Jt-/f  7?§UX  '  0"  30  ...  (2) 

By  this  map  tho  boundaries  0  -  ±  tTG  aro  mapped,  on'  tho  boundaries  $  •  i  a/2,  ie., 
n-axis  is  the  now  boundary  In  {-piano.  The  points  (c;  «t)  and  (0, 0)  is  x-plnno  are 
mapped  respectively  on  tho  point*  (e3, 3o)  nnd  (0,'  0)  by  virtuo  of  (1)  and  <2X  The 
object  j«>3tom  consists  of  (i)  source  +  m  at  (e3  3a)  and  (ii)  -  m  at  (0  .  OX  Tho  imago 
systemconsista  of(i)  source  ♦  m  ot(e3,x-  3 a)  and  (ii)  sink-  m  nt  (0,0)w.r.L  q-oxis; 
The  complax  potential  is  given  by  . 

ui  -  -  m  log  ({  -  e3  <***)  +  m  log  ({  -.0)  -  m  log  ({  -  e3  e‘  ^  m  log  ({  -  0)  ‘? 
,1**^  ^0-.*  -■  *  -  r  _■  p -s/2  ^hn. 


(e\*-3o)  : 

(c>.3tt) 

*  mV  ‘  • 

m 

3^ 

X3« 

■ 

pi 

-  m  * 

s  . 

0 xr2 

B|.Ut. 

»2m  log^-mlog^-c^y^J-m log^-fc3^*30) 

/Putting  C**2.  .  . 

m  u  2m  x3  -  m  log  (t3  r'e3  e43?)  ^  +  c3 
or  u?  *(bn  ]ogX’-m  logfc^-c4- 21X3  c3  *in  3ct) 

*6n»legre,®-i'jnloff{r?<!'w?-c®“2/c3Bln3ct./2ei3<^  1 

»  Cm  log  rV?-  m  lo*  IC^0  cos  60 c9  +  2c*  r3.ain  3a .  sin 30 

;,v..  .  ^  -t  i(r9  *In  50  -  2r3c*  jin  3a.  cos  3Q)j 

Equating  Imaginary  parta'oo  both  sides, 

n-t(rdn0y  .:’  V;  ->  --  ■  • 

Vrcose,! 

raBln60-2r3c3rin  3d.  cos  30.  y.-.! 

1 1* cos  60  - lc°  ♦ 2c*7*  nln  3a :  sin  30  ) 

■  Stream  lines  are  given  Ky  .  .y*  coast,  tx.,r  -  ■, 

^  „  .  -t/  >* sin  60— Tr3*3  sin 3a. cos 30  \  _ ^ 

BmO-mtan  J1 -r - - c - r-^r - -  )»  const 

,Vr4cos60-ca  +  2c3r3sia3a.8ln30/- 

Taking  const «  O.Ve  get  particular  stream  lines  ns 

„  „  .  ,iV  r^  xin  60  -  Sr3  e3  sin  3a .  aw  30  >  A 

flmO-m  ton  1  ^ ^  _  : — . ..  | * 0 


■  6m  ton 
-mtan' 


*b 


5  cos  60  -  e6  2c3  r3  sih  3a .  sin  30  J 
rn  -«f  r^sinM-Tr^^tdnSa.eosSO  _  \ 

°  \  r®  cos  60  -  c®  ♦  2c3  r3  >li^5d^!^^0  J 
.  sin  60 .  (r*  cos  60  -  «*■+ 2c3  r3  sin 

•  cos  CO (r^ sia  CO -Sc3^ ihi 3<Kj  00« 30)  . 

-  -c*  sin  604- 2c3/3  sin  3a .  «a^6^30)  »  0 


2r3sin3a.co«30“C3ain  t, 
or  2eos301r3sin3a— c^jrirt^J^O 

This  -o  cos  30*0^^ 

/^sinSasr^W,^. 

By  (3). 0 -  t  n/0  whichgiy CSncTn cvr stream  lines  as.thcse  arc  tho  given  strenro 
lines.  Tho  other  stream  line  Is^a  pnrtof  the  curve 
/f  ant'3a  »  c3  tin  0. 


...(3) 


Problem  9.  In  the  ebseBf motion  of  liquid  in  a  part  of  a  plane  bounded  by  a  straight 
4  linedue  toatdurvt  in.the  plane  prove  that  if mp  u  the  man  of  the  liquid  {of  density 
■?  P)  genera  tedhti^e  source  per  unit  of  time,  the  pressure  on  the  length  71  of  the  boundary 
immrdiatcly  dppoiiic  to  the  source  is  less  than  that  on  an  equal- length  at  a  great 


uiArrecYx  the  distance  of  the  source  from  the  boundary. 

■£?  ■  > 

Solution.  Suppose  p  is  th«  strength  of  the  source  at  P  where  OP  ■  e.  Then  by 

j£.  Jdef.  of  strength 

2x|ip  ■  mp 
mfTx-p, 


i,-<bb] 


Tho  boundary  Isy-nxls.  Tho  ironge  ofn  aoorco 
+  ~  atPCe.0)  is  a  source &m/2n  at  P#(-c.0j. 
Now  tho  complex  potential  la 


m  2r 

’2x-^rp 


For  any  point  ony-axis,*  -  fy,  no  Chat 

m  i  :  x-  |  m  i  :  ,  /v  l  '  my 

*”  «  I. \  I 

Th[*  is  tl>oeiprr.*icn  fbr  velocity  nt  any  point  Qnjr-(wJ.  D,  Ikirnoulir-C'i'll'tton 
for  steady  motion, 

P2..- 
Subjecting  this  to  the  condition  - 

p  - /»0  when  y  q  ■  0,  w*  get  A  »  poto. 

(Since  velocity  Is  nefligiblo  at  great  distanecX 

H««  M^-7- 


Prcssnro  on  QQf 


-f  Pdy. 

f'  i  f* 

But  p-ft J  .  (P **5^)  y  ***** 
Required  difference  of  pressure  .i,"  ... 

-£• 


iPti~P)dy 


-W#  £h- 


f  V. 
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■  ^  PX  t^cV^' 

(Put  y  »  e  too  0,  dy  «•  c  see*  O  dO  J 


W< 


Ton4  6 .  e 

c4soc40  * 


'  m2  f'0*  / 

0  •  I  sin3  9  dO,  where  Ian  0  j  ~ 

..  X*  c  Jq  .  e - 


*..<  2jc*L«  .  «  /^c3-* 

Problem  :10l  Wi/Afn  a  rigid  boundary  in.  the'  form  of  the  circle 
(r  +  «)*  +  (y  —  4a)3  *■  8a?,  there  ii  liquid  motion  due  to  doublet  of  strength  p  ut  the 
point  (0, 3a)  with  Ut  axis  along  the  qxls  ofy.  Show  that  velocity  potential  is 
■  y-3a  _  1 
L(r-3a)3+y3  x*4<y-3a)3J 

Solution.  Tho  rigid  boundary  Ls  a  circle  given  by 
(jc  +  <0^  +  (y  -  4a)3  »  Sot*. 

Tbo  Centro  Is  (-a. -4a) and  radiu*  »  V(8a?).  ■ 

Object  doublet  Is  at  P  (0, 3a>  wipfiU  axis  along  y-ajds.  CM  and  PN  are 
perpendiculars  on  x-axls  and  CM  respodhtdy.  Produce  CP  to  moot  x-axis  at  Q. 
Evidently.  CN  •  NP-*  a  to  that  ZMPC  « -45*  and  therefore dCQM  **  45*  ao  that 

CQ  »  V  l(4a)3  +  (4a)3}  ■  4cr/2/ 

Hence  <pf  -  A/Q  •  4a.  y 

Obscrvi  that 

CP .  CQ  “  aV2 . 4aV2 

»  8a?  **  (radius)2. 

Hence  Q  Is.  tho  inverse  point  \ 
of  P  wjr.t  the  circle.  Tbo  image  of 
tho  doublet  p  at  P(0,3o)  w.r.t 
drcJoit  a  doublet  )f  at  tho  iaverac 
point  <?<3a.O)  with  It*  axl*  along 
x-axls.  For  object  and  imago, 
doublets  moke  supplementary 
angles  with  tbo  Hno  CQ. 


Here 


^  D  ^ *  H4~  =  4jU 
f  3  CP*  2a3 

_■  ,411/-° 

10  ~  -  i  3a  r  -  3a 

-Hi — +. — it-  ' 


^,r  % 


l  x  ♦  i  (y  -  3a)  (x  -  3«)  +  »y 

yii  u  -  j  (y  -  3a)l  |  4p  I(x  -  3a)  -  iy) 
x?  +  (y-3a)3  {x-3af+f  .£=%'■% 
Equating  real  parts  on  both  sides,  '  ~ 

-3«  •  4  (j  —  3a>  1  Jtj,-  ^ 

3a)’  fr~  3a)’  ♦  yl 


'v'«C'^rK 


o-n 


r.  -yri 

L  x3  +  (y  - 


(x  -  3a)2  +y  ^ 

This  concludes  the  problem.  • 

Problem  11.  Jn  the  part  of an  m/mteplan* bounded3?ya  circular  quadrant  AS  and 
the  production  of  the  radii  OAp  OB,  there.iroriwo^dimcn^ional  motion  due  to  the 
production  of  liquid  at  A.  and  it s  abtorjgtionlbt  3? at  the  uniform  rate  m.  Find  the 
velocity  potential  of  the  motion ;  and  shou/^lhat *  the  fluid*  which  issue  from  A  in  the 
direction  making  an  angle  (1  with  QAfollowsJihe  path  whose  polar  equation  is 
' '  r  e  a  sin 1/2  29  (cot  +  coscc3  29)1 W, 


the  positive  sign  being  taken  fqrqdQjier square  roots. 

Solution.  The  object  system.^  . 
consists  of  sourco  +  m/2nat  A  and*;'  f  m  w  \ 

-  mJ2x.  at  B.  Tho  image  of  \  2**  2*/ 

s(/nJ2ny  at  A  w.r.t.' circular 
boundary  ia  a  source  +  ml 2n  at  A .  /  ■ 

the  inverse  point  of  A  and  sink  /  zl 

— m/2n  at  C>.  The  image. of  sink  (”  At 

-  mfin  at  B.  w.r.t  circle  is  a  sank  V  * 

-  rnfin  nt  Br  the  inverse  point  of 
J?  and  source  +  ml 2n  at  O.  The 
source  +m/2n  and  sink,  -m/2n 
both  at  O  cancel  each  other. 

Image  utJ-J.  bounding  plane. 

The'  image  of  source 

+  mflr.  at  A  is  a  source  ♦  ml 2n  st  A*  w.r.t-  line  BB'  and  image  of  sink  -  mJ2n  at  B 
wr.t  the  IJno^AA'  is  a  sink  r  ml2rt  at  B*.  Also  the  image*  at  A  and  B  have  their 1 
images  +  m/2n  and  -  m/2n  at  A' and  S' respectively.  -. : 

.Tho  object  and  its' image  system  consists  of  2  sources  of  strength 
+  mI7.it  at  A.  2  sinks  of  strength  —  mtTrt  at  B.  two  sources  ♦  m(2n  at  A',  two  sinks 

-  mJf2n  at  B*.  *  * 

The  com  pi  ox  potential  due  to  object  system  with  rigid  boundary  is  equivalent 
to  thc-complcx  potential  due  to  object  system  and  its  image  systems  with  no  rigid  t 
boundary.  Thus 


*  [Z  t)  . 

Fig.  arc 


w  -  logCr-  o)  ~^~\ogU  *-a)  +  ~^)og(z-in)e  “  log  (c  +  ia).  . 


ur  ■-  —  log  (z  -  a) - log  fr  +a)  +  —  log  (s  -  m)  +  —  log  (i  *  ia) 

J1  X  *  it  ■ 

Equating  real  pqrt  onhoth  sides, 

0  »  “  ~  |log  |r-o  1  *log  |z  +  o  J  -log  |  a~ia  )  -log  |  z+ia\) 

-  -  ~  llog  PA  +  log  FA'  -  logFB  -  log  FBI 
FA .  PA’ 


—  €1> 


*  PB .  PBT' 


This  is  the  required  expression  for  velocity  potential.  Again  by  Ok 

0  *  ■>  -  log  (**  -  a2)  *  “  log  (a?  +a2) 

Q  t  iy  »  -  —  (log  ( r 3  d20  -  a3)  -  log  (r3  e ,2a  +  a3)); 

Equating  imaginary  parts. 

mf.-  _i  (  r3  sin  20  \  .  _i  (  p-%xr\7Q 

y- « [-  ‘(^-7>r  [? - 


»  —  — -  tan" 


17 


£  coa  20  - 

•  2a2  r2  sin  29 


7?)] 


-a*,tr4dn320'J^:'?S 

SA  4S? 


4  cos3  20- 

For  Lan'^x  -  tan'1  y  =  tan-1 1(x  -yV(l 
For  a  particular  streamline  which  IcavesA  at  an  nnglo  p,  - 


By  (2)  and  (3). 

m  />*  .  _i"2a3'r?  sJn’20 

- -  *  -  —  Lin  ri - : - — . 


...(2) 


...(3) 


This 


2oZ 

otonp» - - — 

^  r  -  a*;. 


»  (r2)2  -,2a3r?.sih>20  cot  p  7  a4  =  0.  - 
s  Thi* is quadratlcLn r2, 

Hence-'  '%  sin  20  cot  p  t  Vfto4  sin3  20  cot3  P  >  4o4l 

■  2 

Tnking;posi(ivo  radical  sign.  • 

^  r*  la3xin  20  cotp  ta3^|ain320cbl3p  +  ll)1^" 

r-a  (sin20)1^  (cot p  +  V|col3p  + twee?  20))I,a. 
i*  the  required  path. 

^Problem  12.  Two  sources .  eccA  of  slrvng/A  /rt,  arc  placed  at  the  points  (—  q.  0)  and 
bu^o.  0)  and  a  jink  of  strength  2m  is  placed  at  the  origin.  Shqw  that  the  stream  lines 
'o  recurves  (Ias-2009) 

(x3  ■*■  y3)3  -  a3  lx3  -  y3  +  Xxy],  where  X  is  a  pare  mo  tor. 

Show  also  that  the  fluid  speed  at  any  point  is  7ma2lrxr^  where  r1#r3.r3  one 
respectively  the  distances  of  the  point  from  the' source  ond  the  sink. 


Solution.  Tho  complex  potential  atony  point  F  (1)  L»  given  by 


10  =  -m  log (r  — -o j  -  m  tog (1  +  a)  *  2m  log (i  —  0) 
w  »  -  m  log  (s3  -  a2) +mk%t2 
p  +  iy  -  -  m  log  (x3  -  a2  y*  +  2uy)  +  m  log  (x3  -  y3  +  2 ixy). 
Equaling  imaginary  parta, 

V  -  -  m  tan-1  -  a  j—'T 

x^  —  o  -  y 


r+mto»  * 

-1  2a?  ry 

m~m  Un  (x3  -y2)  (s2  -  a3 -y3)  ♦  -bcV 


Stream  lines  oro  given  by  y  «■  const.,  i.#., 
2a3xy 


'■'(iy 


'DlUft  (x2  -y3)  (x^  o2ry3)  +  4xV* 

>r  Xa3  xy  -  (x3  -  y3)2  -  o  ^x3  -y^  +  4*V 

>r  b,2xy-(x3+y3)3-u3(*3-y^ 

,r  (x**y3)3-o2(x3  -y3+  Xxy)  where  X  b  a  varinblo  parameter. 
^  This  comp  to  les  tho  first  port  of  tho  problem. 

M  ,  l  dur  I  J  2mx  Tmt  I  2mo3  — 

riwspoca. | ^ | -|-.a.0j-ry  r  |r (-’-«’)  1 

2mn?  _  .2mo3 

—  ".Jx| .  (r-:a| , 

This  conclude:}  tho  problom/ 
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Sources,  Sinks  &  Doublets 


(Fluid  Dynamics)  /  10. 


Problem  13.  TAc  space  on  one  aide  of  an  infinite  plane  wall  y^Ois  filled  with 
inviscid.  incompressible  fluid,  moving  at  infinity  with  velocity  U  in  the  direction  of 
x-^xia.  The  motion  of  the  fluid  is  wholly  two  dimensional  in  xy- plane.  A  doublet  of 
strength  )iis  at  a  distance  d  from  the  wall  and  the  points  in  the  negative  direction  of 
x-axis.  Show  that  if\i  <  4a2  If,  the  pressure  of  thi  fluid  on  the  wall  is  maximum,  at 
points  distant  <W3  from  O.  the  fool  of  the  perpendicular  from  the  doublet  on  the  wall  - 
and  is  a  minimum  dtso. 


//■  ji  =  4a 7  U,  find  points  where  the  velocity  of  the  fluid  is  zero  and  show  that  stream 
lines  include  the  circle. 

x2  4  (y  -  a)2  =  4a2. 

Solution.  Since  the  points  of  the 
.  doublet  are  in  the  negative  direction 
of  x-axis  so  that  the  doublctmakes  an 
angle  nwilhx-aJtis.  Image  of  the  given 
doublet  is  an  equal  doublet  similarly 
oriented  at*  =- to. 

The  "system  consists  object 
doublet,  image  doublet  and  stream 
with  velocity  U  parallel  to  x-aria. 

Hence 


y 

♦ 

-  t 

a 

i 

r 

» 

•_ i_  . 

* 

Fig.  326. 


z  —  ia  r  +  ia 


Uz 


z  —  ia  z  4  ia 
--Uz 


-- Uz 


dio  r, 

dz  “t/+(2^  +  a2)2 


*  (x^a2)2" 


For  any  point  on  the  wall,  z  x  eo  that. 


q  =  U 


IgjiCgj-x3) 


...(2) 


(x^  +  a2)2  * 

Thi.  t 

(x2  +  a2)  (z2  +  n2)2  ■ 

To  determirm  pressure  at  any  point  on  the  wall.  By  Bernoulli's  equation  for 
steady  motion.  ^  4  ^  q2  «  C.  Subjecting  this  to  the  condition  p  -Tl.q  -  U  where 


~.aothat--i-£  Cf2  =  C. 
P  2 


Thwf  +  2<l“"pt2V“0r  2W  P 

P  (a2  * x2)4  ■'  (n^x2)2 

ldp  S^xfn^-x2)  16  y?  [a7 -**?_-* 

~pdx"~  (a*VxV  (o2-*-*2)6 

■  ‘  ,.f  -2r.  -dFfel-Vn 

(«2  ..*»>* 

1^.4^  x(3^-^  fo.  („* -x*)  .  V (.».*% 

P*  (a2.*5)4  t  ,4%  '4-5' 


-2«  -  1 


Forcxtromum  values  of  p.  a  0.  this  )  “  0  so  that  at"  0, 1  cV3. 

d*  .  HI 


Thus,  If  p. <  4t?U¥  then < 0 aothlAp^i^aaxlmijm  where*  -  aV3.  Again,  if 


H  <  4a2(f.  thon  d  V<k*  >  0  where  x^'O  ^tbatp  Is  minimum.  Connidcr  the  case  in 
which  p  -  4a2(/.  & 

Let  the  fluid  velocity  ■*  9,' sottit^r-  -  0,  then  <1)  -*> 

(a2  4  x2)2 

or  (r2  ♦  a2)2  4  8a2  (o2  —  x2)  -  0. 

On  the  wall  this  become*. 

(x2  +  o2)2  4  8a2{o1-x2)«0 

or  x4  ~  So2!2  +  9a"4  «0  or  (x2*- 3a2)2  «j0  or  x  »±  a  ^3  . 

An*.  (±aV3,  0)  are  tho  point*  where  velocity  vanishes. 

To  determine  stream  line*.  • 


Wo  have  w  -  -  ■  -  t/r 

x  ♦  a 


or  ,-v~ g  *  **  -  gf 

.  (x2>o2-y2)2+dxV  ; 

•or 

(z2  4-  a2  -  y2)2  + 

Stream  linos  are  givon  by  V  “  mst-TaXo  const.  -  OThcn  atrenro  lines  nrc  give" ; 
or  8o2|n2-(x2-4^)W(x2-y2)2  +  a4  +  2a2<x2-y?)*'l*Vc0 


\r  Sa'-toPtfrft  +  lf  +  y1?  4  2a2  (x2-/2)-** 

or  C*1  ♦yV-toV-  10ay  +  9a4-0 

or  (x2  4  y*  -  3a2)*- 4aV-  0 

or  (x^+y2  -  3a2  -  2ay)  (x3  ^y2  -  3a2  +  2ay)  «  0.  /■' 

Th  is  includes  the  circle  x2  *t  y2  -  2ay  -  3a2  “  0. 

*>..  x2  +  (y-o)2«‘>a2. 

Problem  14.  Find  fAc  fines  o^oin  in  fux>  rf/mmsfonof  fluid  motion  given  by  . 

Jint 


Prove  or  verify  that  the  paths  of the  particles  of  the  fluid  (in  polar  co-ordinates)  may 
be  obtained  by  eliminating  t  from  the  equations  . 

r  co*  (nf  <0  “Xq  »r  ain  (at  ♦  ©) -y0  **nf  (x0— yj). 


Solution.  Wrilex  it  is  p’yen  Ihait 


2  nr2 

This  *=o  0  *  -  "■  cos  2  (nf  0).  v  -  —  ~ZT  3»n  2  (nf  -*  0J. 

1  -  ^  ■ 

Lines  of  low  nrc  given  by  V  -  const.,  i.f.,  ^ 

nA  Ci&  ^ 

- sin  2  (nf  ♦  0)  ^  const. 
r2  ain  2  (nf  4-  0)  •»-  const 


By  dcf.. 


^  Ir  cos  (rtf  4  0)J  ■  f  cos  (nf%gl>-  (rt  +  0)  r  *io  (nf  4-  0) 


2'(nf  4  0)  cos  (nf  1 8)tn  -  n  sin  2  (nt  +  0)1  r  sin  <nf  ♦  0) 


^^[^2 1(nf  4  0)  -  (nf  4-  0)1  -  sin  (nf  ♦  0)1 
C  +  0)  -  »n  (nf  +  0)1. 

Slmilarly^iv^can  show  thnt 


rrjrtln  {nf  +  0)1 »  nr  Jcoa  (nf  4  0)  -  rin  (nf  ♦  0)1. 


f  cos  (rtf  +  0)«^  {rain  (nf  4  0)1) 

*  ' 

-  nr  |co»  (nf  ♦  0)  -  ain  (nf  4  0)) 

...Cl) 

This  »  ^  [r  cos  (nf  4  8)1 »  ~  lr  ain  (nf  ♦  0)1 

Integrating,  rcos(nt*G)-r  sin  (nf  4  0)»A 

Subjecting  thi*  to  Initial  condition,  when  f-0 

|  ...(2) 

r  cwt  0 -x -x®, r  ain  9 -y -yq. 

..-(3) 

wo  get 


r  co*  (nf -f  0)  -  r  ain  (nf  :4  0)" »  jcq  -  yp 


Hcnoo, by  OX ^  tco*  (nf  +  0)1  lr  *in  (nf  4.0)j  *n  (r0  -y£. 


Integraling.r  cos  (nf  4  p)  o  r  *in  (nf  +  0)  »hf  (x0-y(j) +B...  (4) 

This  »r  aw(ni.4-0) -nf  (xo-yoJ.-f-B, 

Subjecting  this  to  (3X  .  x0  -  0  4  B: 

r  cos  (n<  ♦  0)  -  nf  (x0  -  yo)  4-x^, 
or  rc*s(nf  4O)-X0-hf 

Again, (4) give*  r*ln(n/  +  0)-y()“T^(*r6"'^0)  '  " 

Combining  tho  lost  two  equation*,  " 

rS«  (nf  4  0)  -  xq  -  r  *Jn  (nf  4  0) -y^  -  nf  (xq -yo) 

.Thi*  concludes  the  problem.  . 

Problem  15.  Use  the  method  of  images  to  prove  that  if  there  be  a  source  m  at  the 
paint  Tq  in  a  fluid  bounded  by  the  lines  0-0  and  0  -  is/3,  the  solution  is 

Q  +  (^  ■— m  log  (r^  —  r^)  (r2  -  Xq)!.  •  pFoS-2006) 


'  Vi >  **0  m  x0  ” *76- 

2 

-r*«w" 

y 

n 

(-pW 

jr  0-*O 

SZo* 

/ 

-  :-n» 

/  ^  -  p-. 

\ 

f  *m  .  r 

o 

0-0  ° 

I  0-0 

--  V 

r  ZV(W  ■ 

*  pig.xrr. 


Solution.  Conoldor  tho  map'  5“^ ‘  from  x-plano  to  (|-pIaho,  wherq 
r  -  rd*.  C“  He*5*  so  that  RcP  -  r**”®.  This  »q  jTt  -  r*.  p -'30.  henco  tho  source  +  m  at 
z0  in  x-  plane  Is  mapped  on  tho  source  4i7«  atxj  In  {.piano.  Alao  tho  boundaries 
0  -  0. 0  -  Jtf3  in  x-plane  bccomo’P  -  0.  fi  -  Le. 
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(Fluid  Dynamics)  /  11 . 


■a 


?  •  "•  1 

r-rq 

y  - ' 

.  .  r<*> 

\  '  ♦ m 

-  :r;C.-  r.  ■»] 

l  T 

)  S  -  I A 

o 

V 

w 

e® 

9 


db 

$ 

i- 

a 


Tho  ia»B«  of  eoureo  +matr}  w.r.t.  $-sxi*  U  a  source  '*nt  at 

Where  ^0*  “  ^0  _  ^O-  , 

Tho  coxnplox  potential  due  to  object  system  with  rigid  boundaries  is  equivalent 
to  tho  object  and  iU  imago  system  without  rigid  boundaries-  Heaco  w  is  given  by 
w  -  -  ih  log  -  lo)  -  m  log  (C  -  i$y;  ’  *  r 

or  |«+.iV--mlog(E3-*J)(f3-±5h 

Problem  1&.  Atourc*  Sand  tinkT  of  equal  strength  m  antiquated  within  that  poos 
bounded  by  a  circle  whose  centre' U  O.  JfS  CfidT  art  at  cqtjai  distance  from  O  on 
opposite  sides  of  tf  and  on  the  Same  diameter  AOPi  shew  fhict  velocity  of  the  liquid 
atanypointPis 


2m. 


OS*  +  OA* 


PJf.PB 


OS  '  '  PS.PSr.PT.P7;' 

where  ST  and  T  or*  inverse  points  of  S  and  T  wirX  the  circle. 

Solution. Take  0  as  origin  and  O/i  aax-axia- 
Let  OS  -  OT -c.  OA  -OB  -  a.  Then 


pi^aia. 

OS.  OS'- a2. OT.  or -a*. 

Houco  OS'  *  OT  m  (PlC. 

Tho  object  system  oo  aria  ts  of 

(i)  source +m  atS  (c,  0), 

(ii)  rin  Jk  -  ct  otT.(-  c,  0), 

Tho  imago  sysiom  consists  of 

(i)f  source  +  m  at  S'  {aa/c,  0)  end  rink  -  m  at  O. 

(*»)'  sink  -m  at  T  (-  oVc,  0>  and  source ’4  m  at  0. 

Source  end  sink  both  ot  O  cam  eel  each  other. 

Hcnco 

w--m  log <r  -  c)+  m  log  <r  ♦«)-//*  log  ( 1  —  a~Jc) r m  Jog (z  ♦  o2/e)). 

dw  r  1  1  1  1  "I  ■ .  /  j, 

-s“mi7^-77:+r^'rn:iwl''!rc’e'o/c- 

,,r  ?£  1  »(<»**>  1  tl,(i1-an(f«a1t) 

V-loVjJ 


v{' 


~2o».- 


(r-q)(r  4-o> 


(z-c>(*-rc)(r-o- 


- 


4e> 


Taking  oiodlus  oC  both  sido?  and  noting  that  fluid  volocity  -/|  ^ 

^  .  OA^OS*  BA.PB  $S^ 

^  ;  OS  '  PS .  PT .  PS* .  PT* ..  .  ^  :  %J? 

Problem  17.  Prove  that  u  -  *“  -  -  - - 


wo  get 


-  - <qy,  u  -  -  eir.W  -  0 rtprv*enUm  possible  motidtiofr, 
invhscid/tuuL  Find  the  Stream  function  and  tketctfitreanidlnes:  What  it  the  baric? 
difference  between  this  motion  and  one- represented  by  the  potential  -, 
$eAlogr,\r-(xa*yV/a- 

Solution.  L  Consider  tho  motion  dToflnodby, 

u  -  •t&iy,  v  *»  car,  u>  -  0.  ’■ 

Evidently  it  is  two  dimensional  motion.  %  ' 

du  dv  ■  dw  A  ^ 

~  +  — -  +  'r--0  + 

2r  J)y  Ox  ^  ^ 

This  declares  that  tho Hqui^FtoBbaa  is  possible.  .  . 

,  thtf  .  ififc...  .1 


But 


_=4.  - 

a< 


*z  .Ax  '  ,> 

dy’  4y  5r  .  ,  - 
dy  oa  dr -a  By  none  dr  +  tttydy  “d^  —  t^^y2) 

Integrating,  v  » (xa  o-y3)  ♦  o  * 

This  gives  the  required  stream  function. 

Stream  linos  aro  given  by  y  -  coast.  -  i,  say.  so  that 
£  +yl  ^  l&_ZPl  „  c  or  jJ*  +  f  »' c 

It  mean  s  that  stream  li  nes  arc  corvoeo  trie  circles  with  their  con  tros  at  tho  origin-”. 
ILKox  .wocoruldcrthemoUen  dcfincdby  v  .^...  • 

-  '■  ‘ »  *-A;iog >  •  ^.Jog  'if ?■  •  -  • 

j5*  *2Vy2  cU2  (x^+y2)3  ■ 

,  y2x_^  ,  » A  Or3" Au q  : 

■♦■  ^  #  ;  o?+yV  ■  i  • 

'  Hoace  liquid  motion  is  posiblo.  .  ;  -;  ■  ;  s-  ^  . 

M 


UL  DifTerence.  Tbo  basic  difference  in  these  two  motioni'U  that  volocity 
:  potential  doos  not  exist  in  die first  case  whereas  in  the  second  caso  it  exists. 

Problem  18.  A  tux>  dimensional  flow  field  it  given  by  y  «jy.  Show  that  the  flow  it 
■  irrotationaL  Find  velocity  potential,  stream  lines. 

Solution,  y-ay 


■  U«  — *=*•«“  2 
*■ 

q  -  ui  -t-.vj  ®  -  ri  +y| 


■ 


curlq  *’  1  J.  T  It 

A  A  A 

3tr  dr 

-x  y  '  »'  0 
-l(0)~J(0)Tk(0)a:0 
Motion  is  inotational. 

(Ii)  c/0.=  tlya-udx  -  v  dy 

=^xdx-y dy dx  +N dy,say. . 
M  M -  IN 
dy  m  "  4c- 

.  hfdx-¥  tidy  is  exact.  Solution  is 

j^d^-  jxdx+j-ydy-]~£  + 


‘tP-P’ 

or  +C 

This  ia  tho  expression  for  vclcdty  potenth^ 

V  Gii)' Stream  lines  aro  ^en  b)^^# 

'  ’  y  *  const.  Buy^VjJSr 

.  V* 

.  gives  stream  lines. 

Problcm  lS.  S/iow/  iA^oc/ocityjjo/cnria/  _y_i 

■  .  V:  ’-  ■/M  "  ;  ■ 

rjpves.a  possible-motion.  Determine  the  form  of  stream  line t  and  the 
’  V  Scdutfoii.  Given,  t)  -  ^  log  [{r  +  a)2  ^y2)  -  log  I(y  -  a?  +y?J. 

rj£  '  *  *  *■ 

.  ■>'  ■  ('  t“)  »jr  (t  -  a)8  .y3 


iFb  lCr-*-a)2  +  y?|  -  2  (x -»■  o)7  t(x-q)2-»y21^2(x -g>2 

j'"  2*2  l(x.^a^Vy2j"J  ICx-a^+y2)2 

or  _  £o_  ,2) 

i?  I(r +  B)2,+y?la  I(r.— a)1 +y2J1 

((r  +  a^Vy2]2-..'-  Kx-aJP+y2!2  • 

Adding (2)  ond  (3).^^  ♦  ■■  6  or:  V2$>  ••  0. 

_  -  .  2r  •■  . 

Thus  U>e  equation  of  continuity- U  satisfied  nod  soft)  gives  a  possible  liquid 
motion.  ‘  ."• 

Second  Part. To  determinostroam  lines. - 


:  dO 


Hence  +  '23L. 

lienee  ay”  dr 

Now  • 


^23L:-2£ivm*Z  . 

dy'  dy  ;  a*: 


f  w _ *+a 


Ar. -■■■  (ir+o^+y2  (r-o^+y2 
Integrating  wjr.L  y, 

y*tan-1“ 

where  P(x).is  constant  ofinregrflUon.TodotcrrmnoPCv). 

;  I _ . 

-  ‘•  dr.  A  ^>(x  vo)? -ey2  •  (g-o)2-* y2 


Byt4).^ - -  a 

Ut<ir+Jr  U“fl)J-»y 


...W) 

...(5) 
...  (G) 


Equating  (5)  to  (8).  P  V)  »  ©.Integrating  this 
PI*)  w  absoluts const,  and  hence  neglected. 
Sinco  it  has  no  effect  on  the  fluid  rootioo. 

Now  (4)  becomes. 

y— Inn-*.- 


jc4-^ a24yf.v. ...  .  .’  .lii'-'i:  ‘ 

Stream  lines  aro  given  by  y.»  cantL.ix., 

ra“Lov-^'"“1' 

If  we  take  const  -  0,  then  wo  gety  aO,  i*..  x-axis. 

If  wo  lake  coots.  -  then  w«  got  arclo  x2-^2  +y  -  0.  ‘  T.i(  - 
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Sources,  Sinks  &  Doublets 


(Fluid  Dynamics)  / 12 


JL 


Thu*  stream  lines  Includo  x  axis  arid  drclcv  ■' 

Third  Part.  To  doterinj  no  curves  of  equal  speed. 

By  ( 1 )  nnd  (7),wo obtain  ‘-T’  *'  -r/vr\ 

'  w  -  $•+  »v'»  |  %  I&c  ♦  a)2  +y*J  -  log  |(r  -  c)2  +y2] 

»f  tori"1*  y  ■  - 1  ton-1 

.  ..  -.-jc.+  a  x-a 

"  1?S  (C*  +  a).+  »>)  log  l(*  ~a)  +  iyJ 
»log(r+a)-lojf(r;-.a>;  •' 

dw  _  1  _  1;  j.-  -  —  2g  ~  • 

dt  "z + ft  “t  -  o  "  (f -o)  (r>  0); 

Idea  I  -  2d--.  ■. 

dr  I  |r-a| .  |i+a| 

Writo  |r-o|  »  r,  |z  *■  a  1 .-  d.  faicn  speed 
Tho  curves  or  equal  speed  ftrogtveh  by  ' ' 

^  -  const.,  «'r.,  it'  »  const.  Trhlcharo  Cassini  ovals.  • 

r/  :  ■••.- 

Problem  20.  Parallel  line  sources  (perpendicular  to  the  xyplane)  of  equal  strength 
rn  are  plocedat  the  points x  “  nin.  where  n  —  .... —.2,r.  l,  0,  1,  2.  3,  ....prove  that  the 
complex  potential  is  .  *  . 

in  a  —m.log  $Inh'(ja:Aci).|  j  V‘- 

Hence  shou?  that  the  complex  potential  for  fioo  dimensional  doublets  (line  doublets )r 
with  their  axes  parallel  tothe  x-axis.of  strength  ji  at  the  same  points ,  is  given  by 
;  iv~  n  coth  (ic/o).-  - 

Solution.  Source*  .of  equal- strength  m  are  placed,  at. z  -±nia  whoro 
n  >  0, 1,  2, 3,  ...The  complex  potential  due  to  this  system  at  any  point  t  Is  gfven  by 

te.»-/hlog(r-0>-  2  . m  log  (c.-^  nib) -  2  m  leg(x  +nid) 

»*l  .  ■  ;  i'-t 

*-n»logz-  2  m  log(x2>n»2<iI) 

,A«1 


•;!rk‘((,rfhv'‘  . 

-^rM1  *  W1  ) 


_  J2- 

-Neglecting  constont^w--  E/nlog  — f  1  +■  —r~x  \ 
*-l  a  \  d  tr) 


Putting  “n~,  \ro  get 
it  a 


u— mlogO.( 

-  —  m  logsinh  0  - -m  log  sinh 


...a) 


or  it/  ■  -  m  log  siah  (rcr/b). 

This  prov©«  tho  firrt  required  result. . 

Noto  that  log  (r- a)  due  to  source +  m  atx  -o  and  iuj-^fri/fr  -  a)  due-  to 

doublet  +  m  atr  »o  with  Its  axis  along*- axis.  i.e.w  -  ~;(m  lojpfr:-  a)j  fora  doublet 
♦  m  atr -a  with  Its  axlsolongx-axia.  -  - 

Therefore  tho  complex  potential  for  tho  douWetir of. strength  m  at  thwwj.  points 
is  negative  derivative  of (1).  so  that  *  *B!V  ’**■ 


gf  ,^53“  u 

vs  ’■=  ^7  Im.logsinh  (xzA*)1  _ .^-v^  y%Trr 

lx..  ur  » ecih^j-H ootb||^’|j 

This  proves  tho  second  required  result?' 

MjsosUarw 

Problem  2L  An  area  A  is  beaded  by  that  part  of  the  x~axis  for  which  x  >  a  nnd  by 
that  branch  of  x2  -  y2  -  a2  wfiicfii*  in  the  positive  quadrant  There  is  a  tioo  ; 
dimensional  unit  sink,  at  (o,  0)  which'  sends  out  liquid  uniformly  In  oil  .directions.  *. 
Show  by  means  of  the  transformation  to  -  log  (r2-**2)  that  in  steady  motion,  the 
stream  tines  of  the  tiquid  within  the  area  A  an  portions  of  rectangular  hyperbolas. 
Drew  the  stream  tines  corresponding  to  vym  0.  xM  and  a/2_  //  pt  and  pj  an  the 
distances  of  a  point  P  within  the  fluid  from  the  points  ft  a.  0\  show  that  the  velocity 
_  of  the  fluid  at  Pis  measured  by  ZPO/pjpj,  O  being  the  origin. 

Solution.  StcpI.  u)  m  log  (r?  -  a2)  is  expressible-  a* 

0  iy  ^  log  (x2  -  y2  -*a2  ♦  2uy) 


...a> 


Stream  lines  are  given  by  v  -  const.  ->  h.  say,  then  . 

or  tan*  -2ry/t*2-y2-.-.o2)  ...(2) 

If  A  ■  O,  then  (2)  »  2ry  »0™>x«0,y»0. 

If-A  «  Jt/2,  then  (2)  **>  x2  -y2  -  a2  -  0  «  x2  ~y2  *  a2. 

Thus  stream  lines  nrc  parts  of  tho  curves*2— y2  »  o2.x  =  0,y  -  0.  Hence  liquid 
Hows  In  an  area  vt  bounded  by  x  -  O.y  “0.x2  ~y2  *«2ln  the  positive  quadronL 


0 


f  Step  //.  w  -  log  (j2  —  a2J  Is  expressible  a* 
u> « log  (*  -  a) + log  (t  >  a).'- 
This  prove*  thst  the. liquid  motion  Is  groemted  by  two  *infcs  of  xtrjength  unity 
a  t  (a,  0)  and  (-  a,  0).  Consequ ontly,  the  lmsge  of  slnV-'  1  At  (a,  0)  fa  on  epuol  rink  at 
(-o,  0>.  yolativo  toy-axU  fg^  relatlye 16  the  area  A. 

Step  IlL  To  show  that  velocity  •  q*2. 0/VpjPj 

Wo  hove  u>  ■log(»2-  a2).  :  . 

i!cdc* 

jLct  P  bo  a  point  within  the  fluid*  Then  [x|  » \i  -  0J  -  OP, 

Pl  ~  \z  -  a  -  dfa*Aitce ;  between  P  *nd  (a,^  0), 


Thus 


P2 •  |f  s-a  ]{UstancebctwcenPa»4  (-O.0)  . 

20P 


Pi  Pl\ 


Step  IV .  To  determine  stream  lines  corresponding  to 


*;4*2* 

ByU).  tany^  -j  ±  . 


Putting  V  "0,  ,vro  obtain 


jg- 

.x2-/- 


fy 

Ae>.  - 


/x. 

U 


Thus  stream  linos  lib  along 


relative  tor- 0 
relatlvotof  •!^4 
relative  to 


(i)  x  and  yaxca 

(ii)  thocur5«^^^  -  2i^r-  a4  «0 '  . 

.  (ill)  reetimEulM'hypbrbblax2  -y?  aa2 

-. 

Prob!enii22'S*ow  that  the  velocity  vector  q  it  everywhere  tangent  to  the  lines  In 
xy-pldMgidng  which  v  (*,»  »  const. 

^^tetlon.  Given  ▼  (x,y)  **jconst. 

f#V  ■ 

But 


Now  tho  last  givos  .  vdx-  udy»Q. 
dyu 

slope  m  j  of  tho  tangent  to  the  curve  (1)  is  m  j  -  $>/u. 

But  slope  of  direction  of  velocity  q  Is  ~. 

Consequently,  direction  of  velocity  Is  tangent  to  v  -  const. 

Problem  23.  A  velocity  field  is  given  by  q  »-xi  +  (y  v  i)  j.  Find  the  stream  function 
and  steam  tines  for  this  field  at  t  -  2. 

Solution.  q-ifl  +  t/J*  —  xt+JCr  +  f) 
u--x  v~y+t 


But 


da  ■  (y  +  0  dx+jedy 

-  Mdx  +  Ndy.say 

m  ,  UN 

■F^-sr 


...a) 


ifatr  Hdy  is  exact. 
Solution  of  (1)  Is  pren  by 


V.»  J”  <y  +C)dx  +  j  Qdy-xfy-*  r)  +  c 


V-x(y +-0+C 


.(2) 


This  I*  the  required  expression  for  stream  function.  Stream  lin^s  at  f  -  2  nro 
given  by  (v)f,  2 -const.  ..  .. 

or  x  (y  *  2)  +  e  -  const.  '. 
or  xly  +  2)»o. 

Problem  2d.  Prove  that  In  the  two  dimensional  liquid  motion  due  to  any  number  of 
sources  at  different  points  on  d  circle,  the  circle  ts  a  stream  tine  provided  that  there 
is  no  boundory  and  that  the  algebraic  sum  of strengths  of  the  sources  is  sera. 

Shoio  that  the  same  is  true  if  the  region  of  flour  is  bounded  by  a  circle  in  which  cuts 
orthogonally  the  circle  in  question.  - 

.Solution.  Suppose  A^.  A^...  arO  iho  positions  of  tho  source*  of  strengths 

m  i  >  — 

Thk*  ai\y  point  P  on  tho  circle  and  tho  diameter  through  it  ns  tho  initial  Mae. 
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Sources,  Sinks  &  Doublets 
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Let  ZAjPA*?,.  ^AjFA^Oj, 

ZAj/Aj-oj.^c tc. 

TKoo  strain  Una  Is  jpyon  by 

y»-j5»10-r»>2(0-t;ci1)-inj((M-a1+£i3),..  -  *" ^  . 

■  -  (p»i  +-/»2+mJ  + :..)  0  -  [n»3  at  +  *n3  (a,  +  c^)4 
or  y«  -0.2in*-comL  '  .  Flgus. 

For  whatever  bo  the  partition  of  P4  aj,  tta’  .do  not 

change.  Sloe*  th*  angla  subtended  attho  djcumforooco  by  an  orcu  always  the  uat. 

If  ih«  algebraic  sum. of  tho  strengths  Is  &m>. if*,  if  Zvu  “  0.  then  V  »  const., 
meaning  thereby  drdo  is  astonm  line.  Hence  tharajult  —  ,  . '  -  ‘ 

Second  Part  Leif/  ha  th*  centra  qf  a'/---  ^  A 

circle  which  cuts  tbo  given  circle  orthogonally.  '  *  — J. 

Join  O' toA|.  if  C^Ai  cuts  theoriginaJ  at  Althea 
A'  is  tho  Inverse  polol  of  A  j  w_r.t_  drdo  whose 
centra is 0>.  -  *  ■. '..  * 

Rcla Live. to  tho  circle  whose  contro  ls  (X, 
tho  imngn  ofiouroc  +in x'al  A(:  is  a  source  . 

+  m1  at  A'  and  . sink  -ikj  at  O'.  If  the  harriers 
aro  omitted,  wo  arc  left  with  system  22m  on  ' 

tho  origin  afdrdc  and  -Zm  at  O  and /as.  .>.  Flg-X*x 

In**©;  we’again  gel'tho.aaino-rcsultp 
i-e-iV**  const. 

Problom  jFmrf.  the. velocity.  poiailial  when  there  is  a  source  and  an  equal  sink 
inside  a  circutarca pity  and  she w>  that  one  of  the  stream  lines  is  an  arc  of  i the  circle 
which  passes  through  lh  e  source  arid  sink  and  cuts  orthogonally  the.  boundary  of  the 
cavity,  .  (Kanpur  90) 

Solution.  Consider  a  source  f  in.  at  .  „  ^ - — 

A  andasiDh-m  atflrcspcctivdyirijidoan 
circular  cavitywhosa  contra  is  Oondradius 
Is  ai  LcL'CVt-  b.OB  ■  c,  dBOA «  aJ'Let  - 
A*  and  S',  be  respectively  inverse  points  of  i 
A  and  B  roapcctivdy.  Th  on  - 

•  QA .  QAT*a*  “  OB .  OS'  . 

Tho  Imago  of  source  t  m  at  A  Is  a  sink . . 

+  maU'  aiid.'a  sliik  r  m  at  O.  Tbc  Image,  of 

sink-matRiba  wDk-m  atR' and  a  source  ■' — '* 

4-nt  at  O. Tho  •ODrco  >/n  and  sink  —  m  both 
•  at  O'canecl  each  other:  Thus  toit  given  by 

- tn lag (r — 6) — m  Iog£x-^-.^+.m  lo £(r-c<0  +  m 

jEqyatlng  real  aod  Imaginary  porta  from  both  ridas,  wo  can  cosily  get  volocity 
potontial  and. stream  function,  rcmpectlvcly.  - 

Sinco  OA  .  OA’  «  OB  .  OB'  -  a2. 

ilonce  points  A,  A  ,  B,  S'  are  concyclic.  Let  the  circle  through  Uic.ee  points  wcet  'a 
the  cavity  In  C  and  C.  Thon  OA  OA'  -  OC2.  Hence  OC  is  tangent  nt  C  to  tho.circlo^ 
through  3.  S’ .A,  A'.  It  declares  the  fact  Ih’at  tho  two  dixies  intersect  orthogonidiy.  *l 
Also  tho  drdo  through  A .  A'.  B.  BT  passes  through  A  and  BJjt ..  tho  so  mo  sourcblon^ 
sink,  bcnco  it  m ukUio  ■  stream  line.  .  t%v‘v'^‘r 

Problem  26.  Prove  that  for  liquid  cirtulatir^  irrotationaily  in  par^ofj^planc 
between  tioo  non-intersecting  circles  the  curvet  of  constant  velocity  u?c  CaSsi/us  ovals. 

Solutldn.  Suppose  CC  is  the  lino  of  centres.  Taks  two  peuptsyi^and  li  g.t.  they 
ore  inverse  points  w.r.L  both  the  circles.  Qonsider  a  pomtPjon'Vno  of  the  circles. 

Write  JrA  ■  r,  PC  ■  r j.  ^ 

Since  I  Ot.CB-CP*  hcnco 
ACPA  and  ACPB  are  similar  so 
that 


-i  A‘ 


CP 

PA. 

CP  r  r  _  ( 

CB  m 

mpBrt **' 

,CBm7lor 

%.  .  / 

l  n  c* 

It  means  tho  equations  of  tho  ty?o^^Vv^i 
circles  con  be  written  os  ^  rig,  s_sx 

r  r  '  A 

AJ*o  these  two  circles  aro'stjxam  lines,  hence  y  must  he  of  the  form 
V"/Crfrj).  but  f{rlrfi  is  piano  harmonic.  Consequently 
y  *•/“ *Alog  (r/r j)  os  logr  is  the  only  function  ofr  which  is  plane  harmonic. : 
Hcnco 


^--AtO-O^iu^- 


ir 


to  =  q  ♦  i  V  -  -  A  (QT-  0  j)  *  L\  log  (r/rt) 

■  *  A  |Iog  (rJr ,)  +  i  (0  -  0|)J  ^ 

Choosing  A  to  be  (- a.  0)  and to  be  (a.  0).  then 

u. « 1 A  log  [  This  ws  •  ' 

2Aa 

?» - . 

•  ;H  rri 

Curves  of  constant  velocity  oro  given  by 


Using 


.  2Aa 

q  “  const.,  i  e^  - -  const,  i^., 

-  **%.  * 

iT|  ■  const,  which  oro  dooriy  Cassinfs  ovals.  . 

Problem  27.  If  a  homogeneous  liquid  is  acted  on  by  a  repulsive  force  from  the  origin, 
the  magnitude  of  toAicA  of  distance  r  from  the  origin  is  pr  pro  unit  mass,  shear  that 
it  is  possible  for  the  liquid  to  move  steadily,  without  being  constrained  by  any 
boundaries,  iii  the  space  between  one  branch  of  the  hyperbole^  x2  —  j* «  ol  and  the 
asymptotes  and  find  the  velocity  potential.  *  ■  .  *  ' 

Solution.  The  liquid  moves  sUodOy  between  tho  space  given  by  o no  branch  of 
x^-y2  »  a2  ~.{1)  and  its  asymptotes  giyoa  by 

x3  -  y3  “  0.  ...(2) 

(1)  and  (2)  ore  dearly  stream  liocs.Forx2-y2is  *  harmonic  function  as  it  satisfies 
Laploco's  equation.  Thus 

V  ■  A  Cx2 -y3)  ■  A  r2  (cox2  9 -sin*  p)  •»  Ar*  can  20 
or  y  « Ar2  nin  ^  2  +  )  A  being  a  constant. 

u»»0+fy  b^|coi| 2  +  28^  +  * stn ^  +  20^ J— . 

or  10  ~Ar*  J  It*'3)  v  ^  ^Artd23m  A  '.  ^ 

'  -•  *  - 
Hcdoc  ur  *»  Ax2  .  lienee  q  •*  |  |  2A^|xj>^2Ar  ' 

In  ca»  of  steady  motion,  tho  cquation'ofmotlon  is 

GIv*n 

This  »  fl  ^  r2,  neglecting  constant. 

2  %>..  — 

Putting  the  VftJucs  lnXD^ 

const. 

vp4.  2  ; 

Subjecliag.Oils.So  tho  conditioop  ■  coast,  on  free  surface,  wo 

dj;L^^*'2-vr3-°  or  A- V2. 

■  _  * 

Q  “  *Ar  -  — .  r  or  q  -  Wp- 
volodly  potential  =•  b  -  Ar2  cos  ^  ~  -i-  20  j  ®  -  Ar7  si  n  20. 


fl(0.b) 

A(0..) 


m  A'  (O.-1) 
-n  0*(M) 

PIS.3J3L 


Problem  28.  If  the  fluid  fills  the  region  of  space  on  the  positive  side  of  x-axis, 
is  a  rigid  boundary,  and  if  there  be  a  source  >  m  y  Ias-ZOOB 

at  the  point  (0 ,«)  and  an  equal  sink  at  (0,6),  and 
if  the  pressure  on  th*  negative,  side  of  the 
boundary  be  the  same  as  the  pressure  of the  fluid 
at  infinity,  shots  that  t he  resultant  pressure  on  t  he 
boundary  U  xpm7  (o  -  b)2/ab  ( a  +  6),  \ohere  p  is 
the  density  of  the  fluid. 

Solution.  Tho  object  system  consists  of  - 

source  +  m  at  A  (0.  a),  L*.,  at  x»  its  and  sink 

-  m  at  z  -  ib.  Tho  imago  system  consists  of 
sourco  +  in  al  A'(*«- id),  and  sink .— «■  at 
Bf  (z  »  -  ib)  w.r.L  tho  poetliyo.  lino  OX  which  is 
rigid  boundary.  Tho  complex  potential  duo  to 
object  system  vrith  rigid  boundary  Is  equivalent 
lo  the  object  syatom  and  its  imago  system  with 
no  rigid  boundary 

w  —  -m  log  (x  -  £a)  +  in  log  (r  - 16) 

-  m  log  (r  +  io)+  m  log  (r  ♦  £6)  ■ " 

or  w  *» -m  log (x2  +  a2)  +*» log (i^  +  b2) 

dto  _  f  1  .  1  1  2mx  (a2  -  b2) 

*  “  "  t  x2  +  o2  '  r2  +  6* .  J  V  ♦  «2)  (**  ♦ 

I  £[J2. 1  2m  (a2  - 62)  lx  f 

»"i  <fc.r  iPjiY. 

For  any  point  on  x-nxii.  wo  have  J  “x  SO  that 
2mx  (p2  -  b2) 

q~  (f  +  a^tf+bS  • 

This  is  expression  for'  vclodty  at  any  polnt'on  x-axis..  Let  /q>bu  tlio  prcisuro  at 
r  By  Bernoulli's  equation  for  steady  motion.  : 

»’*  f+,r«2«C.  .  v;...--.  . 

p  2  ■  .  •  m:}\ 

In  viovr  of  p  -  p0.  7  *  O  when  x  »  wo  get  C  ■  Pt/P. 


--^o3 

29 


Po~P 
P 

Required  pressure  P  on  boundary  La  given  by 
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(Fluid  Dynamics)  /  14 


‘^•LfchaYoeVY 

r  3  ... 

.  ■  ■  ■  J0  (x2  ♦  a2)2  (x2  +  A2)2 
,4,>,  fV-^1  1  -— j—l _ 

Jo=-^a*-b2  * x2  +  b7  s?  +  a2*  (x^+o2)2  (x2  •»  A2)2 

..  a  .fV  +  A2  f.x.'n  T  n  u  i 
^  l  a2  -  A1  {  2A  ~2a  J  4a  ~4A  J 


M  np  m2to-A)2 
oA(a  +  A) 


J0  j^  +  q2  La  e_b  2a  - 

.j.r 

2a3 1 


2  2a3  . 4a3 

Problem  29.  Ad  m/mife  mass,  erf  liquid  it  moving  imtdlionally  and  steadily  under 
the  influence  of  a  rource  o/‘rtren£tA  p  ond.an  eQual  sink  ot  a  distance  2a  from  iL 
Prove  that  the  kinetie  energy  of  ihejltjuid  which  passes  In  unit  time  curve*  the  plane 
which  bayyrts  at  right  angles  in  the  tine  Joining  the  source  and  sinh  is  —  % p  p3.  p 
being  the  density  of  the  tlquid. 

Soluti on.  Consider.  *  source  ♦  p  nt  A  (a,  0, 0)  and  sink  -  p  at  B  (-  a.  0,  0)  b.L 
AB  -  2a.  Consider  ft  paint  P  [fl.y,  0)  on  X-axis.  Consider  a  circular  strip  bounded  by 
the  radius  y  and  y  *  By.  Macs  of  the  liquid  passing  through  this  atrip  la 

P  (2»y  -  hy)q  *  2*rp  qy  .-typer  unit  tiroo  »  Sm.’ioy. 

KcenlMbatr2^  -  const,  so  that  u»  COmt/r2 in  the  equation  of  continuity  in  caso 
ofiiphcriml  njinmeliy. 

Hcnco  velocity  nt  P  duo  to  aourco  ot  A  -  -Aj  (Jong  AP 
velocity  at  P  due  to  alnk  atZJ  -  ^  along  PB 


"at2 

AP  -  PB,  UiZTaO-0. 

Then  resultant  velocity atP  along AB 
2uro*0  2pcoa  0  2|ta 
AP3  "  o^y2  *  {a7 * 


n long  PD 


Required  K.E.  J  &m.<72  "  2  f 
-'o  Z^o 


<?7  <*y 


j  V® 

a - f“J  sin  t.  cos®  t  dt,  puty  -  a  tnn  / 

Problem  30.  A  sing*  *oarce  u  placed  In  an  Infinite  perfectly  elastic  fluid,  which  is 
o/*o  a  perfect  conductor  of  heat;  show  that  if  the  motion  be  steady,  the  velocity  at 
distance  r  from  the  source  satisfies  the  esjtiation. ' 
f  V- 2 h 
l  Vjdr  r  . 


nnd  hence  thnt 


7vc 


Solution.  Since  tho  motion  Is  steady  and  ia  due  to  a  single  source,  hence  the 
Hcnv  is  purely  rndJal.  Equation  of  motion  is 

£-F~V  ' 

at  p  1 

Here  wc  hnvc 

ftmlt'Ub*'}r'r-0aS  ^ 10171  forces  arc  absent. 


Motion  is  steady.—  »‘0 ,p  ■  Xp  CBoyle’a  1»w) 

3u  k  dp  '■  . 

*  dr  p  3r  i:  •  . '  . . . 

Motion  has  spherical  symmetry  and  hence  equation  of  continuity 

!^£<purVo.y  ••.  - 

But  ^  »  0  as  tho  motion  is  steady. 

Hcnco ^  {p  ur2)  *0  or  ur2 +  pr*|^  +  pa  .  2r»  0 
3p  9u  -i  p«  - 

+  2  r  =<>•  : 


>H)t  : 

fu-— ^Ida  «•  —  dr 

l  r  ^ 


...(3) 


2  ■ 

Y  -  h  log  (r2  A,  .  a).  -  log 

A  ri  i  -  .  TaVo%^I;Vc  get 

Replacing  u  by  V  in  (3)  nn.«4),  wo  cl  the  two  required  results. 


-M) 


Problem 
lines  are 


n  31 \/ln  ty?o  dLmeniional  irrotational  fluid  motion  show  that  if  the  a 
cSrifocoI  Wh'psci,^?^  : 

S  'a  ir-1  i  9  .  n 


4^^‘logK(a2*X)-V(A2VX)U/l  .  . 

end \th$y&ocity.  at  ony  point  is  Inversely  proportionat  to  the  square  root  of  the 
rectongleiunaer  the  focal  radii  of  the  point, 

V>>v Solution.  Tho  conformal  tranaforrootion  x  -  c  cos  to  (D 

known  to  yiold  tho  given  type  of  confocal  ellipses. 

(1)  »=>  x  *■  iy  »  e  cos  (0  ♦  »V)w  x  “  c  cos  Acoth  y,  y  »  e  sin  p  sinh  \r. 

ElimlnntingA.wogot 

^coth2^  ^sinhV 

Stream  linos  are  given  by  V.“  const.  By  virtue  of  thla.  (2)  declares  tbatstream 
lines  wo  coo  focal  ellipse*.  Comparing  (2)  with  the  Pquatloo. 

~~~~  ♦  ■  -  1*  wegctei oosh‘V"V(al  +  A). c  *lnb  y  *•  V  (A2  *  X)  ...  (3) 

a2  +  X  -  A  s-X  .'■••  •,'•.'■  V ' 1  '■  ■■ 

This  -5  c  (coeh  V.+  sinh  y)  **  V  (o2  +  X)  +  V(A2-»  X)  . 
or  -  ■  cr?  -  4  (a*  +  X)  +  V(A2  +  X)  ; >"  * 

or  v  -  log  ((a2 +X)  4-  V(62+X))  -logo  f  —W) 

lfte»  A  ♦i’vIs  tho  complex  potential  cfeoBvefluW  motion,  then  so  I*  At®.  Hence 

f4) gives  - 

v  -  A  log  i^+xjy^+X))  ~  B:'r  . 

Velocity.  (1)  ■>  dz/dw  *>  -c  ala  to  *-WiV--<i2/c2)l 

«-'  A- 1 |  - 7  iK-i|  -  loin  -<« 

By  (3),  e2  (ctwb2  y  -  *1  nh2'/)  «•  (d2  +  X) (A* + X)>  a2  -  A2 
or  c7  -  a2  -a2<l  -  e\  For  A^-o^l  -c2) 

or  c-ae.  . 

Now  (5)  become*  q*1  -^l|x~c<|  + 

(i  at. Qi)  nre  co-ordinate  *  offbd,  denoted  by 
5  and ST.-P  b  a  point r.  Then  rt  - j*^<*)* 
r2»JS#P»  |r  4 c*|.  :  r  .  .. 

New  f8)  Is  exprossibl©  as 

-1*'-^  or  A'  ’ 

FVomthbthereqiixdnJSuHiblWa.  .  . 

Problom  Sl  X  dcnoiing  a  variable  pararrlettr,  and  f  a  given  furictio*,  find  the 
condition  that  /(r.y,  X)  -  0  thould  be  a  possible  tystan  of  at  ream  lines  for  steady 
irrotational  /notion  In  two  dlmenttoh*,^.  ' 

Solution.  Supposo/  fa  y*  X)  »  0^ ^  represents  •tream  lines  for  different  values  of 
JL  Solving  thb  equation,;  wo  get 

A-FCr.yX  ^  ’™ 

Wc  also  know  that  y  -  const  represent*  strewn  llnw.  So  we  can  suppose  tha 
(1)  and  A  "  c  both  represent  the  same  strewn  lineal  It  means  Ih  at. 

v.irilV 

V  "  y  (X).  No ^arvdx.ds 


H.O.:  1 05*1 06,Top  Root,  Mukherjee  Tower,  Dr.  Mukhetjee  Nagar,  Delhi-9.  B.O^  25/8,  Old  Rajender  Nagar  Market,  DelhWJO 
Ph:.  011-45629987,  09999329111,  09999197625  ||  Email:  tms4ims2010@gmail.cbm,  www.ims4maths.com 


ST 


|  https  ://t.me/upsc_pdf 


https : //upsepdf .  com 


-  https :  / /t .  me/upsc_pdf 


I 
■  ? 


.  x- ‘^^1 

I  - 


Sources,  Sinks  &  Doublets 


(Fluid  Dynamics)  / 15 


a 

© 

© 

*8 

& 

g 

Oh 

0 


25 

ss; 


§1 


...  (3) 


But  the  motion  birrotadoaaland  so  V*y  =  0. 

gy  ..  ■■  V-  '-■■  . 

“•  ■  ■  ..  . 

In  vlow  of(3),  lH5  become*  •=-,’•  “> 

Thb  is  the  required  condition.  ■  '  - 

.  .<  -  EXERCISE  3 

/J^-.AEijpyd  that  any  relation  ©TUxo/orra itr»A«V*M«  »■■  6rt  *V  tujd  j  -  Jt  ♦  gf  represents  a 
■  .  two  ffiran^onalltrctado^  nic^»1ayhltb  .^goltudo  of  velocity.  I«  |  (JiWt)| 

2.  .  Sbow^h*  ,C/  •  ZcjQf.  V » (o’+X*  -y3)  arc tho  v^odty  components  of  a  possible  Hold 

motion.  Dertorinloa  stream  (betioa  and  sketch  tlio.  stresua  line*. 

3.  Shxnx  Qial9  andy  *au*fyl^pU*«>«<iuatIoo. 

4.  Betwoenlha  Axed  boundaries  4  *xXJ  and  0^*-x/6.  Uwm»  U  a  lw*>  diraentionfll  liquid 

iMtioo'dtWto  tioWM  at  th*  point  (r»e;0»a)and  a  xiiik  at  the  origin,  ubscrUnjtwaUa- 
at  (h«  mis*  rata  as  tha  source  produces  It.  Kind  the  stream  function,  and  show  that  ono 
afU*  stream  line*  f*  a  part  of  the  cur** 

i^siri3a»e3.n»3flL  ■ 

C.  The  internal  boundary  ofo  liquid  la  composed  of  the  two  orthogonal  circle* 

A  source  producing  liquid  at  the  rata  m  Is  placed,  at  one  of  the  points  of  intersection. 

*  - 1;  SOkfw  that  the  complex  potential  of  th*  Hold  motion  Is.  -  " 

Slot*  &n<ip7ovetho  theorem  of  Blariu*  for  fluid  thrust  arid  couple  on  a  fixed  cylindor 
placed  in  stendy.  two  dlmcn»lonal;irroiationjj  flow. '  V  :  . 

Prove  Lhat(u--c»),  o  y  ux.io«  0  represent*  a  poyslblo  motion  of invi&dd  fluId.-Find  Uw 
stream  function  and  akalch  stream. lipca.:Wliot  ia  tho  basic  difference,  between  that  J 
motion  and  on o  repr  «*en tod  by 'tha  potential.^' -A  log  r.r  »• 

If  la.tha  compJct;  ppUnt^sJ  fwatwodirncnaiwia]  roolionhaviagno  rigid  ; 

boundaries  and :  m>  singu  lariUta  of  flow  within  ihoclrdo  ja|  -  a,  show  that  on 
'  introducing  tho  rigid  boundary  |x|  «■  o  la  to.  tho  flow,  the  now  complex  potential  Is  given 

by  ■  . .  • '  •  ■>:'■  ••  -. 

IV *-/>>+ ?(o2A)  for  |t|  io. 


<>, 

% 


-K  & 

' 


■ 

r^iX 


~  —  ii-- 


J4£- 


:V!5Jp& 
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(Fluid  Dynamics)  /  1 


VORTEX  MOTION 


SET  -  IV 


Vortrlclty 

If  q  («i  t/.tu)  be  the  velocity  of  a  fluid'  parUde^  then  W*  J  q  **  called 

vortriptit  Y^r. or  simply  vorhripty.is  the  angular 

--•  *U  0*  thefl 

1:  ^  ^ 

2  2  JL 

She  it  2zf 

u  v  w. 

1  '[du  3u>\ 


;y’+nJ+0<=| 


Henco  1  Wj»<fS*Jwai</S-0 

Jsi  Jst 

or  I  Wjxj  </S  -  I  Wjqj  </S 

J3,  J3i 

where  nj  and  are  unit  outward  normal*  on  the  inrfacef^j  and  Sj  drawn  in’ 
tho  satMMB>«k  .  *  . 


*1 


1/3 u  dv\  .  If  du  dw\  r  1/du  dtt\ 

The  com'pon  cnls  £.  T),£  arc  called  components  ofspin.  . 
Note.  Some  autliora.use  ^  J),  ^Tor  i^and  define ; 


G  p  ^ .  +  Ti>  +  0s  •*  2  curl  <?-Thus,  we  have 


r\  T.  W3ur  SuV/v-  1/ vu  3w  Y  _  lv3u  .  DuN 

Remark  1.  In  the  two-dimensional  cartesian  coordinates,  the  vorticity  is  given 


by 

-  3a  3u 
l*dx~dy 

Remark  2.  In  the  two-diroonsiona)  polar  coordinates  the  vorticity  is  given  by 

I  o  -lA 

I  Uj  ~  r  dr  r  30 

.Remark  3.  The  vorticity  components  in  cylindrical  polar  coordinates  (r,  0. 2) 
arc  given  by 

1  <V  &0  n  K  lA 

-  r“7  00  7  dz  ’^"31  "  3r  \  •  **.r  +  3r~r  30 
Remark  4.  The  vorticity  components  in  spherical  polar  coordinates  (r,  0. 0>nro 
given  by. 


W-n  <13  -  ccaaL 

S  .  '  '  •  . 

This  prove*  the  required  result-  . 

2.  VorUx  lines  move  with  the  fluid,  ii.,  tarter  /i/amf/itj  ore composed  of  the 
tame  elements  of  the  fluid. 

Circulation  »|q.  dr  "  ^  n.  curl  q  dS  -  J  (/^  +  mrj  +  nQdS,  by  S  to  Vo's  Theorem.  ■ 

circulation  »  O  c=» ♦  mi)  ♦  nC  “  0.  j*cc 

Iu  brief  wo  write  cir.  in  place  of  circulation.  ^  ^ 

Suppose  dr.  **  0  along  any  closed  path  c  ovor^jh  a  surface  S.  * 

Then  -MTin  +  n<  =  0  at  any  point  of S,  by/^^tgm^sns  that  vortex  lines  ul!  lie7* 
on  S.  ix..  S  is  composed  of  tho  vortex  Linos.  Tho  particles  which  lie  on  S  nt  any  time  -j 
t,  tic  on  S'  at  time!  t  +  ^.Similarly  c'  is  takepja&ime  t  +■  Sc  in  place  of  tho  path  c  at.  4 
t.  Hence  circulation  along  c  -  ci r cul a  ti  9  oral  o bgc*  so  that  circulation  along _di«.O.Ity! 
moons  that  S'  is  composed  ofvortox  *. 

Honco  any  surface  composed  of  vortox Jihes  continues  to  bo  composed  of  vortox.  > 
lines  as  it  move*  with  the  fluid  hu^liit^nlorTseclloo  of  two  such-surface*  must  bo  . 
vortox  so  that  vortex  lines  no  ovo!wrUi:  tho' fluid.  * 

Problem  1  .Find  the  neccssarytandeufficUiU  condition  that  vortex  lines  may  be  at  , 
'"****  (LaS-2003) 

kby 

.,'(2) 


1  3u*  1  3u«  v. 

- i— -rr  +  ^cotO 

r  00  rstn  6  v)  r  ■ 

l  dv, 

rsinQ  3$  tk-  r 


right  angles  to  the  strmamluy&^p^'^ 

~ho  equation*  * 
dX  '~:dy  _  tlx 

’ 

nnA  k£i Y&  -  4?- 

and  4"r7^rj  C’ 

Tho  equatioixsid)  and  C2)  aro  at  right  angles.  It  follows  that 
~if  A. -Mrn  ♦  wC  -  O 

3u\  (  3a  diu  \  f  bo  zt  \ 

■  ^.“C^rr.’“(i>r  ”3*)  +  v(  dx  a*J  u’(j<  »r) 

..^i.^Jn'onlrr  that  uds  +  vdy  +  urtix  may  bo  a  perfect  differential,  we  have 
jV  J  udx+vdy  +  ujdj.-  \  d<>  —  X  ^  ^  dx  +~^  dy  4-  ^  c£r  ^ 


a* 


.-I*.  'V^|.  h£:'  — ■  *»  -  a.  ,  ,  t,  —  n.  ,  , 

i  v^v  which  determines  the  necessary  and  sufficient  condition. 


O  ^3tJ®  3tJr 


...  tv if 
*;■  u; 


3rTr  r30 
2-  Irrotatlonal  motion 

A  fluid  motion  is  said  to  bo  irrotational  jftV-0. 

-  .3.  Vortex  lines  '*  ^  ^  w 

-  A'vortcxUne  is  a  curve  drawn  in  the  fluid  s.L  the  tangentt^it  i*  In  the  direction 
of  tho  vortricity  vector  at  that  point  at  that  instant.  equations  of 

vortox  lino*  aro  s5^%Sf^ 

chr  udy  ds 

^  "  n  r  ■  •  <*.,%&% 

4.  Vortox  tube.  Vortex  fl Lament 

If  vortax  lines  aro  drawn  through  cwcry  pomt  of  a  sirLai]  dosed  curvo,  then  the 
spocc  bounded  by  theso  lines  is  adlcdvorUwhibaThc  fluid’within  Urn  tubo  is  known 
ax  vortex  filament  or  simply  vormtThusJfro  can  also  say  that  boundary  of  a  vortex 
filament  is  a  vortex  tuba 
Proportion  of  Vortox  tllamont^y^^ 

1. The  product  of  the  cross  stctioifa/id  vortricity  at  any  point  on  a  vortex  filament 
is  constant  along  the  fila men V 

bet  Sj  and  ^  bo  .croas  sccUqnal  area*  at  the  end 
points  JP  and  Q  of  a  vortex  filament  Let  n  b«  unit  out 
ward  normal  vector  on  S.Thon.  by;  Caus*  divergence 
theorem 

Jw.ndS-jv.W^.Jv.dvx,)^ 

"  (div  Curl  q)  dV  *•  0  as  div  curl  a  0. 

|.W,  nciS-0. 

whoro  Si*  tho  closed  surface  enclosing  volumo  of  Vof 
tho  fluid  ia  the  vortex  tube  J  . 

or  f  W-ndS+  fwmdS4  fw^dSnO 

.  Jst  J*ruu  . 

But  on  tho  walls  of  tho  tubo,  W  is  along  the  tubo  and  so 


Problom  2.  In  an. incompressible  fluid,  the  vorticity  at  every  point  is  constant  in 
•  magnitude  and  direction ;  prove  that.  the.  components  of  velocity  ur  u,  U»  are  the 
solutions  of  Laplace  equation.  (IAS-2004  A  2010) 

Solution.  Lot  O  bo  tho  vorticity  at  any  point  in  an  incompressible  fluid,  then 

Q-^i  +  nj  +  y* 

,  ,  3m  Sir  •  ■  3n  3to  t  By  -  du 

Tho  magnitudo  and  direction  cosines  of  its  direction  aro  given  by 
.  ft  =  W+V+.d1.  and 

Dilforentiating  *j  partially  'with  regard  to.  x  and  £  with  regard  to  y  end 
o  ubt  r  o  clin  g,'  w  0  h  av  q  . 

f  _  3o-  \  D  /  3u  J.'du  > 

a*  (.  3r  etc  J  by  \  dx  dy  J 


3^tr-  3^tr  3  ^  dur  > 


...(1) 


By  equation  of  continuity, 
t)u  <Xi 
dr  +  3y  +  3x 


we  get 


by  dx  dx.' 
iPu  iP'u  7?u  - 

ih^cly^Ox2' 
or  V2u  -  0 

This  prove*  that  volocity  components  aatlsly  Laplace’s  equation. 

Strength  of  vortex 

If  k  bo  the  circulation  round  a  closed  curve  c  which  enclosed  a  vortex  tube,  then 
by  S toko’s  theorem. 


lr 


Wj»  dS  -  0  a*  W.n  -  0  on  the  walls. 


A  ■»  J^q  .  dr  ■  J"  curl  qji  dS  *  J-  2W_a  <£S 

-  z  j* +  «itj  +  11Q dS  asn  -a  (5. *i.  0 
If  no3  be  the  cranx  section  of  the  vortex  tube  {supposed  small),  then 
v x  •  ,  A  “2 {i^  +  nm  +  nQ  I  dS  *  2*a2(/^.'f-/nn  +  nO - coaitant 

m\-.mw  •  _  m  '  -  - 

.  Thi*  quantity  l  is  also  called  atrength  of  the  vortex.  This  strength  is  taken  to 
-bo  poiitivo  when  tbo  drcula Uon  round  the  vortex  is  anticlockwise. 
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Pef.  Rectilinear  Vortices 

-  Tho  liquid  within  the  cylinder,  of  which  the  Currie  is  a  cross  section.  Is  said  to 
form  a  rectilinear  ^ cohimoar  vortex.'-  ... 

To  dzterrnint  thxcomplzx  potential  duztoo-rtctiUwcr  vortex  of  strength  A. 
Consider  a  cylindrical  vortex  toboinry-plexte;  Let  th©  tube  bo  Surrounded  by 
incompresdbls  biotntlcmil.iluJ  d.  ,The  motion  ft  purely  two  d  imenaonnl  so  that 
»*0, « -o(x,yX  *  • 

Consequently 5  "ft  1»  “  0.  J'  -  "■ 

But  .  :• 

Let  C  '^to-eenst-Withln  tho  cyli nderand^kO  oubrfdotho  cyl inder. 

Symmetry  eds ts  about  th e  orijgm/and  so  y  must  be  faction  otroit ly.  Then 
dV  •  l:rfy  _  1  d  rp  rfy-Si^f  2Cwithin  vortex-  - 

<lP-  r  dr  ~  r  it|^^jy|aeu^8  ■ 

[  l/^+A  within  vortex  -  ‘ 

.:V-  . 

.  [  J?  :  outside .  y*  ...  .  ' 


This 

But 


y-elogr  outsldo the vortex. 


Jj  : •  ■,'?y  ’’ 

&f  dr.  -rtty.-,-4ry-.  . 

8*  c  ■  ‘  'Vi  •“  ,  ■  . 

°r  or^«-cO'  - 

Br“^  +  iy--eO+:Klog;ra?ic  nogf:+7flr-£eIoyrr,° 
or  I7»icl©g>.-  *  ”■ 

Let  A  bo  this  strength  of  vortex-  Theri  '  "'rv  .  ■ 

*•(  •  . 
wu^bgx.  - 

If  the  vortex  bo  at*  =  *q.  Ihen’the  complex  potential  at  any  point*  outside  the 
vortex  Is  given  by  '  z-:'  '■ 

yv-~iog(2-z^  - 

If  thoro  bo  a  largo  numbor  of  vortices  of  strengths  Aji&j. ....  at  • 
z  *|,  r2,  zn  respectively,  then 

"•iijfc***-**  ■  ■ 

I>e<Juctlon.  If  tho  vortex  has  a  circular  cross  section,  then  nlso^% 

W  *  rr  1°K  {*  ~  ro)  f°r  vortex  ot  x  -  xq.  Tho  same  proof  will  be  given  for  this  also-1- 
m  --^cv  ^ 

Remark.  Article  3.4  can  be  restated  as  follows ; 

(t)  To  dleess.tbe  motion  set  up  by  a  vortex  filament  of  given  strength  locate<irnt 
a  given  point  in  a  liquid  at  rest  at  Infinity. 

(fl)  To  find  velocity  component  of  a  single  vortex. 

S  „  k  { y  -yp\  A  f.x-x by  , # 

r2,  }•■>(  ^ 
whore  r2  -  (x-  +  (y  -y^2 

Motion  duo  to  m  vortices  ■  J?  ..  *'^r 

To  find  volodty  at  n  point  P(r)  due  to  m  vorliomoCstrengtha  A,;  ot  tho  points 

Tho  complex  potential  duo  to  a  voriex^Sf  atrength  A,  -  ot  x“-r.  Is 


Take 

Then 


.&  ^ . 

dW  1  „  .  . 

aT'^-rr^- ”%“1  *  “I- 

.  a,.^«  :• 

-  iii  -m  • 


-  ■- 

Uj,  Oj  are  velocity  components  ntf’  due  to  tho  vortex  of  strength  A,.  Similarly 
>f  vn  ho  velocity  components  due  to  vortex  of  strength  An*  then 

U»  2nt  ^  )>u*  2x'(  £  ) 

If  a,  v  aro  velocity  component*  along  xandy  axes  ht^fr)  duo  to  vortices  of 
strengths  At.  Aj. ...  A„  at  points X|,x2;  then-  - 

n  m  k.  f  y  -y.  \ 

a-  Z  u„»-I 

n  - 1  B.|  r~  ) . 

”*  **  A_  /  x  -  x_  \ 

_  1  —  -  **- 


Also  -  U  +  ID  =  I 


rr^-"r-.  I 


Sinaia  vortex  In  the  field  of  agvgral  vortices, 

Tho  Value  of  y  at  any  point  inside  of  a  circular  vortex  tu be  is  given  by 

1  d T  ‘ 


1  d.r 
7drlr 


t. 


Th«  solution  of  thl*  I*  y  ■  “  +c  loj r. t  ?►  wh  ere  c  and  *  arn.  constants  ^ 

Integration.  Velocity  at  right  angle  to  tho  raJius  rector 

Butveloaty  at  tho  origin:is  »o  ve  tikec  w,0.:>7- 

•••■  •  V. 

This  ^  velocity  at  the  origindue  to  a  single  vortex  Js  xere. 

Thus  the  vortM  Clam tnt(vortf*)  &iuccs  no  velocity  at  it*  contra, 

.From  this  disco  salon  We  can  saxthLatU ayortex  Iain  the  field  of  several 
vortices,  then  Its 'mention  in  the  liquid-will  be  bn  accotmt  of  othervortfees. 
Remark.  The  above  article  8.6  can  be  expressed  ex  *• 

Show  that  a  single  rectilinear  vorto  lEri  ah  unlimited  mass  of  liquid  remains 
stationary;  and  when. such  a  vortex  is  ia.tho  prcscnce  of  ether  vortices  It  has  no.,: 
.  tendency  to  movo'of  itsolf  biit  Its  potion  through  the  Hquid  is  entirely  duo  to  tho'.'" 
velodlloa  caused  by  tho  other  voirticeii-;  •  :  5  ...  .  .  /v 

Centre  of  vortlc^a. 


.  *'  ■■  *■  _  .*  .  ■  ■  V  .•  •  « 

Consider  fluid  motion  dub  to  n  v  ortl  cea^of^t  r  c  ngt  h  A;  ait ‘points^ 
*,  (#  -  1,  £  n).  Tho  complex  pqbmtial  atf>  ts);octsTdSth)j  jOlanie n t  Is  \ 

w.  r  w*  _L_  •  -  | 

xdbyd 

A 


Z  ^!«>g(r  ~r^  Hcnce^hv^yS»:-  r  H 

.  .  mi.2*  :  *  '  .-iC  s.*^1  i 

Thevolodty  components  u^Droftho^Y^^efjlrehgth  Ar  iitrr  are  produced  by:j 
other  vdrticos  and  so  .  '  "  -  :  ' L'  ?{ 

where  s  takes  all  values  from  i^tenjBCcfcpt  r.  ' .  j 

By  ft),  x  *,  (-  »>  ♦  s '  .•— 1—  i 

‘4-.'  ‘  'rr‘"  .  .  1 

0r 


and 


IKK, 


(V-**)  2x(r,-s^ 


ThVequQtJon  (3)  ahowa  thatifwe  jegard  A^ok  amass,  the  centre  of  gravity  O-l- 


^>f  th^lvwtex  fil om ontro mai n*  stationary  during  their  motion  about  ono  another. A" 
<y  ^TAeiwtnr'  o  la  called  the  centre  of  the  eyttem  of  vort  tee*.  ^ 

'  ■■■•  ,  .  '  a  .  .  ^ 

^TWo  vortex  filaments. 

Consider  fluid  motion  due  to  Lwo  V  .  y% 


^vortices  of  strengths  A|.A2,  at, i-Sj.xi  ..-7  Fi^ar. 

respectively.  Then  the  complex  potential  W 
/yii  given  by 

iht  *  ;  ifA2  - 

:  ^v=I,^l(>g(*“*l)+.-^HCr-X2) 

if  __  ,  u^.  ^/Ai  j  . 

rrfrj.-  2ji  ’x-x3* 

Tho  velocity  ofAj  is  duo  to  tha  vortex  Aj  and  so 

or  + 

11  2* 

The  velocity  of  vortex  at  A2  Is  due  to  vortex  ht  Aj  and  so 


H— 4  . 

nv*i  >•* 


*  2n 
■  J*1  _ I_ 


,by(2) 


V2  an.AjAa  ' 

By  (3)  and  (5)*  Aj  (-  uj  ffj)  ♦  A2{-  u2  +  io£  -  0 

-  (Ajtti-fAjUj)  +/(>lU|  + 

Ajtt]  +  *ju2  “  0.  :  Vi  *  ■  0;  \ 

(Ajtij  >  l  -  0 

*!  <U|  +  ioj)  +  A2 (u2  +  iVj)  -  0  ->  A (ij  * >2^2  “  ° 

AjZi  -f  A 2^2 

A,  -f  *2 


...(1) 


...13) 

...  W) 


...(B) 

...  16) 


Vlhls 


»  0.  ifAj  i>2^  ® 


-.(8) 


--•"i'.'il;  Tho  point  (Aj*  j  +hjz^y{k  j  +  A2)  may  becaijed  the  centre t? of  vortices  by  analogy 
iv-  with  the  oentro  of  gravity,  the  strengths  arc  regarded  asro  aasea.  Tho  point  G  is  fixed, 

iiJgpfev}  -  •  v  •  •  -  •  -  ‘  **.- 

'  •'  A, .  AjG  -  >2 .  AjQ. 


IMS’ 
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Honoo 


A2G  4j  AjG+A2G  A'j+A^  • 


A*G  k* 


A.<? 


*2 


»>’«>•  «>  ■  *7^'  A>^  •  •'«>  “  3  *r 

t  +  *2  •  •' 

v"‘°r,,  I  ~  \  . 

Similarly.  gj-AjO! ..  ..  -  V?--v’... .  -  .  ' 

Hence  vortex  A,  moves  wilh  vclocitgAj  Q ;  to  perpendicular  toAytj  wberoas 
■  vartcxj42  moves  with  velc-dlyA^  (>, .  o>  perpendicular  to  A^A^  in  opposite  direction. 
likx>k?,  then  G  will  ba  on  Aj  Aa  produced  and  if  he  on  the  linn 

AjAj  produced^  ■*’  '  ; 

This  shows  Uiat  the  lineA^  rotates  abovtG  with  aneularvcloaty  oi.  Acoordinff 
to(7  ),  the  system  has  novdodtyrdongAylj.  Hence 'AjAa  remains  constant  in  length. 

Deduction  Vortex  pair 

If  the  vortices  areof  equal  ahd'opposito 
strcngtlit,i^'.,*i  =  -A2“  Jksay.Tn  this  case  -■ 
both  the.  vortices. ,  have  ih  ’yelocliy 
AySit.AjAi  at  right  anglo  to  AjAj  and  so'. 

‘  they-  xnovo  in*  parallel  paths  through"  the 
liquid.  Such  an  arrangement  of  vortices Js  -‘ 
called  vortex  pair.  “  a; 

To  deteMutut  stream  function 

W  -  ^  l°«  <* -  *])  “  ^  to8  *2) 


This 

Stream  lines  ore  given  by y*  const,  *>-» 

lag  coast,  or -V*  const.*  6  or 

2n  *U2J-  r 2  (r-of+y 

or  V“:..  ' 

This  shows  that  the  stream  lines  are  co-axial  circles  with  At  and  A2  limiting 
points. 


Imago  of  vortox  w.r.t,  a  piano.  ...  -.. 

Tho  imago  ofo.vortmt  filament cfstxeogth  A  is  a,  vortex  of  strength -A  placets# 

at  the  optical  imago  oflh®  given  vortex.  .  fAgraSOQSX% 

Droof.  Lot  the  vortices  ofstrongth+ A  and-  A  bo  atsj  and  x2  resp*ctivoly;Tho'nV 
the  complex  potential  at  any  point 

•r 

or 

where  |*-*,|  •>„  j.-.,  l-4-wynut 

1 ^JVJ.  dicu  0A-  oc.  U.,  is  thef^ 
optical  imago  of  Aow.r.t>  axis.  Now  V  *£*3 
that  there  la  no  flow  across  the  plot^Nowk  ’  .■ 
tho  required  result  follows..  y 

Image  of  a  vortox  oulsido  a  clrcufar cylinder 

G)  The  image  of  a  verity  % julstds  e  circular 

cylinder  is  a  vortex  -  k  cl  tht  fnmrtm  point,  and 
vortex  +  k  at  f  he  centre  of  the  cylinder, £ 

Ui)  The  image  of  a  vortex  *  k  inside  a  circular 
cylinder  is  a  vortex  -  A  at  the  Inverse  point. 

(i)  is  proved  as  follows ; 

To  determioo  -the  image  of  a  vortox  +A-  at 
A  (OA  •flvrjr.x.  the  circular  cylinder  whooo  centre 
»s  at  0  and  radius  is  a. 

The  complex  potential  due  to  vortex  +A  at  A  is 
ik 


n  s-iu. 


Ftp  as. 


XVn£)°8(?-/y 


When  we  insert  a  circular  cylindor  of radius  |r|  »  a,  the  complex  potential  « 
‘  ^”2a  ^ (r  ~ theorem^ 
W^/tr)+7(o3/r)J  t 

Additioq  of  o  coos Icint  tens  ih  log  (-  /)  does  not  change  the  tisturo  oF  W.  Then 

VV  -  2^  log  (r ^  log^  -/Jy  ilf  log  (-/) 


But  ’?*** 

W- ^  log  (r ^  log log  (z  -  °) 


-,<n 


This  is  the  complex  potontial  of. 

(1)  vortex  +  fc  at  A  (z  »  f),  (ii>  vertex  -  A  at  B  (z  a 

Gii)  vortex  +  Jk  at  O  (z  »  0). 

SincoC®  oq3//-.  HencoA  und  Hare  inverse  points.  If we  puts  “oc^in  (I),  then 
V  -  const 

.  „  k  i  \z~f\  .  UI  A  ,  PA.PO 

For 

x-- 


?B 


-  in 108  )'“"st 


Hen co  drdo  is  a  stream  lino. 

Thus  tho  imago  ofa  vorlex  +  >t  ht'A  outsido  the  cylmdcris  nr  vortex  -  ft  alii,  the. 
inversopointofA  and +  *  at  O,  tho  centre  of  tho  circle. 

Similarly  wo  can  prove  the  result  (UL  y 

Vortox  Doublet 

Vertex  doublet  is  o  com  bination  of  a  vertex  of  *§r 

strength*  hand  a  vortex  of  strength  -kata  small  ^  j  - 

distance  £a  apart  s.L  liai  .  6s  » finite  quanlUjf&Jp-  && 

fc«-*02n  . 

-V.tay.uhert  *->■-.  f\7 

Then  "p  is  called  strength  of  the 
tho  axis  of  doublet  Is  in  iho  sen  sa  /\ 

Consider  vortices  of  strengtha^h,^^*  at-  " k  ^  Pi^.gjL 

z  «  a^a  andz  =  *-ac^a  r«pcclivclxsothatthe  axis 

of  doublot  is  inclined  nt  an  an gl<5va  witlf  x>-axJs.  The  coroplox  potential  at  any  point 
P(z)  is  given  by  iT=? 

..  ytv^Sv 

w  ^  log  (z_:  ae,u)  log  (z  +  oc*a) 

)-!<**(»—)] 

•.'A 

or  .  ...(2) 

This  is  tho  required  complex  potontial  due  to  vortex  doublet'  with  its  axis:, 
inclined  at  an  anglo  a  with  r-axis. 

Deduction.  By  (2).  \V  —  ^  4Ha  -*>. 

■  r  - 

This  «  y»-^  cos  (a  -  0).  * 

Tako  ]tuUb2)2.  arznn. 

Ub 2  . 


Then  pa.-- 


-  sin  0. 


This  shows  that  tho  motion  duo  to  a  vortex  at  tho  centre  with  its  axis 
perpendicular  to  the  axis  of  motion  is  tho  samo  as  tho  motion  duo  to  a  circular 
cylinder  of  radius  b  movi  ng  wilh  velocity  IT  along  X-axis. 

Spiral  vortex 

Tho  oombioation  of  a  vourco  and  a  vortox  is  known  as  spiral  vortox. 

Let  there  be  a  sourco  of  strength  +  m  and  vortex  k  both  at  tho  origin.  Thon 


w  —  ™1off*  +  ^logs»^-r7»jlogz. 


To  Gad  pressure  due  to  spiral  vortex. 
d\Y 
dx 


2  dw  dw  f-m  -ik 

V  a  ds  'dl-c  Z  'A  -  Z  p 


>t 2  +  h2-  m2*  k2 


-M2 


For  steady  flow  the  pressure  equation  is  givon  by  ' 

Q.C 

—■  where.m 2  =  m2  +  A2. 

.  .  This  gives  the  pressure  at  any  poinlz  due  to  the  given  system. 

}  Rectilinear  vortlcos  with  circular  cocllon  • . 

,'rt. C<«aider  a  straight  circular .voztmc.tubo  of  raotusd  In  a  liquid  in  a  direction 
perpendicular  to xy -plane.  The  motion  will  be  purely  two  dimensional  and  there  is 
^  only ono  component  ^ofvorticity In  the  direclioaofvaxis, its' value  is  constantwithin 
the  tub©  and  zero  outride.  Thus 
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“  -  u  (*i  y).  v  °  v  C*.  y),  *  -  o. 

B„t 

Let  £- const,  within  the  tube 
nnd  (  ■  0  outside  tho  tube. 

Symmetry  casts  about  tho  origin  andaoif  must  be  a  Junction  ofronly,  Hence 
<^V  I  rfy  1  <f/-  rfy-v  j'2£f  "within  tubo 
^  rok  ”  r  dr  t  .  <fr-J  lO/i^  outside  tube 


Again  integrating; 


y,  +  Alogr  +  Ce  forr<p 


...Cl) 

~C2) 


^2*^  log>  +  D 
.  Wo  nowr  require  that 

(i)  y  is  Unite  nt  tho  origin  so  that'A  ■  0.  '"A\ 

(ii)  Solutions  fdrr<a  and  r >  a  be  cbinddent at  the  boundary  of  yortox,  which 
require*  that  y  and  drftdr  be  continuous  at  r  -  o. 

J  ‘  '  "  1  ' 

This 


£  ~+ 0  +  C  a  B\oga  +  D as  A .«  0 


and 


-..(3) 


...  (5) 

...(6) 


For  a  particular  solution  of  (2),  vre  can  takeD11' 0. 

Now(3)~c£+C  =  i;c2l<*^  - 

Now  (1)  and  (2)  bccomo. 

Vj  ^ .  fr2  - o2)  ♦  ^o51  log  □,>  <a  ■ 

Vj*C«2logr 

The  motion  outside  the  cylindrical  vortex  is  irrotntionnl  and  Qj  exists  s.t. 

,  1^2  fo?  for 
p "  r  50  5y  *  ftr  dm. "  :  •  ' 

■m^c5r-Thcn^"_Co?0* . ..  . : 

Let*  be  tho  strength  oftbo  vortex  so  that*  is  a  circlation  round  the  tube.  Then 

*  -  2m2^  nnd  to?|«  — (r1  -  «?)  +  ^  log  a 
dna*  *n-  ■ 

*  ;  A  *0 


+  h'O  ♦  log rj-^logrr1’9 


Finally*  V- 


Mogx. 


(^-©^•►“-log  d,r<o 


W-|lo*x. 


2n 

r  >  a 


4r^V 


..AS) 


Itornomber  thoso  reaulta.  The  Applications  of  lh<5e  results  ore  very  wida. 
Problom.  Find  the  velocity  of  a  ttortac  placed  tnslde'an  Infinite  circular  cylinder  * 

Ranklno  combined  vortex  4%/%^  V 

Hankine  combined  vortex  consists  ofirclrcular  vortex 
with  axis  vertical,  in  a  mass  of Jicfai’diwliich  is  moving 
irrotalionaJly  under  Uio  action.pf  gravUy: only;  the  upper 
surface  bolrig  exposed  to jotnioophttric  presnro  IL  Tho 
external  forces  are  dorivabi%Yom the.' potential  CL,  '  the 
potential  energy  Auction  per  unit  tunas.  Le.. 

Q  *mgh. 

Hero  Cl»lgh~-gi 

where  OA  -  A  -  —  z. 

Wo  tako  tho  origin  In  tho  axis  of  tho  vortex  and  in  tho 
level  of  the  liquid  at  infinity.  Wc  measure  z  in  downward 
direction. 

Wo  know  that  • 

q-~-,r>a  and  q  *  ~~:tr<aASix> Hate  of  8.13). 

J^'tr  2rt a* 


Z 

Pl«.a7 


2no3 

By  pressure  equation  for  steady  motion 

p  : 

C-A- 


.  'Ta****  rorr>° 

£  n  A^r2  ■ 

P  r"r*° 

In  order  to  preserve  the  continuity,  p  is  the  uno  on  r  =  a 


...  (1) 
...  (2) 


.;...  m 
■  ■■  fv^i 


Considering  the  origin  In; the  .general.. level  of  tho  freo  surfheo  vrben  rVl^BAj* 
x  »  o,  p  a  n  wh«n  'f  -*  •*. 


Then 


n  ■  l*  •  >■  ■■■*  -• 


p  -  4Ja*' 

Now  (3)  and  (4)  tako  the  form 

P~n  *2 

p  a 

j>-n  M2  ; 

p  eA* 

On  the  free  aurface.p  **T1,  hence  free  surface  la  given  by. 

■  •  k2 


r>a 

t‘  ■'■■■■■  ■  ' 

j-+gx.r<a. 


8«V* 


r>o‘ 


*v. 


;,r  <0.7 


■  *  4k2,!3  s4o2'  . 

To  obtalnthe  depth  ofdeprc^^'af^^putrVO in 1 the  second  remiTtaalKaK 

Rgctfllaggr  vortex  with  elliptic  aogOdri.  ..  ^  ^ 

To  shorn  fho/  a  rectill/i^^vorUa  wkcse  cross  -ncctton  ls.  an  ellipse  and 

it  con  maintoini  ita  form  re  tailing  da  if  it  tvtrt  a  solid  cylinder- innon 


-it 


spin  is  eonsto/it - 

infinite  ma*M  of  liquid^^ 

Let  tho  cTOsa-soctiin  ofyectlb'near  vortox  bo 

eJSS&ll1-:'-- 

■  ;  X#*1-  .. 

which  is^deimed  in  terms  of-elllptic  co-ordinates  hy  £-a  wher.o 
*+iy-^Ssh’(5s+*Tl>  *°  that?  .  /o  »  e  cash  Q,  h -eslnh  a  *0 

a  +  6  -  c*~°.  Spin  ?  i*  uniform' within  <l).Tbo  stream iunctloo  aatlsfio^ 

4,^^  a2®  •  a2*  -  .  ■  '■  ""  Wm 

•  T~  4*  -J  within  th#  vortex  *  -■ 

dx1  aty2 

.  »  0  outride  tha  vortex.  (3) 

.  Suppose  the  motion  isdoo  to  rotation  of  sneUi  pdc  cylinder  about  th^sxlsvrlth 
uniform  angular  velocity  cl  The  complex  potential  for  irrotationol  motion  with 
circulation 


*  at  an  outside  point  is  given  by 

'  W-^(ae»h)ac’a«»n>+^ft+*n) 

This  =»  y  -  ^  (a  ♦  i)2  c-^  cos^  outsldo  vortox 


...ti) 


Circulation  *  Is  the  strength  of  vortex  so  that 

*  »» 2.  angular  volodty  of  vbirtaLarea  of  cross  section  of  vortex  ■  2^.  mb. 

Note  th  at  Q  U  velocity  of  rotation  ofliquid  inside  the  vortex  tube  a  ndca  fjivolocity 
ef  rotation  of  elliptic  vortex  when  It  Is  treated  as  a  solid. 

Let  y -Ax2  +  By1,  within  vortex.  ■  *...(£) 

Then  ^  +  ^--2A  +  2B. 

Using  (2).  we  get  A+B*i;  .  -(6> 

LetF«^~  e^r- 1-0.  Then  VFls  parallel  to  the  unit  normal  at  any  point  of 
a2  b2  . .  -  ■  ■ 

(IX  If  Knt  be  the  direction  cosines  of  the  unit  normal,  then 

Tho  boundary  condiUen  la : 

Normal  component  of  velocity  of  liquid  -  Normal  component  of  velocity  of 
boundary  | 

i*-. 

a*  b*  a-'  b 

^  Fori  «~(r  cos  O)a-(r*ln0)0"“ym,^.*  ^-(r  rin  fl)«rcoe  OO-xoJ 

"  ‘ ^ ^  ^ ^ by 

or  ~(-2By)  +  ^(2Ax)-iwyJ^-^]  ' 

•'  .  or  2  (a2  A  -  b2B)  -  to  (a*  —  b2).  ,  ...  (7) 

•o  .  .. ;  ..Further,  tangential  velocity  3y/3^  Is  continuous  oa  the  boundary  ^  *  a  Within 
;'/■  ;the  vortex  y  -  Ai2  +  By2,  ; 

x  -  e  cosh  ^  cos  r\,  y-  c  sinh  ^  sin  q. 

^  dx  ^  dy  34 

*»  2  Ax .  c  sink  ^  ■  a»  H  +  2By .  c  coah  £  sin  q  -  • 
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I 

:! 

I 

:| 

:.a 

:a 

.3 

'■H 

g 


^ a - 2  lAc2 cosh t sinh $  co*2/!  +  Be4 tiah  t.eoah £ riaa  . 


-  2  [Aab  coP..j\  +■  Bab  *io2  tjJ  ■  s 
or  o  “  ub  ftA  + jB)  4  (A  •  Sj  Cot  2»jJ  .  ;  y , 

Outside  the  boundary.  '  .  \- 

y«Y{®+*)2*~^t¥.J¥+2x  • 

•  J$  D^.(° + <-24  «»2n +^; 


...  m 


-  h  :.  c*. 

-2n 

E^uatiog'{8)to(9),- 

ab  f(A  4  B)  >  (A  -  fl).  cos  2^1 (o3.-.  5^)  cos:  2r\. 

•:•  •  •: 

o  A V. i)  “  (M2xab)  »  £  Aa  (a  4  6)  -  56,(0  +6)  or;  An  -  Hb  ' 


..<9) 


-00) 


...an 


Putting  thcsovcducam(lf>X  .1:  ;  :v-‘" 

■  •■  •  •  'ifr£2XM&  f  -;■  -V 

or  •  o  . *c -..---  ■■■■ 

It  mesas  thot  tho  yortex  maintain*  it*  fora  rotating  a*  if  it  were  moving  as 
solid  cylinder  in  on  Infinite*  liquid.  "  :  ^ 

To  obtain  tho  path  ofunypiuiic^£ntboyoHox.Lct  (r.y)  bo  the  co-ordinates  of 
any  Quid  ptutlclo  in  the  vortex  xcfcrr&to  tito  axis  of  soetibn.  Then. 

i-.m :•  ;.. 

y  +  cox  *•  u  -  -  2Ax  -  2* .  ^rj~  .:.. 

N— 7’  ^ 


Hoaco 

This 


o^b  a*6  (a  +  6)*  a 
a  -  6 


.42* 

<5?c»jv  - 

i«3.  %i>. 


a  ...  6 


4  V 


particle  is  a  similar  ellipse. 


|’«»  X*»  -  coSr ,  y*“  ~  “V* 

Integrating  these  we  get  ’ '  & 

x  -  a  L  cos  (©/  (co3)  +  «Xy  *6  ^  ^ 

Jt  ^  ■'  ;-='  -  - 

or  showing  thereby  tba^pS^^ll 

fori^tibo- 

■  I  .  «  ,  2^q?  =^5°^  - 

IFor.  ifi*-  -  yx,  then  T  -  2n/Vp)^^g?% 

’  “"  .  : . 

If  tboro  oxiit  two  vordces  cf  krenglbs  1|,1}  »t  Al(vtjl  respectively,  then  tho 
lin* A^roLatcs  with  angularValdcity.-'  -  *' 

Jk1+ia^ 

O)  - - - =— .  --  . 

2^i\xA^ 

about  O.  whereas  tho  points  Ax.  A2  move  with  velocity  - 

M  .  *1 

2*AX  Aj*- 2nAy\a  -■ 

along  a  lino  (in  opposito  directionsl.rcspcclively  pcrpocdicular  to  tho  lino  Aj/t^. 

Problem  1_  An  tUiptic  cylinder,  it  fiUtd  with  tiquid  which  hat  molecular  rotation 
to  of  every  point  and  whose  particle*  moult in  u  plane  perpendicular  to  the  axis;  prove 
that  the  stream  lines  are  similar  ellipse*  described  in  periodic  time 

ji  a*  +  b*  '  '  \  ‘  ‘ 

O  *  ab  ‘  '  _  ' 

Solution.  There  exist*  ho  liquid  outside  the.- cylinder.  The  stream  function  y 
sstisQoi  tho  condition '  * 

0*0^  -« 

The  cross  section  U  pvan  by. 

Assuioo  y  -  Ax2  +  By2.  Subjecting  VtoO),  A  +B- <o. 


The  boundary  condition. is 

normal  component  of  velocity  .ofliquid  at  boundary 
-  normal  component  of  velocity  of  tho  surface. 

2x  2y  -  % 

This**  U'-r  +  v-i’«0  as  boundary  is  fixed, 
a  b. 

(For  VF  Is  parallol  to  the  normal  orf  tho  boundary]  . 


b2  a2  a2**2 


b2  <J2  +  62 


Hence  V  “  16 V  *  o Vl  “  f  ^  +  ^ ) 

Stream  Hues  are  given  by  v  -  const.,  Le.,. 


o*  ■»■  62  l  a2  +  62  i 


x2  y2  •  • 

const,  or  -^  +  fr-  coast., 
or.  6 


which  nrc  similar  ellipses.  Since  the  cylinder  is  fixed  so  that 
Ihu  tuo262  (  2y  \ 

*  =  u““9y“  o24.62(^) 

(Oa%2  (  2r  \ 

f -7^(?)  ;  .  ^ 

.  -  fiwa62  2  -  Y  »a262  S2  <r2^ 

Tb,‘~ 

too262  2i  toa2fe2  25^ 2yl 


,  ..  tno  b  2x  ■  /  tixr  i 

x-V*. 

Integration  of  these  gives  * 

x-aL  cos  (pJ  4  bL  sin  (pi  ♦  e). 

x2  ' 

This  »  -x  +  -  L1*  ■which  I*'  a  similar  ellipse. 

.  ?  ?  ^  ' 

„  ,  ,;  2rt  x  (a2  +■  b2) 

Periodic  time  “5*2;  j*  -7^  -  —  =  v  1  ".~- 

Problor^2^/tena>»  £n/tni/e  figuui  coritains  iciw  parallel  and  equal  vortices. of-.tG 
same  strtngthl'al  0  distance  2b  apart  and  the  spin  is  in  the  same  sense  in  bath  -shou 
that  the  ’‘relative  stream  tines  are  given  by 

s+.  log  (r4  +  b4  ~  QJtPr2  cos  20)  -  —x  *  const. 

25*  - 

.~>"b:bcfn^  measured  from  the  join  of  vortices,  the  origin  being  its  middle  poinL 

Lir  %  * - 

''■vdjjd  Solution. Tho  figure  8.7  is  solf  oxplanntory.  Sin.cc 

cos  A  *  (b2  +  c2  -  o2y2bc  or  a2  »  62  +  c2  -  26c  cos  A. 

In  view  of  this  we  have 

rf  ■r2  +  b2-2rt>coj0  ^ 

'and  /j’-r2  +  62- 2rb  cos  (x  -  8) 

■  lie.,  r|  B  r2  4  62  +  2r6  cos  0 

X\  *2  *  {**  *  67)  -  4r262  co*2  0 
-  r4  4  b4  -  2r*b2  cos  20. . 

The  stream  function  v  at  P  (r,  B)  is  given  by 

V  !og  r,  4~  log  ra  -  ^  l0g  ri  /2 


-xrl«s^ 


:;’’jor  .  v»^log(r4 +  64  -  2T2  62cos  20)  —O) 

v'  '  Tho  lineAxAj  revolves  about  O  with  angular  velocity 

i-!"  g  ■*14t2:  ^  ^  Jr 

“  "  2x  (A,  Aa)2  ’  2x  (2br  "  4xb2 
so  that  tho  velocity  at  any  poiotP  duo  to  this  motion  is 
hr 

wr* - x  as  u»/t 0. 

c..:  ....  -lab* 

'.  t-:-'  To  reduce  the  vortex  systemto  rest  wc  iraposo  a  volocily-  OIJd  If  V'  ho  tho 

stream  function  duo  to  this  addition,  then 

V  1  '  .  .y,  id; 

"5T  "7  00  4k62  -  V  gnb2' 

Hodco  tho  stream  lines  relative  to  tho  vortioes  arc  given  by 
:8xb2" 

jt 

.  or  ■  log  (r4  +  64  -  2I2  62  cos  20)  -  -  const 

Problem  3^  When  an  in finitcliq uid contains  tux> parallel cquatand  opposite  uorUces 
--  ~at  a  'distance  26,  prove  that  the  stream  lints  relative  to  the  vortices  are  given  by  the 

.'j^Nfuai ioni-  ^ 

■  V 

:  :  flu  origin  being  the  middle  paint  of  the  join  which  is  taken  for  the  axis  of y. 


. log {r*  +  64  -  7P-  62  co*  20)--^  -  const. 
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Vortex  Motion. 


(Fluid  Dynamics)  /  6 


or  *  [  ^  -  lo»(  ^  ”  , 

Solution*  Supposo.  there  ana  two  vortices  of  strengths  k.-k  at  A^A^. 
respectively  9.1.  crip'n 6  is  tho  middle  point  ofAjA^V2*  and  AXA^  He  nlong^axis. 
Doth  vortices  will  move  along  a  lino  parallel  toi>  axis  with  velocity. 


^  "  2n  CA|  ^2>  “  2n  .'  2b  *  4nb* 

Tho  complex  potential  ly  at  P  duo  to  these  two.  : 
vortices  f»  given  by 

^  log  (r ->  16)  -  ~  log  (r -M‘t> 

-  ^  log  U  + » <y  -  b)l  -  t i  (r  ♦•*)!,  ; 


4it 

Equating  imaginary  parts  from  both  aides,. 

V  -  ^  log  U2  ♦-  (y  -  fc}2l  -  log  U2  ♦  (7  +  *)2I 


A,(0,b) 


PC*-?) 


AjlO.-b) 


-£"t5SS@J 


To  reduce  tho  vortex  system  to  rest,  wo  superimpose  a  velocity  nlongx-axis 

to  the  system.  Lot  be  the  stream  function  duetto  this  addition,  then 

... 

dy  3x  4nh  4it6 , 

Hence  the  stream  lines  ridativo  to  vortices  aro  given  by 

v  ” « ,0*[ 

or  v;- 

If  wo  toho  PAj  »  rj  a  lx2  >  (y  “  b)2J1/2, 
and  PA7  -r2  -  [x 2  +  (y  •*■  bfl172.  then  tho  last  givoc 

lo*^|*£- const,  or 

Problem  A.  If  h  rectilinear  vortices.  of  th*  same  strength  k  are  symmetrically 
arranged  along  generator?  of.tx  circular. eyltndcr  of  radius  a  in  on  infinite  liquid, 

prove  (hot  the  forff'ces  uri7/  moue  round  the  cylinder  uniformly  in  time  ^  _  \)k'an<* 

find  the  velocity  at  any  point  of  the  liquid. 

Solution.  The  figure  is  self  explanatory.  The  n  vortices  are  at. 

AfrAfrAy, ....  An  o-  j  3*-t»  * 

ZAqOA-i  -  ZAlOAi  -  ...  -  ZAn  _ 

Tho  coord  i  tut  tea  of  the  polota  Ar  are  given  by 
r  -  rr  - ac*2*'"*1'  where r  -  0,1, 2. n  -  1. 

These  are  p  roots  of  the  equation  jf  -  a?  «  0. 

[For  **  -  a"  -  0  =>  P  n  o" 

Hence  f-a»  -  (x  -xq)  (r-r,) ...  (*-*„; ,) 

The  complex  potential  dno  to  n  vortices  atP  is 
given  by 

w  •  x:  Ho?  [:  -  Co)  +  1°K  (*  “  ■*  j)  + ...  ♦  log  (r  jjjjf  =1 

"SIog(~',Q)  <*  “*»>  v  c*  -*<.-«)  ■  »•  a) 

For  tho  point  r  ■  a  so  that  r»a,0»0T^^ 

If  VT  Is  tho  complex  potential  at 

w .  l°g(i  -.)) 

•JL 

*  *  *v-  5  «*>  -  log  t«*  -  «)1 

V  *  + a2*  ~  2r/!a'1  cos  hO)  -  log  (r2  +  o2  -  7ra  coa  0)1 

*  ’ 

5V  ^  ft  I*  ^r2*- 1  -  2nrn'‘ief  coa/iO  2r-2a  coa  0  1 

dr  4xL  /2,t  ♦a?*-2r!,ff7easn0  .  r^+a2  ~2ra  cos  0  * 

<V  u  h  r  SnrV*  sin  nO  _  f2ra  sin  0)  *1 

do  Axlr*” -^cP  coanO  +.a1* r2  +  a1  -  2ru  coa  0  -* 
f  jVA  A  f.  (  I-«mjtOV  f  1-eoaOM  *  „ 

l  dr  Jr«a  4rtal  (  1  -cos  nfl  )  (  1-co*  0  J  J°  4ra  ”  ^ 

(dgd'i  _  *  f  n  gin n6,  rinfl  1 
do  Jr -  a  4JU1-COS  «0  1  -  COS  0  J 


Since  Um  Lim  ~^»LIm^^,rfonn  ^  ] 

,.->0c(*)  ,_40C  W  ,-o^W  L-  0J 

(in 

{JOJrma  IxLnsinnO  stn  0  J 
W  T  -  na  tin  nO 
m  4n  L  ~ 


iacosn0  co«0 
10  +  01  *°* 

FirmlTy.  as  r-4a,&-40. 

v U  tM  cO 


t  Consequently,  tho  velocity  g0  cf  the  vortiac  A^,  is  given  by 

This  proves  thnt  the  whole  of  velocity  is  along  the  tangent  and  there  is  n<P 
velocity  along  the  normal  to  tho  circle.  Hcnco  tho  vortices  will  move  round  th|! 
cylinder  with  uniform  velocity  Jfyi  l)/4m.  The  time  of  one  complete  revolution  ^ 

'_  distance  2ha  ■  Sn^q2 
velocity  *  A(/i  -  iy4xa  *  {n  -  1)A  J 

Hcmark.  Putting*  -  rt*° in  (U  " 

b  +  *V  “  ^  log  ~ log fr"  cos nO -a”  +  if7*  a □  nO) 

Th»=»  logics cojnO- o-f+^» sin? nOJ 

or  V  •»  “  lo?  -  2a V*  cos  n0  +  a2^1! 

Problem  5.  If{rl9  04),  (r^.  8J,  be  polar  co-ord  inates  at  time  t  of a  system  ofredili-  . 
ocor  vortices  of  strengths  *j,  *2.  ...prove  thaCihs*  »  const,  and  Eb^O  - 

Solution.  Writo  r  =  r jc'15*  - xj  ♦  iyIt  *2 * rfr  c?0*  -  xj  ♦  0's . The  complex 

potential  duo  to  tho  vortices  kit  atxj.xj  is  giycn  by 

“  '**  •  v# 


IV^E^logtz-xJ 


If  uy,  Up  arc  the  velocity  components  of  tKjivo rtcj^V^  then  since  thej motion  ofJ^ 
is  due  tp  the  other  vortices  only,  tho  cc m pl^^cnlf al  for  this  motion  is  given  by 

-  Wp “  W- ~fc log (r  (x -  r^) except a^p. 


Notico  that 
X 


,  ‘dWd&Vr  i*n  i 


-  ,  f-d  iv„  ^  ~  -  i*'  i 

OnttKoirigh>hand  aide,  every  product  term  *K  hn  occurs  twice  nnd  the  two 
tcnnsxSntaimng this  ore 


+  -O-  - :-=C2-' (r  r  y  b  U 

^ 

^y1  ■  .. 

Hcnco  Z  (-  uM  +  iup)  -  Z  X  >p*^  . '' : 

sa»  M*I’  *1lpm  I  «•!'-;  •  ■ 

h  f*.p  ' 

Equating  real  end  imaginary  parts 

X  A- ■>■■. 

ond  Z  *u  f*puH I  Z 

Vf  ' 


;.d) 

..  (2) 


(1)  «=►  X  (x^rfx^+y^cfyJ  -  O 

Integrating,  X  *n  ~~~  -n- »<aoost  or  I  An  r2  ■  const. 

a  >  1  •  .  ”  1  j  • 

It  Is  also  cxprcssiblo  as  Z  Ar2*  const.  . 

This  prove*  the  first  required  result. 

In  polar  co-ordinates,  tan  O^-y^/Ta.-  . 

.  Differentiating  w.r.t.  t; 

; 

xn^n  ~  ^  - P«  -  ^  COB2  0^.  SOC2  0,  -■ %  « 

;  Using  this  in  (2),  wc  get  . 

**<rii-£  i.V,*. 

H-  I  "lH*l  *•  I  . 

•  ... 

.  ItisnlsoexprcsalblofioX  I  AjJlj 

r--‘^  ...This  proves  tho  second  requlrcd  rcsult.  j> 

‘^r^bblerna  A.  An  infinitely  long  line  vortex  of  ttrtnglh  m,  parallel  to  the  axis 
fftiwt^dKinfinitcIiquidboundedbyarigid  wall  in  the  plane  y  "  0.  Prove  that ;  if 
tjherebeno  fieldof force,  the  surfaces  of  equal  pressure  are  given  by 
2;V  ’■•  1(X  -  af  +  (y.-*)2)  |(x -a)2  4(y  +  i)2}  -  C  ly2  +  b2  -  ~  af) 

;^u>herT  {a,  b)  are  the  co-ordinates  of  thevortexand  C  Is  a  parametric  constant 
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Vortex  Motion 
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Solution-  Tho  imago  of  vertex  of  strength,/**  at  A1  (o,  6)  rclotivc  to  tho  wall 
y  I*  O.t-f^-x-axis is  avortex  ©fslnmgth-m  atAaforfr). Thc*e  two  vorlicoi  form  a 
vortex  pair.  The  complex  potential  due  to  this  systeniis  given  by 

or  W  -  leg  l(i  -  o) + i  (T  -  W  *-  *»*  Kx~  a)  +  »*  Or*  W 

2)1  .  j;  t 

.  **  1 


dVf-  im  1  . _ 

"*•«£*  V~2* U-(a.+  i&)I  -- 

.  .  in*  •■  ‘  *  T>  jj»:  _j - - 

U  ~  fw  -  --Jjj.  _a).+  i  (y-  fc)l  *  2*  ’1(X.r.a)  +  ‘  + W 

Wnt^j  rf  -  (x  -a)2+(y  -  6)*>£  -  {x~ a)2  ♦  <y>  fj  »  Vb 

•  *»■ rf-if.-t.ii .kip-fr-ifeM 

U  -It/  .  •*  y  ■  ,2ft  V  ■  ^ 

Equating  real  and  Imaginary  parts. 

;  ; 

Each*  of  thoso  vortices  will  movowlth  velocity 


...  (1) 
- ...  (2) 


!  ‘ 

Ptx.y) 

♦TO 

A.^b) 

WiU 

0 

y-0  r 

^  '  ■  Ffg-BJU 

To  J^dijeo  the  vortex  sysLern  to  ti&yto iupcnmposb  a  velocity  -  ml-lnb  along 
x-axie  to  \hQ  system. In  this  ease, 

. ... 

r  the  motion  ia  steady.  By  Bernoulli's  equation  for  steady  motion. 

1 


Now, 


^  +  ~$2~  const. 

I  P  2 

Surfaces  of  equal  pressure  are  given  byp  -  const. 

By  <i)  and  <5)1  q2- const.  or  u2  +  ua»eonsL  »e 

: 

'4*1 


...(4) 

...  (5) 


,/  .2ri  ■  1  2  1  d^c  lA  ^ 

+(*~-o)  t  -T+-7T-o 

M  4  ma 


*■%? 


iK-'r)- 


11  2  !(x—  C)?>  v3  -  fc3)  .  K'i  -  d)y-£ 

*  :<  **  ^  °Cl 
Multiplying  by  r\  /f. 

*1 +  *i  ~  to’-  °f  *  y2  -  *al  +  +'i> 11  c  1  *1  r? 

r  I  ♦'**  -,^fto>?Tiwh'ero  - *  c*. 

-  ’■  't 

From  this  tho  required  rcsltfollcrws. 


Problem  7.  A  long  fixed  cylinder  of  radius  a  is  surrounded  by  infinite  incompressible 
liquid,  and  there  is  in  the  Hqu  id  a  vortex  filament  of  strength  k  which  is  parallel  to 
the  axis  of  the  cy  linder  at  a, distance. c  (c  >  o)  from  this  axis.  Given  that  there  is  no 
circulation  round  anydrtuit  enclosing  the  cyiindcrbtit  not  the  filament,  show  that 
the  spccd_q  oft  he  fluid  at  the  t  urfaceofthe  cylinder,  is 

: 

r  being  the  distance  of  the  point  considered  from  the  filament  (Meerut  98) 

Solution.  Tfceiimago  of  vortex  of  strength  +  A  at  A  outside  the  cylinder  is  a 
vortex—  A  at  B,  inverse  ofA  and  vortex  +  k  at  O,  tho  centre. 


OB .  OA  ^  (rndiuB)  .  *.  ’ 

‘  /■»  so  thatc/^=»o3.  ‘ 

o2-+ e?  -  r2  -  2ac  cos.O 
For  cos  A  *  {b2  +  c2  -  o2y26c.  ' 

The  complex  potential  alP  (x  «  aV°)  due  to  this  system  is.givon  byi 
W  *°g  (*  “  c)  -  ^  log  (a  -/)*  “  log  (r 0) 


-CD 


r2a‘ 


rfyy  ihr  i  ^  r  _..r-i_-.iJb  ^-2 fz+az 

<fr*2nLx-c  z-f  xjZx'e (r  - c) (j- f)  . 

..I^I.A  \£>-y**ar\  * 

q  I  dz  I  2x  *  |z|  .  \z-el-\j-f\  2k  '  OP.BP.AJ>f 


q  2n‘  axAP  . 


- 


hlso  ZBOP  =>  dPOA. 


OB.QA^-OP2 
OB  OP 
OP  *  OA’ 

Hence  lb©  AiO-BP  and  OPA  oro  similar. 

OB  OP  BP 
Th  OP  OA'AP ' 


J5P  = 


OA 

=>  ax.BP  »ar  — 


aV- 

d 


.  .  -  .^4^ 

zi-2fz+qz*(z-rit  +  a2  ~/£g £a* i^)2 ± a2 -f 2 

-  {a  cos  0  —  /‘-Si  h  SiufD)2^-  a2  -  fz 

-  _  ^  . 

»  (o  cos  D  -  /)2  -  a2  aia2  0  +  2»a-5in  6  (a  cos  0  -f)+ a2  ~  f2 

»  2a2 cos2  0  —  2a/co^ ifinO (a  cos Q-f) 
w  2a  Icos  0  (a  cos  0  -  figH  sin  0  (a  cos  0  -/)] 
m  2a  (a  cos.O  -7).(co.<f  0  +  i  sin  0) 

1 12  -  2fe+  a  (/■-  a  cos  0)  2  f~ -acosOlo  c 

&..  '  c  ' 

HLH.  vt'-  2 

2^7  (a-ccas0)«—  I2o2-a2-c2  +  r2Jf  by  (1) 


M  "w 
.  ■*’%.  ' 
W3*?.  ^ 


.•.^^Vnfog (3)  with  tho  help  of  (3)  and  (4). 

L# 


Problem  BiFind  the  motion  of  a  straight  vertex filamen t  in  on  infinite  region  plane 


v  +k 


J. 

Pfc.y) 

_  A,(->b.o)  0 

A:(b,o) 

+  fc 

.  -k 

wall  to  which  the  filament  is  parallel,  and 
prove  that  the  pressure  defect  at  any  paint  of 
the  wall  due  to  the  filament  is  proportional  to 
cos2  0  cos  20,  where  8  is  the  inclination  of  the 
plane  through' the  filament  and  thepointtothe 
plane  through  the  filament  perpendicular  to 
ike  wall. 

Solution,  rj  »X|  4-iyj.Zi  —  iyt.  Tbo 

imago  ofvortox-t  A  atA  l  <a  =  Zj)  w.r.t.  the  wall. ' 
i*c.,  X-axis  is  n  vorlox  -  k  at  A2  ix  =  z  j);  These 
twDvorticos  logethorformnvortnxpairwbich  -  — 

will  move  parallel  tox-axjs  with  velocity 
h  k 

2«  (A 

Each  vortex  move*  with  this  velocity  parallel  to  x-axi*  bo  that  xx  but  jrj 

.remains  constant. 

Honca  -  zx  » Jt/4i\yj. 

Tho  complex  potential  duo  to  this  vortex  pair  at  P  (z)  is  given  by 

.Hr-^logfx-z^-^logiz-zj).  .:*<D 

_ i_n 

dz.  2nlz-zj  .  x-zLJ 

fdw\  tAr.l  lv 
“o—  o— [-£'.)x„0-to[rl-r1} 

where  Uq  -  iu0  is  complex  velocity  at  O.  Wo  shnll  study  the  prpssuro  at  some  point 
:  soy  O  on  X-axis.  LotOAj  -  r,  ^OA  jA2»  8,  then yj  -repsO.  V^  -r  sin  O.x?  +y2  o/2. 

This  =3  -  ^  cos  0.  y0  «  0 1=>  q2  r  -.u0  - 

whoro  q  ie  fluid  volodty  at  O. 

-  Bymtn.er^nogC-zjJ-iog^z,)!  • 

-  ^  Hog  (*■  *J  -  o^i)  -  log  (- x*  +  iy,)l 
j  Equating  real  part*. 
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:4 


i 


a 

& 

Q 

fin 

3 


0® 

©H 

■MS 


n 

A 


■  -s[tan'l(^)tUn^]]“  t'm'1  C-0)— tan-io 

&  V  -.\:  i 

a  .n  /*Y_^ 

31 "  xj  jr i*  l  )  Ajft* 

By  prc«urt3 equation. + -j ^ ■<  ...  ...  (2) 

Let  p  mPd  ■whon  the  vortex  is  not  present,  w^wberi  ^ 

7*0.^»0:  i'Now(2)».  —  *e. 

vt  P‘- 

P-Po  3>  1  2  V’kVmP.B*'  . 

*2  -  **  '  ;••  ■'  '■ 

-  (1  ~  2  cos1 *0)  -  (-  cos  20) 

-A  V 

'  9  i».V 

TWs  =»p0 -p  • cosa  0  cos  20 
^<yi 

■»  pfl -p  is  proportional  tojeoj?  0 .  cos  20. 

This  proves  the  required  result. 

Problem  9.  An  infinite  liquid  contains  two  parallcty  equal  and  opposite  rectilinear 
vortex  filaments  at  a  distance  7b.  Shota  that  the  paths  of the  fluid-particiet  relative 
to  t he  vortiett  can  be  represented  by  the  equotiori' 
r*  +  b7-2rb  cosO  \  .r  cos  0 


^{r^+ha  +  2r*  cos  0  )  & 

l(x+6)*+yU  & 


Y  *' 

ftxrt 

♦t 

AA») 

-t 

r>g-  a.14. 


O  is  the  middle  point  of  the  Join  which  is  taken 
aix-uis. 

Solution.  Let  iho  vortices  of  strengths 
♦  A.  -  h  bo  nt  Aj  (-  b.  0).Ai  (h.  O)  s.t.  AyAt  Is 

alongx-oxis.  The  complex  potential  duo  to  this  vortex  pair  ntP  (x.y)  h 


lV  "  2x  loR  (r  *  W  ”  2n  (2  “  6) 


Equating  imaginary  parts  from  both  sldos.  . 

V  =»”  (loglCx +  b)2+y2)-log  [(x-fc^+y2]] 


ik 

CT-v-~  flop  C*  ♦  6  ♦  i»  -  log  (X  -  h  •*  »y)l. 

‘  ’  '  -3*..  '<?■■ 

The  vortex  pnir  will  rnovo  along  o  line  parallel  toy-axis  withyclbci.ty;^1*' 
k  k  A  •-  ^ 

2lt  (A;A2)  "  2rt  {2b)  "  4rJ>*  .  .  .. 

To  reduco  th  e  system  to  rc  s  t,  wo  h  avo  to  s  u  perim  pose  nvcj  oidtyf-hM  nh)  parnll  cl 
to  Y-axis.  If  if  bo  the  stream  function  duo  to  this  dirtuibance.’th^h 

dL-liB^Bas:  .  .JL&^M.a 

4nb  dy  3x:  .  .. 

Tho  stream  lines  relative  to  the  vortex  system  anjrgiyon  by  y  »  const,  i.c. 


j-  |)og  |(x  +  hr+y2!  -  log  ((x  ^PfMZ&te'sjjjL  a  C°nsL 


'7-vini 

const. 


or  -  log  |(x  +  bf  4-  y2)  +  log 

Changing  into  polar  co-ordinates?  ■ 

or  loirl  <T~ 

1  <*  +  h)2  +y?^^|* u4»v  - 

lot  [  <r<”  9 

1  (r  cos  0  +  h)2:^.?2  *In3  0  /  b 

.  +  cosO  l  .  rcosO 

or  log  —  —  - -  +  -  const. 

’  r2  +  b3  *  2rh  cos  .0  *  °  ■ 

Deduction.  For  the  second  statement  tnkc^jA2  as  y-nxis  nnd  OV  as  X-axis, 
make  the  corresponding  changes  everywhere. in  placo  ofx  write  y,  ia  place  of 
v  wrltox.  The  result  at  unco  follows  from  (2). 

Problem  10.  When  a  pair  of  equal  and  opposite  rectilinear  vortices  are  situated  in 
a  long  circular  cylinder  at  equal  disan^p  from  it  taxis,  shout  that  path  of  each  vortex 
.is given  by  the  equation,  ;#  .  -flxs-2010) 

(r2  sin2  0  -  b2)  (r2  -  a2)2  rn  4a2b2r*  sin2  0. 

0  being  measured  from  tkc  line  through  Ike  centre  perpendicular  to  the  join  of  Ike 
.  vortices. 

Solution.  Let  x-axis  be  thenxls  of  the  eyllndcr.  Consider  tho  vortices  +  k  at 
A  (r,  0}  and  -  k  at  B  (r,  -  0)  inside  tho  cyllntfcrs.t.  distance*  of  A  and  B  from  tho  axis 
aro  equal.  Evidentlv.yiZ?  is  perpendicular  to  x-axis. 

Tho  iniagD  of  vortex  ♦  k  nt  A  w.r.t.  tho  cylinder  is  a  vortex  -*  A  nt/l'.the  inverse 
point  cfd.  Similarly  the  imago  of  vortex  -  A  at  8  Isa  vortex  +  k  at  B*. 

OJ3.O/r«a2«OA.0A'. 

whero  o  is  the  radius  of  the  cylinder.  Then 


OB'  =  —  n OA'  ts  OB-OA-r. 

r  .  i 

The  complex  potcnb’al  due  to  this  system  at 

P<x)ie  -  ; 

;  F; 

-  log  <*  ->«■“)  (f-  T- «”**')  j  ^ 

Th  o  motion  oftho  vertex  atA  is  dire  to  other 

vortices. 

If  IV  bo  tho  complex  potential  for; the 
motion  of.A.  then"  ..-u, 


W'-  W-  ^ leg (s>r S>) ..  at .  r 
tt 


’V  ’■■■  '  ‘  “ '"£$& 
"i:  ■  ■  .  "  M 

*ryrn]  i-rA  4| 

-  -  -  l:% 


-~[-log^- )-  lo*  tf-r'i-  "ji 

=  “l«  Hog^-o2) e^-logr+log f2/r nn  0)  .  ...£ 

- [  [(^v  “ sin  0  (r*  +  a *) }  ♦  log r  ]' 

V  - 8og  J  (^-aV°  J  +log  j  2  ir 

.  :•  .  7..,.  = 

O.+iWn-.O. 

-  -  ^  flog  (r2  -  a2)  ^  Jog2r  ^  _  ,  -  ' '' 


“b  V  cos?  0'+  sin2  0 

..T-CDft5t,Xe,. 

b*  I  1“  41,1 

(r* -a^rf  sm20-’  b*V  +  ol  -  2r*  a*  cos  20l  . 
-%^Jnh2  0  -  62  Kr2  -  a2)?  +.  ?rV3 . 2sin2  OJ 
V*  »io2  0-  i2)  » -lr^o2  sin2  0. 

.  xp,  e  .  .  * 


Stream  lines  are  given  bys-y  -  ctmj 


m 


■ym 

-tm 

.'i  A*  * . i 


Thlx.complptea  the  proof. 

Probloni^i.  lh  an  incompressible  fluid,  the  vordcity  at  every  point  lx  consfant:^! 
\  nwghitudednd  direction.  Shaw  that  the  components  of  velocity  U,v,  ware  eoJutiopij\ 
cfLaploCe’ifequatian.  .  '!  (I AS- 2010)^? 

.^^Sofution.  Let  W  «  y  +  tJ  +  ^k.  q  -  til  +vj +- wk.  '.p% 

K^^Vortidty  is  constant  in  magnltudo  and  dirWtlon  V-£? 

■yrp  %  '  -  '  -:.vj 

n.  C,  aro  constant 


1  /  du>  >  "T  /  3u>  \ 

2 1 )-«■ ■  “"*»  it  aT  -  S  "■ »  - C0",L- 

3u\  7 

.  *t5r.sFH"T,t- 


3m  ■  3u— 


iho  3v  ... 

3u  du  ■ 

DifTerentfntlon  of  (2)  and  <3)  wj.tr  and y  gives 
32u  ^  it2 w  3 2u  ^ 
bz2  3*3r*  3X  3y 
Equation  of  continuity  Is 


...  (2) 
—  fS) 


Observo  that 


3u  3u  dw 

af^*aT-0- 


rt,.  a?u  a?a  ■■  'd2u  ..,  d2ur  . 


ftt2  3^2  .  Br2  Sbc2  -  ■  dx  3z 

•3  r3u  33  ;--3to  x  ■ -.'3  v 

V2«  -  0.  Similarly  wo  can  provs  V?v  »  b,'.V2to»0. . 

It  means  that  components  of  ydocityarc  sdutions  of  Laplace's  equation. 

.  Problem  12.  Three  palrtUW  rectilinear  yorlicet  of  the  some  strength  A  and  in  the 
r*ami  sent*  meet  any.  plane  perpendicular  to  them  in. an  equilateral  triangle  of  side  a. 
Show  that  the  ’  vortices  all  mob c  round  the  some  cylinder  with  uniform  speed 
,  2rt q2/3A.  /.  f,  s_  I 

Solution.  Tho  Figure  8.1$  Is  scif-expianatory;  Let  r  be  the  radius  of  the 
circujndrcle  of  equilateral  A  ABC.  tb.cn  OA  •  Ofl  «  OC,  AB  ®  a; 

a/r  or  r » a/V3. 


•Mt 


Tho  complex  potential  cf  tho  motion  is  given  by 

W  o  ih  [log  (r  -xA)  +  log  (c  -Zfl)  +  It^j  (r  -  xj] 

-  iA  log  (r  -  r)  (t  -  rssw^)  (t  ~  re <"/5>  -  »A‘  log  (x3  - r*) 
For  tho  motion  of  the  vortex  nt  A, 

;  w1«w-tA)og(x-x;o  : 

■"Mrfef)' 

n  ik  log  (t1  -f  xr  +  r3) 
r  fdWi\ 


a  ki 
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•  r  '■ 

cr  '  .  <?A  I UA  ~  £yA  I  *  i;r- 

If  2"be  the  time  during  which  the  vortex  Amoves  round  the  cylinder,  then  wa 

bavo2tt.OA  =  2*-7A  tf 


:  m  ?7lr  2nr.  2n 
.  "  7a  “  ***; 


Z7i  2  2s  a1  2na2 

X’^m  k  ’  3  *  3*  *  • 


; >  -Remark  .  In  the  above  solution,  fAbas  been 
taken  ha  plac  i  of  ukJ2n  i  n  order  to  get  the  required 
result  • 

Problem  la.  If  a  vortex  pair  is  situated  within'* 

cylinder  shob  that  it  will  remain  at  rtjt  if  the  .  +  k 
distance  of  'either  from  the  centre  is  given  by  O' 
a  (S/5  -  2)3/2,u>Aere  a  u  tha  radius  of  the  cylinder. 

Solution.  The  vortex  pair  PQ  consists  of- 
vortex  +■  k  at' P  and  vortax  —  k  at  Q.  The  image  of  Ki7. 

vortex  +  A  atPis  a  vortex- k  atP'.  the  inverse  point 
ofP. 

Similarly,  the  image  of  vortex  —  k  at  Q  is  a  vortex  +  A  at  Qf.  Let  OP  -  OQ  =*  r . 
Then  OP .  OP'  =  a2  =  OQ  .  OQ1. 

Hence  OP'  =  ^-  =  OQ'.Thusxp=r,XQ  =  -r 

Xq  =  -  a2Ir.  zr  =  <Plr.  . 

The  complex  potential  for  this  motion  ia 
W "  2^  llog  {z  “  “ log  &  "  ~  Jo-£  ~  *<?)  ♦ log  <*  -*<?')! 

The  motion  ofP  is  due  to  other  vortices. 

For  the  motion  ofP, 

W,  =  W-^l0*(2-2rf. 

dWi _ f hr  l  •  i  ~  l  -  l  i 

dz  2nLx  —  Zp  Z-Zq  -  z-zq  A 

Thb  =.  u,  -  0.  ^  [  ^5  -  i  ] 

The  vortex  at  P  will  be  at  rest  if  qP  «*  0.  Le^  ^(up  +  Vp)  =  0, 
or  ,,-0  or 

or  2r2(/-2  +  a2)-(a2-r2)(aa+r2)  +  2r2(a2-r2)«0 


Q  Zp-ZQ’l 


r*  +  -Ir^a2  -  a*  *0  or 


($M5)v- 


a *  * 

r«(-2±i/5)wc. 


’ 

<1%  ’ft 


...(I) 


..  ■  .  • 

Tho.  value  (-  2  —  ^5) 1/2  a  is' rot  admissible. b^causo  this  rootgivos  imaginary 

value  of  r.  •* 

-  • 

Honce  r  ■»  a  (-  2  +  ■JC)172.  ^v. 

/  Problem  1 4.  Two  point  vortices  each  of  strength  k  are  situated  at  (t  o,  0  )and  a  point 
vortex  of  strength  -  k/2  is  situated  at  the  origin.  ^Shaw  lthat  the  fluid  motion  is 
stationary  and  find  the' equations pfstnarn  linee.f^out.tfLai  the' stream  line  which 
passes  through  the  stagnation  points  meet  thcxktxls~at  (£b,  0)  where 
3V3  (b2-a2J*» IGo3^  .  • 

Solution.  The  complex  potcntial'bWieJluidmotlon  is  given  by 

w  . 

For  the  motion  of  vort«X>^;  tho  complex  potential  ia 

H'  =  W-^lo*(.^'o) 

^[lott.(r  +  o)-i|ogr] 
dVjTy 

dx .  Jr«-  a  •  . 

o0  >c 

2rtLr+a  O 

.  This**  ha-iva  ■  0  »*>  vortox  at  A  is  at  rest.  rj*.Mg. 

7bo  same  fact  is  tnio  at  Qt  3-. also.  Hence  the 
.  fluid  motion  is  atalioniiiy.  This  proves  the  flrst  part  of  tho  problem. 

To  determine  stream  linksL. 

0  +  *V  -  ^  jjlog  (iz -aPy- 1  iog  y  ;  by.(l), 

E  -oif  c*2  ~yl " fl3  4  "2  ^(x + iy)  ] 

y  *  4n[,oe  +  log^+y2)] 

Strccin  lines  aro  given  by  v  ■  const, /a.. 


H 


(x3  -/2- o2)2  ♦  dx^y2  »  c  (x3  +y2}UZ 

Ct3 -yV  +  «"*  “  2°3 0^  -y2)  +  «*c (x3  -i-y2)172 

(x3  +y2)2  -  2o2 1*2  -y2)  +  o4  -  c  (x2  -»-y2)I/2.  - 
These  are  tho  required  stream  lines. 

Third  Part  Tho  stagnation  points  nrc  given  by 


~.{2)V 


c£r 


^-i-OAyd) 


or  3s2  +  c^™0  or  x»±iaW3.  • 

■  Stagnation  points  are  at(°, 

The  stream  lines,  given  by  (2).  Will  pass  through  stagnation  points  only  if 

or  c-16a3/3V3. 

The  atroam  lines  (2)  will  pass  through  (±  0)  if 

64  -  2a2  (t2  -  0)  +  o4  <*  c  (b2  +  0)z  =  5 . 16o3/3v3  ■ 
or  b*  -  2 <xV  +  a*  >»  (1 6a3h/3  V3} 

or  3V3(62-a2)2=16a36.  -  . 

This  concludes  the  problem. 

Problem  IS;  A  fixed  cylinder  of  radius  <n '  is^urroiijided_  by.,  incompressible 
hom ogeneo us  fluid  extending  to  infinity.  Symmetrically  arranged  round  it  are. 
gen'erxtiara  on.  a  cylinder  of  radius  c[c  >  a)  coaxial  with  the  given  one  aren  straight 
parallel  uorUx  filaments  each  of  strengthJkfSJ^cr^it  the  filaments  will  remain  on  ’ 
this  cylinder  throughout  the  motion  andri  valve  round  its  ozis  with  angular  velocity' 

Find  also  tho  velocity  at  any  point  of  the' fluid. 

Solution.  Consider  vorticcjr;ofithe  same 
strongth 

♦  AatAl,A^£C.’.,A#1, 
symmetrically  arrangcd  ro_urid  a  circle  of 
radius  c  {>  a).  Tbon^s^i." 

#-toipA2=2R/n. 

LotAiPeiffoxf  »  1. 2, ....  n 
and  0  ; 

Uilng  tho  forrbui  a  cos  A  =  (62  +  c2  -  c^yibc, ' 

'  oos  0  » - - - 


,  ,  /j  ^r2  +  e2  -  2«:  cos  9. 

The  imago  of  vortex  +  A  ntA|  is  a  yortox— A  at  Bj,  tho  inverse  point  of  A4- so  that 


OA;  .  OBt  -  a1. 

Taho OB; ■  b  for*  •  1 . n 

-  ■  Then-  a/2 » fcc. 

•i  i\  Thus  there  are  vortices  of  tha.  same  strength  -  A  placed  at  Bj,  Rn  OD  a 

^circlo  id"  radius  b. 

Let » Af for  i  »  1 .  2,  Then r2  +  b2 -  2rf»  cos  0. 

The  stream  function  v  nt  P  duo  to  this  system  is  givon  by 

V  Hog rt  ♦  log.r2  +  ...  +  log  rj Dog  h,  +  log  Aa  +  ...  +  log  A„1 

°r  V-^nogr2/2...^-  log  A2  h£  r.  A2j; 

<»  +  c2~2rccos0)  jr24.c2-2n:cfrt^(H-~  j  j ... 

-  log  I r2  +  b2  -  2rb  cos  0||r2  +  b2  -  2rb  cos  ^  0  +  j  ]  ...  j 

Lj  ^  ^  com  nO  \ : 

11  r2-  +  b2n  ~2r/l  bA  cos  a9  ) 

Tho  motion  of  Aj  is  duo  to  other  vortices. 

For  tho  modoo  of  Alr 

v,  -  V- ^  log (r2  +  c2  -  2rc COS  0) 

y  „  ~  (r2*  +  c^  -  2r*,<T  cos  nO)  ~ ~ ,0A  ^  ^  “  2/1  ^  008  n0) 

%  4ri  v  . 

-~*log(r2  +  c2-  2>c  cosO)  •  ...0) 
■  4n 


A 

”4^* 


■  4x 


^  ^V»  *g|  ,  ,  ,  .1^1  ( 1*V\\ 

Wnto •* “ —  when r^c.OoO,  and — r— -  « 

3c  9r  c  30  \r  d0  h-Q 

^V|  _  A  f  2fij>-1-2n/,“><,>- 

v4i«L  /2».+  ca?-r2r^;<w 


*  cos  nO 


0-0 

2n  r2**  ~  1  -  2n  r*  *  1  6*  cm  aP  1 

r2?  +  b^_—  2r”  b"  cos  «(J  J 
'  -  jfc  :>:  2r  -  2c  cob  0 
4x  •*  /2-  Vc2  —  2rc  cos  0 


r^V»\  k  rn  2nd*~I  co-m0)  1  •  k 

l  Jr  Jr  we  “  4n  L  c.  re2"  Vb2"  -2c"b*  COB  no  -I  4:tc 


Vw*/r-«.0*0  3c  4n 
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Vortex  Motion 


(Fluid  Dynamics)  MO 


2/i  r**  bn  sin  gO 


-J 


1  ^Vi _ A  T  2nr»e"slnn0 

T  dO  m  4nr  L  +  C2*  — '2>**  eH  cos  rmO  -  ir2*  b?'*  —  2r**  b1*  c 

k  Try  alri  0 
4l(r-  *  **  +c2  -  2rc  cos  0 

/ 1  p^l  >  A  r  wain  n9  _  fisronO-  gin  9  y  _  A  tin  0 
{  r  dO  Jf  t?4ncl  I -cos  n0“  l.-cosQ  J~  ~  4«(l-cos  O', 

Note  that  ■ 


cw 


O'M 


1 1  ^  A  .  rcoa  &  A  r -  sin  01 

[r  DO  J/-e"~4xcL»iD  0  J"  4ne ‘L  cosfl  J11*  ~*- 


0-0 
1  ?yi 
c  30  * 


0»0 

Angiilnr  velocity  of 


^’e-  ta?L.  .  S-h”  -V  J*c 


/-i"  V-V  J’c" 

A  (n  + 1)  c**  +  (n  -  1)  a2"  ;  ■  /i  t  ,  2, 

— >_>  as  a  -6e  andso° 


Problem  10-  Four  Vortlceu.  A  wrfiffnta/ 
vortex  filament  of  strength  A  is  tn/Trrfcfrr  ftfiiuf 
botc/td«f  by  lu»  perpencftctifar  £/i/ui//e  plana 
wails  whose  tins  of  intersection  is  parallel  to 
the  filament.  Shout  that  the.  filament- will 
retrace  ovt  a  curve  (in  a  plane  at  right  angle? 
to  the  walls)  rrin.20  -  const.  iohere~r  tilths, 
distance  of  the  vortex  from  the  lint  of 
intersection  of  the  walls,  and  0  the  angle 
bctwcenoneoftfie  walls  andplane  containing  , 
the  filament  and  line  of  intersection. 

Solution.  Lot  thcro  be  vortex  +A  at  rlm 
Hero  wo  havo  two  rigid  boundaries  at  right 
angles  to  ench  other,  say  jr- axis  and  y-axis.  . 
The  image  of-t  A  at  rr  wjXy-axl*  to  — A  at 


<?»> 


Now  the  Images  of+A  at**  and -'A  at-Fj  vr.r.t.  xr—axis  are  -.A  at Tj  and  +  A 
nt  -ij.  The  compSa  potential  due  to  this  system  at  P  (r)  ta  givon  by 


w  ^  l°Jf  (*  “  *j)  (e  +*i)-  “  log  +  ?j)  {x  “■  5i). 


For  tho  motion  ofvortox  +  A  ntr,. 


W-W-^Jogfr^-^log 


<*+zt) 


2n  *  tr*sj)iz -jj) 


nog  (r  +  z  j).  -  log  (z2  -  Zj2) 1  ’ 


.  f  d\V\  ik  T  1  2r  1 

1,1  « 1  \  <ir  }*-r1*"*2n  [*■►*,  22_72  L-r, 

'  A  r  *yi  *i  ♦  fri  i 

"_4*Lx?+y2~  Xj?!  J 

*  f  7x  -  1  1-  — 

A 


y.._" 

ir.  Vi 


p  =  „  Jl  r  xi  _  jl  % 

1  dt  4«  ^x\+y\  '■  D  “ 

“%  ^4  v 


...  (2) 


Dividing— 


“T + ?;p% 
Xl 


Integra Ung,  “  ^ f  \  V  -a  Jw%tf »  2o^yf 

Vxl  ^»y 


rf  »  2arJ  sin*  0X  eo»fl  (9^w  ^  sin.  20 j)2.-  2rf/o. 

Thfs  «  rf  sin4  20,  -  b^^sS*20i  •  6. 

Hence  the  required  path  l5^(3n  201»{)>  which  n^resents  a  cote  of  spiral. 


Problem  17.  To  find  the  paths  of  particles  due  to  a  vortex  in  a  liquid  filling  the  space 
between  taro  parallel  planes,  the  vortex  being  midway  between  them. 


7 

x-piiiw  y -in  p 

<; -pt.no 

-I; 

Z-Z-Z-L* 

Afe-t-i--:  r 

-+i~Z-Z~Z-Z~Z-Z-l  I-Z-I-IO 

■A't-ihZ-i-: 

E^zfEEz-E-r-z1:-  ;:E::::: 

i-C'i-r1? 

y-«/2  . 

ng.Mi- 

Solution.  Lctthoro  be  a  vortox  + A  at  the  on  gin  O  which  fills  tho  a  pace  between 
the  pamllol  pianos y  —  a/2,y  —  a/2.  Consider  tho  transformation  (  »■  *  enia. 

Then  C  +  «l 

This  ~  5  -  -  <"*  sin  2K  ij  co*^ 


t  Planea  y  -  ±  at2  ->  ^  -  T  c***0,  n  «■  0. 

.  Poinla^x.i^^mz-plaTmhecome'fl*,  0)  la^-plwioVrhere 

•  Xm  ^**artB*  - 

Also  2-0  n  ■  1  =>  C  a*  £ 

Thus  the  space  between  tho  planes  y  «±  a/2  ln  r:plshe  corresponds  to  chtiw 
(-axis  in  ^-plane.  That  is  to  say.  the  spare  in  3-plano  corresporieU, to.  upper  half  o'C 
(-plane.  The  point  O  In  z-plaae  eorrespopids  todho  pointA  in  (-plana,  The  irtmgoon 
+  A  fit  A  relative'  to  (-axis  is  a  vortex  r  AatA'.Tho  complex  potentiid^ in  (-plane  ia| 

V.^WK-h^logffiVij  •  '  :- 


Paths  of  fluid  pairticlea  arc  given  by  v  -  const.  »"log6,  gay 


Then  .?>(n-i)1-M^+Cn-+ijfV 

ft* + n2)  '  i)  +  2n  (& -n)  t  (^  - 1)  *  o. 

Dividing  by  i  - 1  and  writing  c  *  2  (6  + l)/(b —1), 

^  +  t,*  +  TK>T»0 

Putting  the  values  of  (,  ij  wo  obtain  jp 

m  a>.  i  -  o.  2* 


«”*“"+  c  cos  ^4-  c'  "0,’°  =  Of^SfC^SS? . 

i-*.  wherei  ia 


or  -  ceah — :»/t:cos”!  whewA ia  coattaob 

a.  ■  -  a;-^  ■'g.  '• 

This  Is  the  required 

Routh's  Theorem  ‘  * 


W 

- : -  .  >S9©f 

ConrldoT  s  vortcic.  +  A  ot  P  In  n  domain  in  x-plano.  By  tho  t nmx form otfonj 
(  mf(t).  the  pototivAdmairi  n  re  .transformed  ooto  point  Q  and  domain 

(-pjano.  IfP  bo.z^S^<3rbo  (),  the  complex  potential  W  In. (-’plane  at  onypolnt  (dsi 
given  by  ‘  •  "M 

t  ^log  ((  -  C,X 


wh< 


^■■is^iric  complex  potential  excluding  tho  term  due  to  vortex  +A 


W  -  IV,  +_^  log  (r  -x 


+  ^ logV-Xi) 


SjfiE-7] 


^v-::  Tho  velocity  of  vortex  (j  can  be  obtained  from 


fv.'- 


(5tc.  ,, 

1^;.  .  .  Hence  for  the  motion  of  vortex  at  z  j. 

fe; 


a) 


If  v,  and  VjCzj.yi)  be  stream  functions  eorTCaponding  to  lV^lV^, 

.respectively,  then 

v2t*i.7i)-Y|(^.nj)+v. 

wheroy  **  Imnpnarypsrlof—log^^—  ^  ot  («(,,r-Zj 

At  /C-t, 


»  Real  Part  IU.  RJPMlm.  ^  log (  j 


Jrv,  f\~l  n 


Expan  ding  (-(t  In  terms  of  z  -Zj 

*.■ -  -  (* - *i)( g  ),  - 1  - *>?  (  %  X 

V 

•4c$i- 


_(2) 


■  R.P.  of  — . 

2«  ,<£ 


IMS' 
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Vortex  Motion 


(Fluid  Dynamics)  f  11 


-  *-p-°f£-j3y  “  *-**<-v 

-««|($),l 

V  *°®  ]  dx  lik  atcon^°8^af?'k- 

Now  (1}  becomes  s 

'  y3tr,y>-v,fti.ni)  +  —  *%|  •*£'!,  : 

This  result  is  known  asRpulh’a  theorem^/ 

Problem  18-  The  apace  enclosed  between  the  pltmeex^O^x  -a,y  mOon  the  positive 
side  ofy  °Ql»  filUdivith  uniform  incompreesible  fluid.  A  rectilinear  vortex  parotid 
to  the  axis  of x  has  co-ordinates  Determine  the  velocity  at  any  point  of  the 

liquid  and  show  lhal  the'path  of  uortex  Is  given.  by 

"  cot^“  +  coth2  «  const. 

a  a 

.Solution.  Consider  tho  tuappingC  “  —  cos  {Tala')  from  s-planc  into  ^-plnnc.  We 
have  £  >  * n  —  -  cos~  (r  +  ly) 

This  *■»'£  “  -  cos  —  cosh  n  «~sui™.  ainh  ^ 

a  a  o.  « 

.yB0=S^»-CU3^~^r|- 0 
x  ®  o  4  **  -  «wK^  ~  0 

,  oosh  ^  1J  —  O'  ■  ' 

AU.thcso  points  lio  on  £-nxis.  Hcnco  tho  uocul-infinito  atrip  in  r-plano 
corresponds  to  upper  half  of  £-plane.  Let  A(j<»  rj)  In  7 -plane  be  mapped  onto  C-5j 
In  C-planc.  Tho  image  ofvorte*  +  *  ntbfti)  relative  to  tho  boundary  taxis  is  Q  vortex 
—  Jk  at#  ft,).  Hi*  complex  potential  nt  any  point /Moot  occupied  by  the  vortex)  is 
given  by 


y-0 


O. 

FitpS^I.  . 


-rAV  'vi: 


’  ~  r. 

-K  ffccD 

x  -i 


+c«  !r)-,og(lc“^|eo^i).] 

_ sin  (nzJa\  -i-r—iJi:--  ^  -> 


d\V  _  lU 
dt j  "  2*  t  - 


sin 


“j  n 

MiCOS  (712 ,/c)  J'  a 


003  (Kzfay+  cos  (« j/a)  -cos  (irr/a^^cps  (mj/o)  J 

rcos-+«‘^)h^?3a«»-) 


Toko  ‘  X«*7i/2a 


f4 

_>%;%•  '  -  ;  _  .  - 

tW  in_  _ sm  (nz/a^iai^  ^Hrx^.  sin  X  (c}  -zt) _ 

,  ds  2o  *  im  X  (*  +xj>v^n^r^;^i)-  *in  k  (s  +?j>.  sin  X(z  —  Ij) 
i)t  -  .  ^suiftwa)  sin  2kg!  .sin.  A(2jy}). 

2d .  6in  X  (z  +xj)*wb'k(r-'r1).sinX(r  +  i1>.  nio  A(s  — *j) 

-  t  d\V  I  ^  k  sin  (2Axj)  .  8inh(2^y|).  |sin  (itz/’a)^ 

I  -  dr  I  .  2 a:*. } srin X  sin  X  (r  -ij>  sin  Xjr+ij)  .  sin  X  (r  -  r  j>  | 

TkVgivpa  velocity  at  any  point. 

SccondPhrL 

VaC»i.>1)-V|  C^i.i],>+“^fog|^|r  ;v.(3) 

,  Vi loeni  “  sin. wci.sinhrry,  wherou-n/a. 

{This  result  has  boon  proved  later  on  in  }  8.36) 

^  "  ^  l  **a  “fj  1  *  u  ((sin  tycj .  cosH  u>i>2  +  (cos  ujcj  .  sinh  uyipih 

■uttinor  tho  viliww  ;.i  m  ■  •-  -■■■ ■■' 


Putting  tho  values  in  (3>, 

h  ,  :  r  (sin  U-Xj .  cosh  uy^)a  ^'(cos  ny } .  sinh  uyj)2  -ii/2 
(sin  rucj .  sinh  uy  j>2  -* 

-  ^  log  u  (cot2  mrt  +  coth2  ixy  jl.1? 

Pnthsof^rtexA  (x^yj)  are  given  by 


Vj  (*».y»)  -  consU  ' _ 

This  of  ^  coth  ~  ^  +^cot  j  =  const « 


Required  path  is  given  by 


1  \  a  , 

-  Motion  of  any  vortex 

Let  there  be  single  vortex  at  (rj ,y{),  i^.,z  -rj  )a  front  of  a  fixed  wnlj 
7  -  0.  Tho  image  of  vortex  +A  at  rj’wjr.L  x-axisis  a  vortex  -  ft  at  Hj.  The  complex 
poleoLial  due  to  this  syBcm  is . 

W  -  ^  ,0ff  (*  -  «i)  “  ^  lo^  tr-xj) 

or  ^>iv=^[log|(t-xJ)  +  i(y-y,)|'rIog[(x'-x1)+*(y>y^j], 

V  -  ~ [  J°«  |(X -X,)2  +  (y ->!)2  ] -loff  [(x -Xj)3  +  (y +yj)2 )  ] 

For  Ihc  motion  of  vortex  *Jt  at  a *. 
v'  =  -~  log  ((x -Xj)2  +  (y +yj)2) 


Since  the  motion  is  duo  to  vortex  -  k  atxj» 

» «f l-,M :  ,<f® 

x-x,  •  ‘  - 

.  Dr  i  r  2Xr  +yi)"  .  ^j^ssvJ  Jt  ] 

then  ■  - 5 — : =5T5.:|k 

%.J  <IL  L  ( j  - 1,)-  +.(y  +yat;-tr.'  I 


■T*irVv#»  _ 

ir.^r  .  •  .0 

"{gr^ 

This=o  ^“-Trlogn 

X  «»  COMtg^^l  “  CUliaU 

This  prov^ciYh e  YUi o  path  of  a  vortex  is  a  streomlino. 

ItenuirluTtopicmbor  tho  valuo  ofy  for  furthor  study. 

gfr 

Probl  cmc'IS.Vtltor^x  in  on  infinite  liquid  occupying  the  upper  half  of  the  x- plant 
boundid.byddrclc  of  radius  a,  centra  O.uhd  parte  ofx-axis  outside  the  circle. 

^  _  fft  _ 

»  -jKSoiuUoni  By  the.  tninKformailon  C  “  r  +  — ►  tho  portion  occupied  by  liquid  in 

3 

■f  pin  no  is  transformed  onto  tlic  upper  half  of  C'ptnno.  Let  A  (z,)  correspond  \0.  - 

Li?  /«■  .  ',4 

-  Tho  imago  ofB  (Cr)  w.r.t-4-nxis  is  a  vortc*  -  i  »tan  equal  distance  on  either 
%  sidc  of  ^-uxis,  i.e.»  at  (£,).  The  stream  function  due  to  the  vortex  +X  at  B  is 


v2  (r,.yj) " Vt  ftp  n,)  +  los  |  |^  |j 

,_si  X2  -  O3  ;•  • X?  -y?-o2  tgg 
dz^  ft  z2  + 

I  Ctrl"  |{x2L^  +  4,y}l«- 

■  ^  '  ^+>2 
Putting  this  in  (1). 


...  (1) 


V2(*i- 


'Joel 


4*  |  (4+yj)2  n? 

Tbe  path  of  vortox  at  (x^yj)  U  y2  t*i.yi)  ■  const. 

(*l+Jt?-0?ja  +  4oM  1  . 

o?*#*'  -con3 

Hcnco  tho  roquired  path  is  givon  by 

(x?  Vy2  -d3)2.+  c  ((x2  +y2)2n3J 

Y  -a2  o2(x-iy) 

<-,+T«?+in-x  +  v  +  ^--pP 


...  (2) 


H 
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Vorte^Motron 


(Fluid  Dyna  nics)  1 12 


ay  7(x2  +  ya-*a2) 

.  sr+yz  '  xz 

*=>  n1  <**  -f /*)  ay2  (x2  -t-y2  -  a2)2. 

Using  this  in  (2), 

Thia  is  tho  required  path. 

Problem  20.  To  find  the  path  of  a  cortex  in  the  angle  between  two  planes  io  which 
it  is  parallel. 

Solution.  Let  the  two  pltrnes  In  i-planc  be  Inclined  nt  an  angle  rt/n.  By  the 

transformation  (»  es?.-  -  ‘  ; 

U,-  -  ...(1) 

these  two  boundaries  of  2-plane  arc  trahsformedbnto  £-axis  of  (-plane 
•  For  8  »  «0,  0  «*  0,  yin  =»  5  ■  0.  X  =*>  £-oxis. 


n 

-  '{J-PIono 

rwi-n,) 

TOW 

■■  »K 

OJ5».-n,) 

By  this  map  the  vortex  v  A.al  P.(xj»yj):i#  transformed  onto  vortex  +  A  at 
P*  ((,).  Tho  Imago  of  at  V  w.r.t,  (-axis  is  a  vortex  -  k  nt  Q  {(,).  The  complex 
potential  TV  at  any  point  (in  (-plane  Is  given  by 

V  •••  • 

"  2ji-L  ((-(,)  ♦  J 

Tho  stream  function  ((,,  n,)  at  t?  la  givcn.by 
k  . 


Vl  R|»ni>»-'^losni  (Refer 8,18) 

By  Routh’s  theorem  8.15, 

Vi  C r„yi)  -  V,  ft.  nj)+^  l°g  |  ^  |  j. 

""^l08n,  +  l0ff  lnctA“Jl 


ncri1  ~  * 

n, 


Le., 


Poth  of  vortex  ot  P  la  given  by 

Va<*vyi>-«mat. 

enr* 


n» 


•  const,  or  t* m  1  -  eqj  -  ca  rj  sin  nOj 


Ai1 


rj  sin  nQj  -  6,  where  6  -  Vac. 
Hence  tho  requlrod  path  Is  r  rin  nO  ■>  6. 


Problem  21.  PJvme  fAof  fA<  meessasy  and  sufficient  condition  tfmt  tha  uiortex  lines 
may  be  at  right  angles  to  the  ttrtoirt  lines  are  '  ....  '■"•rSV 

:  4  w 

Solution.  The  differential  equations  of  streamlines  and  vortex  lines  are 
■cctivclv  ‘  . 


respectively 


dx  dy  dz 

U  V  ID 

dx  dy  dz 

K  n  ; 


■  ■%  •-  . 

O )  n  nd  <2)  will  intersect  orthogonally  ^ 

u(  +  irq  ♦  ie(  -  0  j#  V 

But  this  is  the  condition  IhaT^S^ 

u  dr  v  v  dy  +■  tO^^T>erir«tdi  fTereri  tl ai  , 


...  (2) 


This 


u  dx  +  v  dy  +■  u>.dr  ~  n  d<y»  fi  |  ^'<£t  +  dy  +  ^  dz  ^ 

uf|*  & 


Exercises 

1.  Show  that  for  •  vortex-peir  the  relative  stream  lines  axe  given  by 

H£+,0*^)"con#t- 

whera  2a  Is  tb«  distance  between  tha  varlkes  and  rj,r3  aro  the  diatancos  of  any  point 
from  thorn. 

2  Prwa  that,  ifn  rectilinear  Tortices  of  equal  strength  k  am  lymmelrically  arranged  ns 
generators  of  a  right  circular  cylinder  ofrndtus  a  and  Infrnltolongth  in  an  rnoompressibl  e 
liquid,  then  tho  tweMlimtniMnuil  motion  of  tho  liquid  is  given  by  W  -  —  log  (t*  -  a \  tho 

origin  ofeMrdioate*  being  the  centra  of  tho  erosa-scction  of  the  cylinder.  Show  that  tho 
vortices  move  round  tho  cyllndftr  with  epoed  (n  -  1)  A Una. 

3-  Investigate  tho  oaturo  of  the  motion  of  the  liquid 

x**y*  xr+r 

Also  determine  tho  pressure  atony  point  (r.y). 
d.  In  problem  3.  determine  the  velocity  potential. 

5.  -When  aft  infinite  liquid. contains  two  persllol,  oquol  and  opposite  vertices  ot  a  dlstanco 
2J>,  prove  that  tho  stream  lines  relative  to  Hi  vortices  are  given  by  the  equation. 


"•• ;:  J  ---:-;'-  ' 

the  origin  being  the  middle  pointof  the  Join^wKlchli  tairo  for  the  axlflofy.  ; 

C.  -  A  long-fixed  cylinder  of  rtidius'q^nrrouridcd- ^by  J^rofo  ifrictiohlcM.ilncompr.wi 
'  Uquld^and  there  (sin  the  liquid  avortex  fflaiamt  of  strength 'h,  which  is  parallel  6*^1 
aniofthocylmdorate  'distance/ (fi  d) from  this  idfcGivon' that' ^  there  is^ no  rircuTn^ffS 
round  any  rircurt  cndoring’c^indor  but  firt  the  fi lamcnCohow  that  tho  speed 
•  fluid  at  thosuifaeo  of  the  cylinder  is  ■  -.y~J  ■._.  ...‘ 

-y:[y  ' 

pricing  tho  distance  of  the  point  ctmriierW  from  the  ClamenL 

.  *  :  ;  Answcfs^V^ ’■}?  ”•  ‘  /’  :  ■ 

3.  -Irrota ilohal xodUo ry -  -  / 

;:v.  - 

P  c  n?*?) 

*■  t>°-[|lc,sC«a+X^+blan‘^‘^-  :  ,  ..... 

Vofteiic Sheet  - 

Let  »  fluid  he  mi^ng  irrtrtadohally  cvtiTywborp 
except  in  tbe  dom&In  which  Uos  brtw 
5j  and  S3.  Coruddcf  an  clement  <f^2  of  the  suifaeo  S^  s, 
s.t_  P  is  tho  centre  of  gravity  of dSj of  thogurfirB  S2  au^  ^ 

P  is  tho  co  at  re  ofgrayity.of  dS7  fthdthfii: 


^  imdRj  arO  Lakcm  on  normal  AtP  iLL  .  ^ 

where  n  Is  a  .vector  normal  to  Sj.nt  Pand't >  d'^vcTy  S, 
smal  1  number.  As  P  describes  the  surfacoS^ die  points  ~ 

Pj  andP2  describe  5j  ond  5a .  nspc^ivtly^paralLcl  to  ^ 

S2  wbichis  midwnybe  twcon  thcmivlS^bwrTnalsiot  lha  ^ 

.  boundaries  of  cKi.dSj.  dSj^ericlo^  a  cylindrical-  " 
element  of  volume . dp  » ;  Vortiria ty •  ‘  s, 
vector  at f,  then  V_"r  ’ 

W cfo ■  W c ^ <i5Tj> whcro-  W' ^ cW, 

Now _if  t~>0^an3f^^>r'^ '-In '811* ;.  .  FJ»-8^5*'  ;|^. ' 

remains  unaltwd^^^wo  define  th  e  surface  S2  as  th« 

vc?rt"ox  sheeVof  ^rtricity  W  per, unlt  arc<L.lV can  bo  proved  that  the, normst 
cocoponcnfeof^lcfcity^ ^nre  c^atinuous  oerbas  the  vbitex sheet. 

Inflalte^slnglorbw  otvortlcosofgqualstrenglh. 

the  motion  indu  ccd-in  nnip  finite  liquid  bysn  in  finite  row;  of  pfttftPj. 
r.octnj^Kvwtiees  of  the  same  strength  k  at  adistnneo  apart.'  (Agra  :200®. 

^  ^'Gousldcr  nn  infinite  number,  of  yortlccs  each  of  strength  A.  These  nc  placed'^ 
0,  ±  a,  ±  2o,,.. 

Suc?1  arrangvnient  is  called  vortex  sheet  Tho  complex  potential  at  any  point 
V^'xls  given  by 


p» 

■:  ^5 

.  V- 

p 

log  x  (x2  -  a2)  (x2  -2*  a2) ... 

X2  V,  X2! 


—  log  sin  (1). Ignoring  constant 


To  determine  the  motion  6 f  vertex  ate- 6.- 
If  V,  be  the  complex  potential  ntx  «0,  t>on 

W*  ~2x  IOg  rin  T "  S  lC>5?  <X  “  I  . 

9iocc  the  motion  of  vortex  ats  ■ 6  It  due  to  other  yortJces, 

,  /dlF|  \  .-  ih fa  «•  IT.  f. 

'  Thus  vortex  nt  the  origin  i#  at  rcaL  Simllariy,  all  tho  other  vortices  arc  at  rest. 
Thus  we  can  say  that  the  vortex  rout  inducts  no  velocity  in  itself. 

Velocity  at  any  poial  of  the  fluid.  Ifa,  v  nro  velocity  components  ht  any  point*, 

dW  ik  X 

by tn 

.  -  » — f  ■  “T  vhcnb-**. 

2a  sia  b  fcc  *  ty).  sin  b  (x  ♦  *y) 

■  ih .  sin  2bx~l ginh  2b y 
-  "  ,2r  ’  .eosh-JIby^CM  ^x  . 

-  -  jjfef 


'la  coeh  (2ixy/a)  -  cos  {Ibixlaf 


mm 
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Vortex  Motion 


(Fluid  Dynamics)  /  13 


■_A _ sin  (2s  xfa) 

*  2 a  coih  (2nyJa)  -  <eo«  (2*  x/a)*. 

ci * iv  - <>  -»V)  r^lo? «in  “  T ( ”  ^  loff  ,In  “  ) 

or  2i'V-~;log  wn^.  ain  —  -J 

o  -a  - 

or.  .  tog ^ctwh.^^-coa neglecting consL 

■  Stream  Vncg arc  given ib/V"  const.,  Le.,  r ‘ 

.  cojrti'^- cos =  const.  >v- 
a ■  a 

8.1?.  Two  Infinite  row3  of  vortices.  *■  •  ■;  ..  .* 

Tioo  routs  ofvortlea,  on e  Mow  the  other,  the  upper  of positive  sign ,  tho  lower  of 
negative  sign. 

The  Bjslcm:  cowls  U  of  twa  infinito  rows  of  .vortices  one  abovo  tho  other  at  o 
distance  6;  latUie  upper  and  tourer  row*  be  taken  aki-arl*  and  y  -  b  respectively. 


(-2*9  {-«.0> 


-aeooo 

ooooo ■ 


A-2*.b)  <0  -b)  (i.-b) 

FltpflLti;... 

Tho  vortices  nrc  placed  m  these  rows  in  such  a  way  that  ono  vortex  of  tho  upper 
row  Isjustaboyo  ono  of  tho' lower,  row.  Lot  tho  strongthsof  each,  of  vortices  in  the 
upper  row  bo  +  Vand-A  that  oflpwor. Thus  the  syitom consuta  of 
(i)  vorticoa  each  of  strength  +  A  at 
r»0,±ai  20,^30, ... 

(»)  vortices  each  of  strength -i  at 

i -  to 2a.-iS; i  3a  -  ib. 

Tho  complex  pocalial  17  at  point  i  Is  ' 

iv>  iVj>w2  _ ci> 

whero  D°S*  +  log (r-a)  +  log  (r  +  a)  +  log  (r-  2a)+  log  (a  *■  2a)  *■  ...J 

!“^log  U  (x2  -  a2)  (x2  -  2?  of)  ...1 

Siajj]arly,.lK3  -  -  log  sin  —  (x  +  ib) 

" '  <* 

The  components  (uq.  or  volocity  of  vortex  +  A  at  x  -  0  is 

IV„  .  1/-  ~  Jogar 


A 


u0-  — coth^^o-O 
Thus  th  >  vortex  system  mova*  pallid  to  itselfwi^wlojdly 


Tho  voh  dty  component  u,  v  at  any 
JW 


^'3SD?’S3$ 


KarmafTg  vortox  stroet 

fjjmfamifbfyjli  Mice,  «/*.  um*  spacing  a 
\°f?*  , [ihcjcMng  afltao 

vortices  ofslnenglhs  -  hcfanothcKroiv,ss  said  toMKonnans  vo Hex  street. 


The  sysem  consist*  of  vortices  each ofstrongth  *  A  at 

■  .  (0.  0).(±  Q,  o),  {i  2a,  0). ...  ; 

and  vortices  of  slronith -A  at  '  '  •  '■■'M 

■  ^ 

The  complex  poumrial  Wot  any  point  jit  given  by  , 

■>.  W ~  2*  log x  +  log  C *  “  o)  f  log  C*  - 2o))  ♦  { log  (r  -r  a) 

~|  .  ♦  log  (z  ♦  2a  ♦  ...  J) -£[,og (x  “  5  +  J  *  Iog  (  »  *  |  ) 


-  ^  [  log  U  (r3  -  a2)  (i3  -  2V)  ...  1  -  log  |  (r  f  ih)2  -  (f  )2  j 

«r=-s[  Io*s!,o(1+f+ii)] 

dW  .  £ic  nr  °j  -tV^- 

-  — =  u-ti>«-  — cot - cot'-fx' f  — +  ib  r 

de  a'2r  a  l  «.  al.  2-  - 

Lot  Uq.  u0  bo  volocity  compoachts  of  the  vortox  +  A  at  tho  origin. 


■os  Wo  "  2 

■.o-'oo— 

-  tanhf  — 'j  .#§■ 

20  ^  a  '  .  - 

It  means  that  tho  vortex  at  the  origin  movcs/wilh  theivclocity  -  **  . 

v^'-y- 

*  Problem  22.  An  infinite  row  of  cquidjsi^gcetilinear  vortices  is  at  a  distance  al 
apart  The  vortices  arc  of  the  earns  nuinencafstrenglfi  k  but  they  art  alternately  o/J 
opposite  signs.  Find  the  complex  furvftion  that  determines  the  velocity  potential  and} 
the  stream  function.  Show  that  J^-ioritces  remain  at  rest  and  draw  stream  lints} 
Shout  alto,  that,  if  a  be  the  radius  of  aSyoriex,  the  amount  of  font  between  any  uorfer^l 
andthenextis  -Sf  (ixs-ZOli) 

k  .  *xc tS™ 

Solution.  Lct’t:tho  iVorticos  each  of  strongtli  A  bo  placed  at) 
(0, 0), (± 2a, 0),  (± and  vorticos  each  of  strength  -h  bo  placed'  ft} 
(±  a ,  0),  (±  3o,  Q)7J±"  So}b)' . .. 

J^5dd(j)boo 

fig-  R2D. 

The  complex  potonlinl  at  any  pomtPfc)  ia  given  by 


w - log  z  +  ~  [log  Cl  -  2a)  ♦  !oc  (X  +  2fl)  + 1  og  (x  -  4o) 

*■  log  (a  +  4a)  ...)  -  Hog  (a  -  a)  +  log  (a  +  a)  h  log  (i  -  3a) 
+  log  (r  ♦  3a)  +  ...J 

:« ;.-r  • 


ik  y  r  X< 

*rMzz:; 


(£i  -d3) (x3-^^3)  (Z3 - S^a3)  ... 

2  .  2. 


1 


W-£lo*Um(g) 

♦  +iV=^Ic*l«n(g) 

(2>H3)  gives,  2/v  =  ^  log  ( tiu.  g  )(u»  J 

cash  ^  -cos  — 


...  Cl) 
...(2) 
...  (3) 


*  i 

=  ^loS 


v-^bg 


cash  +  cos  — 


'■  -.  -  ..  Stream  Hoes  are  given  by  V  -  coo  it.  ir., 
cosh  ^  «  b  cos  “. 

«).i  (3Jp.cs 

■  _  ifc  .  r  sin  (nr/2a)  cos  (Ttt/2a)  *1  •  . 

.  a.4n  L  sin  (7U/2o)  cos  (ncJ2a)  J 
ain  (nxfa)  -»  i  stnh  fffy/a)  . 

•>K  ^  sin  (7tx/o)  -  i  sixth  (i\y/a) 

or  »  1 

.4rl  lin(rtiib)  sia(xiz/a)  J 

.cr 

2>c  sin(n/a)  . 


...  (M 
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Required  velocity  potential  and  stream  function  are  given  by  (4)  and  (5),^ 
Second  Part.  Consider  the  motion  of  tho  vortex  +  A  nt  the  origin.  Then 

I>ct  u^.  u0  be  tho  velocity  componenls  of  tho  vortex  at  (0, 0). 

t'A  r  accQg/2q)  w  11  ■  _ 

u°“  9m~[  dt  JL  -o*  2x  L  tan  (jtr/2a)  *2 a'll.c* 

This  shows  thnt  the  vortex  at(6f0jigat  rest: Similarly  we  can  prove  that  every 
vortex  is  Rt  rest. 

Third  Part.  To  detennino  the  flow.  V  at  any  point  of  x*oxls  Le-  at(x,  O)  b 


v-  — log 


’(?) 


.^.2,ogtan(g].byM). 


or  V(*,0)  =  £logUn(g} 

Flow  betweon  two.eonseoitivc  vortices 

-  2  flow*  across  (o  -  a,  0)  td.(a,  0) 

-  Y(a-a.0)-;v  (tt.0)  ; 

-sM  tan^(° -“/‘“g } 

”  4'  ,OE( cot  ™  f  "  % l0*  §  }  ; 

'  Problem  23.  Prove  thatathiricylindricalvortex 
of  strength  a.  running  parallclio  aiplane 
boundary  at  a.  distance  a  will  Iravtl  with  velocity 
c/4w;  and  thew  that  a  stream  of  fluid  will  flout ; .. 
past  between  the  travelling  vortexand  the.  ' 
boundary  of  total  amount 

£HfB]  ,  :: 

per  unit  length  along  the  vortex,  where  e  is  the  “ 
small  radius  of  the  cross  section  of  tho vortex. 

Solution. . Bet  tho  plane  boundary  bo 
x-ftxis.  The  Imago  of  cylindrical  vortox  +  a  at  ■ 
A  {zb  ia)  b  a  vortex  -  a  nt  A*  (*’*  -  ia). 

...  iv^-iogf—^-'l 
2n  +  ) 

The  velocity  nt  A  will  be  duo  to  vortex  -  o 
ot  A’  and  Is  given  by 

<tW  d 


II 


(3) 


rig.  axe. 


<iW  dr  lo .  .  I  -to 

-rfT  -  *  l  -  5?  Ios  *  “U  .  i  ■  to- • 


1  _  -  a 
’  2ia  4na 

d\r  _  a 
dz  4ius~ 

To  roduce  tho  system  at  rost,  wo  add  a  velocity  -  cl  Ana  to  the  system.  MivtliiB 
case,  v  b  given  by  ^  • 


L  (x2  +  (y  +  a)2'J 


SL 

4no 


C^%~v 

Totnl  flow  between  the  travelling  vortex  and  the  plane  bound  ary 
“  -  VB  d  V  (0. 0)  -  y  (0.  a  -  c)  -  _--- 


Qa-cf 

-  n»-log<l^x)«*>y  +  y ...  . 

”2^[  log  ^  j  ^  J  neglecting  e2  in  tho  expansion 

Problem  24.  If  u  dx-f  utfy  +  w  dz  mdQ+Xdp  where  0,X,p  are  functions  of  “ 
x.y.r.  f.  proutf  fAaf  /Ac  vortex  lines  at  any  time  .are  the  lines  of  intersection  of  the 
surfaces  X  -  const,  and  p.  ■»  const 

Solution.  By  what  is  given, 

u  dx  +  v  dy  +  iydz^^tic  +  “dy+-“  dr  +  ~~dt 

• .  ♦*[£**&**£*♦**] 


W+nl+jyc-W-|'oirlq»| 


—  2^-^i-XIp7.wlicre07-3Cvay  clc. 


2^-1 

of 

l*» 

.Similarly  2q»| 

V 

1 V,  1 

.  "  ’  •  1 

Pj  \ 

2;-i 

I  **  *y 
Pr 

v.  :/Vs 

Hr-  Py. 

-o. 

Since  a  determinant  vanishes  If  Its  any  two  rows  are  identical: 

+ n*, + C*, « <h>' .  .-I-- B.: '  -"'B  ’ 

Similarly  Q»,+tUy+ -  O.  _ 

Tho  last  two  equations  prove  that  the  vortex  lines  He  on  the  surfao 
Q » const. and Jt» const.  ....  ‘ 

Cauchy^s  Integral  — 

For  this  refer  Theorem  7,  Chapter  2,7 ’ 

Helmhote  vortricftyequatlon.  :  \  -  • 

For  this  refer  Theorem  6,  Chapter  2.  •  1  -  '  1 

Steady  motion.  •  7  ; ■:  .  .. 

By  Eulers  equation  of  motion;,-  ; ' 

.  y-*iLv££ 


.  —=F--yp: 

. dt  ’  P-  -■ 


.  .. 

But  motion  b  steady  so  that  .. 

-  •  *  \  r 

Hcncc  (q .  V)  q  *>- W- - 

w:.  ":  •.  / 1 


•  u  and  ty. 


This  aw*  tw  similar,  e^p ansionKj 

u  (-2o>«;.  (2n>  -  ° 


■ 

Xs*  J  ^  ^ ♦  v  *  2  ff2* wc  *** 


i  J,  k 

A  I  I; 

dr 


Similarly, 


urn) 

uO 

^  «r2(aT)  -  t-^) 


Multiplying (1),  (2^  (3)  by  u.  ir.  u»  and  then  adding. 

.  •  ■  y ' 

Multiplying (1). (2) and. (3)  by.?,  q  ?nnd  then  oddfng, 
or  <jy  c2 


...a) 

...  C2> 
...C3> 

...(5) 


.  (4)  nnd  (5)show  diet  the  surface  consL  contains  th«rt7Tflm  lino-if  whose  direction 

cosines  ao parallel  to  (u,  tr,  t w)  ond  vortcx  lines  .whose  direction  cosines  »ro  parallel 

•When  the  motion  is  »r  rotational  if*.,  ?«>»  “  C  »  0.  then  y**  tnnst.  throughout 
.  iho  liquid.  .  -  -  - .  ."*?  ■  *'  " 

-.8^24.  To  prove  that  in  «m  infinite  liquid 'at  rest  nt  infinity  there  enn  to  only  ono 

:  typo  of  motion  when  the  components  of  spin  are  given. 

Proof.  If  possible,  let  there  be  twovaluca  ofq  namely  qj  and  q2.  Then  wo  hcivc 

/  dm.  du«  \ 

MV'-Sr)*16-' 


This  us  o  m —  -  etc;  wherd  if  *  i/j  -  Uj.  tf  »»vj  -  p^,  o'  -  ipj  -  w*. . 

_  Thus  wohavo  .  -  ■  ' 

a/  3u/  ^  3t/ 

3y  “  a*  mr  dz  r  £y  *  a*  ‘  ^ 

This  proves  that  the  motion'  determined  by  {ff,  d,  td)  is  {rotational  but-thcro 
-  cannot  bo  anyi  notations]  motion  inn  liquid  wMchisalrestatihfinity.Consetiucnlly 

so  that  iiQ,  Oj»ir3.Wjau>j. 

Hence  there  can  be  only  ono  motion. 

Vortox  between  parallel  walls. . 

.  Consider  o  vortox  +  A  In  tho  liquid  midway  between,  two  parallel  walls  at  a 
distance  ia  apart  Let  the  vortex  +  A  bo  at  tho  origin  and  the  line  through  ft  bo  parallel 
to  tho  walls  as  j^euria. 

Tho  images  of*  A  atr  ■  0  aro  —  A  at*  « id.- to  wj-.L  the  walls 

y  -  al2w  y  ••  -  o/2. 

These  vortices  will  Have  vortex  images  of  strengths 
•  •+  A  of*  -  2/d.  -  2«r  w.r.L 


mm 
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Vortex  Motion  - 


(Fluid  Dynamics)  /  15 


■•“3 


)i  > 

if 


,  -k 

.  >*• 


y-»xJ» 

3*'  ■ 

2 « 


*;  — _»•'-  •  ■,  ■", 
:;-2 i-  '  >  : 
r-i-"  ' 


-  7  '  "  >  ■  -;: .  -■  ■'  '-yW*.  fc31»  .  '  ' ,  v .  ’  *■ ; 

Ihoiwo  wall#-  ItttCOtta  tiiat  thoirqago  iyatemlsa  row  of  vortices  olongy-nxij,  each 
otadialxUoco.o  ap«rt^oltorntttijbaiW*i^*t^  t:  r  ' 

ThuA- ’  ‘  *-. ■■■  -; 

.  .(1)  +Jk  at  *“0,  t2ia,  ±4ta,  .>.»  ±5w.«v~'  . 

(G)  -Jk^at  z»±ia/±  3/a, i  T 

Tho  complox  potential  at  any  poInU'fe^.  vortices  tof  strength  k  Is  given  by 

log  (x-  0)  *  S(WCr  -  2  ma)  +  log  (*+  2in«)l  ] 

2rtL  '  :n  ■  ,:v.V/;  >'-- - "  "•  ■  -  ■  v  - 

•— j'logzV  £ '< log (z2^4n3 O2) j 


Honco 


w—log  J  rn  £  ^“^2)  )*  ig00^^  constante. 


—L_  ^-JLi«inh  . 

.  2  n  8  cosh  (nz/2a) 


.  2* v>  W  -  W  *  log  Itanh  (jc^jlohh  (re>2a)l  . 


,  - 

XM*-;  Og 


■  in:;  irtSyC'  .,  : 

'  cM^f-  iy) 

.!:  ■  -’-jT-.v-  • .  ‘  ■ 


'  cosh  - 

.^tnfinn  lines  nro  giYOft.  by  V>;cob^^Ki§^^  . 

. ;»  cos  ~  ». 6  coah— constant. 


Tfco  motion  of  tho  vortQX-a 


since  tho motion -is  duo to. other vortices ’  >-.,. 

;'*  ;  ■  .•  •••  ■• 

HoncaU»oyoHox ot'Q  FtWijsisC':'}:?';  1  ' .  ■■'/-■'  "; 

rroblom25.P«o<  McAihVi^aa^ 

7^»«^  ■ir  ^  ^2;VY»  canst<^tjiior{g:a.sln^im  line, 

Ifihjs  consist*  W  tftfl  that  fh< 

mciiommutt  be  either  irroia iionbler- ttie  ixiript  liner  mist'cclncid iwilh  (he  stream 

(inu. .  ’•  "I*  ‘!  ’’  *V-:  ;-v  1  •  •  "■ 


-Jrt  jUX)  . dimensional  m olia/t  of  a  liquid  with  constant  u b'rtriciity  ^ prove  that 
Shoiu  ahq  itidt  jf  the  motion  be  steady  the  pressurc  is  given  by 

.  *.  .  •  •'•’■Apt i^2+  v.-2;v^*C ,  ^  - 


when  A  w  Laplace’r  operator.  .  , 

Solution.  Prove  as  in  8.23  that 

3  H' 

Sbe  " 

M 
&* 

&£ 

■  az 1 


>2(oC-u>n) 

»•*  ti)  ■ 

:  2  (U/4  **  u0» 

•  {2V 

1 2  (uq  - 1>0 

—  (31  • 

whore 

Also. 


M 


a H  - 

- - - j.Q 


...(4) 

...(3). 


(-1)  and  CeVshoW  thit  Uio  suri’acoT/-  const-  eontaina  tho  fitream  linca  and  Vor lex 

llnesi-'.. .'.•  h  ■'■}•  .  ■■ ...  / ,; ...-- .  **■*.,.■■  .  ' 


dr 


so  that  uC  -  wn  *  0.  wjf-  «c»  «n  “  wC-*  k:;  .  z® 

This x3>  (I)  j«““7  or  <ii)  5 »  0, tj  =.a;  $ ° ^ 

OiD  =»  motioa  Is  irrotatioanl-  • 


{iv),,=^  stream  lincs  arc  pvtn  by  -  '  'V  %  4/ 

u .  ■  a  -  u;  .4?  - 

coincido  wilhvortdx  Unoagivomb^^:  ^ 

dt  1  t?W'  tky 

.  ...  vfcS*i  . 

Second  Part..C<MMri(i^^wo;dimebsIonal  motion  s.t  C  "  const  To  prove  that 

&Wr%vW 

:  ..:  ■  ; 


Squntion^f  mpjuon  is:. 

J*M^Svv_ivP 


w^v.2C»yV 


a  ■  .  3-V  .-av  iap 
*.  ^|.fS.v5< +  “  3*. + "  <5  )  “  "  "ST  '  p  ^ 

Vr'^K  ‘-S'  1  3u  .  au  du  f<iu  ■  3v  \  —  QV  1  3p 

.*t4^  T**  s "*+,fe s Jvsr  S 


ns  to  -  0:' 


...  (6) 

...17) 


.P::.;a/  *2..abr +u(  ax  par 

-.3i.  OH  '  - 

|or  .  .or2*— s-  ■• 

?•:.  SimiloLriy-,  ..... 

\  Difforontiating  (6)  and  (7) W.r.t. x  and  y  roapoctively  and  thon  adding, - 

'  ■  A  vr  Oy  OuV:.  3t»  J.'  /  ;do  ■  3u  V 

b..  • , 

Out  ~  ■  0  Is  the  equation  of  continuity. 

'■'•••  -A//.2;(-0r^)=-^  . 

.or  “  A(H‘-2<v)«»0.f-.(8)rasC“  const. 

t  .  This  prove*  the  scoondroquired  rcoult. 

ThfrdPai^I^rthdr;supp^b'’thiitr.thpEoolioni«stcodysoUmt 

?v  •  Ou  .  Ou 

4*.r- 

jw?-  .  .•  Or.  •Of,  ;  . 

-  ^Integrating  (8), '/ . ;  Hr  2?-V.  »f const:.-  C.soy 
‘Putting  tho  value  of  H.~ 

“■/  TbW£>^  +  V-2 CV-C 

:i5\*  VJ .  *  ::*5-r-P*.  .  •!>  -  Vr'.  ; ; ,  . 

#':  .Thfa  concludcs  tho  problem.  ,  -^  .... 

L"'Rrhbl«ta  2fi;^A  mass  of  liquid  whotc. outer  boundary  is  un  InfiniUly.long  cylinder  of 
’^rxuliu'x  b  win  aslata  of  cyclic, irratatiarud  motion  i*  under  the' action,  of  u  uniform 
:T)prc&&u  f*P  over  Out  external  surface:  Prove  that  then*  must  be  a  concentric  cylindrical 
.holloia  ti/hose  radius  ale  given  by' 

0;0*&?**&&* 

: '. : where  M  h  the.  mass  of  unit  length  of. the  liquid  and  k  the  circulation. 

;Ji  -  Solution.  Tho  complex  potential  isl given  by 

--  ;  . 

;  ■  k  ,  ,  io  .  ':  ‘ 

.b. ,  "  3S l0B  r*  ♦  *  ..... 

•ar  ■;  - ^r.do  r^-XtJ  2rr 


■_.....  .  q2:**  u^.+  it2  »  b i  f  v?  .  or  g  ®  u  *  k/2jtr 

By  Bernoulli's  equation  for  steady  lootioh. 


...«) 
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Subjecting  this  to  the  boundary 

;.r,/.fc,,rsjr. 


.>■  A1 


Now  (1)  becomes 


.(2) 

irr  is  yeiy'jmnlli.  then/>  <  O.^Hcrico  lbero  must  be  a  cavi  ty,  sayr  n.  Then  when 
r  »  a.p  *  0.  Since  prcssorievfljoshca.onf  thejmrfacnofcmty.  Then  <2)  » 

ojt .  S?tV*2P  =■  # A2,  wh ere 

-  ■  '  --  .  *_'■■'■- 

Problem  27.  Proiie  fAa  t  l nth  c  steady  motion  of  on  incompressible  liquid,  under  the 
action  of  conservative  forces?  Ore  have 

'  .*1^ 

and  two  more  airoUnr  equations  Ini  v- and  w. 

Solution.  By  HclrnholUvortricIty  equation, 

d  t  TPS  -r-Vf\v 


P 


Since  p  is  constant  and  bo—  (W)^.(W .  V)  q . 
MoUpn  h  etcady  =o  »  0  =»  (\T .  yiq®  0 

=•  {&*'&&)*?• 


,  Du 


*Cf-o 


and  two  similar  expression*  for  v  and  to. 


Ai 


-y  J 


r%^ 


ft  M  a 

nut--  SS5 


-  ^  ”%sS 


<9-  \ 


4%/' 
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(Mechanics)  / 1 


MOMENTS  AND  PRODUCTS  OP  nSERTIA 


.  r  .P  (m) 


»  'tny. 


r,  :■ 


*  r. 


ji’.’VLL  Definitions’:  .  *~1 

r  {a)  Rlgiil  Body*  A-Mgid.body  is  :a  collection  of  panicles  suck  (hat  the* . 
;■  distance  A/jrwcc/t  Wtff  remains  olnays.ihtr  sanir:-: 

v  <b)  foment  of  .Inertia  of  a  rparlicf  eVr  ' . :  .  V- ■ 

;  ihic  moment  of  incrtia  of  a-pnnjclc;  ■  - 

v\  .  of  mass  ;in  arithc.  point. about  .- 
■  "  tKc  line  AB  is  defined,  by 
*\  r  V  .  '  .  J=<ntr~,  .  . 

:  where  r  is  the  perpendicular  distance.  ■ 

^..of  J^irom  ibe  line  AB.. 
y  (c>1  Moment. of  Inertia  of  a  system  or. 

:particIes,-.The  mpmentVpf  jnertia:  df  i.  .  ( 
system.1  *  of  particles^'  of  '  masses 
■-  M distances. 

’  rj.  r2.:...Jrr/J  .rcspcclivcly  from  the  line 
;  /5Hi  >bo*jf-the  line  AS  is  "defined  by  A 
\  ■  /an 1 1  rj  +ni^  ^  +-.....„  +  ni;l  r* 

■*'  ;  \  «  I  .. 

5;v;':  1  ‘ 

.  ..  - .  •  “  i  .  ■ 

;.J  (d^lflomcnt  of  Inertia  of  a  boby.  Let  '1 
zjStn  "be  the  m^ss".  of  ah  ekineiuary 
n-  portion  of  the  body  and  '■  r.  its  d  isiance 
i'-  '■  frow:ihclin  e  AB,\  he  ri .  [he  \ni6merii.  .of  . 

'  Inertia  .  of  the  mass  '5m  about '  the  line 
?  A&js  A.Shu  . 

the  moment  of  inertia  of  the  body  nbour  the  line  AB  is  given  by 

•:.:jvhcfc  the- infe'gmti’oni  js  token* over. the  S/hole  body.  .  .  .A- 

(c)  Radius  of  Gyration.  Tlic  moment  of  inertia  ofa  body .  about  the  line  \ 

;  'AB  is  given  by 

/=»J  i^din  ■  : 

■  If  ihc  total  mass  of  the  body  is  M  znd.K  a  quantity  such  that' 

-  ...  ’  7 

Uicn.Jf  is; called, ihc  radius  qf.syraflaii.otlhe  body’  about.. the  line.-A£. 

' ;  (0  'Prodife  t-'.of  Vi  flit  >V.  M 

'  ?  coordinates  of  a  . ro as s.  «t .  with,  respect  :to.tw'6; .  -vi  ’ 

-  mutually  perpendicular-;  11  nes  &  and  O fas 
axes.  Then  the  prod uci  oL  inertia.: of.  mass' »;i 

:  ::with  respect  to  the  lines  and  OK  is  defined.* 

'  -by  nvey.  /  ■■  V-:"  .  '  - 

:  ?f  (■*.  y)  be  the  coordinates  of  the.mass  -  -G- 

.m  qf  on  elementary. porii on  of  thc  body  v^iih 
.■  respect  to  the  perpendicular  axes  OX.  and  OY  > 

.  then  i!k>. product  bf  incrtia  of  thc  body  abbut 
'  -  these  axes  OX  'and  OX  Is  .define df  by.- TAixy.  _ 

1.2.  Moment  and  Product  bf  Inertia  .v^i^reip^t  to- three  mutually 
:  perpendicular  axes.  -  •«  *■ 

Let  (Jf. )'» z)  be.  the  coordinates ass  m  of- a  body,  wiiii: respect 
to  -three .mutually,  perpe n dlcular  a x^X^X^O X,  02-  In'.'spac^  TKon  we.bhall 


'  '  im, 

:  V:;;< 

'  ,p?'Sm- 

A 

■  1^! 

A  8 

■  prqddctt  of  .inertia  arc  -gi'^pvby^r’ 

’  ■::4  ^>r(y2  +;zi>. .  C  -  t.m  (x3  ^y2)  . 

O—Xmyz^  E=Lmir;  .  '  F  =» i'mxy. . 

.  ’■  ’  IT.  Some  Simple-  Propositions  : 

:  Prop:  L7fArB,C  denote'- the-,  moments  and  A  &  F  the  products  of  inertia 

■  -\abput;  three  .mutually ' perpendicular  axes,  the  sum  of  any.- two  df  ihetrt-  is 

.  : greater  than  ihe  third:-  "'-A  .  - V  '• 

We'  have,  . ,  -  A*=  X.  m  (y2  4-  zf).  B  =*  im  (z2  -f-  j2).'  C  ~  X  m  (j? + y1) 

:;"thcn  A +3-G=Xm(y2  +  z2)  4-  X  m  (z2  -t^x2)  X  m  (x2  +  y2) 

2L.»iz2 « 4-  ve;  :•  . 

■A  X+B>:C.  ■  ‘  ;  ; 

The  sum  -of  .the  moments  of  inertia- about  aiiy  th re e- rectangular 
nice  ting-  at. a  given  point  is  always  constant  and  is  equal  torwice  the 
moment: of  in  ertia  about  that  point.  ’  - 

.  ..We:.have-;  -  '  ".  .  .  .  j "  .. 

'  =  X/n(y2  +  z2)  +  Xm(z2  + m  (it2  +  y2)  ' 

<■’  ?  :..s>.^?«(^>.y2  +  z2).-=2Xniz2 -  -  '■  *t.]m ' 

■..  =  2  (Af.f.of  ihe  body  about  ihc. given  point)  .  "■.-.  j-V 

-  distance.  of  the  mass  nr’ at  fx,  y,  z)  from  the  giyctf:?-.-- 

point  <3. as  origin.  . 


Thus  the  sum  A  +  tl+  G  is  independent  of  Ihe  dirqciioos' of  axes  and 
is  equal  tq  twice  the.  moment  of  inertia'  about  ihe  given  point. 

Prop.  III.  The  sum  of  the  moments'  of  inertia  of  d'bo</y 'with  ‘.ref etence  To 
any  plane  through  a  given  point,  arid  itt  normal  at  jhat  ^phit  ij  constant 
and  is  equal  to  the  .moment  of  ihemtirpf'ike]  body  w«X'  respect  to  the  point. 

Let  the  given  point  O  be  taken  as  tKe  ongih’ ind'che  pldne'ai  Xy  planc-- 
If  C'  is  the  moment  of  inertia  of  the  bodj^  about  the  XP  plane, and  C  the 
moment  of  inertia  of  the  body  about  »ts  narptial'  at.’O  wWcft' is  Z- axis,  ‘ihcn 
C'  =  X#7iz2  and  C*Iw  (j?+.7i  ■ 

C'  +  C-iEw^  +  ^  +  ^sI/h/2 

-id.!,  of  the  body  about  O.  *  .  . 

Thus  C'+  C  is  independent  of  the  plane  through  O  and  is'  constant 
equal  to  the  moment  of  inertia  of  the. body  about -ihc  point.. 

Note.  By  Prop.  II.  we  have  A  -t-  B  ■+■  C  "  2X  mP- 
and  by  prop.  Iff,  wc  have  C ■* ■  C'  =  Iw^ 

C+C'®i(>l-»-5-»-C)  or  C'-iCA  +  B —  C). - 

Thus  if  denote  the  moments  of^jyertia  of  the  body  with 

respect  to  the  planes  YZ.-ZX  and  XY jespecdvcl^lhcn  •  -- 
wi'  =  Ir»*r7 a i  »  ' t-. I/r- j.  a ns"  .r? '^TSj.b ■ 


-  >  V(y*  .  z2)  or  y2  +  z2  >  2: 


-I  (fi  +  C— A).B'  =  i(C+A — Bf 
Prop.  IV.  A  >  20.  B  >  2.E  and  C>2f; 
we  know  that  AM.  >  G.M. 

. 

2 

-  Or  X  m(y2  +  '?')  >  2X  myz 
i.e.  A  >  2D. 

Similarly 2£  andC>2^2^’ 

MOMENTS  IN.  SOME.  Sj^VlP^E  pASES. 

1.4.  ModudI  of  Iriertti^^a  uuiform  rod  of  length;  2a  -Vt  . . 

-  (i)  About  a  line  though  aftSend  and  perpendicular  to  the. rod.  .'' 

Let  M  be  the^Tn^sj  .pf  a  rod  AB  of  longth,  2a.  then'  rrjass  of  the  io<J 
per  unit  length  ip 

Considci^h- efement  PQ  of  breadth  Sr  at  a  disunco.  x' from -the  end .  A. 

-Mass  of  ifie'clemir'nC.  PQ  «  &e  « 5m. 

111 

"MJ.  ol^tbi^  dement  PQ  about  the  line  LM  passing  through  the  end  A  and 
p<rpopdicu74r,  to  die  rod  AB 


X  of  the  rod  AB  about  LM 


.  (t  i)  About,  a  line  through  the  middle  point  J 
and  perpendicular  to  the  rod. 

Let  LM  be  the  line"  passing  .through  1 
Ihe  njiddle  point  C  and  perpendicular  to 
the  rod  AB.  *  ; 

‘  Consider  on  element  PQ  of  breadth 
Sr  at  a  distance  x  from  the  middle  point 
C.  .  . 

Mass  of’lho  element 

(-/  p  «=  M/la) 

MJ.  of  the  element  PQ. .obout  the  line 
LM 


-■x  - 


-  Za 


if - 

L 

5x: 

p  “6  1 

=  l£26/7 


M.I.  of  the  rod  AB  about  LM 

IT  Moment  of  Inertia  of  a  rectangular  lumfntL  !- 
(i)  About  a  line  through  its  centre  and  parades  to  a  side. 

.  Lei  M  be  the  mass  of  a  rectangular-  lamina  ABCD  such  that 
AB  —  la  and  BC=2b. 

Mass  per  unit"  area  of  the  rectangle  -=.p  =  - 

Let  OX  and  OY  be  tl>c  lines  parallel  to  the  sidet  AB  and  flC-of  the 
rectangle'  through  Its  contre  C. 

.Coniider  an  cierpe'nlnry’  strip  PQRS  of  breddtli  5r  at  o-distnnee  x  Irom 
O  arid  parallel  to  - ' 

ib  xAr-j-r.  -  ... 

S* 

D.. 


Mass  of  the  strip;,.. 

PQ&r^:2hhx 


~  ox  —  6m;  - 
2a 


M.L  of  the  strip  about 1 
OX  =  \b25m.  '.""VV 

[sec,  §.  K4-  (li)  j 

3  2a 
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*.  M .1. oi' the  rectangle  ABC£>;al>out  OX  .V  .  : 1  - 

*L„  (Ut  .  -  «?  .  *•■  '  •  -»  .  -:y -  ■-r-'S 

Similarly  MX$f  il« rbctapgl* AB£D.  at**?*  ;  ■ 

"«■  _  • _ .  KvXi>:  ni  n  ruiiiil  Ax.  Vj. 


M.l.  t:f  (his  el cs i>^ntory  :  ot’ouV.  ..  . 

♦  MJ  of  the!  rectangular;  .!.:■:  -  j  7-v  ’,  *  ’  -. 


(ill 

1.C>  ia>  ,i:«.  »•"•.;'■••»  r™r"sr-;  --  '■ 

t.f  ilic  »x'ci:*ii»*«I)»r!ariiinii  AllCO.  • .  . ':  . “  .  .  •  ;  - 

Consul1”'.  -.:i-«A]omcn:»ry:  nrctv  5vSy  nl.  n.ptunl  "f  thc; 

M^ss  of  th*  c!civ,cni:.TV- drea  °  =  ^ 

front  ^ 

...  M.L;:of. this ’doTViuary^niass about  OAV^;. ■  ;/  J*  • 

=  on2  6-’>i.  -  (x7 + r)- .  ^Sy-  :  :  ii  .- ..  ;  *v  ‘  ••• 

■.riencc  M;I.  pf  :lhc  retf  angular. Ja^  .  ... :  ,  ..  \.  ,  y.  -. 

''•••r-/4  l. 

v^-r 
r.-r • 


(a2,-t-  '£*). 


[  Note.  MX  a^ut  ON-^  + 

|  a  jvU,  olreul  Ol'+M.l.  about' f?X.. 

1.6.  Moment  of  Inertia  of  n  Circular,  wjrc.  - 
(i>  Abtfitt  a  diameter.. 


-  prtfiO  *■  5m. 

Distance!  of  this,  .element  from  the. 
diameter  AB—PM^.a  sin .§.;  , 

/.-MX  of  .  thisKxIernent  about  the 
•  diameter  AS.  ....  “.-. 

>*  (d  sin  @)2..  5m  j^o2  .sin2.  0  .  po56  =  po?  sin2 .0  . 

Hcntc'/MX  of '.'the;  circular  .  wire  ^ 
:  about;  the ^diameter  AB  ' 

*» p  :«  pa3- sin?  8. d8  «}pa3  J  .{\  —co&2idyd8 

V ... 

"|%2 


-,  xA^^P^linAthmugk^^^t^ and  perpendicular  to. its  plane,  ., 

■ ;,  Kna.  thro^h^fie  centre  O  and  perpendicular  to  the  plan 

.  of; the  circular  wife:-  v  ■' 


=  (r  sin  0)2. 5nr®  r2  sin3  8 .  pr  S$Sr  » jpf3  sin2  0  806/v  ; 

.Hence  Mi  of  the  circular  piate  about  :0X 

“ ^in2&^  '  ■'  V  - 

J  (i >  co*  ie>  "i  ^  sin  ^ ; .  ■ 

8  -  4  -TO2  ...  ■'  '-"  ■'• 

(ii)  Abottf  a  tine  through  the  centre  and  p^pwffeujar  r*  t 

Let  Ott  be  the  line  through  tfe  centre  O'and  peijjfci^ctSlar  to  Uw'plnne  . 

of  thcLplaie.  .  :.vf  .;  vs^:.;  ^  ; 

MX  of  the  elementary  area  about  ON  •  *  -  ”  lW 

$?/■  * .  ■-*  ■ 

Hcnca  Kll  of  thi  cifc'iiiar  plate  aBout  0  •*.’.-  ••-*■ 

of  in;dtfptie  TDC  5$ 

.  ahi^Bptib'  2b,Mheniin^s 

per  imftiaicarofi-thb;  disc-j  :  :*v  /■ ■•  e-;- 1 


todtto  Vairrpleipehtiiy  .wea^^f^  |iplnt  theii‘its  ina^ 

rr^Sn-j^pfeSy; 

Hence' mornent  of  inerti^pf^h'eniptic^^lsc  abdtl'f-Oiyr  :  v  r' 

=f  f  ,N>  "iV  > "'- 


•  •  !&t  *f:te  IliS^’ot .  r  -,f  '  a37  ,  f  •  -  '  r  a. -llims  +  — -  ll 

mass, :  pet  *  a  ,  (-V-. ,^.00  of  0<c  ejhpsc  nc  ^  +  ^  lj 

:  Consider  an  .  ;  ele'Tnentnry.;  v 'ajrc  y<  -  2  ply  [  "  M  _  gin2  0)‘7  a.COS  0c/9.  Putting  X  *=  a  sin  9 

o  59  of  - the  ..wire,  ;.ih«h;  its  mass  /.  \  ■'{  1  "-W  ."7,  .  '  •  ■  "•  ' 


,(*>.  p  =•  M/2rtb) 


piano 


■  ?.  '■  ?Ai.^t!the:etcmcntary  arc  j’Q  about  Ott 
^  .  po  60>  po^  SO. 

:  Hence  :M.I.  or  the  wirc  .aboul  <9W 

'!  a’ie)^  -  Ma3. 

1.7.  Moment  of  Inertia  of  a  Circular  plate. 
(\i.  Ahout  a  diameter.  -  »  :  ' 

LctTAf  be  the-mass  of  a  circular  plate 
of  centre^  and.  radius  a;  then  mass  per 
unit  area  of  the  plate  op  -  MA ro2. 

..  Consider  '  -an.  elementary  area 
:  -r505r. atiihe .point  P(r.&)  of  the  plate 

.refen-e  «d.lO  dhe  Cent  re  O .» s  the  pole  arid  ' 

\.OX  as  theiriiliEj  jiric.  T 

/  Mass-  of. She  eitmeril  »p  .  r505r  ^  5m. 

;  Distarice.;  of’  this  -  element  from 
'  OX**  OM  »  f  iin  Q 
-Y  M.t.  of  the  elemcrit  about  OX. 


(v  p7*  Af/2TM) 


zflptra  (A.  cos A  8d0  =  {  p !?  a.  if  .cos4  0d9 

■  0  -  ■.-  ■  • 

'••  •-•  | 

«ri  "^L  ■  sbVWi  M*2  (-.-paMMab) 

.j  ■*  it ttb  4  2 

'5imilariy  M.  I.  of  tho  tin  elliptic  disc  about  th?  minor,  axis  BB'**  Ma  . 
AndM.Ii  ofthe  disc  about  the  line  OWthrough  the  centre  O  and  perpendicular 
to  its  plane  -  -  .  . 

=  MX  about  OA  +  M.I.  about  OB  -■- 

iil  Momeni  of  Inertia  of  a  anifor®  trlangulnr  lomlna  about  one 
side.-'-  7'  >..v  *  .  . 

.  _  ^-Ut-Af  be  the. mass  arid  h^AL.  the  height  of  a  -triangular  lamina  ABC. 
Let  PQ  be  an  elementary -strip  parallel  to  the  bo^p  BC\  of  breadth  Sr  and 
at  a  distance  x  from  the  vertex  A  bf-the  triangle.  A 

From  similar  triangles  APQ  tmdABC,  we  have 
x/AL-PQ/BC..  -  .  •  =  :  T- 

.*.  PQ^  ax/h,  where  BC**a. 

5m  =  mass  of  the  elementary  siri{).  PQ  *--*1 
^pPQfix^  p  (ax/li)  hx 
M.  I.  of  the  .el  cm  entao^*5txlp  about.  pC  A 
=  (jr  —A)2  6m  *=  ^  (/i  -x)2.  xSjc.  / 

/.  M.  I-  of  the  triangle  ABC  about  BC 

*pa( 


c  (A  -  jc)2  xdx  =  (A2  x— 2AX2  +  i3) 

0  n  ...  ..  .  -  .■ 

-  (p<VJ>)  [  \  A2-^  -  ^  Ajc3  +  ]^»  -/j  P^3  =  {  Mh2-  ’ 


[-.*  Af.=  mass  of  AA  1C*£>.(^oA)1 
1.10  Moment  or  Inertia  of  a  rectangutar  parallelepiped  about  an  axis 
through  its  centre  and  parallel  to  onc  of  Its  edges. 
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Lei  O  be  the  cemre  ;md‘2n.2&2f  the-  lifnyihv  :hf  ihc  edges- uf  a' .  .  ■ 
ccLnnu’uiat  lwraUclopircd.  If  M  is  die  inau  c»l  ilw  raftillJr-pi^h  ll»c 
[>cr  unit  tfoluiny  - '  .  ‘  * 

M  -  '  ‘  -  1 


per 

~  P  *  2xi17b\.2c^:  ^ubc 


of  ihc 

C« 

poinl  P  (jc,  vie),  d'en  ns  mass 
=  p  8x6y  5c  =  5i*i.  y 

Distance  of  ihc  point. P  (x.  y,d  from  .  /. 

OX  is  ^O*2  +z2>- 

M.l.  of  the  elementary  volugne 
of  mass  Jmii  Ql  P  about  OX 
=  p  (>^  +Z2)  o^  5y  &-.  ■ 

Hence  M.L  of  Ihc  rectangular  '  "  V 

parftUcIopipcd  about  OX  •('which  is  .  .  ;  ^ 

parallel  to. -2'aj;  ■. 

=fl  J^r  P  (y~ +  z2‘}(fxdydz  .  .  -S: 

=  f  .  /  F  y*z  -*■  4  r1 7  Ji</y=p  f  f.  r  .Cy2*-r.+'^")V\<v  ■„■  -’-fr 

i  :  -  -*-<  ^  ‘  '  .  =  "  .  ^ 

a  2p  f  ^  |>3£:A  irV  \b  ^X  “■  >  ?  ^  'Z  (t}i:C+'C*byd.X:  ■  r  S 

-T&k**+**  ;  c/ 

-iMjtf.+  b2).  ‘  :  '  :  ’  vr».v.“.^3:. 

•Similarly.  ■M'.f  'of  the  rectangular  porairoiopi  pe'tl'  about  the  - lines  ^ 
OY.OZy  through'  centre  0 .  and.  parallel  ; '  to  2b  and  -2c:1 -;  afe  --:'r 

LA/(c2  +  «2)  and  ±M{c?  +  b2)  respectively.  ‘  -v;' 

Note  :  For  cube. of  side _2a.  2b  «  2c  *=•  2d. 

/.  M.L  of  a  cube  about  a  line  through  :ics  centre  and  parallel  to  one  edge 
™|A/a2.  •  ■ 

1.11.  M.l 'of  a  spherical  shell  (  i.c,  hollow- sphere)  j»boul  diamctciyh';-.  * 

A  spherical  shell  (ic.  hollow  sphere)  of  radius  i»  is  funned  bS'+h&tf, 
revolution  of -a  semi-circular  arc  of  radius  /r  uboui  its  diameter.  . 


Consider  an  elementary  arc 
PQ.  —  o&9  at  .  the.  point1.  7^:,;.of-/:thC  '- . 
semi-circular  arc.  A circuiar fingof radiusr.: 
PM  •=■<!  sin. 9  will  be  fromed'  by  'the 
revolution  of  this  arc  PQ  Dboiit-the  ' 
diameter  AS. 

Mass  of  this  elementary :  jing... 
=  5 m  »  p  ,  27t  PM  ,  oo0. 

=  p  .  2rc  a  sin  0  .  a  60  =  pirur  sitv  9.6G:-' 
wlierc  p  *  -  f*  -■  iVyisibc  mnss  of  die  shell. 


MJ.  of  this  elementary  ring j  about  :A5-,. 

(a  line  through  the-  centre, of  tHc  ring  and  pc cjulair, fo;;iu  plan c>- :  - ■ 
*PW?i  6m  »zi2..<iin“6.  p2Ka1:siK0^9.  :’’;- 

'  (Ke  f  1.6X  "  : . 


*= 2rrp  a4  sin-  969 

-  -AM.I.  of  lbc  shcll  about-  die  c^|ncl^/Vfi' 

■  -=-J^..2^p(3 -sin3  0c/O  »  Sin  ,6<f9  ?' 

=--  2xpa4 : (\  —  r)  dr  Pu^g^cc?  0s»  f.  so  thai  ~  sin ji;  dQ  ^dt 

-  :iul: 

i.l2^.M:t  of  a'Solid;sp^re-»t«_ut:'ai,,d»aawten.:  -  .  • 'J' 

.  A\so  iidsphcrc  of  radius  A  Is  fonn^irbyyii^icyyiuU 
"rareo;'-of -r^jiiis-'a'-about  .'its^^iame^r.  : 

.  Consj<  er  an  elcmcn(ary  arca\r^6/ay 
:  . -Qrca.^y/hei  ^dbU  cicJT^.ntAfycyoJyed^...  --r  V.  .,*  "■•*'  ' 

aboutthed  arncierAfi; ocircularring  '  V. _ 

.  ;  of  "rotfit  s  .  ■  PM=T:sin9-.  "snd.  .:  ' 
cross-sgctioT)  r606r  is;  fohn«ly  -  ■■  ■;. 

Mass  bf-;tljis  elementary  ring 
;  2rt.  r  sin  9;-r6G5r 

»  p27tr^  sin-e  685 r 

z  •  '  -  '  -■  M  -■ 

y/herc.  p.*  -j  y  M  is  the  rpass  \ 

- ■■ 

, '  of  ^  sphcrc-  M  l-  of  thjs"clto\cntary 

abouc  A0  (a  lij^ithtp^lilitKc 


centre  of  the  ring  and  perpendicular  jo  its  plane) 

-  jpbfi .  $ini  =1  rr  sin2  0 .  p2n/r  sin  0605r 
=  2n.pr4  sin^  050(5r;  -  ; .  \ 

M.L  of  the  sphere  about  the'  diameter  AB 

.  =  f  f  -2Jt'pr4  sin*  0 dQcir  =  2 rep  }  sin3  0J9 

w8*0  r* 0 

■ 

LI3.  All.  of  an  ellipsTpid. 

.  Let  the  equation  of  the  ejHpsoid  b- 

444-':  ’  '  ’ 

cr  &  c2 

CoDsidcr  anelcmcntary  volume 
fiix  5y  6z  ai.die  &iii\  P  {xiy>z)  of  idhc: 
ellipsoid  in  the  positive  "octant;  '  " 

A  Mass  of  ■  this  ‘'element;  - 
=  p.6r  5y&c 

where'  p  ^  Mass  per  uniu  vojuqic 
W  3 M 

=  1 - r- •  .--r  Af.is  the  mass. 

i  •  7 uw  c  :  4  nab  c 

of  the  e.UopSoid. 

Distance  of'thc.porni  r)  from 

a  M.l;  of  this,  elementary  vo|umj^a6w 

=  tf  t  z2)p  &r  8y&e- .  ^ 

M.*t  of  the  ellipsoid'.  a|?Qul^ 

.  ....TT! .C‘: 

the  integration  being  extcmled  over  positive  octant  of  the  . ellipsoid. 

p ; .  x2  £%&.. 

Putting  -=  a w 

/.e.  x  Z 

so  that  =?yau"^  du.  dy  ^  lbv~^  dr,  dt  dw,  Wc  havc 

}  1  '  - 
M.I.^^^fellipsoid  about  OX  (Le.  the  axis  2d) 

’  P.  1 1  i  +  c2iV)  v_,/i  Hu  jir  dw  '  "y  . 


£/;“  JJ  J h!'?t!.v?5  *’\y£~}.  eht  dv.dir  +  c~  j  dit  dv  rArJ 


=  abc  p 


b-.rfy  r(f)r(i). 


r(i)'ra)T0 


f>-  ■  ■  n y+}+ 2 + §■ 


.  ,  where-  «  +  v  +  »v*  S  1 

■  By  Dt  rich  lev’s  theorem. 


,fT  ^Vv/ sfre  Vre  -  * 

1.14.  Reference  Table.  ::  % 

..  The  morncnts  of  lnertis - of  soinc  standard  rigid.  Jodies  considered  in  § 

■  1.4.  to  §-  l,J3:'are  gi ven  in  the  Tollowing  ^blc.  'Th'c  students. arc  ad viscdtio- 
remember  al l  ihese  ns  tHoy;  will  ;be  used  -frcflucntty/ 


Rltiii-hodv-  -Av;V  ‘a’  *■■  ■ 

M.L 

1.  .  phfform  thin  r6d.  ot'Tcngtli  2d  and  raass  M. 

'••  (ij  A.hqutva;nnsL’througii  .the;  «i/V/rf7c  pt>/M/  nnd 

'•jwi^ndieul’ar Jto  Its.'  IcngUi/.N'i. r  l  - .  ■■  > 
(uJ'^out:^'nne4hipu^\Qne';jer^^  - 
.  pcrpendiculaii  .to  i  ts  length  - -  ,  \ 

-.4- 'A 4c&'  i  ... 

2.  Rectangular  plutel  of/sidcA,-.  2<3,  22>  nud  mass  M.;^ 
(i>  .About -a  line  through: the.-  cchire;  and  parallel1  \ 
to:thc.sidc-2^  -  =  ■  ..  . 

(ii)  .'About  .a- line  through -.the  centre,  and  parallbl- 
.  .  . ..  .to  ihc  sidc.  2b .  '  ’  ■■■'.  '  '  : 

-  (iii)'  About :a-iiiic  through  tlie'' 'centre. and 
.  :  --perpendicular - LoA'lhb-' plate  • 

...|mz>2'  '  - 

ti  M{a?-  +  b~) 

3.  -  Rectangular,  pa  rail  el  op  ip  cd  of  edges  2a,  2b,  2c  and 
maw  M..  '  -  1  - 

-About  a. line  .through  its  centre  bind- parallel  ’■ 

‘  -  to  the  edge  ,2a  ’  ’  --  -  .  ' 

:v^o»2  +  c2) 

4.  ^Circular  ring  of  rudius  a  nnd^ass  JfL  .  ' 

;  -  ^)'.:.:Aboui' i Ls  diameter ; 

'  (ii>."/:Kbb.ul  a  line  through  the  centre  and 
.  ../pcTpenditiuhir  to  the  plane  of  the  ring  . 

fMn2  ' 

Ma- 
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Moments  and  Products  of  Inertia 


(Mechanics)  /4 


5.  Circular  plate  of  ratlins  a  andmassM.-  ■ 
(i)  About;  Its  djometer  '■  ^  . 

(it)  About  adinc through  the  ccmrc’ond 

perpendicular: to .  its "plane  :  ~  : 


6.  Ellipse  disc  of.  twees  2a  anti  2£\omI  rtwss'  M'.' 

(i)  Abourthe  axis  2a.  .  v- 

(ii)  About -tfie  axis  26  .  ■'  .  ’  :  -V 

(Hi) 'About -a  line  through  the  centre  and. 

perpendicular  to  its  plane  ' 


7.  SphcricalsHclIof  radlus  n  and  mass-M;  •  ? 
About  a  diameter1  V 


8.  Solid  sphere  of  rodius  a.  and  mn .>  ' 
About  a  diameter  *  ' 


9.  Ellipsoid  of  axis  2Htt  2b'i  '2ej on 4" mass  Mi  *• ' 
. About- the;;axh. 2a.  ■ 


Wl§ 

IMfi2  'Vb’^eL, 


V” 

-r Mb2  -tigs 

\to[qr  irt£& 


m 


■rm 


-  S-  ■  ■?£ 

■  *9 


■  xP.:.ys 
V-33 


Roath’s  Rule.  All  the!  above  M  J.  •  may  fte"  remembered  with  ihc  bclp|p 
the  following1  Romti'r  Rulc.v--  ■  .  w , ...  . 

M.I.  about  :uv  axis-. of- symmetry  ..  ’ 

^  M.U3  M  Sum  of  squares  of  pcrpcndiculuraxiS  ^  ^  .  ;  •: .  i-'f-yff. 

*•  The. denominator  is :3,,4.or'S-aditoirtli^ 

rodj.  elliptlcrd '(including  circular)  or  ellipsoid  (inc.uding  sphere).'  '  i 

*/'  .  ■  ■ -i  •  " .  OCAMrtESV  ' f  '  ^  -  f : 

Ex.l.  FinftheMJ.  of  lhc.  arc.  of aicintle.'abaitr  .v"'.  ;  " 

(i)  rhc  diaineterb/secting^ the  arc  ■  ;  '.. 

(ii)  an' axis  through  Vie.  centre,  perpendicular  to  its  plane1 
(jii)  anaxis  through:  its.’ middle  . 
point. perpcjvlieitlirr. to  fts  plane:  '  -  (t 

.  Sol,  Let  OB  be  tfie:.diameter 
bisecting  the  circular  are  AflC.  v 
subtending  an  angle  2a  at  the  : 

.  centre  O:  Let.  a  be  the  mdiu.s  of^Ja 
of  the  arc. 

Consider  on  elementary  arc 
PQ^a  50  at  the  point  7*’ of  the 
arc. 

Its  Mass  6/n«  pa  60 


where  p  u»  mom  per  unit  length  of  the  an: 

"  2cr«*  M  *S  lhc  rnass  of  the  arc  ARC. 

(i)  Distance  of  P  trom  <l\ntnxt\cr.  OR-^.PM ■**  a ^ sin.  ft 
M.I.  of  the  elementary  arc  about  OR 
“  PM2  -  Sm  o  (o  sin  0)2  pa  56 
=  pa'1  sin2  6  60. 

M.I.  of  the  arc  ABC  about  the  diameter  OB 

-r 


po1  sin2  0^0a  ipo5  ( I  _  cos 20)  dQ 
-Q  '  ‘ 


Jfr-  ' 


p^t 0  ~i sin  sin  2^C# 


Mo-  , 

‘  (a  -  s«n  a  cos  a). 


(ii)  Distance  of  the  point  P  from  O/^an  through  the  centre  and 
perpendicular  to  the  plane  of  the  Rr.d^b/^a. 

M.I.  of  the  elementary  mass  S^feat^nhout  ON 
=!o2.5m*pa3S0  %§&*** 

M.I.  of  the  arc  ABC.  abtxI^ft^P  p.r*  cf0  =*  pd3  [©l^or 

M  y  ,  . 

~ ~2aa  a  '7aaMa2-  ^ 

(iii)  Distance  of  the  point  P  from  BL,  an  axis  through  the  middle  point  B 
of  the  arc  ABC  and  perpendicular  to  its  plane 

a  PB  »  >/( OP 7  OB2  -  2 OP  .  OB  cos  0)  -  +  <?-  2a2  cos  0) 

~  a^l\7(  1  -  cos  0))  »  crl[ 2.2  sin2  i  0]  «=  2a  sin  I  6 

M.I.  of  the  elementary  mass  5m  at  P  about  BL =*  PB 2 . 5m 
■*=  (2a  sin  J0)2  pa  50=  4ay  p  sin2  \Q  60. 

.v  M.I.  of  the  arc  ABC  about  BL  =?  j”  4o3  p  sin2 10  dQ 
“2 °3pf*  (I -cos0)t/0=.2a3.--^[0-sihe)a 

-a  2aa  -a 

2  .Vfa2 

“  (a -sin  a). 

Ex.  2.  AiW  the  product  of  inertia  of  a  semicircular  wire  about  diameter 
.and  tangent  at  its  extremity. 

Sol.  Lei  M  be  the  mass,  a  the  radius  and  OA  the  diameter  of  a 
semi-circular  ore.  Let  OB  be  the  tangent  at  the  extremity  O. 


Consider  an  elementary  arc  PQ  ■=  a  50 
at  the  point  P  of  the  wire. 

/-  Itir  moss  *»  5/»i  =»  pa  60 


■where  p  =  mass  per  unit  length 


Mr 


P.I.  of- this  elementary  mass  abotir’*5 
OA  and'  OB^PN.PL.  5m  ‘  ,  - 

-  a  sin  0  (a  +  a  cos  0)  pa  60  ;  f  _ 

.»  pa3  (Jin  9  +  sin  0  cos  0)  69  :  ,  .  °  ‘  8  ;  N  *  '"  . 

r.'?X  df'ihe.iwkri'-i^br&A l*‘  ’•'*i  *"  • 

-  ”  pa3  (sin  0  +■  sin  0cos  6)  dQ  *  pa3  cos  0  +  jSin2  0^.  *  V  : . . 

;  -"'  v  = 

rca  is.  ■  .  . 

Ex.  3.  Show  that  the  M.L  ,of  a  peml-circular.  lamitva  about  a  .tangent 
parallel  to  the  bounding  diameter  is  Met1 -  “'"j  where  a : is  the ’.radius 

and  M  is'  the  mass  of  lamina.  v  '  j.  .  - ^ 

SoL  Let  LN  be. the  tangent  parallel  to  the  bounding  diameter  BC.of  a 
semi-circular  lamina  of  radius  q  .and  n\ass.  : 

Consider  an  ejitimehtary  area  r  60.  Sr  at  t^pdmt^p  of  the  lamina,  then 
Its  mass  6m  » pr)@6r. .  .  -  .  ...  '  i  '* 

Where  p  r*  Mass  per-  unit  area  '  .  '  -  **’  '  ^  '  "  " 

•  •  ..  •  - 

Distance  of  the  point  P  frorrt 
«  KA  =  OA  -  OJfea-rcos 
-V  M.I.  of  the  e I c m e n tary %i ass^Sm  at 
P  about  LN  '  "*6 

*  PT2 . 5m  «  (a  —  r c6s  0)2  .^>r69  5r 
M.L  of  the  lorfti.naxabjSut  LN 

^  f  0)2  p/d0  C 

2a r2  cos  0  +  r3  cos2  0)  <f0  dir 


P  r2- iar3  cos  6  +  V1  cos2  0  c9 

1  -0 


,r . 

Jr-b 

!*p  .  ^a4.-|f/4cos0+-ja4  c6s2'0^jy/9  . 

■  *2p«4  /Vi  -  ^  cos  0  +  i  co5-  0).(/O 

“  2p^iP>in  elo  •  ....  . 

Ex.- 4,. ShoW  that,  if  i  M.ii^phrpb^c:area.  (of  fatiisjectum  .da}. cut 
;  off  by  an  ordindte  at -.  dist^ceilifroni  tl\C;_  vertex.  Is.  jMli ?  about  the  tangent 
-  at  ‘the  ..  -.v  -  ;■  •- 

~  S.6LLeb.lh'c:'ciquafib'n::pfi the  parabotn  oflbtus,-  < 
rectum  4n  be..v2  4ax.  - 

hri^lKVi'tvYrf frtTi;  rtfi'tbr::nnf nKhl» . 


...  width  V..v  ’y.f. 

,v  Mess  of.  the  .;Stnp;Snf'=p.2yl6.r,  wKc’re.  .<> 

■p'  is.  the-  mass^per'cnlt^reaT^ /’fV-'V1  :  r  '  -::i 

M  =  Mass  of  the  -  ponioh;  bAJ?dr  of;  the  : 
"parabola  : 

=  /0p2y.^r 


rl  ^1 

: 

kih.-' 

-':-  x 

VS  \  r;:® 

if  -.t  •'.'  V 

%r.y- 

•-'3, 

Now.  the 
vertex,-  is  x: 


2p  f  2^(a4dx^4p.W<%fo  *=  ^  .  . :  " i  . 

0-  '  -  V;.  -.s’;  y.l-  7’-  _  4  .  ..,  .  |  ’’ 

it  distance  of  evc~ry  point  :of  tha  strip:  from  C^vlh^tangent  at  the 


M.I.  of ‘the  stHp  nbout.Oy  =  x2'5m  «  pl^ySx. 

:  :  MJ. .  of  the  whole  afcaiJM'BO  about  Oy  =  2p  x*y  dx 

;  =:2p  j^-x2  2V(rar)  dx  i  4pa.l/2.j^  jr^; Jr  »  f  po  V2.  A™ 
Again  Mil.  .of  the  strip  PQR  salout  OX  =  -j)2  6m 


IMS” 
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Moments  and  Products  of  Inertia 


(Mechanics)  I  5 


-S-: 

i 


H?C 


■? 

'0t 


=ay2.  p.25sx  =  fpy3sx 

M.I.  of  the.  whole,  area  OABO  about  OX  =  j*  2  pi)*?  dx 


*lpfo  (4<zr)v2  dx^y  ay1  p  |  A5'2  -  1  (Ip  a^1  A3'2).  ah  =  2  A lah. 


Ex.  5.  Find  the  'MJ.  of  the.  area  of  the  Itmniscaie  r2  =  a1  cos  20  :. 

(ij  about  its  axis  ' 

(ii)  about  a  tine' throughi  the  origin-in  iiS  plane- and  perpendicular  to  its  - 

axis.  ~ ■  f  "“v _ 

(iii)  about  a  line  through'  the  origin  and  perpendjcular  ta -its  plane :  ..  -...  . 
SoL  The  loop  of  ihe  Icmniscaic  is  formed  betweeh  0  =  -t/4  and 


9  —  n/4:  The  curve  is  as  shown;  in  the  fig- 

Consider  an.  elemental  area.  r505r  at  the  point  P(r,  0)  of  die  Curve, 

then  its  masy  6m  =  pr£0  &r;.  .  ■-  : 

/.  The  mass  of  the  whole  area  is. givcjiiby ‘ 

2QdQ 


i.*rrxM.JT-r 0  .  ..  .  r  .  —  k/4 

-  pa2!}  “  pa2. ... 

(i>. MJ.  of  elementary  mass 

6m  ai  l  abour  the  axisVOX,. 

-/W2.5m - (r sin  0)2  pr  60  Sr 

=»  sin2  9  60  5r.  .  . 

MX  of  the  lcmniscate7  about.  OX~ 

n/4 


=2f” 

B»-n4  r-0  - 

r*/4 


-0); 


-  2pJ  V1  cos22e  sin?  9d0 

-*/44 

4i  cos2  29(1.^  cos  29)^0 


e— r/4 


=2  P^4  » (1  -  cos  i) dt,  ,  Puiirng'20  — .r,  so  that  di)  ='2  dt 

/  cos2  r  di  -  J  .^os3  /  dt  1 

•  .0  _  -  J 


'4  Pa 

-ip*4 


Ma2 

16 


r(|>r(i)  r(2>r(i; 
  m 


2R2) 

(n- Vi). 


ifMH) 


from  ( 1 ) 1 


.  *  '  ;  ^ 

..(■ii); Distance  .ofihe  point  P  (r,  0)from  OYn  Jincthrough  ihcorigin  in  the.. 

:  plane  of  ihc  lcmniscatc  and  perpendicular  to. its  axis  =  PL  cos  a-  jrm 
■x.  MX  Of  .qrn  at  P  about  OY 

r 2  cos2  0  p2  60  6 r  »  pr3  eos2  0  50  6r. 


\  *  EL2. 6/11 


J.  M.l  of  ti  c  Icmniscaic  about  OY  . 


=  2.r  cos- Brie* 

V0c-W4.<30 
r  n/ * 


-r5-^  J  a*  COS2  20  COS2  0  l/0 
A  J~.  V4 


-=£  2a4  j  cos2  20  0  +  cos  20)  d9 
■  4  o  2 
.  r  n/3 

=  2' A/a2.2j  cos2  i  (l  +  cos  r)  'dt, 

wj(H} 

A/u2  (3rt-*-8). 


(iii)  Let.  07*  be  the  Iin« 
of: the  Icmniscaic.  £& 

Distance  of  6 m  at  P  f rom^CteffOP  -  r 


Putting  29  =  /. 
as  in  case  (i> 


Tgin  and  prcpendicular.  to  the  plane 


ur.,M«utvw  Vi  m  r  ft  1  -  r 

•T.iM'.i;  of  6m  afp  about  OTr^  OP2  6n»  =•  r2  ,pr6  0  5r~pP  60  5r 

-  1  _ r  . L _ I _ - _ L  .  4>_ 


— --  "  * 

M.L  of  the  Icmniscaic  about  07* 

■  r*ri  roll cos  39)  2orn/4  4  V 

-2]  J  pr3  rfQ  j  a4icas220dd 

e— .11/4^- 0  4 

=2pa4 . 2  (1  +.cos  40)  rf9  =j  0  +2sin  40 ^  =2*  A/a2. 

-  Ex.  6.  Find  the  MJ.  of  a  hollow  sphere  about  a- diameter  ia  external, 
.and  internal  .radii  being  a  and  b:  respectively. 

/Sol.  If  M  is  the  mass  of  the  given  hollow  sphere,  then  mass  per.  unit 

volume'  I  *■  '  -  -  . . 

_ '  M  3\f  ; 


.  (yita?  -  ijtp) ;  4«:  (a3  -  A3)  : 
Consider  a  concentric  sphcricai  ' 
shell  of  radius  x  (s.t.  b<x  <  a)  and 
thickness’  Sr 

M^s"  of  this  elementary  shell 
»6ih.«ipV4ju?Sc  ' 

MX  'of'.  diis  shell  about  a  diameter 


=2*2 .  p47tr&r  =typrtx4&c. 

MX.  of  the  given  hollow  sphere  about*  a  diameter 
=  JjpKxVx  =  ipn2  (a5  -  65)  / 


=  ^- 


3A 4 


4  it  (a3  -b3) 
.2 M  a 5  -  bs 
"  5 


-6S) 


<?-b> 

-  £x-  7.  Show.' that  die  M.L  of  a  paraboloid  of  revolution  about  Us.  axis  - 

is  A//3  X  the  square  of  the  radius  of  its  base. 

SoL  Let  the  praboloid  of  revolution  be  generated,  by  the  revolution  of- 
the  area  bounded  by  the  parabola  y2  =  4ctr, . and  x-axis  about  the  axis  OX. : 
Let  6- be  the  ; radius  of  its  base.: 


v.  for  the. point  A , 
y=AC=b 

from  y2  =  4 ax. 


x~~r  =  oc. 

4  a 


\ 

Consider  an  .  'clemenury- 
area  6r5y  at  the.  point  P 
(jr.y)  of  the  area  OA  CO. 

By  .  the  revolution  of  this: 
area  bx  Sy  about  OX,  a  circular 
ring  of.  radius  y  and  area,  of 
cross-section  fixSy  is  .  formed. 
Mass-  of  this  elementary  ringjfc 
5/?r  =  p2icy  6t  5 y. 


v  ■ 

•A 

1  ■“  - 

m 

i  -:X 

-V-. 

,/(4ar>  , 


^  .. 

where  p-' is. the  mass  pe r|unit2y olume.- 
Mass,  of  the  paraboloid"bf?’re vol uti on 

r  d/m  -  -v  .  'f*2 

A/=  I .  I  p<2Jtyrdxid)  ^2np.±\ 

,:2  0. 

r  S/uj  £4,  *  ,^1.  r,  -  1 

-r'Pj„  ji»  =- 

#5^.  *-  Jo  .  - 

Now  JM/L  bf.the  elcmcniary  ring  of  mass  Sni-  about  OX  (a  line  through  US 


dx 


7tpb4 

.  8a 


...(D 


cenbe^hdipe rpendicu I ar  to  its  plane) 
i=.)^6wj;=  y2 .  p.2ity  5r  5y  =  2xp  y3  Sue  5y 
.9?  -Vi-NfiL  oXthc  paraboloid  of  revolution  about  OX 

.^1  f  */M  r  ^(4*“) 

p _ n..  ’  •.  .4  •■q 


2irp  j-3  rfx  </y = Sa2^  dr 
™ 0  •.  .4  *■« 


=  Snpo- 


=  4  A/  .  (square  of  the  radius  of  the 


base). 


Ex.  S-  From  a  Uniform  sphere  of  radius  a.  spherical  sector  of  vertical 
angle  2a  is  removed  Show  that  the  M.L  of  die  remainder  of  mass  M  about 
the  axis  of  symmetry  is 

j  Ma1  (1  +  cos  a)  (2  -  cos  a). 

SoL  Let  the  spherical  sector.  OABCO  of  vertical  angle  2a  be  removed 
from  die  sphere  of  radius  a /and  centre  O.  This  may  be  generated  by  the 
revolution,  of  the  nrea  OADEO.  of  - 


the  circle  of  radius  a  and  centre  af 
O  about  ihe  di angler  EB. 

Consider  -an  elementary’-,  area 
r505r  nt  :  the  point  P  of  this  area. 
By  the  revolution  of  this  elementii/y 
area  about -Eft.  a  circular,  ring  "of 
radius  PN  ~.r  sin. 6. .  and  area,  of 
cross-section  r60  hr  is  formed. . 
Mass  of  this  elementary,  ring. 
5/n  =  p  .  2nrsin  9  .  r605r 
=  27tpr"  sin  8  505r. 

Mass  of  the  remainder" 


Af  =  J  j°  2u  pir2  sin  QdQdr  =  ~™P — f  sin  &/0  - 

n  =  n  ■'--n  .  3  -  -J  ■  ■ 


a3  (1+  cos  a)  p  = 


3  J  K  Trta?  (l+cos  a) 

Now  M.l.  of  the  elementary'  ring  about  £8.’  the  line  through  the  centre 
perpendicular  to  its  plane;  -}-.-  j**--  ■ 

=  PN2 . 5m  =  ?■  sin2  0 . 2XP72  sin  0505r = 23tpr*  sin3  G  59  hr 
■“*  MX  of  the  remainder  about  ES  fthe  exis  of  symmetry) 

’=  J  ”  j  a  2ti  pr4  sin3  0  dQdr  =  |  np  a3  f  ^sia3  0cf0 
e--ctr  =  0  .  ■  3  Ja 

.  ~  j  np  a5  j  n  2  (3  sin  0  -  sin  30)  d0 


...0) 

and 


fliH 
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-*££ ! 

‘  10 

rcpg3 
5  10 
.5 


■'  -  3  cos  0  + 


— .+  3  cos  a  - 


“  cos  3oj^ 

la]. 


cos  3a 


=  —■ .  p  [8  +  9  cos  a  -  (4  cos  3  a  -  3  cos  a)] 
=■  ^  p  [2  +3  cos  a  -  cos3  otj  • 


2m>?'  .  .3  Mr 

.15-  '~2sid  ( I  +  cos  aj  ’ 


.  (1  -*-  cos  . a)  (2  Vcos.a  -  cos?  a) 


[from  (i)J' 


=  +cdsa)(2.4cos  a)  '  . 

Ex;  9.’. Find  the  M.I.  of  a  rightsolid  cone  6f  mass  M,  height  h  and 
ad  ins  of  whose  base  is  a,  about  its  axis.  ■  .  ’  ■ 

Sol.  Lei  O  be  the  vertex  or  the  right  solid  cone  of  mass  A/,  height  Al¬ 
and  radius  of  whose  base  is  a.  If.  a  is  the  semi- vertical  angle,  and.  p.  the 
density  of  the  cone,  then 
A/=iitp/i3tan2a  s-  ...(I)  ’ 

Consider  an  elementery  disc  PQ  of 
thickness  5r,  parallel. to  the  base  AB  and 
at  a  distance  x  from:  the  vertex  O. 

Mass  of  the  disc, 

8m  =  pitr2  tan2  d&r.  * 

M.I.  of  this  elementary  disc  about  axis 
OD. 

- 3  hmCP 2  =  1  (pitr2  tan2  aSx)  x^tan2  a  =  ±  pk.?4  tan4  a&r. 

.*.  M:I.  of  the  cone  about  axis  OD. 

=  J  * X*  tan4  adx  =  p^h*iaiYl  a  =  ZAf  /»2-lan2  a.  from  ( I ) 

~  1u  Ma1.  .('■■  tan«=w7i) 

Ex.  10.  Find  the  M.I.  of  a  truncated  cane  aborrt  its .  axis,  the  radii 
of  its  ends  being  a  and-  b. 

Sol.  Let  ABCD  be  theseruncmed  cone  with  the  vertex  at  O  and  of 
semi-vertical  angle  cr.  Also  let  O j  B  =  b  and  f?2  C'aa. 

Consider  an  elementary  strip  perpendicular  to  the  axis  at  a  distance  x 
from  O  and  of  thickness  5x. 

Its*  Mass  *  6 m  =  pit  (x  tan  a)2  8x. 


){  M  is  the  total  mass  of  the  truncated 
~  cTmc  then 

•  m  cm  « 

M  =  J  pnx2  tan"  a  d. r 

x  •  b  a 

*.■  OOx  =  b  cot  a,  OC>2  =  a  cot  a 
=  J  pirian2a(o3-A?)cot5  a 
=■-  3  p n  cot  a  (a3.  -  fr3)  D< 

"  P  i Ko’.-P)  n 

Now  M.I.  «;f  the  elementary  disc  about 
0|<?2-  a  .line  through  the  centre  and 
pcivcndiculnr  to  its  plane 


#V-] 


ds 


-<3%. 

v% 

.  : 

=  ~  (x  tan  ar  .bni-l  s~  inn2  a  .  pmr“  tsin-aSx  V  •'  i 

1  '  *  '  -  **■«*'  •  .  -  .  P 

=ipxt*LmW.  -  •' 

*  ”  . 

.'.  M.L  of  the  truncated  cone  about  ils^axis  0,0,. 

- 

TIa  *****  tan4  a^4^(«J-^ot3  a.  ten4  a 


JO'  it  (a3  —  A?)  *  -  10  Sr"J:<8--'  .> 

•  Ex.  11.  (a)  Find  the  M.I.  about  the  s-aris  of  the  ponio n}6f  ellipso'ui 
.rVo‘.  +y~/b~  +  z~/c2=l.  which  lies  in  the  positive  octant ,  supposing  tliefbw  - ' ' 

of 'volanie  density  to  be  p —yLxyz.  •’  .  : 

5ol.:  (Refer  fig  of  §  1,13  on  page  II).:  ''' ' 

Consider  an  clcmeiary  volume  5j  5y  5<  at  (he  point'  P(i,' jj£j)- where^ i  : 
p  =  pxyz.  '  ' 

-r.  Mass  of  this  element  =  p&x  6 y  &=  pxyr  &r  5y  5z.  •  '.■■■■' •'  ; 

■  M  =  Mass  of  the  octant  ~  J  j  J  ILxyz  dz  idy  dz.  ■  ;  ' 

x2'  J  z7  ^ 

where  ^  +  -^  +  —^1 

t2 

a  D  C  •  v  ■  , 

the  integration  being  extended  over  the  positive  octant.  - 

Putting  ^->h.  £  «v.-4  =  -f-; 

or  -  br  ,  c~ 


■••••  ■«  *  £  * J  J  J  .a'*  S'*  ,•«  rf„  d,.. 

where  u  +  v+ V'SI: 


IMS 


=V£  jur2^^2  J  J  J  w 1-1 .  v,_l .  w1"1  dudvd\\\u  +  v+n£  i. 

Dirichiet’s  theorem  .  [  . 

'  -d) 

Now  M.I.  of  the  elementary  mass  5m  at,  P,  about 
=  (y2  +  z2) .  5m  •  ■  - 

V  Distance  6(  P(x,  y.  z)  from,  ,OX  is  Vo^.+z2) 

=pxyz()'2.+22):fir5y5z 

/.  M.L  bf  .lbe  .octant  of  the  ellipsoid  about.  OX 

~!!  j  \txyzfy1.  +  i2)  ^ dy<k>  where  — + £  +  ^ i  1  . 

r  ■■■'."■  .  V-  ■'  “  .  ■  O  -  t  .  ' 

•-  The  integration  being  extended  over.  the.  positive -octant. 

Putting  x  ~  atfr,  y  =  bvA.  z  =  ov.^,  io.ihat  <fx— j  -etc.  . 

■  f.  -.  -  '  -  .where  a  + v+ I 


differ?. 


, ... : ,  ’ 

=1  * 

;8 


iheorem 


*.6«(52+<2);^;= 


By  DjricMct’s  j 

(b)  5Ao*v  shat  the  MJ* ^fa^ihlpsoid  of  mass  M  and  semi-4  txes  a.  F. 
e,  with  regard  fd\: a  dimrtelral plane  .whdse  dlsecfion-reosines  n  ftrrcd  to 
principal  planes’  are  (/,  rrt,njiis:  (fl2/2  +  b2jn2  +  e?n2). 

SoL  From  SyLI^ot^page^U)*  the.momems  oflnertia.of  the  ellipsoid 
with  regard. ‘lO-TtSe'pfjncipal  axes  ire  -  • 

i u . ■  '• 

.'.  By  pro%&5oT?§:  1:3  on  page.  (2),  the  - moments ^finenia  with  regard 


Zf 


mp(x.y^) 


(x,yi) 


...  .... 

y^.M.I/.  bf  the  ellipsoid -about  the  diametral,  plane  whose  d.e*s  referred  t 

^^niicipnl.  planes  are.  Am,  n  is  ■  ---.L  -  - 

h**y 

"Vf  M<?  .  ;2  + 1  Mb2  .nJ  +  lMc2:  h2  « I  M  {a2 12  +  b2m 2  +  cV). 

LIS.  Theorem  of  Parallel  Axis  :  .' 

The  moments  and  products  of  inertia  about  axes  through  the  centre  af 
gravity  are  given,  to  find  the  moments  and  products  of  inertia  about  parallel 
axes._ 

L*i.  ^.y.-z)  be  the 
coordinates  of  the  centre  of 
gravity  C  of  the  body  referred 
to  the  rectangular  axes  OX, 

OY%  OZ  through  a  fixed  point 
O.  Lei  GX GY\GZ'  be  the 
axes  through  G  parallel  to  the 
axes  OX.  OY,  OZ  respectively. 

If  C*.  y.  i)  and.  (x  y  \  z  *) 
are  the  coordinates  of  a  particle 
of  mass  m  at  P  referred  to  the 
coordinate  axes  OX.OY.OZ 
and  parallel  axes  GX'.  GY\ 

GZ '  respectively,  then  - 
x*=x  +  x'  ,y  =  y  +> \z~z  +  z'- 
MJ.  of  the  body  about  OX  \ 

»=  Em  (y2.  +  z2)  =  Em  [  (y  +  y  *)  +  Z  ^  2) 

~Tm(y'2+  z  (yl  +  fl)  Zm  +  2y .  Zmy'  +  TzXmz'  ...(1) 

Now  referred  u>  GX'.GY'.GZ '  as  axes  the .  coordinates  of  G  are 

(0.0.0) 

Tmx ' 

or  Tmx  =  0.  Similarly  Zmy  '  —  0,  Tmz  '  -  0. 

From  (I).  M.I.  of  the  body  alout  OX  _ 

«  Zm  (y  '2  +  z  t2)  +  M  (y2  +T2) 

^  M.I.  of  the  body  about  GX'  +  M.I.  of  the  total  mats  M  at  G  about  OX. 
Also,  Product  of  Intertia  (PJ)  of  the  body  about  OX  and  OY 
=  Tmxy  =  Im[(x  +  x')(y  +  y')y  .. 

nZnyc' y  r+xyZm  +xZmy'  +  yZmx'  *. 

=  Tnx  y  +  M  x~y 

=  P.I.  about  GX’  and  GT'  +  P.I.  of  the  total  mass  M  at  G  about  OX  and 
OY 

EXAMPLES  1 

Ex.  12.  Find  th‘e  M.I.  of  a  rectangular  parallelopiped  about  an  edge. 

Sol.  Let  2a,  2b.  2c  be  the  lengths  of  the  edges  of  a  rectangular 
parallelopiped  of  mass  M. 
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Moments  and  Products  of  Inertia 
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/.  M.L  of  the  reciungulnr 
porallclopiped;  about  ihc  edge 
OA  =  M.I.  of  ihc  rectangular 
parallelepiped  about  a  parallel 
axis  CX '  through  .its  VC.  G. 

1  'G  *-+  M.I.  of  total  mass.  M  at 
C.  G.  %C‘  about  OA'.  -- 

=§i^py  ;■' 

+M  (pcrptndicular  distance' 
ofG  from  OA)2'  . 

=»  y  (i>2+ cV  a/  ct2 +c2)^|a/(^  - 

A  Uteri  Consider  an  element  .fix  8y  5z  at  the  point  p  whose  conordiriatcs 
.  referred  to  the  rectangular  axes  along  edges  OA.  OB.  OC  arc  (x.  y.-i)." 
m\  M-L.of  this  element  about  OA 
=  (p5x5y  &>■  O^tz2). 

.v  M:£;  pf  die  rectangular  parallelopipcd  about  OA 
2b.  .  f  2c  _  ,.2  .  J2,  j  ,  4  , 


a; 


=J 


V:P 


J2h  |2c  p  (y?  +  ^  ^  A/  (t2  +  C2)  . 

I  y-Oz-O  3‘  ■ 

M--"  '  •  ....... 

8abe  • 


Ebu  13  /Trtrf  the  M.L  of  a  right  circularcylinder  about. 

(i>  itr;.  ixis:  ; 

aight  line  through  its-C.  Gi.and perpendicular  to  its  axis. . 

.a.-bc  the- radius.;  A;,  the height  andLALthe 'mass' of  a  right  circular"-'1 
p  is  the  density  of  the  cylinder  then  M  =  mrA^h 


Cii>  a  s 
Sot  he 
cylinder. 


axis 


If  p  is  the  density  of  the  cylinder;  then  Af;-  p7th2/u 
Considiju-  an  clcmcniQry  disc.  or  breadth'&^  pcrpendiculor  to  the  ax 
Pi °2  and  at  a  distance  x,  from  the.  centre  of  gravity  O  of  cylinder. 

Mass  off  the  disc.bm  =  p  .  KePbtx. 

M.L  of-  the  disc  about Ox02=A±  a1  htn  =|a2  .  =  i  p7tn48x, 

/.  M.L  of  the  cylinder  about  Ojf?2 

==j^  j  pKt^dx  =  i  pna?/»  m  1  Ma2 

(V  M  =  pita2/i)  *  - 

(ii)  Let  OL  be  the  line  through  the  C.  G;  'O'  Dnd  perpendicular  t(j  thc:;,i 
axis  of  the  cylinder. 

M.L  of  the  elementary  disc  about  OL 

-  r5  M.L  of  the  disc  about  the  parallel 
.  jane  HE  through  its  C.  G.  Pj,:*  M.L- 
bf  ihc  ipial  A/  at  0,  shout  OL 
...  =  ;  o~5ni  +  .r&n  =  A-2)  8»i 

=  (“«r  +  -tr)  pirn* &v. 

M.I.  of  .the  cylinder,  about -OL 
^  I  ^  °2  +  A"2)  P tia2tlx 

:.=  p Tut1 

+  M(az  +  \ir); 

.v.Ex*  ;i4..  Prove  that  the  M.L  of  a  -um^onrf^n’ghf.  circular  'solid  cone  of 
.-.wass-M.  Jieight-h\  and  .base- radiusda^-.  aBoat  ■■  a'-- diameter  of  its  'base  is 

:  ‘  .  -  - 

‘  :’P  be  the : vertox .^taf:nght  circular, cbye  ol  mass  M%  height.  A., 

.and .  base-rad'us  a.  If  a  is  lhcjtscn)i^vc rt ical  angle  and-p-  thc  density  of  the 
conc.  thcn.  ^  V  -  - 

M  —  \  «h3  lah’  ap.  .„(}>  '-  '  a 

'  ;C.osidcr  an  elementary ^  disc  PQ  of ' 

. '  .thi ckness  fSr.  parajic l  to  the  base' AS  and 
af^a  distance  jc  front  the  vertex  O. 

:  :>.  Mass  of  th'c  disc 
a  5*i  «  p7cr  lan2  a  &x.  . 

,M-fVpf ..thie  disc- about  the  diameter 
A5  of  the  base  of  the  cone  .-  ' 

:  ==  Tts;  M.L  about;paralle|  diameter  PQ  .  .  . 

of  the:.disc;>  :M J.  of  the  total  mass  6/ti  ai  ccnire  C  abbut'AB  . 

.  -  3  prt.tr  ton2  a  (-)  jr  tfln2a+  (h -  jjJ]  &r. 

- M: I :  o f'  t |vc  co ne  ahou l[ the  diamctcr.'of  the  base 

J0  P^t'an2  cf  fi .^.ian2-  ot'  +’(A -'x2)2)  .6*i  '  ' 

^  4-  P71  tan-.ct  J^  C*':  tan’  a  +  4h2jr  - Zhx?  +  AX\dx 
=.- tan’aj^j  ;.J  .□n/a+|  /,’-2/,5  + 1  AJj 


=  ~  p*»>  a  (3  cr  +  2) =i M/P  (3  m:  a  +  2).  [!rcm  (l>| 

tan  o  -a/!i). 

Ex.  IS.  A  solid  body  of  density  p  is  ui  thfi  shape  of  the  solid  fanned 
•tv  the  revolution  of  the  eardiod  r=a'(l*.+-cos  Q)  about  the  initial  /we,  show 
that  its  M.L  about  a  straight  line  through  the-  pole  and  oerpendintfar  m 
'.  die  initial  line  is  y“  rtpd3.  •  .  (LAS- 2003) 

Sol.  Lci<?X  be  the  initial  :lin&  (axis,  of  the  eardiod)  and  OY  the  line. 
perpendicular  lo‘  it  through  the  ppic.O.  -  "  . . 

Consider  an  clementafy  orca  jr605r  at  the  point' ’^r;©).  Then  the  m:i« 
or  the  elementary  ring  of  radius  PL 
obtained  by  the  revolution  of 
^element  r605r  about  OX. 

6»«  =  p .  2je  PL~  r5G£i' 

•  ^2rtprsia  9.  r6©5r 
.  =  2/tpr2  sin  0  505/-, 
where  p  is  the  moss  per  unu  volume 
.  of  the  solid  formed  by  the  revolution 
of  [he  eardiod  aboot  the  initial  line 

■ox. . 

M.I.  of  this  elementary ;  ring  about 
.  OY  ”  .. 

-■^fts  MJ.  ‘  about  ihc.  ■diameit^^  ^ 

'  PQ  +  MA.  of  mass  6 m  at  ccfUro%^abtSit..:Cl.K-.  - 
=  {  5m.PL2+  8m .  Ol}  fa Pi&OlffBm: 

=  (i  r2  sin2  6+  r2  cos^y^rtpPsih  0.60&r' 

-  np  (sin2  0  +  2'cqs2  0)  r^sin  0  sfer:: 

=  np  ( I  +■  cos?  0)  r4"sin  0  8Q8r. ,  ^ 

M.L  of  the^soii^Fof  revolution •  about  Q  Y 
=  J  *  JcC^yVtp  ( I  +  cos2  0)  S-slndm-dr  ’ 


=  i  rtj^r^'*(l  +  cos2  0)  (l  -t-  cos  O)?.'siir.0  cf0  . 
#^  #0'  ’  * 

.  r 0 

I  1 H 


(r-1)2}  .Pdt .  . 

i7)dt 


16.  Find  the  M.L  of.  a  triangle  A  a  i 


105 


■puttiing  I+cosfl-/ 


npa'. 


of  a  triangle  ABC  ab^itr  a  perpendicular  to  the 


-  s  nP°'  b 

Ex. 

plane  through  A. 

Sol.  Let  AL  be  a  line  through  A  nnd  perpendicular  to  the  plane  or  the 
triangle  A#C  of  mass  A/ and-dentsity  p. 

Lct  the  height  of  the.  triangle.  AE-^  h. 

;.M=-\pBC.AE' 

=  {pah  -  ■  ..Ui).  ;  - 

Consider  an  clcmentaiy-. strip  L'\ 

PQ  of  thickness  Sx  at  a.disldncex 
from  A  and  parallel  to  BC.  Lei. the 
median  AD  and  the  perpendicular 
’  AE  meet  PQ  at  N  and  K  respectively. 

Qearly  N  will  be  the  middle  point 
of  PQ.  .  ;  -  ; 

From  similar  triangles  APQ  and 
ABC,  we  have 


8  \  0 

m 

o 

-  or  />£=— 


AM  x:  ...  x 

J5=-ht*AN=hAD' 


PQ  AK  PO 
BC~  AE  °f  a  &A-W  h 

Also  from  similar  triangle  ANK  and  ADE,  we  have  -  . 

AM  AK 

ad~ae' 

In  A  ADE,  we  have 
AD2  —  AE2  +  DE2  =*AE}  +  (BE~  BD)2 
=  (AE2  +  BE1)  +  BCp-lBE.  BD 
=  AB2  +  (I  BC)2  -  2 .  AS. cos  B.  i  BC 

,  ,  ,  .  a2  +  c>-b2 

^cl  +  ^aL-c. - - - .a. 

4  -  2 OC---.-  •  .... 

or  AD2-i(2b2  +  2c2~u2)'^  -  -  -P) 

Now.  mass  of  the  elementary  strip  PQ, 

8ni  -  pPQhx  =  P  ^  &»- 

M.L  of  strip  PQ  about  the  line  All 

=  MJ.  of  strip  PQ  about  the  line  parallel  to  AL  through  its  C.  G.  ‘M  + 
M.I.  of  mass  5m  at  N  about  AL 
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Momerfts  and  Products  of  Inertia 
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—  +  5m  AA'2 


5m 


=  [a2  +T2 .  i  C 2b 2  +  2c2  -a2)\.  x3  Sx 

12/r  * 


6/i- 


M-L  of  the  AABC  about  AL 


=  [  ^Qb2  +  3?_  a1)?.dx  =  2^Qb7  +  3c*.~a2) 
o  6/r  >,. .  . 


p  (3A2  +  3c2-g7).. 


[frofryXDJ 


H&  Moment  and  Product  of  Inertia:  of  a.  Plant  Lamina  about  fa- 
Line.  -  -  ■  * 

Tf  The  moments  and  products  of  inertia  of  a  plane  lamina  about  t\yo  * 
perpendicular  axes,  in.its  plane  are  given,.  To  find. the  moment  and  product 
of  inertia  about  any  perpendicular  lines  through*  their  point  of  intersection 
Let  A  and  B  be  the  moments,  of  JncrtitL  arid  F  the  product  of:. inertia  • 
of  a  plane-lamina  about  ihe.pcrpcndicuiar:  axcs  OXan<IOK  iri  its-plnric.- 
Constder  an  element  of  mass- m  jot’.  .  J. 

the  lamina  at  the  point.  P-  whose  ■ 

CO-ordinates  are  (jr.'^r)  with  reference  to-  : 

.the  axes  OX  and  OY. 

A  —  Z  my2,  B  ~Z rrv?  and  F  =  1 


Let  OX*  and  OY*  be.  ..  the 
perpendicular  axes,  in  the  plant  of  the 
lamina  and  inclined  at  an  angle  a  to  OX. 
end  OY  respectively.  If  CxYy'j;nre  the 
co-ordinates  of  the.  point  P  with 
reference  to  these  axes,  then 
x '  =  PX-xcos  a+> sin  d 
and  )• ' -= /W«y  cos  a -x  siij  a. 

M.L  of  the  lamina  about  OX' 

=  ZmPN2  =  Zmy  ,2*=Zm  (v  cos  a  -  xsin  a)2 

=*  (-  w-2)  cos2  a  +  (E  jhx2)  sin2  a  -  2  (X  mxy)  sin  a  coss  a 

o  A  cos2  a  +  B  sin2  a  -  F  sin  2a. 

Also  P.l.  of  the  lamina  about  OX'  nnd  OY' 


■CU.i 


=  Zi»PS  .PK~Zmy‘ s* 

—  Z  m  (\  ens  a  -  x  sin  a)  (x  cos  ct  y  sin  a.) 

*  (Z  mV  -  £  JH.V-)  .<in  a  cos  a  (—  »i.rv)  (cos“  «  - 


=r— ~ 


-a) 


’  -  (A  —  It). sin  2a+F eos  20c 

1.J7.  M.h  of  a  Body  about  »  Line.  ^ 

Given  the  moments  and  products  of  inertia  of. a  body  ^Qojif'jthrcc 


mutually  perpendicular  axes,  to 'find  flic  M.  /.  about  any  line  thrbii'gft -.their 
meeting  point.  .  =?*  -v  ~'-r 

Let  OX.  OY.OZ  be  three  mutually  p  c  rpc  n  die  ul ar^nxeiK £Ton  s  i  dc  r  on 
element  of  mass  in  ' of  the  body  at  * 


the  point  P(x,y.z)  then 
A  ~  M.I.  .about  OX 
=  £/«'<y2  +  :2) 
li  =  M.I.  about  OY 
=  r«i'(c2+.t2) 

C  —  M.I.  about  OZ 
*=£/»'  (x2  +  y2) 

D—  P.l.  about  OY.  and  OZ 
M Zm'yz  jg 

E*  P.l.  about  OZ  and  OX%5  ^ 


=  Z  m '  tx 
/•  =  P.L  about  OX  and>  OY 


Zm  xy. 

Let  OA  be  a  line  through  the  point  O.  (meeting  point  of  - the-  axes), 
and  /,  m.  n  its  direction  cosines.  . 

If  PL  is  the  perpendicular  from  P  on  OA,  then 
PI?  =  OP2  -  01?  =  (x2  +  z2)  -  (fx  +  my  +  nz )2 


=  x2  (l  - /2)  +  y2(|  -  m2)  +  z2  ( 1  -  «2)  ~  2mnyz -  2 nlxz - 2lmxy 


-  x2  («12  +  «2>+y2  (n?  +  l1)  +  Z1  ( / 2  +  m2)  -  2mnyz  -  2nlxz  -  2/mxy 

(■;  /2  -I-  m2  +■ h2  =  1 ) 

=  O'2  +  l2)  P  +  fc2  +  x2)  m 2  +  (x2  +  y2)  n 2  -  Tnmj'z  -  2 nlxz  -  2/r?Lt>\ 

M.I.  of  the  body  about  OA 
*  I  t»i  '  PL2  =  ?  I  m  '  (y2  4-  z2)  +■  m2  Z  m  *  (z2  -t-x2) 

+  «2Znt  '  (x2  +  v-)-2m/i  E m  'yz  —  2nl  Lm'xs—  2/m  Lni'xy 
=  /*/2  +  fl/n2  +’  Cn~  —  2/5mn  -  2/Tn/  —  2FIni.  I ) 

Note-  §  LI 6.  is  a  special  case  of  5  I- 1 7. 

For  a  plane  lamina  n  =  0. 1  =  cos  a  and  m  =  cos  (90*  -  a)  =  sin  a. 

Putting  nieOin  (I),  wc  get  the  M.I.  of  the  laming  about  OA. 

~  A  cos2  a+ p sin2  « -  Fsin  2cl 


EXAMPLES 


Ex.  17*  Show  thot  A 1,1.  of  a  rectangle  of  mass  M  and  sides  2a,  2b 


about  a  diagonal  is 


ZM—bH 


3  a?+b\  ■■  ( 

Deduce  that  in  case  of  a  square. 

Sot.  Lei  ABCD  be  a  rectangle  of. mass  A/. and  AB  -2a,BC-2b 
Then  M.I.  of  rectangle  about  dX^A'=~  Mb2, 


and  Ml  of  rectangle,  about  OY=  B  =  ^  Me?. 
RL  of  the  rectangle  about  OX  and 
0Y=F=*Q.  {By  symmetry) 

If  diagonal  AC  make  an  angle  9  with  AB.  then 
„  AB  .  2a  .  ..  a 


AC  yj(4a2  +  4  b2).  -d{e?  + 1?) 
n  BC  b 


AB  -d(c?  +  t?) 


.  M 

O' 

\  1  / 

o 

■  ■  - 

\  ‘  / 

_  ‘ 

"  ■  ■ 

;! 

/ j\ 

< 

/ 

o'.’ 

.  M.L  of  the  rectangle  about  AC 


=  A  cos2  9  +  fi  sin2  B  —  Tsin  20  (see  equation  (IX  §  LI 6) 


c - 

3  a2  +  b 


h~Ma‘2~  a 

3  :  a2  +  bd 


e?b2 


. 

3 


Deduction.'  For  a  square,  2b  —  2a.  ■ 
MJ.  of  square  about  AC 


=  2Af 
"  3 


4^] 

Ay  % 


.*  I 


a2  +a2  ”3 


Ex.  18.  Show  that  the  MM 


■  ' 

'ah  xllfptic  area  of  mass  M  and  semi-axes 

■  ,  &  . 

a  and  b  about  a  diameter  iff  length  2 r  is  ~  M — , 

.  V  d 

SoL  Let  PP'  be  the^mmeter  of  length  2 r  of  an  elliptic  area  of  mn3s 
M  and  semi-axes  errand  /^Equation  of  the  ellipse  is 


t?  y2 


o2  ^ 


,:w; 


.0) 


If  PP'  mol^ban^anglc  9  with  OX  then  co-ordinates  of  P  arc. 

i&SS&iUhP 


Since^Jic  on  equation  (I). 
.^|§^):cos2  0 1-  (?/b2)  sin" 


^^OTi  ^Cos2  9  -* 


a2  sin2  Q—t 


?b2 


...<2) 


i^ow,  M.L  of  the  ellipse  about  OX- A  =  ±Mb2, 
and  M.I.  of  the  ellipse  about  OY=  . 

Also  P.L  of  the  ellipse  about  OX  and  OY 
-  F-  0.  (fly  symmetry) 

MJ.  of  the  ellipse  ..about  the  diameter  PP’ 
=A  cos2  9  +  B  sin2  0  —  Esin  29. 


=  I  Mfr  cos2  0  +  ■!■  Me?  stri2  9-0 


=  1 M  {1?  cos2  0  +  a7  sin2  0) 

_  M  c^b- 

~  4 ;  P 

Ex.  19.  ]f  ky  and  Jt2  be  the  radii  of  gyration  of  an  elliptic  lamina 
about  two  conjugate  diameter,  then 


[from  (2))  ! 


...  4+:i"4^^) 


(Sec.Ex.  18) 


Soi.  Let  OP  —  rj  and  OQ  “  r2  be  two  conjugate  serai-diameters  of  an 
elliptic  lamina  of  mnss  M !  and  semi-axes  a.  b. 

Ml  of  the  ellipse  about  OP  ' 

sim!lar,y:i|”^; 

1  l  4  ,_2  ?  '  4 


A 


(-.*  f\  +  r{  =  a 2  +  b2.  By  property) 


=  4  (l/«2  +  L'b2). 

Ex.  20.  Show  that  the  M.L. bf  ah  elliptic  area  of  mass  M  and  equation,, 
a?  +  2Ary  +  bf2  +  2gx  +  2fy  +  c  =  0.  about,  a  diameter,  parallel  jo  theaxts 
-aMA 

of  X  a  ■ - 


A{ab-h2y 

where  A  =  abc  +  2fgh  —  a?  —  bg2  -  ch2. 

SoL  Equation  of  the  ellipse  is 

ffit2  +  2/u>,  +  6)'2+'2gx  +  2J5-  +  c=t).  — C1) 

Shifting  the  origin  to  the  centre  of  the  ellipse,  the  equation  of  the  ellipse 
becomes 


IMS’ 
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■  .  j-T- 

Let  the  ellipsoid  decrease  indefinitely  smal Kia- si ze. 

.'.  MX  bf-tlie  enclosed  ellipsoidal- shell  1 

.  •  rf  * "  .  I.  V'+c^.V 

55^1  ■  *W. 

Sincethcshcll  is  bounded  by  similar  bnd  similarly  situated  concentric 
'  ellipsoids,  therefore  if  tt  ',  b  \  c  '  arc  tb<r.sennii:ax<§s  of  the  similar  ellipsoid, 

;  then  we  have  V'  “ 

a  b  c  [  -  ■- 

a'~b'~c' 

,  y •  ■  .  c#  - "  ■ 

o  ~  — -a  —  pa  and  c  = — ~a  =  qa . 

a  a  : 

From  (j),  M.l.  of  the  ellipsoidal  shell 


i[|w-C7L‘'5] 


...(2) 


=  7  ■  (p2  +  <?2)  <**da.- 

B.ui  the.  mass’of  the  ell ipsoid  —  i  tiabcp  =  i  nppqa2 
Mass’ of  the  ellipsoidal  shell 
Af  =  J-(j  TcppQfPy'**  inppqa^da. 

Hence  from  (2).wc  have 

MJ.  of  the  ellipsoidal.  Sheil.  _ 

1-20--  MJ;  |of-Hctrogcnepus..Bodicv 
The  rneihod  of  differentiation  can  be  used  in  finding  the  M.l.  of  a 
heupgcnqus  body  whose  boundary  is  a  surface  of  uni  form  density.  For  this 
proceed  as  -.follows  :  - 

(i) .  Find,  the  M.L  of  homogenous  solid,  hody  of  density  p. 

(ii)  Express  this  M.L  in  terms  of  a  single  parameter  ex  (say)  i.e.  MJ. 

'  * 

(ih)  Then  by  differentiation;  the  . M.L  of  a  shell  which  is  considered  to  be 
l^Scle  of.a  j.iaypr  of  uniform  :<dchsiiy  p  - 

=  p$'(0£)d0L 

C»v>  Replace  p  by  the  variable  density  o. 

(v).  Thus  the  M.L  of  the  given  hctrpgcneous  body  is  given  by 
M:I.  =?/.p<t»  *  (<x)  dot.. 

For  illustration  see  the  following  examples. 


: -  EXAMPLES.  % 

r;  :.Ex,  2S.-.5/ioiv  that;  the  M.  If -of  a.  hetrogencius  ellipsoid  about  the  majoK 

*  ’  "j  i...  -  \2 ,  .  2  i  ,  -  ■ 

axisis  ^./V/  (bl  +•  cj.  the.  strata  of  imifdrni  density  beutg  similar  conye^inc^ 

.ellipsoids  'and  the  densiry  along  the  major  axis  varying  as  the'fdjstanee 
from  the.ccntre.  ’  . 

.SpL(i}V/e  know  that  the  MJ.  of  an  ellipsoid  cfdcnsUyrp  antfs^mi-axes 
•^rft*r-b:;abbui  x-o.xis  is  equal  to  _*&!&# 


^l^o  jbe  mass  ofthc  cilipsoi^d.^  i  jwbcp. .  ' 

;(f|);?ij}Cc.  lhc  boundary  surfaces  arc  simijar^aopccruric  ellipsoid,  therefore, 
Mfta^b  'fc ore  the  semi-axes  of  the  eimflarcllipsoid  then  we  have 

"V  ‘  '  _a_ 


b' 


i-*‘  b  =T~.  a.=pa.  and  c  =— ; 

/:.  --  ' 
M.I.  of  the  ellipsoid  aboufex-axis- 

•  ■  -  ■  j 


-  ■*  V  b~  +  <r 
~~  Kat>cp  *,  5  -  -  3  :  5 

.(iii)v.Diffcrenti3(ing  the  above  MJ.,.lhc  M.L  of  a  shell  of  uniform  density 


iaJ  ITrtn/t'lfn^  J. 


•:  ;.5*3  nppq  fr*  +  q1)  a*dn.  / 

*  ‘  :fiy).$»nce  the  density  varies’ as  the  distance  from  the  centre. 

Replacing  p  by  O  »=  Xa  and  then,  inicgraling  the  M.L  of  the  hetrogenous 
c|iip^bid: about, the  major; axis.  -  . 

XXapq  [py  f  g2)  a4da  ’  . !?  ;0- .. 

:  +  T)  jj^da  =  ~  nXpq  (p2  +  tp-f.  u6 

;  Also^ibe  mass  of  the  ellipsoid  **y7iabcp=2  jtp pqc?. 

■  Mais-  of  the  ellipsoidal  shcll^  ~d{\  icppjfl3) 
i  =  47 ippqcRdq:  '  ;  . 


.(1) 


Replacing  p  by  o=La  and  then  integrating,  the  mass  of  the  hctrogcncous 
ellipsoid  is  given  by 

M  =  J  a4i0u3pqa2da  =■  nkpqti*. 

Hence  from  (I).  M.L  of  the  hetrogeneous  ellipsoid 
=  |  M(p2  +  q2)a2-lM(bz+c2). 

Ex.  29.  The  MJ.  of  a  hetrogeneous  ellipse  about  minor  axis,  the  strata 
of  uniform  densiry  being  confocaT  ellipses  and  density  .along  minor  axis . 
.  varying  as  the  distance  from  the  centre  is 

3M  Ary*  -4-  c*  —  5a*c* 

20  jlc?  +  c3  —  Zac2, 

SoL  For  con  focal  ellipses,'  we  havr 
a2<2  =  a1  -  b1  ~  Cons  tanL 

Taking  a1-b2=c 2.  the  cuation  of  the  con  focal,  ellipse  is 

■>  •  y  .  •  ' 


^  +  c2  b2 


+  7--=  1,  where  a2  =  b2  -t-  c2. 


-.CD 


The  M.L  of  homogenous  ellipse  of  uni  form  density  p!  about  minor  axis  is 

(p xba)  -  ~  =  pab^/fb2  +  c2)  .  -  +  ^  -1  p ttb  (b2  -h.c2)1/2, 

4  4  * 

-  Differentiating,  the. M.L  of  an  elliptic  sirafa^f  Urnform  density  fr 


=  d  i{pnb  (b2  +  c2j3/2)  : ’- 

=  ;  px  Il-(b2  +  c2)m  +  b.|  (b2  +  (p-^.Tbfh 
=-inp'/(bz  +  c2),(4b2+c2)db.  .  ’ 

Since  the  density  varies  Jistancc  from  die  centre. .  therefore 

replacing  p  by  Lb  and.  intcgraiin'^thetMJC  ofthc  hetrogeneous  ellipse  aboutt 
minor  axis  ^ 

=  j  *2  ;ObV(b2  +c2).(4bfi5^ 

°  -  av  i 

=  i  nX,(i?j|b2'^  c^5/2- c?)  -c^-((i2+  c2)**  -  c3}) 

=  1^1^05)-^  (o3-^  U2) 

mass  of  the  ellipse  =  Ttpbys  =*  preb^fb2  +-  C2)  *  . 

^>'%.\Mdss  of  the  elliptic  strata  of  uni fonn  density  p 

,  '  ■“T’T'  '  . 

^V-tpnbA'C^  +  f-)}  . 

%  =  pn  { 1  Ab1  +  c2) (b1  +  'c2);,/2.2b]  r/b 

2ir  +  c"  „  ..  , 

=  p7t'TT» — 

V(b"  +  c  ) 

Replacing,  p  by  V)  and  integrating  the  mass  of  the  hetrogeneous  ellipse 


=  ;  TtX 


M  =  \bn)J>-]h\-~db 

•o  -N f(lr-+  C-). 

J  +  c2) .  bdb 


=  7lX 
=  nX 


ifV  bdb  1 

-0  <t(p  +  c2)  j 


=  rt.(3(a5-c>)-c2(<.-c)>.  •  v  **  +  £W. 

Hence  from  (2).  the  MJ.  of-lhe  hetrogeneous  ellipse  about  the  minor  axis  ; 

4  |(o3-c?)-c2(a-.c)  '  , 

3 M  4a5 -4- c3 -'SbV  "  -  .  ’ 

"  20 ' 2a3+.e3->c2  ’ 

121.  Momenlal  Ellipsoid. 

I'hc  MX  of- a  body  about; a-iline-OQ  whose  direction  cosines  arc 
/.  m.  n  is  given.,  by 

Al2  +  Bni2  +  Cn2-2psnii-2Enl-2Flm.  - 

where  A.  B,  C.D.E.F  arc  the  moments  and  products  of  inertia  of  the  body 
about  the  axes.  .  .  t 

Let  P  be  a  point  on  OQ  such. that  the  MJ.  of  the  body  about  OQ  may 
be  inversely  proportional  to  iOP?  . 
i.c.  Al2  +  Bn i2  +  Cn 2  -  7Dnvi  ^7Enl  ~2F!m^^p_  . 

A  ■  ■’  Mk?  " ; 

Or  A/2  B/u2  +  C«2  -  IDrnii  ~  2EjJ  -  2Flm  = 

.  -  where  OP~r- 

or  A/2^2  +  B;;i2r2  +  GiV - 7Dmrjir ■- lEnr.lr- IFlrjnr-Mk* 

or  :/U* Vflv2 *  (i2- r \  V  '“(I) 

Since  A.  5.  C  arc  essentially  positive,  therefore  equation  (1)  represent  an 
ellipsoid:  This  is  called  the  momeptn!  ellipsoid  of  the  body  at  O. 
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-  By  solid  geometry,  we  can  find  three  mutually  perpendicular.  diameters-;  . 
such  that  with  these  diameters  as  coordinate  axes,  the  equation  of  ihc  ellipsoid*: 
iS  transformed' into  the  form-  .  . 

A^  +  D^.+C^Mk*.  \ 

The  product  of  inertia  with  respect  to  these  new  axes  will  vanish’-/*  •(* 
These  three  flew.  cues  ore  called  die  principal  axes  of  the  body  at  die', 
point  0.  And  a  plane  through  ttity  tv.rt  of.  these,  axes  is  called  a  principal ; 
plnne  of  the  body.  .-*"  ;  .■ 

Hence  for  every  body  there .  exists  ut  every  jkioit  O.  a  set  of -three, 
mutually  perpendicular  axes,  which;'  are  the  three  .principal  .diameters -bf 
the- momental  ellipsoid  at  0>  such  that  the  products  of  inertia  of, die  body 
about  them,  taken  t*>o  at  ‘a  time  Van  is  Ik  ‘  . 

Note.  When  the  three  principal. moments ^rf  ihcnia. at  any  point  0  are  the., 
same,  the  ellipsoid  becomes  a  ^sphere.  ■  In  -this  ease' every  diameter  is  a 
principal  diameter  and •‘all  radii  vectors  are the. same. 

1.22.  Momental  EHipse. 

Let  OX  and  OY  be.  two  mutually  pcrpcrfdicular  axes  and  OQ  a  line 
through  O.  all  in  the  plnne  of.  a  lamina'.  Then  M.I.  "of 'the  plane, lamina, 
about  00  is  given  by  :  :A  r*  • 

A  cos2  9-2Fsrn0cos0.+  B  sin?©,-  •  '•  '■■  *■ 

where  A.  B  denote; the  moments  of  inertia  about  OX,  QY  arid  /-'  ihc  product 
of  inertia  about  OX. and  OY.  *  ■  ...  >.  ■ 

Let  P  be  a  point  on  OQ  such  that  ihc.M.I.  of  the  lamina  about  OQ' 
may  be  inversely  proportional  to  OP \  .  " 

*' 

O&'j-  .  "■  \ 

or  A  cos20  -2F  sin0  cos  9  +  #.xm20  =^^^-Whcre0/>  =  r;-  -  ... 

or  Ar2  cos2  G  -  2/'Vcos  8  r  sin  0  Jr:Br2  sin2  0  =_Mk*  ’-  ' 

or  Ax2  -  2P xy.+  By1  =  Mk*  _ (II 

Since  A  and  B  arc  essentially  positive,  therefore  equation  . (V)  represent,  an 
ellipse.  This  is  called  a  momcntal  ellipsc  w/'  the  lamina,  at  O. 

Note.  The  section  of  the  momenta!  ellipsoid  at  0.  by  the  'plane*  of  the -lamina 
is  the  momental  ellip^c. 

EXAMPLES  -  *.. 

Ex.  30.  Find  the  momental  ellipsoid  at  any  point  O  of  a  material  straight 
rod  AB  of  mass  M  and  length  2 a. 

Sol.  Lot  <7  be  the  centre  of  gravity  or  u  material  straight  rod  AB, of 
moss  M  and  length  la.  Let  O  be  a  point  on  the  rod  s.t..  OG  **  C.  _ 


Le.  A  cos  0-2f*sin  Geos  0 ■+  B  sih20.« 


% 

£*4 

cy 


,-fe-  y- 

.W 


Consider  the  axis  OX  along  the  rod  t 
and  axis  OY  perpendicular  to  the  rod. 

A  =  M.I.  of  the  rod  about 4>X  —  6. 

B  *  M.I.  of  the  rod  about  C>>*  «  M;I.  of 
the  rod  about  parallel  axis  Cf'  +  M.I. 
of  mass  Af  at  C  about  OY 
Ma1  +  Me1  =  M  (4  a2  +  c2) 

Similarly  C  =  M.I.of  the  rod  about  OZ  =  M  (l  a2  +  c2). 

The  coordinates  of  the  C.C.  *G*  of  the  .  rod  are  (c.  0. 

0  =  0  =  £=F.  -*  .  *  -  ^ 

Hence  equation  of  the  momental  ellipsoid  at£0  Js 
Ax2  +  By2  +  Cl2  -  2Dyz  -  2 Ezx  -2Fxy  =  Const,^^%#' 
or  O  +  M  (1  a2  +■  c2)  y2  +  M  (la2  +  <2)  r2  =-  Const^^tj. 
or  M  (ia2  c2)  (y1  z2)  =  Const. 

1  ■»  • 
or  y  +  z~  =  const  ^ ^ 

Ex.  31.  Show  that  the  momenrdlhellipsoid  at  the  centre  .of  an  .elliptic 

J  ^ 

plate  w  — j+  ^ 


2  +  — rsJ  —  cS'nyt. 

Aa 


SoL  Let  M  be  the  Tnass  of-airTell i ptic 
plate  of  semi-axes  a  and  ^bet^thc  -axes 
OX  and  OX  be  taken  along  th^fnajor  and  ■ 
minor  axes  of  the  elliptic  plate  in  its  plane 
and  the  axes  0Z  perpendicular .  to  its 
plane.  Then 

A  =  M.I.  of  the  plate  about  OX  a' 

=  i  Mb2 


B  =  M.I.  of  the  plate  about  OY  =  ^  frier 
C  =  M.I.  of  the  plate  about  OZ 

and  since  plate  is  symmetrical  about  OX  and  OY 
0  =  O  =  E«rE. 

Equation  of  the  momental  ellipsoid  at  O  is 
At2  +  By2  +  Cz 2  -  2 Dmn  —  2 Enl  —  2Fhn  —  Const, 
or  ^  Mb2. it  +  X  Ma2y2  +  -M  {a2  +  b2)  z2  —  Const. 


+  ^  +  +  “  1=  Const. 

o-  b~  (  nr  b~  y 


Ex.  32.  Show  that  the  equation  of  the  m6mental  ellipsoid  m.die,conte^.l- 

of  a  cube  of  side  2a  referred- tails  principal  axes  is’ ' 

2x2+11  (y2  +  j2)-Ci 

where  C  is  constant. 

SoL  Let  G  be  the  centre  of  gravity 
of  a  cube  of  side  2a.  Let  0  be  a  comer 
of  the  cube,  at  which  we  have  to 
determine  the  equation  of  the  momental 
ellipsoid.  -*• 

•  Take  the  line  OX  through  G  as  the 
axis  of  x  and  two  mutually  perpendicular 
lines  OY  and  OZ  through  0  as  the  axis 
ofyarid'z.  \  ;  ...  . 

The  coordinates  of  G  referred  Jo  0X,0y,0Zas  axis  are  (crf\  0,0)  . 
and  theproducts  o  if  inertia  of  the  cii^i  about  'i-y  two  mutually  perpendicular 
lines  through  G  is  zera  '  v  . .  A'  ■*  ‘ 

-V  the  product  of  interiia  about  the  axes-^  OXfOYi  OZ ^laken  m  pairs  is 
zero.  Thus  OX.  OY.OZ  aneihepriricipalaxcsof  the -momental  ellipsoid  at  ' 

Since  ilie  M.I.  of  the  cube  about*  any  axis  (parallel  to  an  edge) r  through 

G'-iM*  - 

-y  A  =  M.I.  about  OX  =  A'r  +  B'm2  +  - 

*,"•  ;• 

B  =  MX:  about'  0K  =  M.I.- about.  parilleL^'^thrpugh  -p  -  * 

•  -  *  '  L  5  *  G  about-  OY 

■  =iMa2:+M.OG2  =  f Md2 ■  •*-  ■'•*  ' 

Similarly,  C  =  Ml  about  *:/  ■  ■;  •  y  . 

an d  p*;0=f sF.  4  ".4#  -  '  fc 

Hcnceequation^of^^mpmentaleliipsoidatGis- 
Ax2  +  By2.  +  C^^2p^^2£rt/7-.2/*lhr>*  Gonst,. 

or  Affl^^'Cdnst ' '*  ■  -  ^ 

)  =  C,  where  €  is  a  constariL 


thaT  th€  ^orkehtalellipsoid  at  the  centre  df  ah  ellipsoid 
j2  +  ^ Y? t  Cq**K: $)rj? *"consr.  m 

equation  of  an  ellipsoid,  referred  to  the  principal  axes  is 


Ay*  M.I.  nboul  olT^jMQr  +  c~)  : 

B  «=  M.I.  about  OY~  \  M(<r  +  a2) 

C  =  M.I.  about  OZ  =  j  MtyP-  +  b2)  I 

and  0  =  O  =  £-E. 

Hcnc  cqtiution  of  the  momental  ellipsoid  at  the  centre  of  llic  ellipsoid  is 
Ax 2  +  By2  +  Cz2  —  2Dnm  —  2 Enl  —  2 Fhn  =>  const. 

.  or  \  Mi}?  +  c2)  ^2  +  j  M(c2  +  a2)  y2  +  j  M{a2  +  b2)  z2  =  const. 

or  (B2  +  c2)  x1  +  (c2  +  a2)  y2  +  (a2  +  b2)  z2  —  const. 

Ex.  34.  Show  that  .the  niomeniaJ  ellipsoid .  at  a  point  on  the  edge  of 
the  circular  base  of  a  thin  hemispherical  si  tell,  is 

2X2  +  Sly2 +  z2)  -  Szt  =  const. 

Sol.  Let  O  be  a  . 
point  on  the  ihc  edge 
of  the  circular  base  of 
a  thin  hemishcrical  ■ 
shell  of  radius  a  and 
mass  M.  Take  the  axis 
OX  along.ihe  diameter 
OA  of  ■  base  of  the 
shell,  axis  .  OY 
perpendicular  to  OX 
through  O  in  the  plAnc 
of  the  base  and  axis 
OZ  perpendicular  to 
the  base.  The  thin 
.hemispherical  shell 

radius  a  is  obtained  by  the  revolution  of  arc  OB  of  the  quadrant  pf  a  circle 
of  radius  a  about  the  line  CB  which  is  parallel  to  OZ  and  at  a  listancc  a 
from  it. 

Consider  an  element  of  are  a  69  at  P  By  ^hc  revolution  <  f  this  arc 
about  CB  a  circular  ring  of  radius  PL**  a  cos  0  and  cross-section  a  50  is 
obtained.- 

Mass  of  this  elementary  ring 
=  6m  -  p  .  2jt  a  cos  0  .  o60  »  2na2p  cos  9  60. 

M.I.  of  this  elementary,  ring  about  OA 

=  Its  M.I.  about  EQ  +  MJ^of  moss  5/rj  at  centre  L  about  OA. 


EM  £1 
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Moments  and  Products  of  Inertia 


(Mechanics)  / 10 
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=  fv^  2p7ta4  sin3  QdQ-lpnia^-;  =~p7tfl4=-^:Afa2...  from  (1) 

0  *  i  (|)  •>  -1 

(ii)  MX  of  the  elementary  ring  about  OY  ' 

=  Its  MJ- about  parallel  diameter  through  Z.  ■ 

+  MX  of  6m  at  E’about  <27 

=  1  5nf  PL2  4 ty*  01?  =  (Z  6 2  sin2  0  +  (a  -  a  cos  0)2j.  2pna~  sin  0  59  : 

=  pna4  [sin2  0  +  2(l.-cos  0)?]  sm050  .  .  . 

=  pno4  [sin2  0  +  2+2  cos2  0  -  4  cos  0}  sin  050  >-w 
=  pnri4  (3  +  cos?  0  —  4  cos  0)  si'n: 060 ' 

B  s.MX,  of.  the, shell  about  OY  -  *  .  * 

=  J  ^piw4  (3  + cos2  9  “  4  cos  0)  sin  0^0 

pjtaA  j®(3  +  I2- 4/) dt,. Putting  cos  0=  /..  . 

= ±  7rpa4= 2  Me?,  from?:(J): 

And  C=MX  of  the  shell  about  OZ  -B-^Mc?,  (By  Summctry)  : 

(iii>  Since  the  cocmlinatcs  of  .  .. 

C.G.  sit  <j. (a/2, 0,(1)  .  .  - 

£>= PX  of  the  shell  about  OY  and  OZ 
=  pj,  of  the  shell  about  lines  through  C.  G*.  'G*  parallel  to  OY  and  OZ  +  . 
PJ.  of  the  total  mass  M  at  G- about  OY  and  OZ-  - 

»O+#.OjO«=0-  -  - 

(Since  shell  is' Symmetrical  about;  lines  through  G,  parallcl  to  OY  and  £?Z)_  ; 
Similarly  E- O  =  F. 

If  1,’m^n  are  the  direction  cosines  of  any  line  through'the  vertex  O.  then 
M.L  of  the  shell  about  this  line' 

=  Ap'+BiT?+.Cn2-7Dmn-2Enl-2Flnr  - 
-  \  Mo2?  +  \ Ma2  .  m2+ §  M<?n2  =  \  Me?  (?  +  >n2  +  r?)  =  l  Mi?. 

1.18.  Theorem.  I.  A  closed;  curve  revolves  ronnd  any  line  OX-  in  its 
own  plane  which  does  riot  intersect  ill  Show,  tha:  the  MJ.  of  the solid  of 
revolution  so. formed, about..  OX'-js  equal  Jo  M(a~  +  )}?).  where  M  is  the 
moss  of  the  solid  generated,  a  is  the.  distance  Jivm  OX  of  the  centre  C  of 
the  crave,  and  ,k  u  the  radius  of  gyration  of  the  curve  about  a  line  through 
C  parallel  to  OX  - 

Prof.  Let  C  be  the  centre  of  the  closed  curve  which  revolve  round 
any  line  OX!  in  its  own  plane  which  docs  not  intersect  it.  Given  that  the 
distance  of  C  from  OX,  CC'  ~  a. 


If  At  is  the  mass  of  the 'solid  of. 
revolution  .’fromed  about  .OX,  then 
by  Pappus"  Theorem,  wc ' -have 
A/  =  Zna  pS.  where  S  is  the  area  of 
the  closed' surface. 

■  Consider-  an  element^ 
t505p  at  P(r.  8)..  taking"  C  as  the 
pole -  and  the.  line  CA  parallel  to’  OX 
as.  the  initial :  line.  For  "this  element 
r505r  at  .P\therc  will.be  an  equal 
element"  .for  the  same  value  of  0  at. 

Q  in  the  opposite  direction.  .  ' 

The  distances*  of  P  and  £>  from  OX  are  given<J^ 

,  PP  *  =i  a  +  f  sin  0 and  QQ'  —  a  +T si n  0^  ' 

Now,  the  area  of  the  closed  curve 
:S~^\\nlQdr 

the  intrgeration  being  taken  ■  to  covg^th'eg^uppcr  half.of.  the  area. 

M.L  of  the  area  S  about  CAAst'Spl?^  v 
and  S  pJ?  =  2jJ  (r  sin  0?  .  prdO.d/0^^\ 

.  llw  intrgration  being  taken '^Fv^tyeiPthe  upper  half  of  the.  area. 

-.2  pjjr*  sin2  0  dQdr  -IT )- 

M.L  of. the  solid  of  revolution  about. OX. 

~-$l\2n  (a  +•  r  sin  0) .  (d  +  r  sin  6?  +  2ii  (a  —  r  sin  0).  (a  —  rsin  0)2)  .  prdQ  dr 

■  =  JJ  4jip  (a3  +  3a?  sin2  0)  rdQdr  .  » 

po2  J  j  r  dQ  dr+  \ 2  7i  p  a  f  j  r3  sin3  G 
4n  p,fl?-.'  5  + 6:7tpc  .d’pl2  •*  '  [By  (1)  and  (2)] 

=  2np aS  (d2»+  31?)  =  M.  (a2  +  3^).  M  ^  InpaS. 

Thcore.  n  11.  A  closed  curve  revolves  round  any  line  OX  in  its  own 
plane,  whici  does  not  intersect  it'.  Shaw  that  the  M.L  of  the .  surface  of 
rcyoluttoit  s  )  fanned  about  OX  is  equal  to  Af  (a^  +  3A?j.  where  M.  is  the 

■  hidss  of  the  surface  generated,  a  is  the  distance  jram.OX  of  the  centre  C 

■  of  ' the  curve  and  k  is  the  radius  of  gyration  of  the  arc  of  the  curve  about 
a.  line  through  C  parallel  to  OX. 

Prof:  L'ct  /  be  the  length  of  the  arc  of  the  closed  curve,  then 
l  =  2[ds  }  _..<!) 

the.  integration  being  taken  to  cover  the  upper  half  of  the  arc 


By  Pappus  iheroem,  the  .mass 
M  of  the  solid  of  revolution  is  given 
by 

M  =j  2nnp/. 

If  k  is  the  radius  of  gyration  of  the 
arc' of  the  curve  about  OX  then  its 
MJ.  about  CA  (a  line  parallel  to  OX) 
is  p£. 

Consider  an  element  5s  at  P(r,0)  of  thc  arc  taking  C  as. centre; and. 
CA  as’ initial  line.  For  this  element  &r  ar  P  (r.  0)  on  the  arc  thcr  will*bc, 
an  equal  arc  6jr.  for  the  same  value  . of  0  in  opposite  direction  at  Q ^  on  the 
arc.  '  ’  ■ 

we.haye.PP '  =. a  +  rsin  0  and  QQ.'- a  -  rsin  0. 

.v.M.I.  of  the  arc.  pf  the  curve\about  CL :  .  . 

lpf?  =  2  JJ  (rsin  0)2.  p<ir 

^p'l^.sin?  BdY  ...(2). 

.  the  integration  being.  taken  to  cover  the  upper  half- of  the  arc. 

Now,  MX'  of  the  surfaccvof  revolutidn  abcrut  OX ' 

=J[2n  (a  +  rsin  0).;  (a  +  ran:0)2+^ffl;-rfluii^(o— -rsin)2].  p<ir 

= J4ttp(a3  +  3ar2sin2  6)  ds  ^ 

=  4itpij2  J;<ir+  I2jrp<i  J  r2  sin2  Q  ds  - " 

=  2npa3/+6Jtap/Jfc2 
=  2npa/  (a2  +.31?)  —M  (a2  +  3&\ 


[By  (1)  and  (2)] 
(*.•  M«2Jtap0 


•;  ... 

Ex.  25.  The  MJ.  a  outfits -'ads,  of  a.  solid  rubber  tyre,,  of  mass  M 
and  circular  cross-scctionfof  rudius  a  is.  (MM)  (4b2  -*- 3<?}.  where  b  is  the. 
radius,  of  the  curve. 

Sol.  Let  OX  beiJthe  axis’  of  the  solid  tyre  of  mass  M  and  circular 
cross-section  of  r^us^JrSolid  tyre  is:; obtained1  by  the-. revolution  of  the  . 
circle  of  radius. a  Wdi?cen  ire  C  about  OX,  wherc  CC'  =  b. 

Let  CA  be  di^Iihe.  through  C.  parallel  to  OX. 

Then  M.l.^of;iHc*circular  area  of  mass  Af '  (say)  about  CA 
M'J?~Jwia?&  k 2-i.n2. 

From  Ti^Orem  1  of  §  1.17,  MX  of  the  solid  tyre  about  OX 


)  here  a  is  equal  to  b 

"  =W( a2)  =.  (MM)  (4  b2  +  3a2). 

si’r*  *2?  ’  ~ 

Ex.  26.  The  MJ.  about  its  axis  .of  a  hollow  tyre,  of  mass  M  and  circular 

!!%  corss-scction  of  radius  a  is  (M/2)  (lb2  +  3a2).  where  b  is  the  radius  of  the 
curve.-  _ 

SoL  Refer  Figure  of  last  Ex.  25. 

Here  .the  hollow  tyre  is  obtained,  by  the  revolution  of  the  arc  of  the 
circle  of  radius  a  and  centre  O  about  OX,. where  CC  '  -  b. 

;  MI  of  lhc;arc  of  mass  M"  (say)  of  the  circle  about  CA. 

M'i?^.\M'  <?.__  = 

F/om  Theorem  II  of  §  1.18;  M.L  of  the  hollow  tyre  about  OX 

+  3&),  “  here  a  is  equal  to  b 

~M  (l?+fa2)  =  (MY2)  (2b2  +  3a2). 

1.19-  MJ.  by  the  Method  of  Differentiation. 

If  y.  is  a  function  of  x  and Xr.  6y  are  small  increments  in  the  values 
of  x  and  y  respectively,  then  we  kriow  that 


Lim 

5i-*0 &  * 

or  hy.=^-hx. 


5x  dx 


approximately. 


For  example  : 

(i)  Area- of  a  circle.  A  =  it?'  then 


ETvCi.5. 


&A==^AJ‘6r  =rd?  (7lr2)  '  Sr =  :<2*r)  5r  F 1 Q * 

.  =  (Circumference  of  a  circle  of  radius  r)  x  thickness  5r. 

(ii)  Volume  of  -sphere.  V  =  i  xr3,  then 

6^=  ^  V  j.  br  =  ~  (i  k?)  .  &r=(4n#2)  Sr 

(Surface  ofthc  spherical  shell  .of  radius  Y)  x  thickness  5r. 

...  This -method  pf-dincremiation -can  Re  used  in!  finding  the. moments- of 
inertia  in  some  cases.  For  this  see  the  following  examples.  - 

EXAMPLES  A-*’';  - 

E*-  27.  «5"Amv  that  the  MJ.  of. a  thin  homogeneous  ellipsoidal  shell 
(bounded-  by  similar  and  similarly  situated  concentric  ellipsoids )  about  an 
axes  is. (M/3)  (b  +  c2),  where  M  is  the  mass  of  the  shell. 

-  Sol-  We  know  that  the  MX  of  an  ellipsoid  of  density  p  .and  semi-axis 
a,  b,‘c. about  x-axis  is  equal  to 
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Moments  and  Products  of  Inertia 


-  (By  gewwtryxi, 


.At2  +  2/i.rv  +  by2  +  =  0. 

:  'ab.-Ir* 

■'where  A  ■*  ttbc  +  2fgh  -  of  -bg^'—efr.  '  .■ 

:  Putting  v  —  0  in -p);"we.have-  jt=~  ■’  * ‘  .--- 

■>’  .  -■  -  a'abyir)  •:  :._i 

If  r  is  the.lcngth  of  lhc  scmediaJiictcr ofthc  ellipse  parallel  to  [he  axis: 
of  x,  then  .  .  ..  -.  .  ’*/. 

.  ~(3L 

Now,  the  equation- (2)  of  the  ellipse  can  be  written  as 


-  <3  -t  2 ft  b  .y 


~.W 


where  c '-■=  A/^ab  —  A2)..'  .  ..  :  .  . 

Which  is  of  the  standard form  AjT  +  2ffxy  +  JSy2  —  l. 

The  squares  of  the.  lengths  of  the  semi-axes  of  the  ellipse,  are  given,  by y. 
the  vnlues  ./^  in  the  .equation  ■.  ..  - 

-  .  .  • 

i  v-.-V^ 

If  a  and  (I  are  the  lengths  of  semi-axes  of  ellipse  then .  I/a2,  l/p2  arc  the 
roots  of  (5). 

a2  p2  c'2  '  .ab-h2  (ab  -^  A**)2 

From  Ex.-  18,  MJ.\  of  the  ellipse  about  the  diameter:. 

M  Oc2P2  _  M  A2  . '  \_a(cib-it2)  ]  '  aM A  '  .  . 

4  r*  4  (afc-./i2)5  A.. .  4(ai-/iV  .- 

Ex.  21.  Show  that  the MJi. of ^an. ellipse  of  mass M  ondsemi-axes  a 
and  b  about  a  tangent -is'  ^  Mp2,'  where  p  is  the  :  perpendicular  from  the 
centre  on  the  tangent: 

.  ..x2 

Sol.  Let  the  equation  of  an  ellipse  be  —  +  —  I. 

.-  "  ■  a~  b"  * 

Equation  of  the  tangent  to  the  ellipse  is  .. 

^  y  rz  mx  +■  V(o2»7i2  +-  b?)l '  .-.(1) 

where*  «t  =>  tan  0,  if  tangent  is  inclined  at  an  angle  0  to  the  axis  of'.v. 

If  p  .  -is  '  j the 
perpendicular  from..;  the 
centre  (0.  0).On  the  tangent 
<1).  then 

\(a2/n2  +  b2) 


>-^e  :  v 

0:.  .  Ja 

, % 
4%,^ 


-.(2) 


P~- 

_  '/fa-  tan-  Q  b2) 

'/(l  -Han2  0) 

=•  '/(ff2  sin-  G-*-  i»2  cos2  0). 

M.L  of  the  ellipse ’about  the  diameter  PQ  which  is  parallel;.  10  the  tangent 
=  A  cos2  0  +  B  sin2  Q  -^  F sin  20  ,i'z 

=■  1  Mb2  cos2  0  + 1  tip2  tin2 0  -  0 '  atST 

4  .  -  ■  *5?  '<>V  'I* 

=  -  Atffa2  cos2  0  -t-ia2  sin2  0)  =  4  tip1,  from.  (2)%v  '*£■:- 
■  .  7  .- 

.v  M  l.  of  the.  el  I  ipse  about  the 'tangent,^ 

-Its  M.I.  about  the  parallel  line  throiigh  C.G-  'O’ 

-..*  -■  -.f  . .  - +^>l/*ofj,mnss /A/  at  O  about  tho  tangent. 

=  i  Mp2  +  Mp2®  f  Mp1:  .  ■ 

Ex.  22.  Show .  f/iar  theSum^qf^th  e  moments  of  inertia  of  an  elliptic 
area  about  any  two  perpencfttular  tangents  is  always  the  some. 

Sol.  M.I.  Of  an  elliplit^ariTa-  about  a:  tangent  inclined  at-  an  angle- 0  to- 
ihc  major  axis 

=  \Mp2  (Sec  last  Ex.  21) 

- 1  M(o2  sin2  0 fr2  cos2  0). 

Rcplocihg  0  by  0  +  n/2,  the  M.L  of  the  elliptic  area  about  a  perpendicular 
tangent 

-  ^  Mia2  cos2  0  +  b2  sin2  0) 

-*•  Sum  of  the  moments  of  inertia  about  any  two  perpendicular  tangent 
=  ~  M(a2.s in?  0  +  b2  cos2  0)  +  ^  M(az  cos2  0  +  b2  sin2  0) 

=  ^(o2  +  h2). 

which  is  always  the  same  as  tl  is  independent  of  0. 

Ex.  23.  Show  thait  the  MA.  of  a  right  solid  cane  whose  height  is  h 

and  ratlins  of  whose  base  is  a.  is  **^f  -  ^  ~l~  about  a  slant,  side,  and 
20  It'*-  a“ 

■  ^(A2  ■+■  4«2)  about  a  line  through  the  centre  of  gravity  of  the  cone 

perpendicular  to  its  axis. 
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/  SoL  Let  M  be  the  mass  of  .  a 
right  dreufar  cone  of  height  h.  and. 
radius  of.  whoso  base  Is  a.  If  a.-is  ■ 
the  semi-vcnicai  angle  and  p  the 
.density  of  the  cone,  then 
M-ipn  A^tan2dl  -...(1)  ,r  : 

Take  the  vertex  of  the  cone  as 
the  origiruJC-axis  along  the  axis  OZ3 
of  thc  coneand^axis  perpendicular  . 
to  OD.  /•  ■  :  ■  ‘ 

The  slant  side  CMVmake  ah  angle  ’.  : 

a  with  OX.:  *  .  v  •••  .  ..  *■  .- * 

Ml  of .the  cone  .about  OA  =  A  cos2  a  +7?sin2a  —  F  sin  2  a.  ,  .-(2) 

where.  A^  M.L  of  the  cone,  about  OX- B  ~  Mi  of  the  cone  about*  W- 
and  F=Pi  of  the:TOnc  alwut.OX  and  OK -.  .  .  '  - 

Now -consider- an:  eiernentarjr^disc  J*Q parallel 'to -the-  baso  >^S-.0fthe 
■  conc^  of  thiclcness  ELT  and  ai  a.  disthnqe  x  ffOm  O,  "*  ■-'-  ; 

Mass  of; t^s'  clciioehtary  disc  ==.£>«  “>';pjtx^;tah^cx5r;  ■  -■ 

(i)  M.I.  of  tlie  eleineniary  disq  aboiit.  / 

OX  =  ^6m  .  ^  |p^r4 1  an4  aSr ;  ■  ■ 

A  = M.L:  of  the  cone  about  ..OX’—  J  •*;  ptc^tan^a  dx 


:M;L:of  ihe- cone  about ..OX  =  J  c 

■.  .  -.  -  ■  -.  o  * 

. "  ■  -tiAd  ■/*  •'  *  : 


=  ~  pitft?  tan4  a  =  h 2  tan2  Otj  *. 

■ 

-  10  -  -  V  .  .  .  t. 

•  (ii)  M.I.  of  ihe  eicrhentary  disc^atfeu^OK- 
=  Its  M.I.  about  paralld  diamctcrjF^^ 

of  nxass  Sm  ai  C  ab^t  ’Ol'^  :  .>  /  •'  ' 

=  1 8m-:.Cf*  f.  &hj.  - 

=1  (tan2.d+ 4)  pK-x^tan2  ci'fiur.;  *  • 

■  £  =  M.I.  o(  thfecorieVabout  O  K* 

.  =  J  A-i  (tan2  tan2  0t  dx  '  .■- 

-  ~  pit/^(tan^+4)  tan2  a  =  Mh1  (tan2  a +  4).  from  (1) 

=  4A2),.  ■  tan  a  =  J  v  ;  *.  =  .  * '  ‘ 

^ti'n>^F=VP.I.  of  the  cone  about  OX  and  OK=0,  By  symmetry 

r  '■  -  .  •  *;  *■ 

od  -  : 'o'o'y*':':  *  ■  h. 

^%-lsoco sa=— - 

AD 


from  (1)' 


abounOX. 


"  -J(0D2  +  AO2)  ;  V(A2  +  rr ) 


and  sin  a  =  -  - 

OA  V(h2  +  n2).  /.  . 

.\  from  (2)  MJ.  of  the  cone  about  slant  side  ; 

ft2'  :V  3  is  tJ-  ^ 5» t.2<  _ 3M°2 

20 


6//  +  a- 


Second  Part.  Let  CL  be  a  line  through  thc.  C.G.  G  of  thtf  cone  and 
perpendicular  to  its  axis  OD.  Then  .- 

M.I.  of  the  cone  about  OY ®  Ml  of:the  cone  about  parallel  line  GL  through. 

■  .  .;  *■  b-.G.;  G.+  M.L  of  toibl  mass  Af  .aCG  about  OY.. 

•.*.  Ml  of  the  cone : about  the  line  GL 

-  =  M.L  of  the  cone  about  OY  —  M.I;.  of  total. mass  M  at  G.  about  OY. 

=  i  M(t?  +  Ah2)-  M .  OG2  =:  ± M\t?  +  Ah2)- M  (•;  OG  =  1ft) 

=¥(‘^  . r; 

*  Ex.  24.  Show  that  for  a  thin,  hemispherical  shell  of  rnass  Af  and  radius 
a;  the  M.L  about  ahy  line  through- the  vertex,  is  ~Ma2t 

SoL  A  hemispherical  shell  with 
vertex  at  the  origin  .0  is  generated  ^ 

by  the  revolution  of  the  arc  OA  of 
quadrant  OAB  of  the  circle  of  radius 
a.  .  :  \  •  *  •  r 

If  Pis  the  density  of  the  shell,  then 

*  Af  =  2npo2  .-(1) 

Take .  the  jr-axis“‘  along  the 
symmetrical  radius  OS  of  the  shell 
and  axes.Oy  and  OZ  perpendicular 
to  OX.  *  .  ;  ;  ;*7  ' 

Consider  an  elementary  arc  a  59  at 
.  the  point  P  of  the  arc  OA. 

Thf  mass  of  the  elementary  ring  obtained  by  the  revolution  of  this 
elementary :  arc  a  60  at  P  about  OX. 

*  5 m  =  p  .2nPL  .  a50  =  2 pna2  sin  050,  (  • ;  PL  =  a  sin  0) 

0)  M.L  bf  thc  elrnentary  ring  about  OX 
=  Sm  yPL2  =  2p;ta^  sin  050  n2  sin2  0 —  2p7t  a4  sin-*  0  60 
^  “M.L  'ot'the^  shell,  about  OX 
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Ph:.  011-45629987,  09999329111,  09999197625  ||  Email:  ims4ims2010@gmail.com,  www.ims4maths.com 


•V--  i 

■■■ j|r|  I 


|  https  ://t.me/upsic_pdf 


https : //upsepdf .  com 


https  :/7t.me/upsc_pdf 


https:// upscpdf.  com 


Join  TelegramliirMo^^  "ftffi5s17/t:me7upsc3^f 


Moments  and  Products  of  Inertia 

-T~ 


(Mechanics)  J 13 


xxt 

S3 


SB 


=  --PL2  5»i  ■+  Cl?  5w  =  (2rr  cos2  8  +  n2  sin2  0).2iirr  p  c«s  B50 

=  /rpr/  (yt»s2  0+2  >ui*  8>  cos  858  *  nptr  (J  sin?  0)  cos  868. 
A  =  M.I.  «1  the  hcmlspItcricaJ  slicll-  about.  QX 
r  rJl 


=  J  7  'itprt4  ( I  +  sin-  0)  cos  Of/0 . 

0  -■  - 

=  7tpaJ  j\l+?)dt. 

-■  =  npa*  £  r+  2 ^  j^=  ^«P<a4'='|  Ma2,  J  ^  ‘  ■ 


?uitinesiri0  = ; 

M  -  2itci2p 


B-M.X  of-thc  hemispherical  shell  about OY' 

=  Its  Mil;  about  parallel  diameter  through  C  '  * 

‘  -  +  M.I.  of  total  mass  Af  at  Cabout  U  'r. 

Btlfvfcr ;+  M(?  ~^Mt?  '■  ’  v  '  - 

Also.MX  .of  die. elementary  ring  about.  OZ  . 

.  -.Its  MJ .  about  BO+.  M.I... of  its  mass  Sm  at  L  about  OZ 
=  PL?  Soi  +  0<?  Soi  a  (a2  cos2  0.  +  a})  2nt?p  cos  069  ' 

=  2ru?p  (cos5  0  +-  cos  0)  50  . 

C  =  MX  of  the  hemispherical  shell  about  OZ  ...  * 


=  /o  Iru?  pCcos3  0  +  cos  0)  f/8  =  2rw4p 


r(2)T0-  -  j. 

2F(|)-t<5‘n0)o.  J 


-Wu2(|+ lJoiWo2. 

Coordinates  of  CiG.  'G’.of  the  shell  arc fa. 6. a/1).-  . 

D«'I\L  of-  the  shell;  about  OY,  OZ 

=*PJ.  of  the  shelf  about  linhc  parallel  to  OK,  OZ  through  C  +  P.l.  of  mass 
M  at  C  about  OY,  OZ  -  -  '  ‘  ’ 

=  0+  M.O.a/2  =  0.  : 

Similarly  P.I.  of  the  shell  about  OZ.  OX 
=  O  -+  M.a/l:a  ~  2  Mt? 

and  F~P.I.  of  the  shell. about  OX.  and- OK  -  0  +  M.q.O  =  0. 

Hence  the  equation; of  momentai  ellipsoid  at  O  (s  ; 

A<r  +.  +  Cv  —  2Dyz  2Ezx ~-2Fxy  ==  const.  . 

or  ^  Ate2*2  +i.Wo2y2  +  2  A/oV— 0+2.|  Mc?zx-0  =  const, 
or  2at  +  5(y2  +■  ?)  -  3;r  =  const. 

Ex.  35.  Show  that  the  momentai  ellipsoid  at  a  point  on  the  rim  of  a  ‘ 
It emixphtrre  is  2x2  +  7(y2  4-  *2)  ~ I?  =  Const; 

Sol.  Let  O  be  a  , 
point  on  the  rim  of  a 
hemisphere  of  radius  a 
anti  mass  AX  If  p  is  the 
density  ihcrt 

«  - 

Take  tlickaxis  OX 
along  the  dikmeter  OA 
of  the  circular  base 
axis  OK  perpendicular 
to  QX  through. Q  in  the 
.  planc.of  th|  basc  aiid.  ~ 
axis  OZ  perpendicular 
to  the  base. 


2 

£ 

— 

[  k  ^  . 

4 

^ —  ■  -  “ 

7. 

- C - 

zM, 

J^ST 


"V 


• v  : 

■■  .  ■- 

Consider,  an  elementary  strip  PQ  pfA^ick'ncss  b£>-  parallel  to  the  base 
arid  at  a  distance  %  from  C.  then! 

Mass. of  this  clcihentary  disc.  Sw = ptt(cr2  —  ^2)64- 
M.l.  of  the.  elementary  disc  abou  CQX^jf]  is  M.I.  about  PQ  +  Mil.  Of  mass 
at:  L  about  -OX.  •  ' 

=  IPL1 S»i *  CL2b,n  =  (f :  pn .(a?- H; 

*':i-  A  ^Mvl.^of'ihc:.heniisphcrc.about  OX.-  ' 

+  rrpa5  ^  Ma2: 

0  =  M.L  bf^he  hemisphere  about  OK  . 

.  =*.  Its.  M.L  about  the. line  through  C  (diameter. of. base)  and  parallel  to 

‘  '  OK+ M.f.  of  total  mass  A/ at  C  about  OK 

"  ;:;=|.A/a2  +A/a2^f,A/tr.  .  .. 

Also  MJ-  or  the  elementary  disc  about  OZ 

7=  Us- M.I.  about  C8  +  M.I.  of  its.  mass  5m  at  L. about  OZ. 

*■ i  +  OC2  5m  ==  (A  (a2  -  ^2)  +  a 2)  pje  fa2  ^  u 

5  •  *•  :  ^  V  ■ 

;*;-  -0=  MJ.>  of  the  homrsphero  about  OZ  V  ’ 

-  ia2?  +  V)-4  -  s  P**4"-  \M<?.  • 

.  Coordinates  of  the  C.G.  ‘G’  of  the  hemisphere  arc  (a,  0, 2  a). 

;./f?  \P'^.P*t;'of..ihc“hemisphcre  about  OK  and  . PZ  * 


=  lts  P. I.  about  lines  through  C.  parallel. to  OY  and  OZ  4-  P.L  of  mass  'M 
at  G  about  OY  and  02 
■=0  + A/.O.  Jc  =  0 

Similarly  £T=P.I.  of  hemisphere  about  OZ  and  OX 
-O  +  M .~a  ,a  =  \Mr?  ...  ■  > 

P.L  of  hemisphere  about  OX  and  OY  =  0  +  M .  a..  0  —  0. 

Hc.nce.thc  equation  of  momentai  ellipsoid  at  0  is 

Aj?  +  By* +  C?-2Dyz-2Ezx-2Fx)L= const  ' 

or  \  Mctj?  +  |  Mc?y  +  \  A/aV-  0  -2.2  Afa2^  -  0  =  cost. 

or  2J*2  +  7(y?  +  ?)  -  ^  xz  =  const. . 

.^x.  36-  Prove  that  the  equation  of  the  momentai  ellipsoid,  at  a  point 
on  the  circular  edge  of  a  solid  cone  is 

(3a2  +  2 A2)  x2  +  (23a?  +  2a2)  y2  -  Zfia^c2  -  1  Oafvez  =  const, 
where  h  is  the  height  and  a  the  radius  of  the  base. 

Sol.  Let  0  be  a  point 
on  the  circular  edge  of  a 
solid  cone  of  rnass  M. 
semi-vertical  angle  tt. 
height  h  and  radius  of  base 
tr.  if  p  is  its  density/ then 
Afsijtp/i3  tan2  cc 

Take  the  axis  OX  along 
the  diameter  OB  of  the  base, 
axis  OY  perpcndiculm-  to 
.  Ofl-in-lhc  plane  of  the  base 
and  OZ  perpendicular  to  the  . 

Consider  an  elementary 
disc  Pg  parallel  to  the  basc^l 

at  a  distance  4  froirv^thc  vertex  A  and  of  thickness  6^.  * 

Mass  of  ihis  :c)ernen;ary  disc,  5ni=pitPI.25^ 

=  pn^2  un2'^^  ^  ‘  ' 

MJ:  of  this^  ejemgntary  disc  about  OX 
=  Its  M;^  al>pul^/o  -t-  M.I.  of  its  mass  5m  at  L  about  OX. 

*2  £L?6nfej cl25»u  =  [2^  to/isa+fA-^)2)  pi^2  tan2  a^. 

*  “iT&  1  4 

-&A  of  the  cone  about.  OX 


‘an2  tt  +  (A  -  &)  pj^2  tan2  C^S 


^  -  pit  tan2  ajo'[2 1?  tan2  a  V/,2  *?- 2h  t?  +  4*J  ^ 

-p7t/i5  lar|2  aj^'^  un2  a  +  ^  tan2  a  (3  tan2  a+  2) 

.  tan2cc  +  2)-~AU3a2+2/.2).  tan  <x  =  a/h) 

£=sM-L  of  the  cone  about  OK  '■ 

=  Its  MX  about  line  parallel  to  OY  through  C  (Le.  diameter  of  base) 
MX  of  total  mass  M  at  C  about  OK 

=  ^  M  (3c2  +  V?)  +  Mh?  -  ^  Af  (23a2  +  2 A2). 

Now  M.I.  of  the"  elementary  disc' about  OZ 
=  Its  MJ.  about  AC+.M.I.  of  its  mass  5m.  at  L  about  OZ 
=  ]  PZ.28m  +  OC^Sm^  (j  f?  tan2  a  +  a2)  pjt£2  tan2  adP, 

»  pit  (2 1?  tan2  a  +  a2^2)  d^. 

,.V  C  =  M.r.  of  the  cone  about  OZ 
•  =  pit  (2  tan2  a  +  a2^2)  lan2  cx^ 

=  pti/j3  f? ^tan2 a  +  —  a2  ^tan2« 

"  =*~  Af  (3A2  tan2  a  +  10  a2)  -  Ma2.  (-.*  tab  a  =  a/h ) 

The  coordinates  of  C.G.-G  of  the. cone  are  (a,  0.  A/4): 

-\  D ** PJ, ■  of  the  cone  about  OY  and  OZ- 
“PJ.  of  the  cone  about  lines  through  G  parallel.. to  OY  and 
OZ  +  PX  of  the  mass  M  at  G  about  OY  and  OZ 
’  0  +  Af .  0 .  A/4  =-  0. 

Similarly,'  E  =  PX  of  the  cone  about  OZ  and  OX 

=  0+M^a  =  ?Mah 
4  4 

and  F-=  P.I.  of  the  cone,  about  OX  and  OY=  0  +  M  .  a.  0  —  0  . 

Hence  the  equation  of  the  momentai  ellipsoid  at/O  Js.:"  ?/' 

A?  +  By 2  +  Cz2  -2Dyz  -2Ezx-2Fxy  -  constant. 1  i'  - ' 


+  -|~  A/a2z2 -0-2  -  7  Mahzx -0 
10  4 


constant . 

’or  (3a2  +  2A2)  j?  +  (23a2  +  2 A2)  y2  +  26a2?  -  1  Oahxz.  =  const. 
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(fl2+  \2NCr)3?hx. 


.*.  M-I.  .of  the  triangle  ABC/about  AN  ■  ■ 

=  M-^r(a2+  12ND1)  x?dx 

J0  12 A3 

=£^:(a2+  i2ATD2)  =  ^i:a2+':t2(B£»BA02) 

;  48  24-  ■-  . 

=f ,  -v . 

and;  P.l.  iof  'tbc  triangle  .ABC'  about  AK/and  Ml  ' 

=\*(AL.  LM)  ^ 

=  A  A/ft  -  ND  =  ±  A//i  (AD  -  BN)  ^  j  Mh  (d/2  -  c  cosfl) . 


-(3) 

icles  each  of  massJri/3 


2ac-; _  4 

.  Now  weshall  .consider  a  .system  of  T— r  —  ; - .  - ; 

placed  at'  the  middle  pointsD.  E;Fof  dv^sid«Wthe  A ABC  and  find  their 
ts.  and  products  of  incrua  about?A^and  A/'/.  -  ‘ 


moments,  a 


MX  of  the  three  particles  each,  oj 


MX  of  the  three  , - ._ 


at.  DyE;  F  about  y  AT 

2  yr  ■ 

:  -i>A2 


' '  Ex.  37.  If  5  ~  Ax2  +  fly2  +  Cr  -  2/>Vi  -  2Ezx  -  2Fxy  -  constant  fcp  7/ie  ■  . 

^Honoi,  o/rte  momenta/  ellipsoid  at  the  ^centre  of  gravity  O  of  a?ody 
referred  to  any  rectangular  axes  through  ?,  then  prove  that  mohxurqf 

ellipsoid  at  liie  pomt  (p,rf,r)  is  .  .  . 

S+MKqz-vf+ir.x -pz)2  +  ipy  T  <7*)  J  =  const.  f  . 

w/iere  A/  is  the  mass  of  the  body 1  .  . ..,  -.*.■. 

SoL  Since  5«A^+fly2 *  cgr-2Dyz:-2Ezx-2Fxy  =  constant  «  ih^ 
equation  or  the  momenta!  ellipsoid  at  the  centre  of  gravity  O  of  the  body  . 
referred  to  the  rectangular  axes  zi'O,  therefore  A,  B,  C  arc  the  me:  he  n  is  . 
and  D,  £.  Fare  the  products  of  inertia  of  the  body  about  the  rectangular 
axes  through  O.  - 

Let  A\B\  C*  be  the  moments  and£)',£'vF'  the  products  of;  inertia . 
of  the  body  about  the  parallel  rectangular  axes' through  {p,  q.  f).  !  M  is 
ihe  moss  of  the  body,  then  ‘ 

A  '  =  MX.  about  jr-axts  through  C.G.  +  of  mass  M  at  O  at  >ut  the 
axis  parallel  to  jr-axis  through  (p,  q.  r) 

=  A  +  M(q2+?)-  '  '  ■  '  •• 

Similarly.  fl'«fl  + A/C^  +  p2).  C'  =  C  +  M(p2  +  q  ) 

D’  =  D  +  Mqr.E'  =  £+Mrp.F'=F+Mpq. 

Hence  the  equation  of  the  momenta!  ellipsoid  at  (p.  q .  r)  is 
A  y  +  fl  y.  +  C 'z2  -  2D  'yz  -lE'zjt-  IF  *xy  -  const, 
or  [A  *  M  +  [ B  +  M  (r2 tpV  *  l C+  M  (p2  +  q2)\  z2 

-  2(D  +  Mqr)  yz  -  2  (£  +  M rp)  ZX  -  2  (F >  A//XJ)  xy  =  const. 

or  (Ar2  +  fly1+CrJ~ZDyz-2£er-2Fjtj) 

+  M 10 ?2**  +  rV.-  2^0*2)  +  .(A ? “  2pw) 

+  (pV+92^-*2W-I>>lr’cons1' 

or  5  +  M  K<?Z -  oO2  + pz)2  +: (py -  ^x)2l  -const. 

1.23.  Equlmomental  Bodies. 

Tii'd  J3'sremj  or' bodies  are  said  to  be  equimomental  or  kitten colly,  (or 
dynamically)  equivalent  when  moments  and  products  of  inertia  of  one  system 
or  body  about  all  axes  are  each-equal  [to  the,  moments  and' products  of 
inertia  of  the  other  system  or  body,  about  the  same  axes. 

The  necessary  and  sufficient  conditions"  for  two  systems  to  be 
equimomental  are  that  : 

(i)  the  centre  of  gravity  of  the  two  systems  is  the  ;same  point*. 

(ii)  both  the  systems  have  the  same  mass;  and 

(iii)  the  two  systems,  have  the  same  principal  axes  and  same  principal 
moments  about  the  centre  of  gravity. 

\.1S.  The  moments  and  products  of  inertia  of  a  uniform  triangle  about  ^ 

„„v  tines  are  the  same  as  the  moments  and  products  of  inertia  of  threg^  ^  ^  [(*  COS  C.  -  CCOS  By  +  (h;CCS  C-  c  COS  B)  +-J*  cos  B  c«,A  C V 
panicles,  placed  at  the.  middle  points  of  the  sides,  each  equal  to  one-thirjt  '% 
of  the  mass  of.  the  triangle. 

Let  AD  be. the  median  of  a1  mangle.  ABC  of  mass  M .  Let  A^;bc'thc.. 
perpendicular  oh  BC  from  A..  A'K  perpendicular  to  AN  in  the  pjane^ofahe 
triangle. ABC  and  AN  =  h;  ^ 

M  ~  4.BC .  AN  p  =  i  ahp  ^  % 

Consider'  an  elementary 
strip  PQ  parallel  to  BC  of 
thickness  fix  and  at  a  distance 
x  from  A. 

From  similar  triangles  A  PQ  and 
ABC.  wc  hnve 
PQ  AL 
BC  ”  AJV 


.  Now  mass  of  the  strip  PQ  = 


jcSx. 

.*.  M.I.  of  the  strip.  abou^A^^^' 

=  Its  M.L  about  PQ  +  M.L  c'Cits  mass  Sm  at  its  C.G.  (i.e.  middle  point- of 
PQ)  about  AK  "  - 

”  O  +  x2S rn  » 

/ 1 


/.  M.I.  of  the  AAflC  about  AK-  ^dx 


.^(D 


—  ^  pah*  =  i  A fh2. 

A.lso  M.I.  of  the  strip  PQ  about  AN 

-  M.I.  of  the  strip  about  parallel  line  through  its  C.G1  M  (middle  point  of 
BC)  +  M.I.  of  its  mass  5 m  at  M  about  AN 


'=5<5  PQfbm  +  LM2bm 


-  LM~ 


\:*fx*x 

But  from  similar  triangles  ALM  ana  AND.  we  have 
■IM  aL  x  x\  r_ 

ND  ~  AN  “  h  ^  “  h  ND' 


.*.  MX  of  the  strip  PQ  about  .  AN 

,2  hi.  [h* 


3  Ah2 


— C2)/. 


U4). 


massW/3  at  2),^  F  about  AN 


.3  3 

^[(BD-BNfp-^ 


=  c°sfl)2  +  F2c°s2  C+<? cos2  fl]  ’ 

.^^'[fi  cos  C  +  c  cos  B  -  2c  cos  fl)2  +.  \b2  cos2  C  +  e2  cos2  fl)l 


=  —  ((/>  cos  C-c  cos  fl)-.+  he  cos  fl  cos  Cl 
6 


m\(.  <rrb2  re*'  .  ;  ci2.*  cr?:b2.  }  .  a2  +  c2  ^  fl2  «2^2  1 

=  Tl;|v!’'_^rr_-<:-'  .2^7“  J-6"  lac  .  2ab  \ 

24<r L  J. 

=^P+?(fcJ-cS  ■  '  ;-4 

■  arid  P.l.  "of  the  three  pirn  Teles,  each  of  mass  Mf 3  at  D,E.F  about  AK  and 
AN  ■'  *  '  . 

c*jDN.ANr“EH;AH-^:FH.AH  , 

=  j DN -  A 2  ^ J  -  |  j  =  ~  Mh  [4/)N+  CN-flN] 

V— Af/I  (4(flZ7-flA0  +  AN]  ^  “  I  ^  *:|>  CN--58N 

1  r  v-r.  /  : ■  >V  •  ■ 


Mh 


4  ‘^;+h,cos  C-5  .ccosfl 


al  +  bL 


2hb  ; 


,  2ric:; 


.  ,~(6) 


From  (I).  (2),  (3).flnd  (4).  (5),. (6),. it- is  clear  that  the  moments: and;producis 
of  inertia  of  th^  AAflC-of  mass  Af  a  bout  AK  and  AW.  are  the  same  as  those' 
or  three  particlcs  ;each.  of  ..mass  .Af/3  !  placed  .  at  .  the  middle  ^points  of  the 
sides.  ; 

Note.  Also. the  two  systems  have  the  same  mass  M  andjhc  same  centre 
of  gravity.  f-  ■  ;  - 

Hcncc  the  triorigle  of  rhais  M  is  equimomental  to  three  particles  each  of 
mass  M/3  placed  at  the  middle  points  of  the  sides.  1 

...  examples. 

Ex.  3 S,. Obtain  the  moment  of -inertia  for  a  triem^utor  lamina  ABC 
about  a  straight  line  through  A  (or  any  vertex)  in  the  plane  of  the  triangle. 

SoL  Let  vri  be  the  mass  .of  thc  triangle  ABC.  then  the  triangle  Is 
equimomental  1°  the  th'rcerparl*^^  e°ch  of  mass  in))  placed  at  the  middle 
points  D;£;F  AtitSisideL ?  ‘ -. 
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l  TL 

Vr 


Lcl  LAf  be.  any'  tine,  1 1  trough  ihc 
vcricx  vt  -  and  .in  die  planecVfihe. 
triangle  ABC.  . Lei  0  a nd  y  :  fie.  the 
distances  of. the  vertices  //  and  C 
from.  ihc<  tine:  LM,/.e.-fi7*  =  0  ant! 

■CK.= Y-  ■ 

(Perpendicular  distances  of 
DyE;  /“  from  LM  arc  as  to)  I  ows 
DM  =  f(P  +  Y)v  £W+  i  CK  -j  y  and  £?  =  \  BT  =  | pi 
■  .vM:l;  of  .  the  triangle  i4fiC-.abpur.LA/  ■ 

=  Sum  of  M.I.  of  masses  ml 3  each  ai  D.E/.F  about: LA/ 


c 


V=  j[.7^+ i,)1+7r P:j=/f(?2<-Y!  +  Pr)- 


Eir.  39.  /f  a.0.  y.be  /Ac  distances  of  the.  vertices  of  a  utiifontt  iricuigtifar 
lam  i no  of  mass  m  front  any  ii/iein  its  plane,  prove-  that.  the.  M.I.  ttlmut  this  - 

..jtnc'is^m  (a2  +.p2+ y2  +  Py +ya  +'  a0). 


'Picric  £  deduce  that  if  h  he  the.  distance  af:the  centric  of  inertia,  riftlwtrianglc 
■  from  theUrie,  then  M.I.  about  this  litie :is  ■  . 


.^-'/«(a*  -H  p^-tr  Y2 .+  $Ji2): 

^  ”.-:SoL  .'  Let  -ADC  be  -  the 
:  : tnnngul a r  !  ami  n a  of  masSm  and 
ALyDM.CN  the.  perpendieu  I  ars  . 
.from  A.  II.  t.on  a  line  TK.  in  . 
:  its- plane,  ; 

'.M.t  Vfl.  BA  ’v=';p.  C/y -y.  ; 

.. If  [£>/  y.L'2.,  Wf.  are  the  ■ 

■  perpendieu  ars  from  the  middle 
points  D.  F\.  F  of  . sides  on  TK. 
Then  | 

£?/>==i(^  +  CA7=f(p  +  y) 

^-ipt+C/V)=j(a+r), 

FR  =  ((/1L  +  DM)  ■=  !(«  +  p). 


(m/3)! 


Since  the  triangle  is  cquiinorncuialto  thc  thrcc  panic lex : each  -  o f  i h  nsi . mtSc- 
placed  at  the.  middle points./.);  E..F of 'lhc.^inan^ie.  .  >  . 

.M.I.  of  the  &  ABC  about  7Vf  :.  V.' J- ■ ' 

™  Sum  of  M.I.  of  musses  Tm  c uc h.  niD,  E,  J~  ahou ( :  TK  -• : 


>c< 


of  inert IJa^oT^ihc 

‘  (&■  ‘ 


Cr 


Py+.'/a+.a  P).  ,  <. 

^l>^ductibn:^IfWVr:  :  is:  |  the- . /distance:  of .  the  centre 
then  /f  =^(a  +  p-4:y). 

,.:;>.:  Frpm  (  l  ).  M.I,  of  the  A ABC  about  TK  ^  <r^ 

-  5-ir  ^::2py,+:27a-»-2dpj  ■  x 

(Q.+:p’v.y)?J  a2  +  p2  9^T 

;  /  Ex-  {ha/a  unifortn  triangular^  f amino,  of  moss  m  is 

.  l$#iti$ojnjeihp!  with  three  .particles fetich  ofniaSzm/l2  p/aced  at  the  angular 
points'  amT-’u '.panicle  nf  mass  yn  place^t^iFe  centre  of  inertia  of  the 


points' 

.triangle.  . 

.S.6L XRefer  Tig  of  Ex.  39). 


3‘>:  ;ihc.  distanccs  of  thciivcm^csM.  fi.  C  of  triangle  ABC  from  a 
pi ;,‘TC.  then  • 

'  ifjc^tnanglcVA  BC.  • 


^  V2  P Y •  (see  Ex.  39) 

-C^.£?r:  °f  lbe  masses  ni/\T  each  art  he  points  A.  B.  C  and  a  panicle 
j  of  m^;^w-placcd..ut  :thc  centre  of linertia  of  the  triangle  is  the  same  point 
*^lhc  triangular  lamina. 

^lriv.sum'  of  thc  masses  of  . the  four  particles. 

+  :"I  =mass  Of  IheJiABC. 
the  four  particles  about  the  line  TK 
.  BM~  +  -~ni ,  CN2  +  ^h^i2 
=^(d^  ^.+;y2  +  9^2) 

•  +'r  +  py  +  ya  ■»  ap).  v  •  A J  (ct  +  p + y) 

J^^Ljpfjhc .  A;1fiC-,iboul  the  line  ■  .  . .  .=  .  - 

Hence. thc  iri angular  lamina  and  the  four  pa nicies,  arc  equimomental.  - 
:r;  BCD  is  a  uniform  parallelogram  of  mass  Ml  At  the  middle 

trie- four  sides  are  placed  particles  each  of  mass  M/6  and.  at  the 
f * 0n: ?f  ^ e  diagonals  a  panicle  ' of  mass  M/3,  show  that  these  five 
^^rijcl^.iujdyth e  parallelogram  are  equimomental  systems. 

■^y^hV-^y  ^llCb  be  a.  uniform  parallelogram,  of  mass  M.  and 
Middle  points  of  .its  sides  •  -  '  ■ 


Then  mass  of 

6ABD  ~  mass  of  ABCD  =  M/2. 

Now  the  MBZ7is  cquimotncntal  to  three 
particles  each  of  mass  equal  to;onc  third 
the  mass  of  the  triangle 
ABD,  i.e.  AABD  is  equimomental  to  the  {m/&J 
three  panicle  each  of  .  mass 
I  (I  M)  =s i  M  at  its  the  middle  points  A 
P,  Oand5  of  its  sides.  .. 


p^(m/6) 


Similarly  the  AfiCD  is  equimomental  to  three  particles  each  of  mass 
~  bx  the  middle  points  Q,  R  and  O  of  its  sides. /-  --  .  . 

Hence  the  paraHelogram  XfiCD  of  mass  M  is  equimomental  to  rffe  particles 
each  of  mass  A//6  at  the  middle  points  I*.  Q.  R,  S  of  the  sides  and  particlc- 
of  mass  I  A/  +  j M^TM at  O  (the  point  of  intersection  of  the  diagonals): 

Ex-  42.  Particles  each  equal  to  one-quarter  of  the:  mass  of  an  elliptic  ■ 
area  arc  -placed  at  the  middle  points  of  die  chords  joining  the  extremities 
of  any;  pair '  of  conjugate '  diameters.  Prove  that  these  fopr  particles  are 
equimoriiental  to  the  elliptic  .area. 


.SoLy  Le*  POP '  and  QOQ  ' 
be  the  conjugate,  diameters  of 
an  ellipUc'va^ea  of  mass  m.  If 
<{>.;  is-;  tfc  eccentric  angle,  of-  P 
then  eccenoic.  angle  of  Q  is 
(7ty2  +  <)).;:% 

Coordinates  of  P  ate 


_  (o.cos b  sin  4>) 
coordinates  of 


[a  cos (6  +  K/2).  b  sin  (4» +7t/2)  - 

or  (-  a  sin  4>»  A  cos  <J»).  “ 

Coordinates 
P '  arc  (~  a  cos  <K  -  $)  and. 

that  of  Q'  are  (cr/sin  ^fh  cos  4>). 

If  (Xj.  y,jW  ^  ^4)  are  coordinates  of  the  middle  points 

L.  M.  N,  A'fpf/OiiOrds  PQ,  OP  \  P'Q'Q  '^.  respectively,  then 
xj  =  -jo  (cgs'^rrcsin  4»), y}  =^b  (sin  4»  +  cos  4>) 


-Tj  =  +  sin  4>)\y* »  ^(cos  4»  -  sin  <J>) 

♦  “  cos  W* >3  -  “  (sin  4>  +  cos  4>)  . 


^  la  (sin  <f  +  cos  ({)), y4  =  Jfi  (sin  $  -  cos  4>).. 


yjjf '  /.v,  v)  arc  the  coordinates  of  four  particles  each  '  of  mass 
%  ni/4  at  L.  M.  N,  K  then 

J  =  I  (r,  =.C2  +.v1+.v4)  =  Oundv  =  ~  (y,  +  v2  +  y-v  +  ya)  =  0 
i.e.  C.G/of  the  four  particles  Ls  at  O  which  is. also  ihc  C.G.  of  the  elliptic 
lamina. 

Also  M.I.  of  the  four  panicles  at  L.  M.  N.  K.  about  the  -major  axis  # 


-7frtrj 


1-  cos  41)2  +  (cos  4>  —  sin  4i)2  +.  (sin  6  +  cos  • 

.!  +  (sin$-cos  402] 

=  iinb2  =  M.I.  of  the  elliptic  area  about  major  axis. 

Sitnilarly.M.L  o(  thc  four  panicles  at  L.  A/,  N,  K  about  the  minor  axis 
=  J/»ifl2  33M.I.  of  the.  elliptic  area  about  minor  nxis. 
and  P.I.  of  the  four  particles  at  L.  M.  N.  K  about  OX.  OY 
~  ^1  (-^OT*-  JC2)*2  -f-  Jfl>,3  +  x*y*>  “  0 
=  P.I.  of  the  elliptic  area  about  <9X and  OK 

Thus  the  four  panicles  each' of  muss  «i/4:  at  .  L,  M.  N.  AT  haye.  the  same 


moss,  same  C.G.  and  the  same  principal  moments  as  that  of  ihe  elliptic  area. 
Hence  the  panicles. arc  equimomental  to  the  c.HipUc  area. 

Ex.  43.  Show  that  the  M.L  of  a  regular  .polygon  of  n  sides  about  any 


straight  line  through  its  centre  is  ~r~  +  COS  *  where  n  is  the  number 

-  0  ...  24  I  -  cos  (2jcw)  .  : 


of  sides  and  c  is  the  length  of  each  side. 

.  SoL  Let  ABCD..-.A  bc^a  regular  polygon  of  «. sides  each  of  length 
c.  Lef  O.be  the  centre  of  the  polygon 


and  lines  OX  (bisecting  BC)  and  OY 
.  (perpendicular  to  OX)  be  taken*  in 
its  plane;  ,as;.  the  axes  of  X  and  Y 
respectively. 

If  M.  is  the  mass-of  the  polygon 
then  it  can  be.  divided  into  n  isosclcs 
Irianglcs'  each  of  mass  Min?  "  -  / 
mass  !  of.  isosclcs  :  lirangle 
OBC  =  M/n. 

Aho  ZBOX  =  ZCOX  =  l  ZBOC  */ 
= I  (2x/n)  =  7t/n. .. 

.  JNowr  -  the  .  triangle  OBC  \  is 
equimomental  io  three  particles  cncb 
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of  mass  -  (Af/w>‘W  the  middle  prints  of  itssidcs.  \ 

M.I.  of  the-  triangle  OHC\  abiiut  OX 

M  „  M  f  £  Y  LAffrf  A/r2  -  '  ' 

'  °  +  3#r  *  I  4  J  jn  U  J  24, »  r 

M.I.  of  the  triangle- CWti  WOfli  OK 

=£  (iccotf 

=#^=*,;  . .  .  . . 

and  PJ.  of  the  in  angle  OEC  about OX  and  OY 

is  symrnciricil  abotii.  OX) 
Lei  <?P  be  2  line  inclined  ni  -  an  L  angle.-  a  to  OX,,  then  .  Mil."  of 
&OBC  about  OP  #  •  *•-  -  *,*  ;  ' 

=  A 1  "cos2,  a  +  Bx  sin2  a:- 2Fi  sin  2a 

= ^  )c“5  a + (/lrco,*i),w' a  •  f'>- 

The  M.I.  of  the  other  triangles  about- OP  arc.  obtained  by  replacing 
a  by  a  +  2n/n,  a+  4ntn, —  in  ( 1 ),  successively,  then 
M.I.  of  the  polygon  about  OP 

~  Mc_  f  cos2  a  +  co$2  27i//r)  +  cos*  (a  +  4nA,)  i- _ h  icrnis  1 

1  L  r  -r 


.  2 An 

Me 7  7 

-  — —  cor 
8/1 


—  ^  sin2  a  +  sin2  ^  a  +  ~ ^  +  sin2  ,(a  +  4n/»)  +  terms  J  : 

=  1  +  cos‘2a  }  +  j.l+cos  |2a>  ~  j|:+  . . menus  j 

"  C°lZ  /i  2  “cos  *  “  cos  ^ +^7  +  -.  n  terms  j  . 


.,42) 


=  7T"  1 71  +  ^  J  +  “ -c°t2-|  «~5] 

48«  ’  16n  it  ■■ 

where  S  =  cos  2a  +  cos  (2a  +-  4rcA,)  +  cos  (2a+  6il4i)  + . n  terms 

„  cos  f2a  + (n- 1)  2tt4r)  ..sin  2k  ^ 
sm(27t/u) 

M.I.  of  the  polygon  about  OP 

Me2  Me2  (  2  *0 

=  • «  +  ~rj~  ■  cor  —  ■  it 

4  fin  16n  1  n  I 

7  r  *i  '  ■>/  "| 

_  Mc  sin'~fre4i)  +  3  cos~  (n/»)  — 

4‘*  [  ‘  sin2  (n/ri)  J 

_  file 2  f-  n  -  cos)  (2n/»)  *3(1  +  cox)  (2n//i .]  fO 

.  48  [  .  I -cos (2 n/n)  J  O'Oi 

Mc~  2  +  cos  (2rt6Q  %-:£- 

“  '  24  1  —  cos  (2n/«)  *  %  Sf* 

Ex.  44.  S/to*-'  that  there  is  o  momenta!  ellipse  at  the  ccntre-pf -inertia 
of  a  uniform'  triangle  which  touches  the  sides  of  ;he  Triangle.  ar  %V'middle 
points.  :(  ..  "e 

Sol.  Lei  ABC  be  a  triangle  of  mass  M.  Let  C^bc%ils  G.G.  and 
/?.  E. /'the  middle  points  of  its  sides.  .  ^O"-.  5' 

Now.  the  momentni.  ellipse  at  the  aP  ..  ':‘‘: 

centre  of  inertia  C  will  pass  through  j£f  ' 

■/?.  E  and  F  if  the  ntotnenis  of  intcria 
of  the  iripnglc  ABC  about  r./?%‘v\t>t2 

CD.  CP  and  CF  arc'  equal  to  -4 
Mk*  Mk*  Mk 4  .  ,  ‘ 

Let  the  /MAC  be  replaced^  - 5^/3)  a,g  c 

three  particles  each  of  mass&J~ M  a= 

J&r.  V:  SF 

_pl?ced  ni  the  middle  poinlsr~&?2^f. 

Then  M.I.  of  the  triangle  ^E^about  Af> 

=  (M/3) .  £N2  +  (MTS)  FT 2  =  ? M  {(]  c  sin  BAD)2  +  (\b  sin  CAD)2] 

=  j$M  \c2  s\n2  BAD  +  bl sin2  CAD]  ...(1) 

But  in  triangles  BAD  and  CADv  we  liavc 
sin  BAD  ^  sin  B  ,  ‘..sin  CAD  sin  C 
AD 


.  oTL 
sin  BAD  = 


sin  B  _  .  sin  CAD 


_  sin  B  .  •■  a  sin  C 

•  — .ndsmOUJ^--  — - 


from  (1).  we.  have 
M.I:  of  the  AABC  aboul  AD 

=  il  M  [  5<>V  sin2  D  +  jo2*2  sin2  C 1  — ^ 
■J  AD2 


O 


AO2  t  6  -J;a D2' 


CD2 


Similarly  M.I.  of  the  triangle  about  CE 


■  f  1  _L 

\  54  )  GE2 


v  GD=\AD 


and'sbouiCf=|^J^t-  .  .  j  ' 

thus  the.  momenta!  ellipse  av.  G-^nKjpass  thrdu/gh"Fi  Q-  an<j;;^‘A|sp" 
CD  is  the  diameter  of  the  cllipsc  and:bis^  x,y  the  iangcm  at  P.  wjlf 
be  parallel  to  EF  which  Js  parailcl  to  EG.  Hence  BQ  is  langenf  ta  the 
momenial  * ^ * ™  *•  •  d  or  n ^  ^ a  ^ o  > n ^ f><*n tc .  ia •  . 

momental 


principal  axis  of  a  nia  tcrial  sys  tent  Andiflkelineis  a  principal  axis,  then 
to  determine  the  other  two,  principal  axed';-:  ,  '  '  ..  1  r"  ' . 

Lei  the  given  suaight  line  ‘  !'  ■ }.  -'..f- .?  : 

'  OZbe  takcn.aj  the  axis  of  z  and 
a  point  O  on  il  as  the .  origtnl.  - 
Let  the  two  perpendicular.  lines 
OX  and  OK,  perpendicular  to  OZ 
be’ taken  as.'  ihc.  oxe's  of  x  and  _y 
.respectively.  :.'- 

Now  let  the  line  OZ  be  the 


principal  axis  of  the  system Jat. 

O  *  where  DO '  =  h.  Liel  O  *X" 
inclined  at  an  angle  8  to  a  line, 
parallel  to  OX  and  O’Y*  be  the. 
other  two  principal  axes;;.'.  ••••":' . 

Consider  a  particle  ‘.of : mass'  ml 
Let  (x. y,  z)  and  (x \ y\z*)  be  the  < 
to  the  two  sets  of  axes  OX/OY&DZznd  O  'Y  VO  'Z  *■  respectively,- 

then  we  have  ,  '  '  :  ' ■  ■  -*- 

x 7  =  x  cos  8 + y  sin  9.  y '  =  co5:;0,z:'..^r--_ A  ■ ;  - .  -  ■ 

We  know  that  the  necessap^  arid:  sufficient  conditions  for  the  Jtxcs^ 
O'X',0  ‘Y  \  O  'Z  '  to  be ■  th pal  akes  of ihe! system  are  that  the  products" 
of  inertia  of  the  system  withiteferenceTo  these  axes  taken  two  at  a  time 
vanish  Le. 

-6. 


:  system  s 

,  ^  '  5  > : 

Jjny  'i'  —  Qr  Zrnx Xyf  ■* 


We  have.  (^  x  siri-Q^  y  cos  6)  (z  -  h) 

=  (Zniyz)  cos'Q a- (J>nrz)  s in  G  +  hfTfflx) : sin  Q.~  h(Zmy)  cos  0  . 
=  D  coif^^iir^'MhCx  siii  0  —y  cos  .0) 


V,V?nJ  M  J-  .  -M-, 

(i  -  h)  (x  cos  G  +:y  sin  0) 

/•f=(X>^)'S»ri  0  +  (Zhjzx)  cos  0  —  /i  (Imr)  cos  ft- A  (Tmy)  sin  0 

.  - 

**%!« 7J  sin  ft  +  E  cos  0  -  Mh  (x  cos  0  +  y  siii  0) .  . 

and  I«Lr  \ '  =  Ziii  (.r  cos  0  +  v  sin  0)  (-x  sin  0  +  y  cos  0) 

=  |()>n2)  -  (2>kjt))  sin  0  cos  0  +  (Zmxy)  (cos2  Q  -  sin2  ft) 

-  i  [Im  Lv2^-  z2)  -  5>l  (x2  +  y2)J  sin  20  +  (Znr.n  )  cos  20 
=  2  (4--  B)  sin  20  +  F  cos  20 

Now  Zmx  y  j  =  0,  if  i  (4  E)  sin  2ft  +  E  cos  20  =  0 

or  ton  M  =  5TI or9  =  3  u'"'‘  (  bTA  J 

Also  Iniy  'z  '  =  0,  and  Zmz  *x  '  «  0,  if 
D  cos  9  -Esin  9  +  Mh  (x  sin  9  - y  cos  9),=  0 
and  D  sin  0  +  E.cos  0  ~  Mh.  (x  cos  0  +  y  sin  0) .=  0 

1>a  Esin  0—  D:cos  0  .:  D  sin'G-^Ecos  0 

.  .  Mh=-zr~. —  - — -  -  .  „  .  .  ~ 

.x sin0  — y  cos  0  :  xcoj  0  +  ysm  0 


-d) 


— (2) 


.-(3) 


-44) 


Thus  Mh  - 


„  Esin  9  —  D  cos  0  D  sin  9>  Ecos.9 
xsinG-ycosG  x  cos  0  +  y  sin  0 
^  (E sin  6  —  P  cos  6).  sin  9.4-  (D  sin  6  +  E  cos  0)co3  0  ^  E 
(x  sin  0 -ycos  cos  0)  sin  0  +  (x  cos  O  +  y  sin  0)  cos  0  x 

Esin  0-Z)  cost)  Dsin.B  +  EcosQ 

Also  Mh  =  _  .  - ^ 

xsin^— ycos0  xcos0+y.sin0 

_  (E  sin  9  - D cos  9)  (  -  cos  9)  ( D  sin  9  +  Eco^Q)  sin  ft  D 

(x  sin  0  — y  cos  0)  (—  cos  9)  +  (x  cos  0  +  y sin  0)‘sin  9  y 

..Mhr*~  =  Rr  :  .45) 

•  x  y  , 

Thus  the  condition  that  the  axis  OZ  may  be  the  principal  axis  of  the 
system  at  some  point  of  its  length  is  that 

I  =  S  .-.(6) 

**  y 

And  if  condition  (6)  is  satisfied’ then  the  point  O'  where  the  linc  OZ 
Is  the  principal  axis  is  given  by 

°°'~h-h-k  :in 

Cor.  1.  If  an  axis  passes  through  the  C.G.  of  a  body  and  is  a  principal 
axis  at  any  point  of  its  lenghr,  then  it  is  a  principal  axis  at  all  points  of 
its  length. 

Let  z  axis ; be  a  principal  axis  at  O,  then  D  =  E-  0.  from  (7),  we 
get  A  **0.  Which  implies  that  there  is  no  such  other. point  as  <? '.  But  if 
Z-axis  is  ^  principal  axis  at  O  and  passes  through  the  C.G.'of -the  body 
then'  x=fty  =  0  and  D  =  E  —  0,  and  from  (7),  we  see.  that  h  becomes 
indeterminate. 
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Hence  if  on  axis  passes  through  the  C.G.  of  a  body  and  isla^principal 
axis; at  any  point  of  its  length,  then  it  is  a  principal  axis  at  all  points  of- 
its;  length, 

...Cor.;. 2,,,  Thnugh  cach  point  in  the  . plane  ' of  a  lamina,  there  .exist  u  pair 
of  principql  ixesof  the  lamina.  :.  ./’  . 

-  Let  a  liije  through  any  point  O  of  the  lamina  and  pcrpendicu]ar:to,iis  ■ 
plane  be  taken  as  the.  axis  of  z.  In  this,  case  z.  (z  coordinate  of  the  C.  G. 
of  the  body)  j=0,v.  D=0=*£.  Thus  eq.  (6)  is  satisfied  for  every  point"  Or : 
.  in  the- plane  jof  the  lamina.  Also  from  (7),  fr=.0-\*-  '•  -  -  .  •  *-• 

Thus  z-axis  (the  line  pcrpehdtcular  lo  jhe-Vplanc.of  the  lamina)- is'  a! 
prmcjpal.  axis  of  the  lamina  at  the  point  O  4fereiC  intersects'  the  lamina' ; 
and  the  other-two  principal  axes  will  be  the  axes  through  O  in  the  plhcc 
of  the  lamina. 

.  .  EXAMPLES;  -  .  ’  _'■ 

Ex.  45.  (ai)t  . The  lengths  AB  and  AD  of  the  sides,  of  a.  rectangle  ABCQ- 
are  2a  and  2b;  show  -that,  the  inclination  to  AB  of  one  of  the  principal. 
-I  3 ab 

axes  at  A  Is  Man  - >  ■,  ■■■  .  -  -  r  ".- 

2(al-b2)  .  ...  .  :  •  y 

(b)  Find  the  principal  axes  at  a  comer  of  a  square ; 

*  Soli  (a^Let  A5  and  .AD  be 
taken. -as  the  axes  of rx.  and  y 
respectively  and  Zr  axis,  a  line 
through;  the  .corner  A  and. 
perpendicular  :to  the  plane  of 
the  rectangle. 

Thcn  A'«s  M-L  of  the  iectanglc  \  2b.  G  ’b 

about:  AB  .  ;•  •  '  T  •  X 

—  MJi.  of  the  rectangle  about 

the  axis  parallel  to  AB  through 
C.G.'  'G*  ;  I  .  v<  .  '/  • 

+  Mil.  of  whole  -mass  Af ''at:  G:  about  ABl  ' 

Similarly  B  =  M.L  of  the  rectangle  about  4I> 

e2;A/a2  +  Afo2=jA/a2  .  . 

and  .F=P.L  of  the  rectangle  about  AB  and  A D 

—  PI-  of  the  rectangle  'about*  'axes  parallel  lo  AX.  AY  through  C.G.  ’G‘  ,b 
H-  P.  I.  of  whole  mass  M  at  G  about  AB  ami  AD 

=  0  +  M.  a.  b  =  Mab 

If  the  principal  axis  at  A  is  inctind  at  an  angle  0  to  AB.  then 


JY\ 


£ 


3  ab 


..  e  — T.  tan 


*  ?  3  M  (o2  -  b\  2  (a2  -  b2) 
i  .  lab 


(b)  -Proceed;  as  in  (a).  Here  2b —  2a 
.s'.  .9  »:.i.tan4  -«*»  ~ 


43 


t-vnih 


:f  ‘  v- 

Ex.  46.  A  uniform  rectangular  plate' whose  sides  cue*dfjcng  ihs  2a,  2b 
■,  has  p  portion  cur  out  in  the  form  of  a  square  whoge  cenr/e  is  the  centre 
of -the.  rectangle  and  whose  mass  is  half  the  mas&ofyihe  plate.  Show  : that 
the  axes  of  greatest  and  least  Md.ata  corner.  cf^h^repfangW make  angles 
Q.-jrt  +  0 with'  a  side,  where  ^vi>  * 

,an29=tisP 

.  .Sol.  lief.  M  be  the  mass  of^pc 3^  " 

-rectangle'  ABCD  .  of  ^'idcs^ ^ 

AB  ^2a,  AD^*2bPnd  lct.2c  bejli^^c 
;  bf;'lhc;  square  PQRS  cut  out  -fitoj 
yilsj-j 
-such- 

•  A  »MT.  of  the  remaining  portion  about  . 

AB  "  .... 

:=.M:I.  ,of  lhe  rectangle  about  AB  —  M.I. 
of. :th'c.:: square  about  AB 

(i^  +  (I  M)  b7\={M{Sb2 -c2> 

.  Similarly.,  .  - 

B M.I .;  of :  there  m  a  ini  ng  portion  aboutAZ>=  ~  M  (5a2  —  c2), 

■  i'PJ-'.pf.' ^the : remaining . portion  about  AB  and  AD 

4  (0  +  Mab)  --  (0  + 1  Mab} = \  Mab. 

*V'  ^:-fhe  principal  axcs.jn  the  plane  .oC.dic  rectangle  at  O  make  angles 
Q  O  .to  thc  sldcs  AB,  then  ''  '  r  \'s  ' 


t}.ce ntre  -  aV.lhe  centre  ofjih^racwngle  . 
.ch:  dial  /thc  mass  of  squ2r^^M. 


2F. 


j  Mab 


ab 


W  lari  20  4- - = - -  . 

S  B~A  | Mesa2- 5/b2)  5  c2-h2  .  . 

AdC  is  4  triangular  area  and  AD  is  perpendicular  to  BC  and 
AE  is  a  median,  O  is  the  middle  point  pf  DE,  show  shat  BC  is  a  principal 
triangle  at  CK 


.{tniZY 


SoL  Let  O  be  the  middle 
point  of  DE  where  AD  an d'AE 
are  the  perpendiculars  from  A 
on  BC  and  .  the  median 
respectively.  Let  the  lines  QX 
and  OY  along  and 
perpendicular  to  BC  be  taken 
as  the  axes’  of  refcrcnce. 

•Lci'B  and  Q  be  the  middle 
points  of.  AB,  and  AC  s.7  y  ■  ?■  ■*-.-• .  .  ‘  ' 

respectively  the.  PQ  is  parailcl  to  BC  and  is  bisected  at '"the  ^pinr  7?-  where_ 
the  median-AE  meets' O/.  '.  .  *-V:  ;  '■ '  '  '  ’ 

If  m  is  the  mass  of  the  A  ABC  then  it  can.be  replaced. by  three  panicles 
each  of  mass-  m/3  at  the  middle  points  m/?  at  the  middle  points.  E.P.  Q  of 
the  sides  of  die  triangle.  '  .•  •'  ,;  v-  .  :*  . 

P.I.  of  the  A  ABC.  about  OX  and;  CK ;  ‘  :V*  V 

=  P.t';6f  masses  m/3  each  at  E,  P  and  Q  about  .OX  and  OY1' 

=y  OEOfy  0Q\ QQ'+f  t-opjJpp'  -  '  /■- :* 

=  («t^)  \,PQ  (QQ '  ~  PP1  ^  '  .  ,  \-  \OPA  -  OQ'  ~\ PQ 

Vo. ;  -  -•  -  ;  ■  :J^pts^/:PP-^QQ'. 

Thus.  the.  P.L  of  the  triangle  Vanishes  'abou^|^\mi^pcipend3ctt^la  BC 
at  O.  Hence  BC. is  die  princip^iaxis  ; ofAl^.b^gle [ABC at^  6.' 

T  Ex.  48;  Show  that  at  the  centre  ofpquddrant;  of  an  ellipse,  the  principle 

-  axis  in  its  plane  are  inclined  at]  an^hgle^  l^n~2  \  ^  _•]  la  the. axis. 


-  Sol.  Let  OAB  be  the  qua^rahf^if  m  ellipse  ..  ’ 

...  . 

Lei  &x6y  bc^ri^ctemeriiary;  we^at  thc  poirir  P(x,y)  of  the  quadrant. 
Then  A  =  M.I.  ofVrlkr  .  ^uadran  ^  '  " 

=  J  .  J  ^  I'W’2^)* 

x «» 0  -  • 

=  ">ul  t  wm  0) 

Ph3g4ni)p(i) 


6  p =  t  ■/ M  (mass  of  quadrant)  =  4  nofr. 

of  the  quadrant  about  OY 

.  t  -jr)  ,  b  I*  7  1,  ■>  -»  , 

:  =  J  J  PA-  dx  dy  =  p  -  JQ  x2  V(a-  -  x~)  dx 

(Pul  .t=  o  sin  8) 

V-=P.I.  of  the  quadrant  about. OX  and  OY  . 

.a  ■  Abfayltf  rJ?)  j,2  fa  ,2  2,  .  Mob 

A  J  ,  ■ 

jsO  j'dQ  a  v 

■hl(  Ihc  principal  axes  are  inclined  at  an  angle  9  to  OX  and  OY,  then 
’  2 F  4ab  .  ,  '*  ,  -i  f  ^  Y  - 

-  9  B-A  n( J-bh'."  1  {*  a2-*2; 

Ex.  49,  Find  the  principal  axes  of  an  elliptic  area  at  any  point  of  its 
■bounding  arc. 

SoL  Let  P(a  cos  <£,  b  sin  4>fbe  a 
point  on  the  arc  of  an  elliptic  area 
bounded  by  the  ellipse 


x  1. 


Y 

r; 

B 

\ 

N 

L 

pT\, 

6 

ftcos^My-^  " 

ii+n= 

a2  b1 

Consider  PX  '  and  PY '  axes 
parallel  to  the  axes  of  the  ellipse. 

Then  . 

A  =  M.I.  of  the  elliptic  area  about 
PX’ 

=  Mb1  +  M  (PM)2 
-  M  (i  b2  +  b1  sin2  4>).’ 

of  the  elliptic  area  about  PY9- 

=  \  Ma1  +  M  (BA)2  =  M  (f  a2  +  ^.cos2  0). . 

and  F=»  P.I.  of  the  elliptic  area  about  BY' and  BY' 

=  0+  MJ’M.PN  =>  M  ab  cos  $  \  .  .. ,  .  *  .  *  ' '■ 

if  the  principal  axes  nlVmake  an  angle  6  with  OX  and  OY  then 

tan  20  —  _ 2Ai  ab  cos  <>  sirt  e 

l3n  ~B-A“M(Ia2  +  a2  Cqs2  4>)  -  M  (^h2  +  h2  sin2  <t>) 

.-■ft=iun-r  a 

1  !  L  (a2  r-  b2)  sec2  $  +  4cT  —  4lr  tan2  J 
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,  f  8  gb  \un  $  „ _ 1  . 

"  ■  •  nn  [  (5a2  r  b2)  +  (<r  -  5tr)  tan2  $  ]  ■ 


Ex.  50/  SI  a  nr  that  at  an  extremity  of,  the  bounding  diameter:  of  a 
strniUciirulnr  lamina  the  principal  arts  makes  an  angle  .4  tan-; 1  (8/3n)  to; 

the  diumeter.  ■  V/:/.?V 

SoL  Let  the  axis. of  x- and v:.br. taken .’along  the  diamcjcr  pJ  and 
perpendicular  to. OA  :at . O  in  th^palne'of  the  lamina.  - “  ' ;  - * 

Equation  of  the  semi-circular 


lamina  is  r  —  7a  cos  0.  , 

Let  pr585r  be  the  mass  of  on 
elementary  area  at  P.  -  ■*-  '  7- 

A  »MJ.  of  the  lamina  about  OX 

tit/ 2  r7a  ccrj  0  '  ^  ' 

=  1  j  “*  (rsin  9)2 .  prdQdr* 
Je«-o  r-0 


=  I  (2a)*  p  J  "^sin2  0  cos4  0rf0 

.  4n$>nf>  l  4 

=4fM -2rw"  =  »rtpo 

B  =  M.L  of  the  lamina  about  OY 


A  X 


—  j  f  .  (r  cos  O)~  prdBdr  ~~  (2a)2  pj^cos6  0f/9 


=  4pa 


.  rcarxj).  5 


and  /*“  P.L  of  the.  lamina  about.  OX  and  OY 
= T  f  ^  [rcos  9)  .  (r  sin  0)  ;  pcdQdr  ■ 

Jn  Ja 


~lp  (2a)4  j  "cos5  9  sin  0r/9  =  2p aA. 

- If  the  principal  axis  make  an  angle  9 '  to  OX.  at  O  then 

■  :::; 

Ex.  51.  Shaw  Wat  h  te  principal  tvjex.  at  the. turtle  of  a  half  loop of  the 
lemniscate  r~  •=a~  cos  20  are  inclined  to  the  initial  line  at  onies 
\  ton"1  and  ^  +  j  lan“‘  j  -  . 

Sol.  The  equation  of  the  lemniscate  is- 

f2  =  a2  cos .29.- 
Consider  an 


c  femcht  oT  area  • 
r.50  5r  ot  P  (r,  Q): 

Shi  **  Moss  -  of  '  the 
elementary  area 

=  pr  59  hr.: 

A  *>M.l.  of.  half¬ 
loop  of  the  lemniscate 
about  OX 


O  tcosB  M  .  A^Xa.% 

•%,.s  • ' 


J  J  -V(co,29>m2,  prdQdr=ij  j  ^(00*20^^0-  pfjQdr  v 

J0-0Jr-.O  e-0,-0. 

=  p  J'i’i  r4 l^(co*  20)  sin2  0d0  - fpa4  J^cos?29-sin2  0rf9 ’ 

0  -!/4-  ■ 

-  ~  pa 4  j  cos2  29  ( 1  -  cos  29)  40  % 

8  0  #4.  "%■/ 

1  r  vjtff  ' 

-  ^  p°4  J  (cos2  r  -  cos3  r)  dt 

_  i  a  4°nj)r(i) 

16  [  2R2)  ”  2 1  ' 

=l6p^(4-|]=m(3'c-8) 

B  =  M.I.  of  half  loop  of  the  lemnii 


Putting  20  =  r 


•  rir/4f  tr/(cos  29)  -  fx/4  f<W(co»  29)  ^ 

=  j  J  PAr2.prW0rfn=J  J  r2 

J0  K  J0  JQ 


lemniscate  about  OY 

cos 2  0  .  prdQdr 


=  jP°4  J  cos2  29  .  cos2  8d9  =|p<^  J  ^os2  20  (I  +  cos  20) 


.  (3jt  +  8).  (As  above) 


and  E=.P.I.  of  half  loop  of  the  lemniscate  about  OX.  OY 
*  fit/*  rW(coi29) 

=  Jo  Jo  -  PAf  .  PN .  prdQdr 


*/*  raV(cos2e) 


-n 


0  .  0 


r  sin  0  .  r  cos  9  .  prilQdr 


~  iP°4  J  ^COS2  20  .  cos  9  sin  9d9  =  ipc4  J  os2  20  .  sin  20  (JQ 


1 M  Ki 


=  ip>[-icoS320^4=ipaV.  .  >  -■  '  ; 

If  the  principal  axis  at  O  make  art  angle  ^  to  OX  then 

6  =  -  tan-*  » i  tan-*  -f  — ■ — - — - t-  1  *»  i  tan“*  - 

y  2  B-A  2 [qjc+8)-pjt-3)J  a. 

The  other  principal  axis  being  at  right  an'gjes  to  tHis  principal  axis  will 
be  inclined. to  OX  at  angie  rt/2  +  i  tari~* 


Ex.  52.  A  wi he  is  in  the  form  of  a  semi-circle  of  mdiusz  a.  .ShoW  That  ■ 
at  an  end  of  its  diameter  the  principal  axes  in  its  plane _  art-  inclined  to 
the  diameter  at  angles  ■■  ' 


-  -1  4  j  tc/'I  .  -1  4  ■ 

—  tan  *  — and  — +— tan1  — 

2  -  _n  •  2  -  2.  ■  .  rc 


SoL  . Let  C.be  tl>e  centre  and  OA  die  diameter  of  a  semi-circular  wire  of 
radius  a.  Let  the  Axis  OX  and  ■■■..• 


OY  be  'talcen  along  and  per- 
pcndicular  to  tho  diamcter  OA. 

Consider  ahefenenrary  arc 
a59  at .  P.  then  ‘  its-:  mass. 
5m  j=>  paS0. 

M 

where  p=T^T 
K  0tq) 

A  —  M.I.  .of  the  wire  about. 

OX 


=■■[  '  PM2  .  padQ  s=.j-  *a?  sin2  0  .  ^paxJQ  ^  J  pa3  X  <  (f  -  cos  20)’  JO’ 
.  fo: -0V  'Q  V 


B  =  M.I.  of  the  wire,  about  JOY 


—  f  PN2  .  padQ cos  0 j2  .  padQ 

Jc\  ■  ■  — V.q-.jW.'  -  ■■■  - 


I^Jf  t%2  cos  0  +  2  ( 1  +  cos  20) }  dQ 


(3  +  4cos  9  +  cos  29)  dQ 

0 


hf&z*  i  p  a3  ^  39  +  4  sin  9 + 2  sin  29  ^  '  % 

=  jjqja3  ”  ~  Mci2.  - 

and  F—  P.I.  of;  the  wire  about  OX  and  OY 

=s  f.  *-PM  :PN  -  padQ  =  j  na ^sin  9  .  (o  +  a  cos  9) .  padQ 

■  ' :  0  -  15  '  .  • 

=  pa3.J“(rn  0  +  Asin  20)*/0=  pic^^—cos  0— icos20^ 

=  2po3  Ma2:-"  l  j  . 

'  If  the  principal  axis  at  O  make  an  angle' ©to  OX,  then 


.  ,  2F.  "  .  :Vf  7**^  . 


Wl-tan'1  —  • 


The  other  principal  axis  being  at  right  angles  to.  this  .principal  axis  will  be 


inclined  to  OX  at  angle 


Jt  1  .i4 

— 4 inn  1  —  • 


Ex.  53.  Find  ihe^principal  axes,  of  a  right  circular  cone  at  a  point  on 
the  circumference  of  the  base.  and. show  that  one  of  them  will  pass  through' 
its'C.G.  if  the  vertical  angle  of  the  cone  is  2  |aK^U. 

-  SoL  Let  O^bo. .  a  -p^bini  on 

the.  circumeference  .of  the-base  *  ' 

of  a  right  circular  cone  of  mass  ■  '  .  - 

M.  height  A' and  semi-vertical  "  ' 

angle  a.  Tike  the  axis  OX  alopg^ 
the  diameter  OB  of’ the  ba^c, 
axis  OY  perpendicular  to  OB 
and  in  the  plane'of  the  base  and 


axis  OZ  perpendicular  to  the 
base  of  the  cone. 

Then  from  Ex.  36  on  page  51, 
we  have 

A  *=  MJ.  of  the  cone  about  OX 


of  the  cone  about 


O.Y*=  ^  (23o2  +  2/f2)  . 


C*=M.I.  of  the  cone  about  02 «  —  Ma2 
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(Mechanics)  / 19 


Z>==  PJ.  about  OK.. OZ=  0.  . 

£  =  P.L  nt>oui  02,  OX  «  i  Muh,  and 
F=.T.L  about  OX,  OY  -  o. 

Here  £>  =  0  and  Pf;  0,  therefore  the  axis  OY  will  be  the  principal  -axis,  at; 
O-  Other  two  principal  axes  will  be  in  the  xz  plane.  If  one  of  thcsc  principal  - 
axes  is  inclined  at  an  angle  9  to  OX  in  xz  plane,  then 

2E  j  Malt  V  •  lOa/f .  .  .  ^-Vp* 


tan  29  = 


C-A  13 


I  10  .20  -  ...  ; 

The  other  principal -axis  will  be  perpendicular  tb- Otis  principal  axis  in  jcsgilan&j 
2nd. Part.  If  one  of  the  principal  axis  pass  through  the. C.G.  G’  of  the. 
cone,  then  s-[-  ■  - 

tan  0 

ian'20—  ,  —  .  0  - 

l-lan20.  1 6a1. -h2 

F/om  (J)  and  (2),  we  have 
IQfl/t-  .  iah 


CG 

QC * 


2  tan  6 


-  Zah 


23o7-2h2  16 a2 -A2 

or  5(1 6a2  -  A2)  =  4(23a2  -  2A2) 

or  3A2  —  12n?  or  A  =  2fl.  . 

OC  a  , 

/’  **'!*“  ac'a"- 

i.e  vcrticle  angle,  of  the  conc  ha  =  2, taa'-*  .  '  "t  '  ; 

Ex.  54.  If-Jthe  vertical  angle  of  the  cone  is  90'  /Air  poi/i/  or/  wA/cA  d 
generator  Is.  o' principal  axis  divides  the.  generator  in  the.ratio’i  :  7: '  >> 
Sol.  Lft  A  be  the  height  of  a  cone  *'  .‘■it'i 

of  vertical  tingle-  90*.  .  Si, 

I^t  the  generator  AB  be  -the 
principal  axis  of.  the  cone  at  die  point 
<9.;  Consider  the  .  section  of  the  cone 
through  lhc:  gcncraiior  AB  arid  the  axis 
AD.  Take  OX  and  OY,  the  axis  of  Jt.arid 
axis  of  y,  perpendicular  io-  AO  arid 
parallel  lo'AD  respectively  in  this  see  lion 
and.OZ  the  /-axis  perpendicular  to  this 
section  of  the  cone.  ' 

Since  the  cone  is  symmetrical  about  02. 

D  —  O  —  E. 

OZ  is  a  principal  axis  at  O.  The  other  iwo  principal  axes  at  O  are  the 
ecu  era  lor  A  B  and  the  line  through  O  and  perpendicular  to  generator  AB  in 
tltc  above  section  of  the  cone. 

Consider  an  elementary  circular  disc  of  width  &r  at  a  distance 
the  vertex  A  and  perpendicular  to  the  axis  AD.  i.e.  AN  =  x. 

Radius  of  the  disc  =  PN  =  .x  tan  45*  =  x. 


Mass  of  the  elementary  disc.  6m  =  prei^fix.  - 
MX  of  this  disc  about  OX  -j  PN1  Bin  +  MN1  dm 
+  pxrJ5.r. 

A  a  M.I.  of  the  cone  about  OX 
r  h  '  ' 

=  J  +  {AM - x>2>  pTUr2  dx 

r  A 

*=  Ttp  (£r4  -  2AM .  jr1  +  AM 2 .  x2)  dx 

-  Jtp  [\ .  $/i5  -  2 AM ,  -V  +  AM 2 .  i/i3' 

=  nP/,J  (3/*2  “  6h  -  AM  +  4 AM^C^X 
Also  MX  Of  the  elcmenrary^di^^pmt  OY 

-  PN2  6m  +  OM~  hn\  ~  xpx2  6x.  V  OM  -  AM 

B  =>  M.I.  of  the  cone  abou^OK 

“  { tJ*2  +  AM2>  npx2  ^  J*  {{**  +  AM2  x2)  dx 

=  719  [lo  h*  +  AM*  3  /l3l=  30  np/l3  (3h ^  +  1 0  AM2}' 

Since,  the  principal  axis  AB  make  an  angle  AOX  =  45*  to  OX, 
2F 

.From  tan  20  =  — — — •  we  have 


2F 


or  B.-A  =Oor  A  =  B. 
1 


•an9°-=-^or. 

,-r.  Kph3  (3A2  -  thAbf  +  4 AM2)  -  JipA3  (3A2  +  10 AM2). 

or  (3A2  -  6hA  fi?f)  =  ^  *■  3A2  '  ' '  "  ^  -  ' ' 

or  5PA2  -  (JtAty^  eh2  or  9A2  =  30AAA/  or  AAf = 

From  simibr  triangles  AOM  and  ABD, 

$M\  AM  3 
‘  Aa.  Ap  r  A  .  =  10  * 


AO 


:  ^  AB  and  OB  =  AB  -AO  =  AB  AB ^ 


.  A0_* 

OB  7 

Ex.  55.  TAc  /e»ig/A  of  the  axis  of  a  solid  parabola  of  revolution  is 
equal  to  ihe  latus-rectuni  ofthe  geiierqting  parabola.  Prove  thal  one  principal 
axis  at  a  point  in  ihe  circular  rim  meets  the  axis,  of  revolution- at  ati  angle 

1  tan"1 1,  '  -  ■ 

J  J  .  • 

Soi  -  Let  the.  length  of  L.rL 
of  the.  parabola  be  4a. 

Length.  of  .  the  axis 
A.O  =  4a,  and;  equation  of  the 
parabola,  is 

y2-4ox  *  .:.(!)  - 

Let  O  be  a  point  in ‘the 
circular  rim  and  OX'.  OY'  lhe 
axes  parallel  to  AX  and  AY. 

If  the  principal  axis  at  P 
is  inclined  at  ah  \aingle 
8  to  OX'  {ie.  '.to  jHe  axis,  of 
revolution  A)f),  then 

■;(i)  ..  ....  .  ..  ..., 

.Consider  an  .elepicmiiiy  stnjp:.g<^  «^d&.  'fix  at  a  distance  x  from  A 
and  perj^n^cuJ^:to  AX.  .thirii'  i^os 
Sm  ?=.  pjr^T?6r  =  prey?  6c,  ^ 

v^here  '(xv  yj  -aro  epordihates^^^^int-  P.  ‘ 

M.I  of  this  eiementaiy  disc  :riboutr;<9X'  :; 

» i  PM2bm  +  Q&Sm  ‘  ' 


Q.x ~  AD. ~  Aa. y  =  QD  OD2-~  Aa .  4 h  or 0D~^a) 

•  •  y^jx4aX. 


=  (2at  +>T6ar)^pp«6x 
A  ~  1 ihe  solid  about- 

Sjo.  W 

Av-V-i-i 

.  <v 

QXX?  2 


+  16 a1)  4pre  .  axdx  . 

u  ^  *■ 

t 

'%£^4np<7 1  2<rr  ^  +  I6tr  I 

^  L  3  2i> 

64x32  s 

=  ,3  ~pTwr. 

Also  MX  of  the1  elementary  disc  about  OY'  ‘  '' 

~  -J  +  MD2Shi  +  [-jy2  +X4/J  —  jf)2]  p7t  v2  bx 

=  +  (4a  -  x)2J  4itpoA&r  =  (16a2  -  7ax  +  je2)  47tpov6ir 

of  the  solid  about  OY * 

=-Jo  ( 1 6a2  -lax  +.x*)  Cizpaxdx 

^[.iv  =  x  64  x  8/tpa5. 

And  P.I.  of  the  elcmcntary-Misc  about  OX',  <?K'"  * 

~P  +  OD-.  MO.  Shi  —  Aa  if4a  —  x)  ptiy2^x 

(4d  -  x).pre  ;'4ar&r;-  -• 

^•;*v  F^P.I.  of  the  solid  about.,  OXr,OY' 

-r'J  P «  1 6ti2  (4a  -  jrYidx"  : 

:':=  1 6piw2 lax2  j  jr3  j^'=  1 6  x  32pno5.  '  .- 

From  (lj.  wc  have 
0-lun-i: - 111^ 


(I  x  64  x  bTTx  M (;)  numerically. 

Ex.  56.  A  uniform  lamina  is. bounded  by  a  parabolic  arc.  of  latus  rectum 
4a,  and  a  double  ordinate  .at  a  -  distance  b  from  the  vertex.  !f 
b  =  -a(7  +  show  that  two  ofthe  principal  axes  at  the  end  of  a  latus 

rectum  are  the  tangent  and  normal  there .  • 

Sol.  Let  ihe  equation  of  the  parabola  be 
y2-=Aax 

Coordinates  of  the  cndXof  Lr.-.LL'  arc  {n.  2a£\.  */4y 
Differentiating  (1)  we.  get  — 

Equation  of  the  tangetn  L7*  at  L  is 

y  -  2a  -7  -  (jr— aj  or  y  -  x  -  a r »  0  p) 


-.0) 
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Moments  and  Products  of  Inertia 


and  the  equation  of  the  normal 
IN  al  L  is  „  -  -  ' 

y-2a=-~  (x  -  a)  ...(3) 

ory+x-  3a.a0,. 

Consider  on  element  5x5y 
ai  the  point  P(x.  y)  of  the 
lamina,  then 

PM  -  length  of  perpendicular 
from  P  on  tangent  LT  given  by 
0) 

y-x-g  y 


X  'r~ 

wm 


V(1  +  I)  >2 

and  PJIf- length-  .  of 

perpendicular  from  P  .'on  the 
normal  IN  given  by  (3) 

■v  +  jc-3g 

=  ^2  ■  ...  •  /  •'  "  ‘ ' 

PJ,  of  the  element  about  LT  and  IN 

If  the  tangent  arid  normal  at  L'.are  the  jirincipal  axes.  then'theP.l.  of 
the  lamina  about  these,  will  be  20ro.  * 

t.e.  P.I.  of  the  lamina  about  XT  and  LN 
2^) 


=J. 


‘  f 

i  =  0  >— W(«i) 


r  2-  f6  f2V(aT>  [y1-4ay+  (3a2  +7ax- x2)}  dydy  ~ 0  - 
2Jo  _2V(aO  ■  • 


-zVCax) 


or  Jo  {  ~  2aj^'+  (3a2.+  2gx  -x2)  y  J  ^ 

or  2  jjj  J  gr  V(ax)  +  2(3a2  +  Tax  -  x2)  V (ax)  J  dr  =  0  -  1: 

or  f  \ip?aX>n:*6^Im+ -to3***2  -  2<iI'5:Jw)<£i  =  0 

0  -  >  7  ■  .  '  > 

or  [H  *"  ^  ^ +  15/1  -  HI/2  ] = 0 


or  24  aft  ■+•  4o2  -t*  ab  —  ^  ft2 


or  ft2  -  -^ab  -  7a 


.2 


14 

T4 


=  0.- 
196 


♦-28a2 


or  ft  —  ^  (7  +  4V7).  Leaving  -  ve  sign,  as  b  can  not  be  negative^.. 

Hcnco  if  b  =>  |  (7  +  4V7).  .  ^  ^4^' 

then  ilx;  principal  axes  at  L  arc  the  tangents 'and  normafyhfrt. 

Ex.  57.  A  uniform  square  lamina  is  bounded  by$fifci&*s  of  x  .and  y 
and  (he  lines  x  =  2c.y=2c,  and  a  comer  Is  cuY^dff  by  rhe  line 
x/a  +  y/b  *=  2.  S/unv  that  the  principal  axes  at  tktffccnt re  "6f  rhe  square  are 
inclined  to  the  axis  of  x  at  angles  given  by 
ob  —  2(a  +  b)  c  +  . 

"  (c  -  b)  (a + b  \ 

Sol.  Let  OABC  ba  the  square  d?  — 
lamina  of  moss  M  bounded  by  thic 
axes  and  the  I  Incs  x  *=  2c.  y  *= 

The  line  -  +  J  ~  2  f.e.  ^ 

g  b  2a  2b 

cut  ofT  intercepts  OD  ^  2o%knd&f 
OE—  2b  on  the  axes.  Leti'm’ beHfie 
mass  of  the  triangular  Iamuiaj.<?£)E  ;P 
cut  ofT  from  the  square.  The  triangle  {m/Sf* 

ODE  con  be  replaced  by  -  three  ^ 

particles  each  of  mass  m/3  at  the 
middle  points  P,  Q,  R.  of  its  sides.  - 

Consider  the  lines  GX\GY'  through  G  and  parallel  the  aides  pf  the 
.square  as  the  new  axes  of  reference.  With  reference  to  these  new  axes  the 
coordinates  of  p  arc  [- (c  - o).  - c],  Q  arc  j- c.  -  (r  - fc)].  R  are 
[-(c-a). -(c-ft)J. 

-\  A  =  MX  of  the  remaining  area  about  GX ' 

"  -M.I.  of  square  OABC  about  CX'-M.l.  or  NODE  about  CX' 

=  M.I.  of  square  OABC  about  GX ■' — (M.I.  of  three  particles  each  of  mass 
m/3  ot  />.  Q  and  /?) 


t  r  Y* 

B 

—  '  A 

X1 

\R(tn/3) 

\ 

X 

a  P«  N 


1 


*-f[‘ 


3  L  “  ^  (c  -  by  +  (c  - 

Similarly 

B  =  M.I.  of  the  remaining  area  about  GY * 
■JMr2-?[  *  c3)1  +  <f  — )5  ]  ' 

and  PJ.  of  "the  remaining  area.aboul  GX\GY' 


(Me cl  anics)/  20 


=  P4.  of  the  square  OABC  ^)>ou.i.G)C\  GY\ 

■— (P-I.  '  of  three  particlcs  ea^'bf  .TnasS  T^G  ; 

=  0-~f(ei-o)c+c('cAb)>i-(c:ir;O>(c;-'b))V"'._.  ..  77" 

■=-^t(ab-2(b+b)c+3^i.  "  *  •  .  •  '  '  •• 

If  the. 'principal  axis  at  .  the  centre  G  is  i nc h ned  at  an  a pgleQ  to  the "  :‘ 
axis . of  xr 'then  v*  ~Y>'i 

2Q^  2 F'-_-(nrty\ab-7^ddih\ii£\  .  '  ’  i/'  i 

.  ^ ab:-2c  (q-+  b)  +  3c2  -  -  .  : 

.  ^  (a-i)  .  (a  +  b-2c)  ■- 

Ex.  58.  Show  rbar  one  of  the  principal  axes  at  appoint,  on  thir  circular 
rim  of  the  solid  hemisphere .  is  inclined  ai  an  angle'  i^n~^  7  to ' tHe  radius 
rhrough  the  pdint.- 

Sot-Let  Cbe  the  ccntxe.and 
OA  the  diameter  of  the  circular 
rim  of  a  hemisphere  of  radLius 
a  arid  mass  bf:  Tako:  OX  and  , 

OY  iHq.:axts.  of ’.x  and  y.  along 
and  perpendicular ^o  OA  in  the 
plane, of  th*  circular  rim  of  the  . 
hemlsphcre  and  OZ  tho  z-axis  ‘ 
perpendicular  to  d»is  plane. 

As  in  Et  3t5  on  page  49  we 

A  «  M.L  bf  the  hemisphere  abouiTO^C’fi  Mo2.  B=".  \  Afo2;  t  =  ?  Ma1 
D  =  RI.  about  OY,  OZ  «  0.^  7  M<&  nnd  f  —  0.  . 

Since  D=xO  =  E.  y-a^Ts Kr^the  principal  axis  at  the  point  O  and  the 
other  Two  principal  axes  fkir0.ffie.  in  xz  plane  If  one  of  these  principal  axes 
rnake  ah  arigle  6 10'OX  thcn 

,  3'  ' 

tan  29 - - -  ' 


4  ■ . - ...  ..  . 

'2 

or  xan7}^  8  tan  8  —  3  =  0  or  (3  tan  .8  - 1)  (tan  .8  +  3)  =»  0 

-^or-0  —  tan-1  (i)  ■;  lap  0  «  —  3  =»  8  >ir/2 

3  3  '  7 

K  .whic^  is  Inadmissible.  7  ;.«T;  .  .-'i  ‘  : 

Ex.  59.‘Shaw.  that  one  of. the  principal  axes  at  any  point  on  the  edge  . 
4o/  the  circular  base  of  a  thin  hemispherical  thcll  is -inclined  at  an, angle 
n/8  to  the  .  radius  through  the  point .  ' 

Sol  Let  OA'be  the  diameter  of  the  drcular  base  of  a  thin  hemispherical 
shell  of  radius  g  and  mass -AS.  TakeOX.  OY.OZ,  the  axes  of  jqyandz  as 
in. the  last  fex.  58.'- .  ...  1 

As  in  Ex- 34  on  page  48v  we  have  . 

A  «  J  Afg2.  B  - J  Ma\C~  \Ma?;p  *  0,  i  Aft?  and  F  *  0. 

Since  D  »  f%  V. :  O  K  Is  the  princlpal.axis  at  O  and  the  other  two  principal 
axes  at  O  -will  lie  in  xz  .pl and.  If  .one  of  these  principal  axes  make 
an  angle  0  to:OX,  lhen 


,  Ma\ 


are  .  the  principal  moments  and  are  the .  vali^s  of:^  in 


"  1^6.  Wlnclpal  Moenerits  s  ;  -  .  .  . 

Moments  of  inertia  of  a  body  about  its  principal  . axes  at  any  pomt  are 
Called  its  principal  rnomeritx  at  that.poinl.  '  -,.  ■  .  V 

.  .  The  equation  of- the' ellipsoid- at  iany  point. Is. given  by.  .  .*/■ 

At2  +  B)2  ^  Cz2  -  jpyz-  -  2ifxy  '  “(1) 

'Taking  the  principal  axes  as  .the  coordinate  axes  equation  (1)  redoes,  to 

the  form  *  '  .  -  J  * 

Where  A 

the  cubic  equation 
A-A  H  ;  G 
H  .  B-A  F 

G.  •  :..F  C-A 

This  cubic  equation  in  A  is-  called  .the  itducAon  cubicj  •• 

...... .  -  ^examples  -  -  •' 

Ex,  60.  If  A  and  B  '  be-  the  moments  qf  bierna  cf  d  uniform  lamna 
about  perpendicular  axes  OX  and  OY,  tying  In  its.  plane,  arid  F  .  f 
product  of  inertia  of  the  lamina  about  these  lines,  show  that  ihe  principal 
moments  at  O  are  equalfto 

ilA  +  B.±V(CA-B)J  +  4f*jf)  ’  '  ^  . 

SoL  Here  wc*consider  the  uniform  lamina,  so  there  WIH  be- momenta! 
ellipse  at  0  whose  equation  Is  given  by  .  .  .... 

■^2+5)^   2Fxy = Cohscant'*  ’  '  .  ^X) 


*0; . 
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Taking  the  principal  axes  as  the  coordinate  axes,  equation  (1)  reduce,  to’ 
the  form  ’  -  - 

A'x2  +  B  s y 2  *=  Constant. .  -L(2)  ' 

Equating  the  invariants*  of  (l).and  (2)  we  have  - 

.'A  +B’=A«B  ,  •-(« 

and  =  .  '  ,.-(4T: 

>.  >i'-B'='/{(A'  +  B-)i-4A'B*)  =-I\</i.+b£-A<AB-F-)) 

or : j  '•'!•■  jv,  ... 

Adding  ,and.  subtracting.  (3)  and. (5)  we  have:  •. 

A  * U+ a  +  l(( (4  - B)2  +  4f 2n  •  •  ■■  { 

and  a ' = i  +  £ -i((A  -  fl)2 + 4f2))]  /  '  '  ! 

i.e.  the  principal  moments  at  Care  equal  to/. 

I(rf:+.BiV{A-B)2+.4F2)]  ..  .  :  . 

Ex.  6L.  Show  lhaj  for  a  thin  hemispherical  solid  of  radius  a  and  mass ; 

M"  .  the  principal  moments  of  inertia  at.  the  centre  of  gravity  are 

83  tr  2-  1  W  2 

—  Afo.— Wd.3Afa. 

!  SoL  Let' G  be  tfic  centre  of 
gravity  of  a  hemispherical. splid'.  ‘f.  '.',: 

of  iradius  a  .and  mass- Af.  If  C 
is  the. centre  and  CD  the  central  . 
radius  of -the  hemisphere,  then 

CC=*. 3^8-  -  ; 

Take  GX  and  GY  the  axes 
through:  C  and  parallel.  to. the 
•  plane  base  be  taken  as  the  .axis,  . 
off;  and  y  respectively  andCZ 
the  central  radius  as  the  z-axis 

then 

A  =  MX  about  GX.:.=  M.I.  • 

:  about  AB^ti  .  CG2  .. 

B  =  M.L  about 


2 

d:  .- 

: 

/ 

- —-^B 

GMM^M{jl=WMa2r 


C  =  M.I.  about  CZ  =■  2  Ma  . 

Now  coordinates  of  C  ore  (0,  0,  —  3a/8). 

L>  =  P:I.  about  GY.  GZ  ■  t 

«P.I.  about  parallel  .lines  CB.  C£  — RL  of  A/  at  C  about  GY.  GZ 
~0-A*.0.(-3o/8j==0. 

Similarly,  E “  0,  F  *  0.  D  =  0,  E  =  Z7.  ^s^.. 

GX,  O',  GZ  are  the  principal  axes  at  G.  ^ 

Va2.  ~~  Ma2.  ~  Mq2  are  the  principal  moments^ 

320  5  ^ 

Show  that  for  a  thin  hemispherical  shell  of 'rad ids  a  and  mas s 
upal  momenrs  of  inertia  at  the  ce n trcZpfcg ravity  are 

Me1.  ~  Ma 2 . 

ix  ix,  5  r  ■  .  %.% 

Sol.  (Rpfcr  figure  of  Ex.  61).  : 

Let  G  the  CG.  of  the  hemisphericaL^sKelf  of  radius  a  and  mass  M. 
Here  C.G.  jo/l.  Taking  the  axes  in  Ex.  61.  coordinates  of  C 

are  (0, 0,  -  arty 

Similarly.  B *=~ Ma2.  C and  D  =  0  =»£ is  F. 

D  =  0  =  E  =  F,  the  lines  GX,  GY,  GZ  are  the  principal  axes  at.  G. 
Thus  the  principal  moments  at  C  are 

Ex.  63.  A  uniform  solid  circular" cone  of  semi-vertical  angle  a  and 
height  h  Is  cut  in  half  by  a  plane  through  its  axis .  Shaw  that  the  principal 
moments  of  inertia  at  the  vertex  -for  one  of  the  halves  are 

|  Mh2  (i+  i  tan?  a)  and Mh2  ^  1  +|  tan2  a  j 
(•*-  < 

SoL  Let  CMCBDO  be  the  half  cone  of  mass  M,  ACBD  its  semi-circular 
base  and  pXfi  its  triangular  face.  Take  the  z-axis  02  along  OC,  y-axis  OY 
perpendicular  to  OC.  in  the  plane  of  the  triangular  face  and  x-axis  OX 
perpendicular  to  this  triangular  (ace.  ' 

.  w  COn^  «  symmetrical  about  zx  plane  which  is  perpendicular 


D  =  PI  about  OY .  OZ  =  0  and  F=  Pi  about  OX.  OY~  0.. 
OY  is  the  principal  axis  at  O.  , 

M  =  Mass  of  the  half  cone 
=  ;*  (ip**3  tan2  a).  .  ; 

5  =  Principal  moment  about  OY 
(tan2  a +  4)  ran2aj 
(sec  Ex.  23  on  page  34)  . 

=^Mh7(4  +  4n2a) 


1  +  —  tan2  a  | 

A  =  M.L  ^  about  OX= 
Oy=|Afh2j^l+^tan2a  j 

C=Mi  at 

OZ= ^  “  pnh5  tan4  a  —  Mh2  tan2 


=  Mi  about 


about 


n  isv 


£«=PJ.  about  OX,  OZ 


d\ 


=  2  [  5/2  \  a  \htcz  prd&dr .  r  sin  £W9  .xcos  0r,sin  0  cos 
■  >oVoV»9  - 

-2p  \  ^  f  a  lh5 sec5  0  , sin2  fr<xsl££6sj$d$ dQ 

0“°  • 


=^r  h5  j  11/2  j  *  tan2  0  sec2..0  Cos  ^ri^  d& 

5  J^oJe-o  - 

j  ^lan3  6  tan^  a  .  (  sin  ]| 


4  7 

=r-  Mh*  tan  a.  %  A%- 

5x  .;■&  -"S;V  ■ 


If  the  principaI>axiSc  (other  than  OY)  make  an  angle  0  to  OZ,  then 

(  8/5n)  Mh2  tan  a _ (apn)  tan  ct 

?  \  Mh2  (1  +itan2a)-i  Afh2  tan2 a  f-|tan2a 

-  ^n'2^^- _ (&grc)  tan  a _ 

'/((64/9n2)  ten2  a  +  (l  ton2  a)2] 


W  .... 


^and  cos  20=~ 


1  -  (1/4)  tan2  a 


V((64^7t2)  tan2  a+  (1  -i  tan2  a)2l 
Hence  the  Other  principal  moment 
=  Ccos20+Asin2  0-2£sin  0cos0. 

=  i  C  (1  +  cos  20)  +  i  A  (1  -  cos  20)  -  E  sin  20 

=  M  Mh*  Uf|2  a  (1  +  COS  28)+^  ^  +  j  101,2  °)  C*  “  cos  20) 


— —  Mh1  inn  a  sin  20 

5rt 


=  ~Mh2  (1  tan2  rx)-~  Mh1  (1  -I  tan2  a)  cos  20 


Mh7  tan  a  sin  20 
5ji 


=  ~  AfA2  (1  +2  tan2  Ct).  A**2  (1  -  i  tan2  a). 


(I  —  i  tan2  a) 

Vtcri^n2)  Ian2  a  +  (l  2  tan2  a)2J 

.....  4  V  _  (8/37t)  tan  a _ _ 

5x  °  a*  V[(64<Ojc2)  tan2  Cf  i-(1  tan2  aJ^J 

3  3  _  (l-ium2a)2  +  (64^n2)tan2oc 

=  77r  Mh2  ( 1  +1  tan2  a)  -  £  Mh2  ——~r - ^ - - r— tr 

10  10  -  V((64/9ri2)  tan?  a +-  (1  --j  fan2  a)2] 

Mh* (I  +  - tani  a)  -W  Mh* c64'9*2) tar>2  af 

Replacing  0  by  0  +  7t/2,  the  other  principal  moment  is. 

=  C  sin2  9  +  A  cos2  0  +  2£  cos  fl.sin  0 

~  Afh2  (1 ,+ 1  tan2  fx)  +-~A4A2V[(1>-I  ian2  a)  +  (64/Sir2)  tan2  a). 

Ex.  64.  Prove  that  the  principal  radii  of  gyration  at  the  C.G.  of  n 
triangle  are  ike  roots  of  the  equation  , 

+  ‘fA2  -  ^  ;V > . 

36  ^108.  u  ; /*  ■  . 

where  A  is /he  ansa  of  the  triangle, 

SoL  Let  ABC  be  the  triangle  of  mass  M.  Taking  the  centre  of  gravity 
of  the  triangle  G  as  the  origin  and  the  principal  axes  through  G  as  axes. 
Let  (*j;yi).  (x3,yj)  be  the  coordinates  of  the  vertices  A.B.C 

tespccliycly. 

Since  G.G.  *G’  is  taken  as'  origin,  aind 


m 

» 
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arc  die  coordinates  of  C.G., 

.r,  +.  x2  +  .tj  3  0 

and  vy  +  Vj  +  vj  =  0  ...(1)  . 

Thus  (.T,+jr2+x3)2  =  0  '  .m  r  - 

or  xj  -*--d  +A  *»-2  (JT|.r2  +*t2’rj+-r>r|) 

Similarly  37+ rf  +  .d  s,  “2  0  |3*2  +y2>‘3+y& 0 

Now.  BC2  -  <r  -  (t3  - .v2)2  +  O3  -  V2)2  ' 

'  CA2  =>  b1  =  (r,  --ti)2  +  0  |  - 33)'  .  ■  , 

and  AB2  -  c2  =  (.y2  -.r,)2  +  (3*2  -vt)2  '  .  •  \  *  •  - 

«/2  +  fr2  +  c2  =  2(.q+^  +  .t3)+2C'7  +  >S+>i) 

-  20t,-*2  +x>ri+>3.T|)  -  2Cvp*2  +  jiYv+\^>;,y  / 

=  2(.q  +  +. x$)  207  +  3 \  +  3-3) '+  C*»  +  *  55)' +  O'?  +  >i  +  35) 

or  ar  +  tr  +  c2*;!  (xf  +  Jfj-+jc§+3^+f3J+.y5)  :  t'.v(4){ 

The  triangle  yABC.may.be  replaced  by  three  panicles  each  of  mass'  - 
M/3  -placed  at  the  middle  points  D,  E.F  of  the  sides  whose  coordihntcs  ore  - . 
f-t2+jr3  vj+rjl  (*y+*\  3'3>3V y  X:*i+*2  v,+y2  j  ■&{?■*  : 
.1“ — 

respectively.  _ 

V.  A  Principal  moment  about  jr  axis..  .  .  v- 

=  -^|2(xJ+xj  +  .«5)+2C.v!x2+.rjr1  +  x3x,)J  >  s' 

=  -j7  A/  (Xj  ■+•  -*3)  Using  (2? 

Similarly  B  =  Principal  moment  about  3-ax  is  -*■ 

”£w(ri+y2+3'3>  . 

A  +  B  (x2  ■+■  x2  -»-Xj  •+•  3*j  +  3r|  +.V3)  ■-  ■*". 

o r  A  + B  =s~M  {a2  +  b2  +  c2)  Using. (4)  -  ■’4\" 

Since  x. y  axes  through  C  arc  principal  axes.  1 

P.l.  about  x.yaxcs=0  ;  ' . 

or  (x2  +  x-j  )  (v2  +  y3)  +  (x3  +  X1)  0’3  +  >’|)  +  C-*r-+  -*3)  O'l  +  T2)  *  0%J*%"** 
or  (-  x ,)(->-,)  +  (-  x2)  (-  3  2)  +  (~  *3>  C- 3*3)  =  0  .Using  ( 1 ) 
or  x1yl+jr23,3+.r3)'?  =  0  -  -(5) 

Also  AB  =*  £  M1  (xf  +  +  x3)  O'?  +  X5  +  3’j) 


tV%-S 


=  —  m2  +  **>'3)  +  (*iy2 +  {0sj[*p'ir  +  (^’i  -  Ji>3)  1 

NNow  A=»  area  of  the  triangle  ABC  .&T 
=  ^  Ui  (y2  -y3) +-r2  (y3  -  >  1) +  x3  Cxi 
or  2A  =  x,  (>2  +  >1  +  y2)  +  x2  (“>1  O'l  ^>2)  Using  (1) 

.  =  3  (x,y2  -xjy,)  ocx,y2  --  xvy,  -  ] 

Similarly,  -xjy2  =  |  A  and  x^  ^y^oj  A. 

10*  (.;«>  ...<6> 

If  tj  and  Jfc2  are  the  principaTradir  of  gyration^  then  A  =  Mk\  and  B  =  Mk^ 
t?  +  *?  -  ~  (A  +  B)  =  ~  +  hr  +  c2).  [from  (4)] 

and  k]  .  k\  •  [from  (6)1 

1 1  and  kj,  are  the  roots  of  the  equation 
x-,-(^-f-*|)x2  +  (*2.^)=0 


Ex.  65.  Three  rods  AB.  8C.  CD,  each  of  mass  m  and  length  2a  are 
*  snch  that  each-  is  perpendicular  to  die  other  tvvo.  Show  that  the  principal 
.  moments  of  inertia  at  the  centre  of  mass  are  ma\  ~  ma 2  and  4ma2. 

Sot.  Let  BP  be  a  line  parallel  to  CD.  Taking  BA.  BY,  BC  as  the  axes 
of  x.  y.  z  respectively,  the  coordinates- of  middle  points  U  M.  N  of  rods 
AB.  BC.  CD  arc  (n.  0.0),  (0.  0,  a )  and  (0,  a.  2a)  respectively.  - 
If  (x.y.z)  ate  the  coordinates  of  the  C.G.  *G*  of  the  rods  AB,  BC,  CD 
each  of  mass  m.  then 

r  _  rn  q  +  w.O  +  w.O  l  _  m.0  +  m.O  +  m.a  1 

a  ■=  -  - - =  —a  -v *= - ~ 

W  4*  #n4*  m  ^  * 


ni  +m  +  m 


3 


/B  v  a  t-  -  :^X  -  • 


,  m.O  +  nt.a  +  m.2a  ,  4,.,.; 

arid-  z=  r—. — - — ^—7 — r  =  a,;  ■..& 

, :  m  +  m  fw .  v  -  ;  : 

f.e.  coordinates  of  G  are  Xjai 
Let  GX\GY\  GZ '  be  Yfie  afes^raliel ,'V  ?  ’•  ' 
to  BA.  B K  and  BC  '  "  v  “ 

In  reference  10  these1  _axes  througK-  y 
G  the  coordinates  of 
L  are  ( a  -  a/3. 0  —  a/3,  0 
Ufa -  [a, -  a), : 

M  are  (0  -  -f,  0  — a -a) 
i.e:  0).  ■ 

and  N  arc  (O-^r.^ a- jo, 2a-d)  i.c.  <*) 

A j  .=  M.I.  of  the  three  rods  about  GX'  - 
=  M.I.  of  AB  +  M.I.  of  BC  +  M.I.  of  CZ7  about  GX' 

»[« ;•  ■< .v  .•  :  ■•;  ■.• 

•  ■  +  [-1n!a^  nl  ((-  3°)^ +02])>  [^nta2  +  (V)?  +  a2)}=“y  nr^, 

B|  =  M.i.  of  the.  thred  rods  .about.  GY-r  ' 

*=  tya2  +  i»»  ((- *^.;C0 j 
C.=s  M-I.  of  the  three  rods  about  GZ' ' 


(-o7+:m  (-  |a)  .  6  +.nr  (|<3>(a)  *ma2 

£,  =  P.L  about  GZ\  cM^-nrffx. - 

i  . .  .  xgp-g-  1 

=  ni  (~a)  (^3)  +  m  (0^v(- 

and  -  f |  -  P,I.'abooiij^^5K*  “'intX|yj. 

JS3.  t^’Sa)  (-la)  +M  (-la)  +  m(-ia*  ^>>-1hkA. 

Hence  thermo  mental  ellipsoid  .at-  G  is  «' 

A ,  jr2  +  —  2Dj)'j- 2£,  jjt  ~2F.^xy  =3  mkA  ^ 


c^y2  +  TmuP-z1  -  2jht?-yz  +  7ma2zx  +  \nu^xy=  3mt4 
for^ma2t[10.i2+ 10y2  +  6z2-6yz  + 6it  +  2j7']  =>3niA:4.  ~.(1)  > 

’ 

^yReducing  lGx2  +  lOy2  +  6^2-  6yz  +  6zx+  2xy  by  means  of  the  discriminating  . 

f^cubic  7?  -  (a  +  b  +  c)  X3  +  (a&  +  be  +  ca-f  -g2-  h2)X  -  _ 

' ' ;  -  (ebe  +  2/gA  -  0/  -  bg?  -  eA2)  =  0.  we:  have 

X3  - 26X2  +  20.1  X- 396;=  0 

or  (X-3)  (X-.li)  (X- 12)-0  X=  3.  H.-I2. 

Hence  the  equation  of  the  momental  ellipsoid  (I)  refeTTcd  to  the  principal 
axes  through  G  takes  the,  form 
Ima2  -t  1  ly2  +  12Z2)  =  3mk4 
or  ma2x2  +  y may2  +_Ama2^  =  3 mkA. 

Hence  the  -principal  -  moments  at-  the  centre  of  inertia  are 
ma\  ~  ma2  and  Amd2.. 

EXERCISE  ■ 

..  .  Show  that  I  be  moment ;  of  bwtthk  of  iheport  of  the  area'  t>f  pamboU  cat -Off  by  **y 

ordlnatc>t  t  dlitwoe  x i  fonn.  the;ycncx  Tf/O/J)  M/  about  the  tangtrit  «  the  wim, 
■twj  (1/5)  My1  about'  the.priwlpel  diameter  where  y  b  the, ordinate  .conopoo4in$  io  * 
[Hint.  See  Ex.  4  on  pa  50- 15). 

2.  The 'principal  axts  >1' the  centre  of  beuig-tbe  nxes  of.  irference.  prove  that  lhe 

momenlal  ellipsoid  at  the  print  (p.  q.  r)  U 

{AM*  (OW+>l>4f*)*2 

.  -  2^fyr  -.2ijru— ?pqxf  *»  cbmtnnt. 
when  referred  to  lu  centre  of  gnivlry.  ny.orixln- : 

3.  Show  that  a  uniform  rod','  erf  man  /v  i*  Wnetically  equivalent  to  three  paniclo.  rigtdly 
connected  and  ^Bt^^(^;rat- each -end- of  Che-rod.  anyone. at  lu  middle  point,  the. 
ITMOCS  of  the  paitfelea.  bring  p&Jri/l&fit/J:  -  ' 

4.  Show  that,  any  lamina  Ii  dynamically  equivalent  I o  the  three  particles,  each  0O«-tbinJ 

or  the  mait  of  the' lamina,  placed  a»  the  eomere  of  iiimajdmum  lriflnilt  teerlbed  ift  the 
ellipse,  whose  equation  ,  rcfated  toi-U*  principal  axes,  at ';i!re-- centre  of  tomb  b 
xVi?  ♦ /M  «  2.  whoe md  and  mS  axe.  die .  prindpaL  momenta  .of . Iricaria  '.ahout  '^  “n(1 
OY.axxi  m.is  the  masL.  •  --  . 

J,  Show  that  there  i»  momenul  ellipse  at  an' angular  point. of  a  triangular  wea.Mtich  touches 
•  the  op  owe  aide -at- iu  middle  print  wid.buectstho  adjacent  xides.-.;  ■ 

-  6.  Find  the  principal  axcj  at  a  Comeir:pqint  of  solid  cube - 

[Him.  In  Ex.  32  on  page  47.  C-E^F.-a  :.  OG  ii  one  principal  axis  at  <3.  Other 
]  two  principal  axe*  ptoa  through  O  ind  at  right  angles  lo;-OG£ 

7.  Two  panicles,  each  of  mast  m  .are -placed  ar  the  extremities  of  the  minor  axis  of.  an 
.  elliptic  area  of  mao  M.'  Prove  ,  that  'principal  axes  at  any  print  .of  the  cireomfcreoce  of 
'  the  ellipse  will  be  the  tangent  and  normal  to  (he  ellipse,  if 
•  *.-$  <7:  .  " 

*f"*  t-2<2  . 

8-  A  uniform  lamln*.  boMndcd  by  the  cJllpit  b^jd  t-  o^y1 «  h«  iin  elliptic  hole  (lend-axes 

e.<fi  in. It  whose  nw)br  axb  Ika  In  thZ  line  x*y.  the  centre  bring  at  a  distance  r  from 


Eg 
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origin,  .prove  ihai'if  one  of  l|«  principal  axes  ai.  the  point  htakoTanglc  O.jvMillpI 

'x-axlj."  then  tan  0  =■  - — ; — 3 — r. - ; — — .  ■  — -  ,  ’^z  •  ,  -  .— J.,  .-. — rrr--  -  -..r. 

ab,\{C  —y  +  n~ -hw)}  -  cd  [2  lx  ^2 s—r)'^-._2  iy  *2  O' i?;  ' .  ip-). 
The  principal  axes  at  the  centre  of  gravity  bong  1  Ik  axes  of  rcfynrnc%\>«hibin  ilv  vtjuaimiifx 
of  the  ellipsoid  at  ihe.pojntfp.  <j.  rj'aml  Miow  |hiT  Ute  principal  iraWiiIs.  iif.'irtcnta^tj 
this  point  are.  roots  of '  :  .  -■  '  '  ' 

|{7  -7l)AM-tf-r  p<r  'P_; 

PI  - :  .(/- Ji)/V;->Vjr  ■  :  ■  '  .  </'  —  ; 

rp-  *  ///■  "  -  f/‘ 

where  tfhave  there  uroat  meanings-  ■ 


wncrc  #* ***♦*!•  ......  *  s  . 

iO..  Find  the  MX  :of  a  quadrant.  of  the 'elliptic  arc"1  i?/a^  +3^:  Ir.-cj  l.jot~niass  ^falKHiL'IhV  -5 
•.  vfl^E^^h^i^ceoirCj’l^.iieypefHR^Aar-to  it*  plane.  tlw  dc|u,ity  arjmyj gwini*  K  p^|>inioitaJv^ 

■  jjl"**- “  M 


U*  Find  the  MJ,  of  the  solid  generation  by  ihe  ijryQ'Jui ioir'op' t  lie'  itarabnlar r'.» aiwrilihiK* 
tbe  x-iwis'-frora  -r  «JQ:WX->  abootx-nx^'V^^-^'  ’Vt  •  :' 

IT,  Find  the.  M. L  ofian  dlipsoid  about  the 'axis  of.  I.  ^ 


I3.:  Find  the  MX  of  ihc  cardoid  r=a{\  +  cos8)  of. densil jr  p.; about  thi  initialTinO"/ "/■ 


.  w 


■  JCV' 


\J%~% 


<£s 


.  *v 

.,;^v 


A  ’5K'Xi»  ~ 


Sk 
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ALEMBERT’S  PRINCIPLE 


§  2-1.  Molii  n  of  a  Particle. 

The  me  lion  of  a  panicle  is  determined  by  Newtons  second  law  of 
motion,  whilh  states  that  'the  rate  of  change  of  momentum  in  any  direction 
is  proportional  to  the  applied  force  in  tltat  direction*.  From  this  low,  we 
deduce  the  formula  P-mf  where  /  is  the  acceleration  of  the  panicle  of 
mass  m  in  t  ic  direction  of  the  applied  force  P.^  . 

If  (jr.  v,  z)  be  the  coordinates  of  a  moving  particle  of  mass  nt.  at  any. 
time  t  and  X.  Y.Z  be  the  components  ot  the  forces  parallel  tfc  the  axes,  then 
by  Newton’s  second  law  of  motion  the.  equations  of  motion  of  the  particle 
arc  .  _ 

_  mx  -  X .  my  =  Y.m'z  ~  Z.  . 

§  2.2.  Motion  of  a  Rigid  Body. 

A  rigid  body  is  an  assemblage  of  particles  rigidly  connected  together 
such  that  the  distance  between  any  two  constituent  particles  docs  not  change 
on  account  of  the  effect  of  forccs. 

For  a  rigid  body  we  assume,  that  , 

(D  the  action  between  its  two- particles  act  along,  the- straight  ine  joining 
them,  t  .  .  - 

(ii)  the  action  an  reaction  between, the  two  particles  are  qual  and  opposite. 
In  considering  the  motion  ofarigid  body,  we  write  the  equation  of  motion, 
or  the  particles  of  the  body, .according  to  the  equations  in  §  -2.1.  But  here  - 
the  external  forces  acting  on  a^particte  of  the  body  include, . together. with 
the  applied  fores,  the  unknown"  inner  forces  acting  due  to  the  action  of  the 
rest  of  the  body  on  it.  .  =  ■ 

D’  Alembert  proposed:  <j.  method  which  enpbles  us  to  obtain  . all  the 
necessary  equations  without  -writing  down  the  equations  of  motion  of  all  ! 
particles  and  without  considering,  the  unknown  inner  forces.  This  important 
principle  isjbascd  o.n  the  forllqwing  rule  which  is  a  natural  consequence 
of  Newton’s  third  law  of  motionily' 

The  internal  actions  and  reactions,  of  any  system  of  rigid  bodies  in 
motion  are  in  equilibrium  amongst -themselves. 

§  23.  Definitions. 

-Impressed  forces.  \  ■’ 1 

.  The  external  forces  acting  on 'a  ibddyfldre  . called  'impressed  forces'. 
For  example,  the  weight  of  the  body  is  the.  impressed  force  on  the  body. 

In  ease  a  body  is  tied  to  a  string  then  the  tension  in  the  siring  is  also  nn 
impressed  force  on  the  body. 

Effective  forces. 

The,  effective  force  on  a  particle  is  defined  as  the  product  of  its, .mass v  ' 
m  and  its  acceleration  f  If  n  particle  of  mass  m  is  situated  at  ^the’-^cunt,^ 
(jr,  >>,  z)  at  time  t.  then  the  effective  forces  on  this  particle  at  this  tprij^rc 
mx.my.  mz'  parallel  to. the  axes. 


% 


§  2.4.  D’  Alembert’s  Principled 


,4T 


The  reversed  effective  forces  at  each  point  of  lhe  (bqdy  and  the 
impressed  (external)  forces  on  the- system  are  In  eqmUbrium. 

'  - 

/  •  ‘  ■ 

I-Ct  (•*.  y.  z)  be  the  coordinates  ‘o.fa.  particle  gfSmasisem. .of  a  rigid  body 
which  is  in  motion,  Bt  any  time  /,  -If  /  is^thc^^sultant  of  component 
accelerations  x.  y\  t  then  the  cffcctivo  .foi^.  oir?  the  particle  is  mf.  Let  F 
denote  the  resultant  of  the  impressed  fortt^andWthe  resultant  of  the  internal 
forces  (mutual  actions)  on  the  parti^^c^TlvSt- byNewton’s  second  law  of. 
forces,  mf  is  the  resultant  of  F  and (reversed  efTeclive  force). 
F  and  K  are  in  equilibrium.  This^j^  good  for  every  particle  of  the  body. 

Thu* X  (—  mj),  X  F  and  X  Sequ i l  ibri urn,  the  summation  extending 

to  all  the  particles  of  *i'.  . .  ...  •  .  :  ■ 

But  the  internal  acuonstarvd,  reactions  of  different  particles  of  a  body 
are  in  equilibrium  i.e.  IJ?  —  (^therefore  X  (— ,ni/)and  'XF  are  in  equilibrium. 

Hence  the  reversed  effective  forces,  acting. at  each. particle  of  the  body  ' 
and  the  impressed  (external)  forces  on  the  system  are  i/t  equilibrium.:. 
Vector  Method. :  . 

Consider  a  rigid  body  in  motion.  Al  time  t.  let  r  be  the  position  vector 
of  a  particle  of  mass  ./» and.F  and  the  external  .-and  Interna]  forces  ' 
respectively  acting  on  iL  . 

By  newton’s  second  law  „ 

.  d*r  •  ./  '  • 

”-^-F+R  -  •  - 


F.+  R- 


dPr 


i.e.  the  forces  F,  R,  — m  acting  on  a  particle  of  mass  m  are  in  equilibrium. 
Now.  applying  the  same*,  wrgtjrncnt  of  every,  particle  of  the  rigid  body,  the 
forces  XF,  XR  and  X  arc.  in  equilibrium,  where  the  summation 

extends  tQ-all  particles.5 


SET  -  II 


But.  the  internal  forces  acting  .on  the  body  form  pairs  uf  equal  and 
opposite  forces  XR  =  1>. 


Thus  the  forces  X  F  and  £ 


I  dr  J  n,X'  " 

(-$}-• 


in  equilibrium. 


i.e.  XF+X 

Hence  the  reversed  effective  forces  octing  at  each  particle  of  the  body 
and  the  impressed  f external)  forces  nn  the  system  are  in  equilibrium. 
Note-  The  above  D"  Alcinbcrt's  principle  reduces  the  probclm  of  dynamics 
to  the  problem  of  statics.  Thus  we  mark  all  the  external  forces  of  the  system 
and  mark- the- effective  forces  in  opposite  directions  and  then  solve  this 
problem  as  a'  problem  of  statics  hy  equating  to  zero  the  resolved  parts  of 
all  these  forces  in  two  mutually -perpendicular  directions  and  taking  moments 
about  suitable  points: 

§  2i.  General  Equations  of  motion  of  a  body. 

To  deduce  the  general  equations  of  motion  of  a  rigid  body  from  D‘ 
Alembert's. principle. 


Let  X.  Y.Z  be  the  -components,  pa m I lc I :^o^lh^axc s.  of  the  external 
force  acting  on  a  particle- of  mass  »i- wh oic^c o ond jn ate s  are  (jr.v.  z)  at  time 
referred  To  any  set  of  rectangular  aiel^p^Sn  reversed  effective  forces 
parallel  to  .the  axes  on-  the  pn rt ,  —  my*.  —  mf.  Thus  the 
resultant',  of  external-  forces ■  mid  th^eyerped  effective  forces  acting  on  the 
particle  rrr  parallel  to  the  axes  arc Y—niy  and  Z  —  mz  respectively. 

By  D*  Alembert's  principl^^ine  forces  '  whose  components,  arc 
*  ~  nut .  Y.  —  my,Z  —  mz  acting  o^llic  particle  nt  Ul(x.yi  z)  loget  her  with 
similar  forces  acting  at  c^ch^othdf  particle  of  the  body,  form  a  system  in 
equilibrium. 

Hence,  as  in  statics  thc^six  conditions. of  equilibrium'  arc 

Z  ( X - mx)  =  0.XXF%mj;*a=0.  £  (Z-mz)  =0  . 

Z  <  y  (Z -  mz)  -  l  =*  6,  X  {*(*■-  ««)  -  jr  (Z  -  m:)}  =  0 

and  X  [x  -  »«*))  =0. 

where  the  ^urnrnat^n  is  extended  to  all  the  panicles  of  the  body 
Thesc/six  equations  can  be, -written  as 
X  nit*  r-'VV.  -KS,  -  • '  “ 

X  m>'c. 


-(2) 

-(5) 

-(6) 


fXX^J”*?  ;..( I )  X my  -X  Y 

—(3)  X  m  (yz  -  zy')  =  X  (yZ  —  ; 

^r?C'  X  m  (ex'  -  xz‘)  =  Z(zX-xZ) 

Z't’Cxy  ~}*)  =  Z(xY-yX) 

$  '=-<^9>cquations  ( l )  to  (6)  arc  the  general  equations  of  motion  of  a  body. 

;  #■ .  ^  “  j  ~ 

Equations  (1).  (2).  (3)  state  that  the  Stuns  uj  the  nmmncnts.  ptirnllr! 

’  '"to  the  coordinate  axes,  of  the  effective  fan  es  is  respectively  equal  n>  the 
sums  of  the  components  parallel  to  the  same  axes  of  the  external  titnpreSsetl} 
forces.  ~ 

Equations  (4),  (5),  (6)  stale,  that  the  Stuns  of  the  .moments  about  the 
axes  of  coordinates  of  the  effective forces  a  tv  respectively  equal  to  the 
sums  of  the  moments  about  the  same  axes  of  the  external  ( impressed)  forces 

The  equations  (1).  (2)  and  (3)  can  be  written  as  ~  (I  ins)  =  X  X. 

X  Y  and  -—  (£  mi)«=XZ. 


d  „ 

^-(Xn«y)  = 


dt> 


Which  shows  that  the  rate  of  change  of  linear  momentum  of  the  system 
in  any  direction  is  equal  to  the  total  external  force  in  that  direction. 

The  equations  (4).  (5)  and  (6)  can  be  written  as 

~  IX  m  b’i  -  zy»=  i  (yZ-zn  Jt  {Zrn  (zx  -x£)}  =Z(zX-  xZ) 


dt 


and  — { X  m  (xy  -  yi>}  =  X  (xY -yX) 

Which  shows  that  the  rate  of  change  of  angular  momentum  f moment 
of  momentum)  about  any  given 'axis  is  equal  to  the  total  .moment  of  oil  the 
external  forces  about  the  axis. 

Vector  Method  :  Consider  a  rigid  body  in  motion.  Al  lime  i  let  r  be  the 
position  vector  of  a  particle  of  mess  mand  F  the  external  force  acting  on 
it. 

Then  by  D’  AlembcrTs  principle,  we  hove 

IF  +  X  [ 


X  m 


dd 


-  F. 


..(1) 


Talcing  cross  product  by  r,  we  have 
Alr 

X  mr  x  =  X  r  X  F  -(2) 

d? 

Equations  (I)  and  (2)  arc  in  general  vector  equations  of- motion  of  a  rigid 
body.  •** 

Deduction  of  general  equations  of  motion  in  sealer  form. 

To  deduce  the  general  equations  of  motion  of  a  rigid  body,  we  substitute 
the  following Jn  (1),  (2).  . 

r  =  xl+yj  +  zk  and 

where  (x.y.z)  ore  the  cartesian  qoordinales  of  the  particle  mand^f,  YtZ 
are  the  components  of  force  F  parallel  to  the  axes  respectively. 
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Substituting. in  (1)  and  (2).  we  get 

■  I  m  (x  i  +  y]  +  z  k)  =  Z(X1  +Xi  +  2k)  •••(*> 

and  21  ( nr  (xi  +  jrj  +  *k  j*x (x  I  +.y*J.+.£k)).  s*Z(jd+yJ  +1*0*  (Xi  +  >3  +  Zk) 
orXw  ( C.VZ-- Z>'") i  +  (zx - xz) J  +  {xy\-yxj.kl 

.  ~ x  [  (yZ-zjji + i + Oc?-yX)k }  ...(4) 

Equating  coefficients  of  i,  j,_k  on  thc  twa  sidcs  of  equations  (3>  and  (4), 
wc  get  the  six  equations  of  modon  Df  the:  figicT  body  in  cartesian  form.- 
§  2.6.  Linear  Momentum. 

The  linear  momentum  in  a  given  direction  is  equal  to  the  product  of 
the  whole  mass  of  the  body  and  . she  resolved  pari  of  the  velocity  of  its 
centre  of  gravity  in  that  direction. 

Let  (x.y.z')  be  the  toordihfltes.  of  the  centre  of  gravity  of  a  body  of 
'  mass  M.  then  we  have  ‘  ' 

_  X.mx  Z  mx  . .  f. 

x-^=ir  ■ Zm=M-' 

X  mx  =  Mx.  Similarly.  Z  my  -  My  an  d  Z1  mz 30  Mi. 

DifTercmiating  these  relation  w.r.t.  ‘f*.  we  get 
X  rnx  =  Mi.  Lmy-  My.  and  X  m  ‘z  =  Mz- 
Hcncc  the  rcsulL 

%  2.7.  Motion  of  the  Centre  of  Inertia. 

To  show  that  the  centre  of  Inertia  of  a  body  moves  as  if  all  the  mass 
of  the  body  were  collected  at  it  and  if  all  the  external  forces  acting  on  the 
body  were  acting  on, it  in  directions  parallel  to.  those  in  which  they  act. 

If  (x.  y.7 )  be  the  coordinates  of  the  centre  of  inertia  of  a  body  of 
mass  M.  then  as  in  §  2.6,  we  have 

Z  mx=  Mx,  Zmy  =  My,Z  =  Mi. 

Differentiating  twice  w.r.t.  V,  we  get  mm  '  • 

.  I.  mi'  -Mx ,  £ my  =  My  and  Z/hz* -Mz.  ...(I) 

But  from  the  general ’equations  of  motion  of  a  body,  we  get  (see  §  2-5) 

•  Z  mx'  ~  X X.  X  my  =  X  Y and  X mz  =  X  Z.  ...(2) 

From  (1)  and  (2),  we  get  ‘  . 

Mi ZX.  My  -  X  Y  and  Mz\-Z  Z. 

These  are  the  equations  of  motion  of. a  particle  cf  mass  M  placed  at 
the  centre  of  inertia  of  the  body,  and  acted  on  by  forces  IX.  XX.  XZ  parallel 
to  the  original  directions  of  the  forces,  acting  oajhe  different  points  of  the 
body.  '  ’ 

This  proves  the  theorem.  % 

Vector  method.  Consider  a  rigid  body  in  motion.  At  time  t  let  r’be  the 
position  vector  of  a  particle  mof  the  body  and  F  thc  external  force1  acting 
on  it.  Then  the  equation  of  motion  of-  the  body  is 

d'r  „  ,A 

^  ■  -ski 

If  F  is  (he  position  vector  of  the  centre  of  inertia  of  the  body,  rhent^Ve  ’Ll 
have  1 

-  Inir  Ini  r  -*• 


M 


or  IniraWr 


-  r-  d~r 
. .  Z  nr  — —  = 

dt 1 


dr2* 


"  ...(2) 


-c  --- 


—(3) 


From  (1)  and ..(2),  we  have 

M  =  IF.  J 

dP  yfM-l 

Which  is  the  vector  form  of  the  cquatiorFbf  motion  of-.a  particle  of 
mass  M  placed  ai  the  centre  of  inertia  of,the%ody>and  acted  upon  by  the 
external  forces  X  F. 

Deduction  cf  the  equations  of  rnou6rfeof.ini  centre  of  inerria  in.  scalar 
form.  V  • 

Substituting,  r  =  xi  +  yj  +  zk.,^/n8'|E^l  +  >3  +  Zk  in  (3)  and  equati ng 
the  coefTicicnts  of  j,;‘;  ^from-  tht3wovside$  we  can  get  the  equations  of 
motion  of  the  centre^ of  inertiaj.in  .scalar  form.  . 

Note.  The  proposition  discussed  in  §  2.7,  is'called'rte  principle  of 
conservation  of  motion  of  translation.  From  this  it  follows  that -the  motion 
of  C.G.  is  independent  of  rotation. . 

§  2.8.  Motion  Relative  to  the  Centre  of  Inertia.  "• 

To  show  that  the  motion  of  a  body  about  its  centre  of  Inertia  is 
the  same  as  it  would  be  if  the  centre  of  Inertia  were  fixed  and  the 
same  forces  acted  on  the  body. 


Let  (x.y.7)  be  ■  the 
coordinates  of  the  centre  of 
gravity  (centre  of  inertia)  G  of 
the  body  referred  to  the 
rectangular  axes  OX.  OY,  OZ 
through  a  fixed  point  O.  Let 
GX GY  '.  GZ  '  be  the  axes 
through  G  parallel  to  the  axes 
OX.  OY,  OZ  respectively. 

If  foy.z)  and  (x'.y'.z') 
are  the  coordinates  of  .a  particle 
of  mass  m-at  P  referred  to  the 
coordinate  axes  OX,  OY.  OZ  arid 


*mp  (x.y.*) 

V.M 


(i.yx)  x* 


parallel  axes  GX\  GY',  GZ'  respectively,  then 

•x=x+.x't  y=y+y'Kz=*z-hz'.  /_  ’ 

x  =  x  +  x  x’ y  »y  +  y',  z.=  z + z'.  ■'  _ 

Now  consider  the  equation  X  nr  (jr  Z  ~Z)') «?  Z  (yZ-  Zy),  which  becomes 

((y+y')  (F+iv)-(I  +  O(y+x0 

;  .  ~x{<x+y')z-6+?yY)  . 

or  X  m  (y  ¥  -  z'y'}  +.yz  Lm+y£mz‘?+z  X  »tyf 

■  w  —zyXm—zZmy'-y'Zinf 
'  •X(y.'Z-fY)^ZZ-jZ  Y.  ^(1) 

Now  referred  .to  GX GY',  GZ'  as  axes  the  coordinates  of  G  are 

..(a  o.-ox  ■  ;  _  ‘  \ 

”  ^"~0or  lmi'«0; 

Similarly,  Zmy'*?Q.  imt'a a  -v  * 

Z mi’# * 0, Z my*  ■  0, Z m;*' ^ 0.  ^ 

Also  from  9  2.7.  wC  have  Mx  »ZX,  Kff^X  Y,Mz  =*XZ 
Thus,  from  eqn.  (1).  yre  gel  . 

T>miyz'-€y')+ylM-zyM~X<y'Z-z’Y)+yZZ-zXY 
or  Zm  (y  fy ^  +  y  Z  Z -zX  Y~Z  (/Z-zTY)  +  yZZ-z  ZY 
or  -■X'rn1y'z'-&')=X{y‘Z~z'Y). 

Similarly,  we  get  the  other  two  equations  as  .  __ 

z  n(f?-frO»Z(a.y^ 

and  '  ,  Zm(x'f->^>I(j'7^f 

But  these  equations-  are  the  same  as  j^UfrFfeave  been  obtained  if  we 
had  regarded  the  centre  of  gravity  as  f&o^p<5nt.  ; 

.  Hence  the  propaddon.  * 

Vector  method.  Consider,  a  rigid,,fody 'dn  molion.'  At  time,  t,  let  T  be  the 
position  vector  of  the.  centre  of^^ffe^O  of  a  rigid  body  of  mass  M.  Let 
m  be  the  mass  of  a  particle  ofi.t^^Sy  and  r  its  position  vector  referred 
to  the  fixed  origin  O  and  r  \its  position  vector  referred  to.  the  centre  of 

: _ .t_  ~  . 


inertia  r. 


-  ,  dh' 

re=r+r  ,so  that— =-  .  -r-  „  . 

^  d^j^dt1  .dp  ’  . "  . 

The  moment  vecto^equation  of  tho  rigid  body  is 


T-  m r  *  X  +  r  Z  m  +  r  Z  m  r 

dp  .  dp  dP 


»Z{(r  +  rOxF) 


dP‘ 


-rZF+Zr'x  F.  1  ...(1) 

Now  position  vector  of  the  centre  of  inertia  G  of  the  body  referred  to  G 
as  origin  is  O. 


0. 


Zmsf  0  ije  x  mtr  ^  0>  so  ,hat  Z  m  * 

Z  m  dp 

Also  the  equation  of  motion  of  the  centre  of  Inertia  is 
,  ePr 


M 


dP 


>ZF. 


From  eqn.  (1),  we  have 
Zmr*  x 

rfV 


YC 


Z mr  x  — — -  +  rxIF 

.  dP 


*r  xZF  +  X  r'xF 


Imr  x 


iii 

dP  - 


IVxF. 


F+I/xF. 


...(2) 


Which  is  ihe  vector  equation  of  motion  of  a  rigid  body  when  th^ centre 
of  inertia  ia  regarded  as  a  fixed,  point 
Deduction  of  the  corresponding  equations  in  scalar  form.. 

If  (x.y.z)  and  ( x  \  y  .\  z  '  )  aro  the  cartesian  coordinates  of  the  panicles 
m  referred  to  the  rectangular  axes  through  the  fixed  point  O  and  tree  parallel 
axes  through  the  centre  of  inertia  G  respectively,  then  we  have' 
r  =  xi  +  yj  +  zk  and  r*  ■=  x  1  +y  '}  +  z  Tt. 

Let  (x,y,z)  be  the  coordinates  of  G  referred  to  the  axes  through  O ,  then 
r»xl+yj+tk. 

Also  if  X,  Y.  Z  are  the  components  of  external  force  F  paralel  ti »  the  axes, 
then 

F=Xl+yj  +  Zk. 

Substiruling  in  (2),  wc  have 
X  m  ((t '1  +  y 'J  +  z  Tc)  x  (x  T  +  y 'J  +  z’Tt)) 

=»  Z  RxT  +  y  'S  +  zyi  X  {XI  +  FJ  +  2R)} 
or  Z m{(y'z'-z 'y  0  1  +  (z  'x'—x'z')  J  +  (x 'y'  —  y  'x') k) 

=>  Z  {{ly'Z~z*y)l  +  {z'X  —x  'Z)  J  -+-  {x’Y—y'X)  k}. 
Equating  the  coefficients  of  bJ.kfrpm  the  two  side*  we  shall  get  the 
equation*  of  motion  of  the  body  in  scalar  form,  referred  to  the  centre  of 
inertia  as  fixed  point. 

Note  1.  The  proposition  discussed  in  S  2.8  is  called  the  principle  of 
conservation  cf  motion  of  rotation.  From  this  il  follows  that  the  motion 
round  the  centre  of  inertia  is  independent  of  its  motion  of  translation. 
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D'  Alembert*  s  Principle 


(Mechanics)  /  3 


Nolc  2,  The  ‘two  propositions  discussed  in  §  2;7  and  2,8  together  prove 
the  principle  of  the  independence  of  the  motion. of  translation  and  rotation. 

EXAMPLES  -  ■ 

-  Ex.  1.  A  rod  revolving  on  a  smooth  Horizontal  plane  about  one  end. 
which  is  fixed,  breaks  into  two  pqris,  whax  is  the  subsequent  motion  of  the  ' 
two  parts .  ’  .•  i 

Sol.  Let  the  rod  AB  revolving  about  -  - 
the  end  A  on  a.-smooth  horizontal  .plane  ^ _ _ 


break  into  two  parts  AC  andCZL  Clearly^ 


the  part  AC  will  continve  to  rotate  about 


A  >; 


A  with  the  same  angular  velocity. 

The  part  Co  at  the  instant  of- breaking 


acquires  the  same,  angular  velocity  and 
its  centre  6f  .gravity;  £>  has  a  linear  velocity.  Hence  this,  part  CB  will,  fly." 
off  along  the  tangent  line  (the  direction  of -linear  velocity)  at  O  tO.the: 
circle  with  A  as  centre  and  AD  as  radius.  Also,  since  the  motion. of  a  body 
about  its.  centre  of  inertia  is  the  same  as  if  the  centre  of  inertia  was  .fixed-' 
and  U).e  same  forces  acted  on  the  body,  the  part  CB  will  continue  rotating, 
about  D  with  the  same-  angular  velocity.  -  . 

Hence  the  part  CB  will  move  along  the  tangent  at  D  to  the  circle  with1 
A- as  centre  arid  AD  as  radius  with.ihc  velpcity- acquired  by  its  centre  of 
gravity  at  the  instant  of  breaking  and  this  part- will  also  go  on  rotating 
about  D  with  the  same  angular  velocity.  ■ 

Ex^-ZT  A  rough  uniform  board,  of  mass  m  and  length  2 a,  rests  cn  a 
smooth  horizontal, plane,  and  a  man  ~of  mass  ;  M  walks  on  it  from  . one  end 
to  the  other.  Find  the,  distance  through  which  the  board  moves  in  this  time. 


SoL  Here  the-  external 
forces  are  (i}j  the  weights  of  the 
board  and  the  man  acting 
vertically  downwards  and  (ii) 
the  reaction  of  the  horizontal 
plane  acting  vertically  upwards. 
Thus  there  are  no  external 


G  C(m) 


cz 


B'  lm) 


forces  in  the  horizontal  direction,  therefore  by  D*  Alembcn“s  principle,  the 
C.G.  of  the  system  will  remain  at  rcsL  As  a  matter  of  fact  as  the  man 
moves  forward,  the  boardjhps backwards,  keeping  the  poistion  of  CG. 
of  the  system  unchanged.  - 

Let  AB  be  the  position  of  the  hoard  when  the  man  of  mass  hi  is  at  A. 

--  Distance  of  CGi  of  the  system  from  A  (towards  5) 


M  .  0+  m . AC 


M .  0  +  m  .  a  _ 
M  +  m 


-  =  Jfi  C^y).  (  v  AC  ~  BG  o)V  J 


M  +  m  -  M  +  m  M  +  m  _ 

Let  A  'S'  be  the  poSitioin  of  the  board  when  'the  man  reaches  the dtHciv ^ 
end  B  of  the  board.  If  the  board  slips  through  a  distance  AA  '  =i  (backwairds)% 
during  the  time  the  man  walks- from  A  to  B.  then  in  this  position  thcfdjsiajicc* 
of  C.G.  of  the  system  from  A  (towards  B)  ' 

M.AB'  +  m.AC'  Mi(2a-x)  +  m(a-x')  /  ^ 

Ml  +  m  M  +  m  ^  ^ 

Since  the  position  of  the  C.G.,  ‘G*  of  the  system  r  cm  airi^.  uric  h  an  god 

& 

ma  M  (2a  —  x}  +  m  (a  — x)  ’  JY  j. 

"mzz--  \  ;  .  .  jMf 

or  ma  2aM  +.  ma  —  ( M  +  m)  x  or  x  =»  2 aM/(jn  -F'Af)  J 
Which  is  the  required  distance. 


Ex'.  3.  A  circular  board  is  placed  on  a.fmcsothiHorizontal  plane.  and  a  boy 
runs  round  the  edge  of  it  at  a  uniform  “rate,  what  is  the  .motion  of  the  - 
board.'  ^ \  .  -  ‘  (lSte'2008) 

SoL  Lc»  M.be  jhe  mass  and)vQ  thWvccntre  of  the  board. Tf  . initially  the  . 
boy  is  at  the  point  A  on  Ibo^gc^of  the  board  then  the  C.G.  ‘Q’  of  the 
system  will  “be  on  the  radiusjij^^'SucH  .that 

M,.Cf+  m  .  a  ma 


+  m  M  +  r 

•  Since  the  external  forces,  weight  of - 
the  board  and  the  boy  act  vertically 
downwards  and  the  reaction  of  the 
smooth  horizonal  plane  act  vertically 
upwards,  therefore  there  is  no  external 
.  force,  in  the  horizontal,  direction  during 
the  motion.  Thus  by  D’  AJembcrfs 
principle.the  C-.G.,  'G*  of  the  system  will  - 
remain  at  rest.  Hence- as  the  boy.  runs 
round  die  edge  of  th^board  with  uniform 
spead,  the  centre.  Q  of  the  board  will  describe  a  circle  of  radius 
OG  =>  round  the  centre  at  G. 


A{m) 


Ex.  4.  Find  the  motion  of  the  rod  OAB -  with  two  masses  m  and  m* 
attached  Unit  at  A  and  B  respectively,  when  it  moves  round  the  vertical  as 
d  conical  pendulum  with  uniform  angular  velocity,  the  angle  Q  wliich  the 
rod.  makes  with  .the  vertical  being  constant . 

SoL  L;t.  OAB  be  the  rod  with  two  masses  m  and  m '  attaheed  at 
A  and  B  res  icejively  such  that  OA  =  a  and  OB  =  b.  When  the  rod  OAB  moves 
round  the  vertical  as  a  conical  pcndulcm...\yjth  uniform  angular  velocity. 


■  making  constant  angle  8  with 
the  vertical  the  masses 
/ii  and  m '  move  in  circles  on 
horizontal  planes  with  radii . 
a  sin  0  and  b  sin  0  and  centres  . 
at  M  and  N  respectively.  The 
motion  about  the  vertical  being 
with  uniform  angular  velocity, 
the  effective  forces  are  entirely 
in  wards.  Let  be  the  angle  that 
the  plane  through  OAB  makes 
with  a  fixed  vertical  plane 
through  02.  then  the  only 
effective  forces  on  the  particles  * 


-  Ab  m'sipe.^ 


arc  ma  sin  0  and  m  'b  sin  9  along  AM  and  BN  respectively. 

By  D’  Alembert’s  principle  the  external  forces^  weights  mg,  m  'g  and’'" 
the  reaction  at  O ,  and  the  reversed  effective  forces  ma  sin  8  along 
MA  and«  'b  sin 8  along  NB  will  keep  the  rod  in  equilibrium-' 

To  avoid- reaction  at- O,  taking  moment  about  the  point  0.  we  get 
ma  sin  G  <p .  OM+m '  b  sin  8  .  ON  —  mg .  MAtpyn  * g  INB  =  0 

or  (ma  sin  01  a  cos  8  +  m  'b  sin  0 .  b  cos  8)  8  +  m/b  sin  B) 

(mc?  +  m fyco&b  '  “  . 

Which  wiH  determine  the  motion  ■'o^hejTod. 

Ex.  b  A.  uniform  rpd  O  A,  of^le^if^ta.  free  to  turn  Clio ut  itr.  end 
O,  revolvcj-wilh  uniform  anguln rQ’eJccity- (U  about  the  vertical  OZ  through- 
O,  and  is  inclined  at  a  consfaqt^angle  a  to  02,  show  that  the  value  of 
a  is  either  zero  or  cos"  ' 1  (3^74oco?), . 


SoL  Let  the  .rod  OA^uf  Jength  7a  and  mass  M  revolve  with  uniform 
angular  velocity  tq^aboul  the  vertical  QZ  through  O.  making  a  constant 
angle  a  to  OZ.  Lci.PQ_=ffix  be  an  element  of  the  rod  at  a  distance  x  from 


O-  The  tnasSfof  thci'cfeuicnt  PQ  is  —  5x. 

-  2 a 


2a 


"This  elcg^^jBQl-wai  make  a  circle  in  the  horizontal  plane  with  radius 
.PM  (^^sin  CtLand  centre  at  f4.  Since  the  rod  revolve  with  uniform  angular. 

litlu  rr.  e _  _  .  ..  .  ■ _ -  M  D1/  ,..2  . 


velociiy^the;  only  effective  force  on  this  element  is  _ 

xa,  —  2 a 

reversed  effective  force  on  the  element  PQ  is 
Sr  ,x  sin  a .  or  along  MP. 

V  2o 

Now  by  D*  Alembert's  principle 
all  the  reversed  effective  forces 
acting  at  different  points,  of  the  rod. 
and  the  external  forces,  weight  tug 
and  rection  at  0  are  in  equilibrium. 

To  avoid  reaction  at  O.  taking 
moment  about  O.  wc  get 


Sx.  PM  ,  or  along 


Sgsx.^.-o) 


OM  -Mg  .NG  =  0 


(M/2a)6x  PMw1 

**  (TLE.F.) 

G 


A  -t 


or  f  (t^x2  sin  cx  cos  a  dx. 
2 a 


—  Mg  .  a  sin  a  =  0. 

^  or  .  |y  (2a)3| .  sin  a  cos  a 

Mg  o  sin  a  <o2  cos  a  —  1  1=0 

_:.i _ A\_  n  ' 


(v  OAf=xcosa) 
Mg  a  sin  a  =  0 


either  sin  a  =  0  i.c.  a  =  0 


tar  cos  a  —  l  =  o.i.e.  cos  a 


4CUJ2 


Hence,  the  rod  is  inclined  at  an  angtc  zero  or  cos 


Note.  It  b?  then  cos  a  >  1.  in  this  case  cos  a 
4a, 


impossible  value  of  txi.e.  when  to2  <  ^.  then  a  — 0  is  the  only  possible 


value  of  a. 

Ex.  6  A  rod.  of  length  2a.  revolves  with  uniform  angular  velocity  W 
about  a  vertical  axis  through  a  smooth  joint  at  one  extremity  of  the  rod 
so  that  it  describes  a  -  cone  of  semi-vertical  angle  Ct  show  that 
CO3  =  3g/(4o  cos  a). 

Prove  also  that  direction  of  reaction  at  the  hinge  makes  with  the  vertical 
an  angle  tan-1 1  ^  tan  a  J 
r  figure  ol 


SoL  Refer  figure  of  last  Ex.  5. 
Proceeding  as  in  last  Ex.  5.  wc  get 

cosa=-~.  »  e.to2=~^ 


-..(I) 


P 
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Second  Parr  .*  f  V 

If  X  and  Y  are  the  horizontal  and  vertical  components  of  the  reaction 
at  the  hinge  O,  as  shown  in  the  figure,  then  resolving  the  forces  horizontally 
and  vertically  we  get 

!  X  =  Z  PM. Op  =  J  ~~  to2  x  sin  adx  (v  PM  =  x sin  a) 

la  o  2  a 

-~T  w2  { ^  (2a)2 )  sin  a  =  Man?  sin  a 
Zzr  J 

and  Y-Mg. 

If  the  reaction  atO  make  an.  angle  0  with  the  vertical,  then 

„  X  Motor  sin  a.  a  f  3j? 

un0=-  = - — - =—  7 — 

Y  Mg  .  g I  4a cose 

•or  0  =  tan~l  tan  Ct  | 

Ex.  7.  TWa  uniform  spheres,  each  of  mass  M  and  radius  a.  are  firmly 
f  ixed  to  the  ends  of  two  unifdrm  thin  rods.,  each '  df  mass  m  and  length 
and  the  other  ends  of  the  rods  are  freely  hinged  to  a  point  O.  The  whole 
system  revolves  as  in  the  Governor  of  a  steam  Engine,  about  a  vertical 
line  through  O  with  the  angular  velocity  toi-Sho w  that  when  the  motion  is 
steady,  the  rods  are  inclined  to  the  vertical  at  an  angle  6.  given  by  the 
equation 


IglC  « 
?> 


[substituting  from  (1)) 


•  cos  9  = 


M(l  + 


W2'  M{l  +  a)2  +  iml2 

SoL  Let  O A,  OB  bo  two  rods,  each  of  length  l  and  mass  M  attached 
freely  to.  a  point  O.  Let  C  and  D  be  the  centres  of  two  spheres  each  of 
moss  M  and  radius  a  alteched  to  the  other  ends  of  the  two  rods.  When  the 
motion  is  steady  let  0  be  the  inclination  of  the.  rods  to  the  vertical. 
Consider  the  motion  of  one  of  the  spheres,  say  the  sphere  with  centre  at 
C.  Let  5  x  be  an  element  P' Q  of  the  rod  at  P  such  that  OP=x.  then  mass 
of  the  element  is  (m/I)  fix.  -  ■  •  =  ; 

The  reversed  effective  force  at  the  elemcnt&c  at  P  is 

y  Sx.co2  .PM  =  y  &:  oAr  sin  0  alone  MP. 

And  the  reversed  effective  force  oij  th<i  sphere  is 

Mtip-CN^  Mto2  (a  +  /)  sin  0V along  CN. 

The  external  forces  on  the-  rod.  OA  and-  sphere  with  centre  at  C  arc  the 
weights  mg  and  the  Mg  and  reaction  at  O. 

To  avoid  reaction  at  O ,  taking  moment  about  O.  wc  gel 

Z  y  5x  to2-  sin  0.OAf  +  Mto2  (a  +  !)  sin  0  .  ON 


txto'-xslne 
’(R.E.F.)  : 

J£3)s,n& 


- 

m,$v  'v? 


/'  ’ 

•  ■ £?%». 


A  ?  V.  <r 


'X  rrmg.KGy-Mg.NC*  0 

r  *  ■  .'  **■  • 

or  J  y  aAr2  sin  0  cos  9  fa  +  Z)2  sin  9  cos  9 

°  ~  _  ...  .. 

— mg~ sin9  —  Mg  (a  +  /)  sin  6  =  0 

(ra!.  |^m/2+M(a  +  f)Jl  cos  0  g  (jm(+W(fl+/))]  sin 0  =  0 
Either  sin  0  «  0,  i.e.  0  =  0  which  is  inadmissible;. 

*'■  0)2 (:jffi/2+M(0  +  /)2)cos0— g  {lmi+M(a  +  t))  =0  . 

_  MCa  +  T)+\ml  ■  .  '  .  '  '  \  . 

or  •  cos  0  *  \ - 1 -  . 

1 0  M{a  +  /)2  -L  j  mP'.  . 

Ex.  8.  A  rod  of  length  2a,  is  suspended  by  a  string  of  length  l  atteched 
to  one  end.  if  the  string  and  rod  revoke  about  the  vertical  with  unijoriit  • 
angular  velocity,  and  their  inclinations  to  the  vertical  be.  0  and  $  respectively. t 
show  that 

3/  (4  tan  6  —  3  tan  <ft)  sin  j>. 
a\  (lan$ —  tan  0)  sin  0 


SoL  Let  the  rod  AB  of  length 
2a  and  mass  m  be  suspended  by-  a- 
string  OA  of  length  /.  Lei  9  and  $ 
be  the  inclinations  of  the  string  and 
the  rod  to  the  vertical  respectively. 

Consider  an  '  element 
PQ  (=6x)  of  the  rod  at  a  distance 
x  from  A,!  then  mass  of  this  element 
is  (M/ln) Ex.  ! 

As  the  rod  revolve  with  uniform 
angular  velocity,  to.  about  .  the 
vertical'  OX.  the  element  Bx  will 
describe  a  circle  of  radius  PM  in 
the  horizontal  plane.  - 
-The  reversed  effective  force,  on. 
element  Bx  is  .,  '  *  *  . 

~  Sr .co2  -  PM  »  —  Sr.o2.  (/  sin  0  +  x  sin  <»,  along  MP.  '  ’ 

The  external  forces  acting  on  the  rod  are  (i)  tension  T  at  A  along 
AO,,  and  (ii)  its  weight  Mg  acting  vertically  down  wards  at  its  middle 
point. G.  •  .-  .  gr* 

Resolving  horizontally  and  vertically  thoffooc^acting  on  the  rod,  we 

Trin  0=X^-Srm?N(/sin  0^-xsin  i^)  ^ 

■  -  2 a  /  T/  * 


Tafn  e^Vi?' ; 

■  243 

T  sin"  0  a 


7(fjln'9+"x  sin  4)  dx 
9+^-x^rin.^j 


and 


•(2) 


.  T  sin  sin  0+a  sin  $). 

/Tcos  B*=Mg. 

Now  taking  momehl^about  A  of  all  the  forces  acting  on  the  rod  AB,  we 
get 

M.  •» 

iV  c^Mg  .  KG  +  X  — — ‘ Bxttr  (/  sin  0  +  x  sin  4>) .  AN  —  0 

£ 

or  Mga  sin$^~ — 

’**#•  -  •  2a- 

=  “  to2 fx2  sin  0  -h-jx3  sin  cos 


L  *1 a 

~  (f  sin  0  +  x  sin  $)  x  cos  <$►  dfy 


re*  1  4j 

-  a  A/cor  (/  sin  0  +  —  sin  q>)  .  cos  0 

or  g  inn  b  =  3  or  (3/ sin  0,-v  4 <t  sin  <J>).  .,.(3) 

Dividing  ( I )  by  (2),  we  gei  * 

tan  0  (f  sin  0 -t- £/ sin  4>). 

or  OJ2  *=g  tan  0/(/  sin  0  +  a  sin  <$). 

Substituting  in  (3).  we  get 

t  g_xzn&{MsinBj*L4asinW 
3  .  (f  sin  0  +  a  sin  $) 

or  3  lan  0  (/  sin  0  +  a  sin  <»  «*  tan  0  (3/  sin  0  +  4o  sin  $) 

or  3/  sin  0  {tan  $  —  tan  G)  =  sin  §  (4aan  B— 3a  tan  4>) 

31  _  (4  tan  0  —  3  tan  <t>)  sin  <> 
a  (tan  — tan  0)  sin  0 

Ex.  -P.  A  plank  of  mass  M  Is  initially  at  rest  along  a  line  of  greatest 
slope  of  a  smooth  plane  inclined  at  an  angle  a  to  the  horizon,  and  a  man 
of  mass  Af\  starting  from  the'  upper  end.  walks  down  the  plonk  so  that  it 
docs  not  move,  show  tfiat  he  gels  to  the  other  end  in  time 

^/{(M  +  Ar;gsina}*  where  a  is  the  length  <*f  the  plane.  .  (145-2005) 

Sol.  Let  the  plank  AB  of  mass  M  and  length  a  rest  along  the  line  of 
greatest  slope  of  a  smooth  plane  inclined  at  an  angle  Ct  to  the  horizon.  A 
man  of  mass  AT  Stans  moving  down  the  plank  from  the  upper  end  A. 
Let  the  man  move  down  the  plonk  through  a  distance  AP=x  in  lime  /. 
Since  the  plank  does  not  move, 
therefore  if  x  is  the  distance'of 
*  the  C.  G.  of  the  plank  and  the 
man  from  A  In  this  position, 
then 

_  M  .  AG  +  NT  ,AP  _M  .{a/2) +  M*  x 
M+AT  ™  M  +  M* 

Differen dating  twice  w.  r.  t., 

*i\  we  get 

Now  the  total  weight  (M  +  M*)  g  will  act  vertically  downwards. at  the 
C.  G.  of  the  system.  ; 

The  equation  of  motitn  .of  tire  C.  C.  of  the  system  is  given  by 
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(A/  +  Af )  .7  =  (A/  +  M0j?  sin  a. 

.*.  (!)  a»ul  12).  we  get 

M'  .r  =  (A/  +  Af)  £  tin a. 

Inicer.ifiity.  wc  get  M-  x  =  (M  +  A/*) .?  sin  a  /  +  c,. 
Bin  mimlly  when  r ~0..t  =  0  c j  —  0. 


•~(2) 


M'  x  =  [M  +  Ml  £  sin  a .  /. 

.V.  |  .  _ 

luie^ranni?  again,  we  get  M's  =  M  +  M"  £  sin  a  .-/r.  +  c2. • ; 
Intitialiy  when  7  =  0,  x  =  0.  C?  =  0. 

Af  x = (M +'Mr)  x  sin  a .  ~r. 


^]l  ZXfx  ] 

1  \\  (A/  +  Af)  g  sin  a] 

r.  Uic  lime  lo  reach,  the  oilier  *  ~ 

^^/{(W  +  WUsino} 


Pulling  jr  =  d/»  =  o.  litc  lime  lo  reach,  the  oilier  and  B  or  me  plank  is  given  by 


§  19  Impulse  of  a  Force. 

T he  impulse  of  a  force  acting  on  a  particle  in  any  interval  of  time  is 
defied  to  be  the.  change  in  momentum  produced. 

Thus  due  to  a  force  F.  if  ihc  velocity  of  a  particle  of  mass  m  changes 
from  v,  lo  »•>  in.  time  f.  lhen  ihc  impulse  /  Is  given  by 

/  =  rnv3  —  «y  j.  p  m  (v^  —  Vj) 

f  '*  -  tf2  dv 
=  m  av?l.  m-r« 

\  *:  . 

‘  -  f':  dv 

••=1  F.  dt  since  F*=m-— 
dt 

’  Thny;thei;irtipiilsc.  of  the  farce  F  is  the  time  integral  of  the  force. 

Now  iet:i^f**TCC;^  increase  indefinitely  and  ihe  interval  (;2 -(j)  decrease 

to  a  very  small :quuniily;  such  that  ih&  Ume  integral  J  'F  dt  remains  finite. 

Such  a  force  is' cabled  impulsive;1  foirce.  * 

Note.  The  impulsive  force  Can  be:  measured  by  Ihc  change  in  momentum 
produced. 

§  2.10  Art  Important  Rule.  t 

The  effect  of  an  impulse  on  a  body  remains  the  same  even  if  all  the  ftnijJ&f* 
forces  acting  simultaneously  on  it  are  neglected.  ^ 

lei  /  be  the  impulse  due  to  an  impulsive  force  f  which  acts  for  a^tirnc^ 
T.  If  /  is  the  finite  force  acting  simultaneously  -on  the  body,  then^  . 

m(u2-ul)  =  JoFJr  +  jo/dr  =  /+/T 
Since  fT~*  0  as  T  ->  0  /  =  mCv2-v1);  • 

Which  shows  that  the  finite  force  /acting  on  the  bodyjnpytbc  neglected 
in  forming  the.  equations. 

§  XII  Central  Equations  of  .Motion  under  Impulsive  Forets. 

To  determine  the  general  equations  of  mofiojt  ojfycpxysteni  acted  on  by 
a  number  df  impulses  at  a  time.  . 

Lei  u.  vt  u)  and  u\  v\  w',  be  thc  vclockicvpiarallel  to  the  axes  respectively 
before  and  after' the  action  or  impulsiv^forccs  on  the  panicle  of  mass 
m.  If  X".  Y,  2*.  are  the  resolved  panstof  tfie  total  impulse  on  m  parallel 
to  the  axes.1  then  - *% 

1  tTrjL  *  -  - 

■.  Z  m  (u  =  u>=  EiNto  =  VC 

V 

or  X  mu'—fL  riiU^JOC  ... (1> 

Similarly  X  mv'  -  tr  ...(2) 

and  Z*  —(3/ 

i.e.  the  change  in.  momentum  parallel  to  any  of. she  axes  is  equal  to  the 
total  impulse  of  the  external  forces  parallel  fa  the  corresponding  axix. 

HenCe  the  change  in  momentum  parallel  to  any  of  the  axes  of  the' whole 
mass  M,  supposed  collected  at  the  centre  of  inertia  and  moving  with  it,  is 
equal  to  the  impulse  of  the  external  force  parallel  to  the  corresponding  axis. 
Again  wc  have  the  .equation 

Xm(yz -zy’)  =  Xm{yZ-ir) 
or  (Fi-zyJpZmCyZ- zF) 

Integrating  this,  wc  have  ' 

i  V  m  (yk y-  zy)JQ  =■  Z  J  •.y:;|.v-Z*.V_2  j  ^  Kdr| 

Since  ihc  time  interval  T.is  so  small  that  tho  body  has  nor  moved  during 
this  interval,  we  may  take  r.y, z.  as  constants.  Thus  the  above  equation 
.  becomes  .  / 

Z  m  (y  (w'—  w)  ~  z  {V  ~  v))  =>  Z  lyZ  —  zy) 

.pr  .  Z  m(yw  -zy^-Zmiywrcyy^ZiyZ-ir)  -.(4) 

Similarly,  j  >  " 


— £-»«  {xf — yu)  —  Z  nr  (at — ytt)  -  Z  (jcF — yX~)  .^(5) 

and  Z  n,  (z,T  -  Jo.')  -  Z  m  (zu -A0>)  =  XizX  -  xTT)  .-(6) 

Hence  the  change  in  the  moment  of  momentum. about  any  of  the  axes 
is  equal  to  the  moment  about-  that  axis  of  the  impulses  of  the  external 
forces. 

Vector  method.  Let  I  and  I'  be  the  resultant  external  ancf  internal  impulses 
acting  on  the  particle  of  mass  ni  at  P.  Also  let  ihc  velocity  of  m  change 
from  v»j  lo  vj  then  :. 

V  Impulses  =  change  in. momentum 
I  +  r*=m  (v2  — Vj) 

or^  Zl-fZf-Iuivj-ZfliVj 

But  ZI'=0»  by  Ncwion's  third  law 
/.  wc  gel,  Z I  =  Z  /wv2  —  Z mv, 

t.  e.  the  totol  external  impulse  applied  to  the  system  of  particles  is  ' 
equal  to  the  change  of  linear  momentum  produced.  *  * ' 

-♦ 

Now.  let  OP=  r,  then  from  (1).  .wc  gel 

Zrx (I  +  F)  =ZrX iji  (v2^r Vjj 

or  IrxI=Irxmvj-ErxniV|^  .  (Smce  Zr x  I' =  0) 

l  e.  the  total'  victor  sunt  of  the  moments  of^lhe^cxtt mal  impulses  about 
any  point  0  is  equal  to  the  increase  in  theqdngu^aiTTnwnieHtutn  produced 
about  the  Same  point  . 

•  ‘  '  .  EXA^^ 

Ex.  ID-.  Two  persons  are  situa red^orFa <pe rfectly  smooth  horizontal  plane ^ 
at  a  distance  a  from  each  oiherAO/ir  of* the  persons,  of  mass  Id  throws  a  \ 
ball  of  mass  m  towards  the  other^which  reaches  him'  in  time  t.  prove  that 
the  first- person  w'dl  begin  tqfsUdthqlbng-  the  plane  with  velocity  ma/  (M0. 

■  So L  Let  /  be  the  impulse;.. b^i^vecn  the  ball  and  the  first  person.  If  the 
*  first  person  throws  a  baJl^vyith,  tlie  velocity  u  and  begins  to  slide  along  the 
'  plane  with  velocity  .y,  Xgy 
then  since,  impulse  ^change  in  momentum 

(v  -  0)  (for  the  first  person) 


and  .  (u  —  0) 

^  ^  /»!  U.  =  MV 

Since  the^>ill^rcacbcs  the  second  person  in  time  t. 
■*«  • 

Frpni^2)^y  =  a/t.  Substituting  in.  (1).  wc  gel 

—  nta 
V  ~  Alt 


(for  the  ball) 

-CD 

-.(2) 


Ex.  11.  A  cajtnon  of  mass  M.  resting  on  a  rough  horizontal  plane  of 
coefficient  of  friction  p.  Is  fired  with  such  ti  charge  that  the  relative  velocity 
of  The  ball  and  cannon  at  the  moment  when  it  leaves  the  cannon  is  «. 
Show  that  [he  cannon  will  recoil  a  distance  (IfoS-2009) 

f  mu  Y  I 

^  +  />i  J  '  2pg* 

along  the  plane,  m  being  the  mass  of  the  boll 

Sol.  Let  /  be  the  impulse  between  the  cannon  and  the  ball.  If  v  is  the 
velocity  of  the  ball  and  V  die  velocity  of  cannon  in  opposite  direction, 
then  the  relative  velocity  of  the  ball  and  cannon  at  the  moment  the  hall, 
leaves  (he  cannon  is 

v  +  V>"ii  (given) 

Also  since,  impulse  =  change  in  momentum 

/.  /=  m  (v  -  0)  (for  the  ball  j 

and  l  =  M  (V- 0)  o  (for  the  cannon) 

MV  . 

m 

Substituting  from  (2),  in  (I),  wc  get 

- +  u  or  V  (M  +  m)  —  mu 


or  V  >=  mu/(JM  +  m) 

If  the  cannon  moves  through  a. distance 
x  in  the  direction  opposite  to  the  direction 
of  motion  of  the  ball  in  time  r.  then  on  the 
rough  plane,  for  the  cannon  the  equation  of 
motion  is  x  r ,  t . 

Mx  =-pR~-'VJdg  ,frti 

or  .x=-pg 

Multiplying  both  sides  by  2x  and  inlegrating.  Mg’ 

wc  get 

?  =  -2\igx  +  C 

But  initially  when  jr  =  0.  V  (Starting  velocity  cf  the  cannon) 

/.  c= v2  -;. ,  :/•- Vr: 

.\x*  =  V2-2 ligx-  '  ..  .  .  ' 

When  the  cannon  comes  to  rest  x  =  0. 

-.v  0~V2~  7  p.gx  . 


...O) 


which  is  the  required  distance. 


V2  _-f  mu  "f  1 

2jig  j^Af  +  m  J  *  2 pg* 


[Substituting  from  (3)j 


m 

\ 
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(Mechanics)  /  6 


TMa 


MISCELLANEOUS  EXAMPLES 
Ex.  IX  A  thin  circular  'disc  of  mass  M  and  radius  a,  can  turn  freely 
'off*  *  m  t;  thin  cr.xis  OA^uitich  is  perpendicular  toits  plane  and  passes  through 
.1  paint  O  nf  its  circit  inference:  The  axis  OA  ~ts  compelled  to  move  in  a 
f  horizontal  plane  with  angular  velocity  CO  about  its  end  A.  Show  that  the 
inclination  9  tn  the  vertical  of  the  radius  cf  the  disc  through  O  is 
tax’  '  Ig/aory.  unless  uf  <  {g/a)and  then  .8  is  zero.  (IAS-2002) 

Sol.  Lcl  C.  be  the.  centre  oFthe  thin 
ciivulnr  disc  of  massAf  which  can  turn 
about  a  thin  horizontal  axis  OA  : per¬ 
pendicular  to  its  plane  and  passing  through 
a  point  O  of  its  circumference.  When  the 
axis  OA  turns  horizontally  round  A. 
disc  will  be  raised  in  its  own  vertical  planc. 

Lci  ihe  radius  OC  turn  through  an  angle 
0  to  the  vertical  in  lime  r. 

■  Consider  an  element  of  mass  of  , 

d»c  disc  at  P .  Let  PN  and  PL  be  the 
perpendiculars  from  P  on  the  verticals 
through  A  and  O  respectively.  Then 
obviously  the  A  PNL  will  be  in  the  ■  ; 

-  horizontal  plane  and  NL  will  be  parallel  ’  ^ 

cribc  a  circle  of  radius  PN  with  constant  angular  velocity  oi  about  the  vertical 
through  A.  Thus  the  reversed  affective  force  on  the  element  5m  at  P  along  . 
NP  is  5m  .NP..  cA  ■ 

.  But, NP~  nL  +  LP  ' 

*.*.  5m  o>2  n)*  =  Smca*  nL+  8/n<i>2Z?.  ■  ; 

Titus  the  reversed. effective,  force  5mOT  Nfj  along  NP  is  equivalent  to 
forces  6mco2  NL  along/YL  and  5m(0Z  LP  along  IF.  The  external  forces  on 
.  the  disc  are  its  weight  Mg  acting  vcrtieaiy  downwards  at  it  eentre  C  and 
the  reaction  nt  O. 

By  D*  Alembert’s  principle,  reversed  effective  forces  and  the  external 
forces  keep -the  system,  in  equilibrium.  - 
To  avoid  reaction  at  .0,. we  take  tho  .moment  about  the  axis  OA. 

The  forces  6mw?  NL  along  'ML  races  parallel  to  OA,  hence  its  moment  about  ... 
OA  vanishes. 

Taking  moment  of  all  the  forces  about  OA,  we  nave 
Mg.CT  =  Z  Smtor  LP.OL  +  0 

or  Mg  a  sin  Q~or.Z5mLP.  OL  ^ 

=  ar.(P.I.  of  the  disc  about  OL  and  the  horizontal  line  through  o )  Ad 

-  ur  of  the  disc  about  the  parallel  lines  through  “CO.  /C  +  P.ffBf."-- 

whole  mass  M  at  C.C.  ‘C7  about  the  horizontal  and  vertical  litres  li^Sug^" 

<n  . 

-  co2  (0  +  M.CT . OT )  -  (02  Ma  sin  9 -a  cos  9 

or  sin  0  {g  -  aar  cos  0)  =  0  4i-_, 

which  gives,  either  sin  0  =  0 /.e.  0  =*  0. 

or  g  —  aco2  cos  9  =  0,  i.e.  cos  0  =  g/aco2  or  9  =  cos'1  (g^aco^). " 

If  to2  <  (g/a).  cos  0  >  1.  which  is  not  possibIe^<ahd,  hence  ir\  this  case. 

0  =  0  is  the  only  possible  value. 


Ex.  13.  A  thin  heavy  disc  can  turn  freely^alrout  an  axis  in  its  own 
plane,.  and  this  axis  revolves  horizontally^yfth  uniform  angular  velocity 
q)  about  a  fixed  point' on  itself'  ShowfxKbS  .jti&inclination.Q  of  the  plane 
of  the  disc  to  the.  vertical  is  giverf^by^cos'O  —fgh/k* CO2)  where  h  is  the  l 
distance  of  the  centre  of  inertia^f^lfie  ^dise  from  the  axis  and  k  is  the 


he  axis:  .  If  w <  g 


prove  that  the 


radius  of  gyration  of  the  disc^ 
plane  of  the  disc  is  vertical  ^ 

Sol.  Let  C  be  the  centre§)pB  thin.heayy  disc  of  mass  M  which  can 
turn  about  an  axis  OX  in  Its’oWn  plane.  When  the  axis  revolves  horizontally 
with  a  uniform  angular  velocity  <0  about  a  fixed  point  0  on  itself,  the  disc 
will  turn  about  OX.  Let  0  be  the  inclination  of  the  plane  of  the  disc  to  the 
vertical. at  time  t .  If  CB  is  the  perpendicular  from  C  on  OX,  then 
*C9  =  A  (given)  . 

Consider  an  dement  of  mass  5m  of  the  disc  at  P.  Let  PN  be  the  perpendiculars 
from  P  on  the  vertical  through  0  and  PA  perpendicular  on  OX.  Let  PL  be 
the  perpendicular  from  P  on  the 
vertical  through  A,  then  obviously 
the  A  PNL  will  be  in  a  horizontal 
plane  and  NL  will  be  parallel  to  ' 

OA.  Also 

Z  FA  L  =*  0  =*  Z  CBD,  where  CD  is 
perpendicular  from  C  on  the  vertical 
through  B . 

Now  P  will  describe  a  ^circle  of 
radius  PN  with  constant  angular 
velocity  05  about  the.  vertical 
through  the  fixed  point  O. 


Thps  the'  reversed  effective  force,  oh  the  element  5m  alF  along  NP-  is 
Sm.NP.tf:  .  / "  .  ‘  /  - 

But  NP=NL+LP. 

-f.  &7ico2N?1  =  5mt02NL+5/iitoz2j. 

Thus  the  reversed  effective- force  SwCO2  NL  along  NP  is  -equivalent  to 
the  forces  5m<M2  NL  along  NL  and  SniOJ^IF  along  LP.  The  externa!  forces 
on  the  disc  are  its  weight  Mg  acting:  vertically  .down  wards  at  its  centre 
C  and  the  reaction'  at  the  axis  .OXi.. ' - 
By  D’  Alembert's  principle^  reversed  effective  forces  and  the  external 
forces  keep  the  system  in  .equiUbrium. 

To  avoid  reaction  oh  the  axis  OX.  we  take  the  mbmerit  about  the  axis  OX. 
The'  force  fimeo2  ML  along  NL  is  parallel  to  OX.  hence  its  moment  about 
OX  vanishes.  .  '  '  '  ''  ^ 

Therefore  taking  moment  of  all  forces  about  OX,  we  have 

‘  Mg  DC  **  Z  tm^LP.AL + O  - 

.  Mgh  sin8  =  <fl?X5wt.AF  sin  0,APcos0  . 

/  1  s=  cc?  sinGcosGXSmAF2 

_ _  ^©^  sin  ecosG  *  .  (MX  of  the  dise  about  OX) 

v  =  or^siri  9  cose . 

or  sin  9‘  (gh  —  oq^A2  cos,9)  =  0.  ^ 

.  which  -  gives-. "  either .  .  sin  0  =.0,  Ijc.  cos  0 

cos e=(gA/^coi2),.'  ;  ‘V  f  ^ 

Now  wheri:CD?<gA/J^,  cos.0>  l.-wfi!cM3:TJbt: possible  and  hence  in  this 
case  0  “0  is  the  only  possible  valucy^be.  when  u?2  <  {gh/k1),  the  plane  of 
the  disc  is  vertical.  .  '  - 

.  '  -  -  EXEK^Bl^^  .  ; 

1.  State  D*  AI«inb£ri*s  priaclpe  toprove  that  the  motion*  of  translation  end 

.  rotation  of  a  rigid  body  fei^^iregarded' m  indep^ate111  of  ench  other. 

[Him.  Se*  5  2.7  and  J18).  '  [R^J.  80) 

2.  A  light  rod  OAB  dufetum  fredy  In  a  vtrtiail  plfloe  about  a  smooth  fi>od  hinge  at  <h 

two  heavy  paiticteSjO^has^cs  m  *nd  m '  ate  attached  to  the  rod  at  A  and  £1  oscillate  with 
it.  Find  themodon?]^.^  .  r  j 

3.  A. plank.  0 f^nS* lerrglh  io  h  InlrfaUy  at  rat  along  a  line  of  greatest  *Top  of 
'  a  smooth,  plane  CxJuied  el  angle  a  to  iho  horizon  and  t  msn,  of  mass  M  starting  from 

the  down  the  plodc.  *o.,that  Irdoes  not  move,  show  that  be  gen  to 

the  .fitter  Sikjft'rime.  "  "f 

\(Af  +  A/r)giinaJ 


'  ’  O’. 

See  Ex.  9  on  page  105]. 

;  ^  ■ 
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MOTION  IN  TWO  DIMENSIONS 


SET-III 


'V:  / 

;4Ji:Equatioay-of  Motion  : 

-  To  determine  th  e  equations  of  motion  in  two  dimensions  when  the  forces 
actin g  on  'ih e.  body  are  finite, 

SThc  irioiiqn  .of.  a  rigid  body,  consists  of  two  independent  motions  : 

X^ihcSmpQon:  of  centre  of.  gravity  (centre  of  Infettia),  and 

Xji) ‘tie  motion  about  the  centre  of  gravity  (centre  of  inenia).  _  " 

■  :  (i);  Mo tion  of  c en tre  of  gravity  (Cartesian  Method).'' Motion  of  the 
CiGVstqicSthqtthe.  motion;  ofthe-  C.G.  is  suchthat  the.  total  mass  M  of 
ihejj.igid.  bodyr  is  concentrated  at  the  C.G.  and  all  the  external  forces  are 
.-  A--  ,.-.  ,  .  „  , - f  *  ~  -  at  the  C. G  of  the  body. 


^blnU^  '. wKqsc^  rco-ordinate  .with 

;rcfetencevto two; '  fixed'  axesOX  and 

jS  -S^Thcieffcctive  forces'  acting:  on  the 
.particle  ■'  at;J°<  ore  mx  andyny  pandi'ef  to 
&£j^es:  IFX  andy  arc.the.  components . 

•qiStJie  -external;,  forces  acting  at  ip,  then 
•q^wC^AleinbeitV  principle  the  forces 
■X'^nu^Y-^my  together,  with  sijnilar 
^qrdw^tingvbn  al  1  other  pah  icles  of  the 
^q^ywform  aSsystem-  in.  equilibrium. 

•Vj^^w/si’drcy-We  have 

gj^rn&FpiZ  (V-my)  »  0  and  L  [x.  (Y  -  my)  -  y  (X mx))  =  0. 

-  2  r  and  Z  m  C*y’  -y*  )  =*  i  (xYryX)  -0> 

the  coordinates  of  the  ©.G.  G '  of  the  body.  Let  ‘(x  \  y ') 
:.point  P  with  reference  tp  the  axes  GX\GY' 
anjd  parallel-  to) OX  and  OY  respectively. 
x  'and  y  -  y +  y’C . 

0eit^xf:Zj ffixand  Afy^Ttny^  where  M  =  £ m  =  Mass  of  the  body. 

and  My  *=Xmy>  * 

g^K%vifirst .  two  equations  of  (1).  we-:  have 

^f^=ZXand  Af  y.  =  S  Y.  -v  (2) 

which  tire  the  equations  of  motion  t»l  the  centre  til  gravity. 

Vector  Method  : 

Let  r  be  the  position  vector  of  C.G.  C  and  F  the  external  force  acting^ar^. 


any-  particle  m  of  the  body,  then 


M  ——  =  1 V  i.e.  Mr  ~  E  F. 

dP- 


• 

Let  (jc.  y)  be  the  coordinates  of  C.G.  C,  and  X,  Y  ihe'-icojnpoiVcnts  or 
the  force  F  parallel  to  die  axes,  then 

F=jtl+yj  and  F  =  *l-»-  >'j. 

From <3).  we  have '  ..  ..  H  " 

.  m  (j'> + f j  j  =  £  (A'  i  +  & 

Mx=ZX  and  MJ:=tY  - 

(ii)  Motion  about  the  ccnlre  of  gravity.  istfol'ion  about  the  centre  of 
gravity  states  that  the  moments  of  thc^cfffccii^t  forces  about  the  C.G. 
* G ’  is  equal  to  the  sum:  of  the  mom criji^u f^lh c  external  forces  about  C. 
Substituting  *=■  x  +  jc  y«=«y  ^y  lhirdy equation  of  (I),  wc  have 

T.m  [<?  +  jr^(y  +  y')  -  (y  4 -y')  &£&x^).  V  . 

”  _  ...  -%.%£%  »X[^  +  x.').r-(y  +  y')  A'} 

■or  Xx  y  ~y  x  )  T.  m  +  x  X  nix'  —yX  nix’'  -  J  I  my  ' 

+  X  ».  (jr  *J£y-JIX+I(x'y-y'^)  -..(4) 

Now.  the  coordinates  of  C.GfeG~wiih  respect  to  the  axes  GX"  and  GY' 

•e> _ *  _ :  r 


£  m 


o  0  and  - 


Zm 


(as  coordinates  or  C.  w.r.i. 
GX  \  GY'  arc  {0.  0)j 


or  .£  mx '  =  0  and  E  my  '-  =  0. 

.  £  mi;  '  =  0  and  £  my  *  =  0.  . 

Also  Xm  =  M  —  Mass  of  the  body. 

'Substituting  in  (4),  wc  have  ' 

Txy-yx  ..)  M  +  £  «  Cr-'y'  -y/i'O  =  ?£.  F  -  y  £  X  +  £  (x  T  ->■  'A*) 

Usin^  the  equations  in  C2)  we  have 
x  £  Y-yTX+Z  m(x  ' y '  -  y'x')  «  Z  ZY  -  y  £  X +  £  (x  -  Y  -  y 'X) 
or  £  m  (x  'y'  -  y  j'.')  =».£  (x  .T-  y  'X) 

or  ^X/n  (X'y'-y  'x^~Z(x'Y~y'X).  -(5) 

Let  .0  be. the  angle:’ which  a  line  GA  fixed. in  the  body  make  with  a 
line  GB  fixed:  in  space.  As  the  particle  /n  and  GA  will  move  with  the  body. 
.  ^  PGA  will  remain  constant. 

Let  jCPgA  —  o.  (constant). 

•**  lt~£PG8  =  q.  Utcn  q  =  0  +  a_  <p  =  0  and  q  =  6 

Lei  GP=ir\  therefore  velocity  of  maiP.  is  r'<3>  perpendicular  to 
GP -in  the  plane  AGP  and  its  moment  about  G  is  r'  .  r'»r'24- 


i 


Z'm.Ct'y' - y'xT)  —  £  2  «j> 

isXmr*  0  £  mP  2  « 


M^e* 


wh c ric  .i; ,t Iw  radi u s  of  gyration  of  tlie  body  about  G. 

Hcrvcc/Troin  (5).  wc  have 

{x  'Y  - y  ’A>  or  .vu-Q  ^  L. "  “  ...(6) 

’  -““.v  - 

. ;  whcreft  *■£  (x-T  —  >•  #X)  »s  the  moment  of  the  external  forces  about  G. 

.  ..Equation  (6)  »s  flic  equation  of  motion  of  the  body  relative  io  the  centre' 
.. -'.'qf.; gravity.'' '  -'  ’  s 

'  Vccior  Mjethod  : 

.Lcr  P  be  ■  the 'position  vector  of  the  panicle  in  nt  P  relative -tq  the; 

■  centre  :of  gravity  G.  and  /=".  the  external  force  acting  on.  it,  \ 

then 'wc.  have  .  "  ■ 

£  r*  x  m  —rr  =  £ r'  X  F  or  '—••(£  w.i'’  X  ~~  rfy—  £  r  x  F.  ' 

dr  at-  at  _ 

■  ;2Let-.0,  be;,  the.  angle  which,  a. line  CA  fixed  in -'the.  body  make  with  a 
;.  .line' GB- fixed  in  space.  As  the  particle. m  and  GApWill  move  wjtli  the  body, 

-  2y?GA/  wiil ; TCmai  ni  constanL 

:Ust.  Z  PGA  =  ptL  (constamj.  .  _  *  ** 

PG£i=- 0.  then  q  =  © -*- a.  ' 

Cci.GP  -  I'f^  I  ~.P.i  Ihercforc  .vclpcity  pf  v/^rclauqn'lo  G  is  perpendicular 

■'.io  C/^  in ..the  glanc  AGP.  '  .  - 

:'  If-  «|'iiid  ej  arc  the  unit  vcctors^lqhg  'nnd  perpendicular,  to  r'  in  .t lie 

r.  plarvc-1  AGP,  then  x>‘-;  ^ 


=  £  m 


£  mP  2  0-(C|  x  ea) 


=  0  £  ni^tnj  (  ■-*  <t*  =  9) 

^j.whcrc~'n  is  the  unit -vector  normal  to  the  plane  AGP 
.  ,  .  n  =  9  (MJp)  n 

where  k  is  thc^radi.iiiJpf  gyration  of.  the  body  about- <7. 

Also.-  X^  x-I^-ip^o.  where mp'  is  the  length  of  the  perpendicular  from 
■  G  '.upon  ihijdfnictTbn  of  F. 

'  Hence  fronvfT),  wc  have 

.  " 


iuatTng"  coefficients  of  n,  wc  have 


Zp'F.  or  Mk2Q  -  £ p'F. 


...(8) 


k."Hr"  ... 

’  If.  (jc ';}■/)  .arc-  the.  coordinates  of  P  relative  to  GX'vnd.GY'  os  axes.. an^ 

X‘.  y  .thc..cornponents  of  F  in.  these  directions,  then  scalar  moment'  of 
force  Fab'oul.G,. 

^p'F^x'r^y'X. 

V.  JFrom,-(8)p :  wc  have 

'  iVfj^ev=i1;x;r-y.'x). 

Hence  ih  e  equa  hqns  of  motion  'of.  a  rig  id.body  moving  in  nyo  dimensions 
are  Mi  =  EX. My.  =  :  : 

,  4.2.  Kinetic  Encixy  :  :  f  x  ■'  ' . 

■  To:  express;- the.  kinetic,  energy,  injscinis'.of.thc  motion .  of  the  centre  of- 
•  •  gravity  .  ankf:they  motion  .  relative;  tpjjfoc^£entrci<ifi.grmity,\  when  .a  body  is 
moving  r'n'jwo  dimensions  ( i. e.  parallel  to  d'nlane ). 

At  ony  time  /,  Ict  r  be.tho  position,  v c ctor  (p.y.),of  a  part ic le  of  mass  m.  . 
referred  io..the  origin O.  If  r  is  the  p.y.  of -.the  .CJ3;  G  ofih'e  body,  w.r.c.  the 
origin  O  andF  the  p.v.  of  m  w.r.t.  G,.ihen  -'  -  ’  • 

Tho  kinciCT  energy.  (KJEJ,  ;7!;of\ t hc^. body  is  given  by 


=  ^  X  mr^dr  ^  £  mr  f  2  +  I  mr  -  r .' 


...0) 


Nowithe  p.v.  ofq  wj-.t  the 'origin1  at  G-is  gtyen'ijy..  i 

l*  on*  £  m r  *  .  c,  _ — .  /■  — : -  •  .  v.  -  -  ■-#  -  q 

- r: - ,  —  =  0*  t.e.  £  mr  —  0  and  £  mr  =  0 .  .  . 

. _£ m  .  £m-  .-v.h'-.V.  i': 

Also  £  m  ■=  Af.  From"  (1 ),  we'  have 
r^Af^.+T£/nr>a .  - 

Another  form:  .  Let  :  v  bc  .thc  :  velocity  of  the  cemre.of  gravity  G  of  the 
body.  Ife  is  the. unit  vector : perpendicular  to' the -direction  of  r't  then  we 
have  ;/ffi  *.  ■'.= 

'  :  v  %  -—c  ? 

Let  GA  be  a  -line.rixed  in  the  body;  and.  G5  fixed,  in  space. 

:  Si  nee  m.  moves .  with  ihe  body. '  .-.  "AGm  —  ConsCiint=.  a  (say). 

(f  Z. /iGB.-iQ  and xZmGB ;4:^.  dicn 0  +  oc,  .*.  q=>0. 


=  .1> 
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From  (2).  we'have' 


T^A/r^X  wr^  202 

‘  -  '  /£;*  -  ;  ‘43). 

where  I  r  1 = v  =  vclociiy.of  thc  GG.SG.  ^nd  ^is  the  radius  of  gyration  of 
ihc  body  about  the  centre  of  gravity.  .  '■  - 

The  equation  (3)  shows  that: the  kinetic  energy  of  a  body  of  mass  M 
moving  in  two  dimensions  is '  equal;  to  ^tic  rK:El  of  a  - panicle  of  massM 
placed  at  thcCG-  andmovirig^with  it  together  with  the  KJE  of  the -body 
relative  to  the  C.G.  .  -i  v ir  * 

i.e.  K-H.  of  tho.body  ==  lCE.  due' to  translation'  +  KJS.  duetcr  rotation. 

43.  Moment  Kibrnenttim)'  ?  -  ; 

To  find  ihe  moment  of  mdmenlunidfabody  aboutlhepxcd  origin 
0.  when  the  body  is  moving  i^t^'dimehsion^  -  ■ 

At  time’ t,  let  r  and  r  fcxrthe  posmonveefors  of  a  particle  m,  and  the 
C;G.  G  of  the  "body  respect ivery  'w^x  the  on  0.  Also  lei  r '  be  the 
position  vector  of  the  particle  m  w;h  Lthe.C.G.  G. 

Then  r=*T-F  rV  "  .  •  , 

Let  H  be  the  moment  of  momentum  or  angular  momentum  of  the  body 
about  0,.  then  “We 'have.  .  ■ 

H=Xrxmr  =  Xmrxf  , 

=  Im(K+V)x{E  +  rO 

=  r  x  r  Xm  +  rx  r+X/nC;X.r'.  1  .  ..—0) 

Now  the  p.v.-  of  G,  w>.L  ,the  bnjgiri  ;aVG  is  given'  by  = 

/.  = 0.  iJe.  mr'  ~  Q  iri'dX/nr'  -a 

Xm  Xm  „v  r;.--  ■  -  V  .  ; 

Also  Zm~M.  From  (I);  we  have  :  ‘ 

HarxA/r+Er'xm^ 

or  H° rX  A/v  +  X r'x mr/. .  ■?  *  — (2) 

where  v- is  th^  velocity- of  the  G.G. 

Another  form,  Let  n  be  the  unit  vector,  parallel  - to  //.  then  we  have 
r  X  Mv  =  Mr  x  v 
-(AfiTp)a 

By  the  definition  of  moment,  wherevp  is' the  perpendicular  from  the 
origin  O  on  the  direction  of  the.  velocity -v  of  the  C.G.  G.  . 

.  Also  X r.  X mr/ =  0  (AfA2)  n,  (seo  §  4.1  on  p:  168)  and'H  «//re 
Therefore  from.  (2L -\vo  have 
Hns'(^  +  Mjfe?0)Jn  ' 
or  H  ='  hfyp : 

Which  shows  that  the  moment  of  tnmnctnru  ( or  angular  ntninetituni)' 
a  rigid  body  about  a  point  O’  is  equal  to  th ectnguhirnx omet ttui i i.  i djinit^ 
O  of  a  single  panicle  of  mass  M  (equal  rathe  nieiss  of  the  ■  bridyj&ri'gjis^i 
C.G.  and  moving  with  the  velocity'  of  the  centroid,  together  with' the&pgul<fr  ■■ 
momentum  of  the  body  in  its.  motion  relative,  to  the  Centroid.  ■ 

i.e.  Angular  momentum  of  the  'rigid  body  =  Angular  momcit.iuin^dr-ihc' 
centre  of  gravity  +  Angular  momentum  relative  to  the  ccnlrc^of^ravity.  V, 
4.4.  A  uniform  sphere,  rolls  down  an  inclined  plane. %jaitgh  •yndugh  .to 
prevent  any  sliding  ;  to  .discuss-,  the  motion. 

Initially,  Jet  the  sphere  be  at  rest  ~~  ':5 

with  its  points  A  in  contact  with  the  point 
O  of  the  inclined  plane:  After,  time  f,  let 
the  centre  **C*’  .of  the  sphere,  describe 
a  distance x  parallel  to  the  inclined  plane. 

Let  CA  be  a  line  fixed  in  the  bod^'mak^^ 
an  angle  8  with  the  normnl  to  the  plaiic, 
a  line  fixed  in  the  space.  . 

If  F  be  the  frictional  foree-Sand^, 
the  normal  reaction  at  the.*,  pbfm§>  of 


contact  B.  then  equations  ofAmbiibh'  of  C.G.  of  the  body  hre 
Mx  ^  Mg  SirvOt^-  F.- 


i-0) 

,:.;.(2y 


.  . 

Since  there  is  no  motion  .perpendicular  to  the  plane,  we  have 
My ‘  ™  0  =  Mg  cos  a  —  R 

Also  equation  of  motion  about  the  centre  of  gravity  is 

There  is  no  sliding.  we: have  OB  =■  arcAB 
i.e.»x  =u8.  o8  and  x‘  =  a8  . 

From  (4).  0  -  Jr  /a,  from  (3),  we  have 

°  °  <?  d? 

Substituting  the  value  of  F  in  (1),  we  get. 

w*  ■  M&x  ..  t?g  sin  or 

Mx  =  Mg  sin  ex - - —  or  x  =  — 9 - r— . . 

a2'  a2  +  F  - 

which  shows  that  the- sphere  rolls  down  with' a  constant  acceleration  : 

_  r^gstna 

•  a*-+  A2  . 

Integrating  (5)  wc  get  x  =  °  ^  -in_a  /  +  C:  and  C.  the  consiant^  of; 

•  dr  +  fr  !  '  v  .  f 

integration  vanishes  as  r  and  X: vanish  . together.  /' 


■M3) 


tP'urcrrbllmg;::;  Eliminating  :x:  from J(5)<  and:  (l).  wc  get 

n  9  5‘ri &=~Mg  sin  o^’  '  |v^= —  J.* 


Aiso.  frbm42)  -/?  =*  Mg  cos  cl  -  -  :  ;  p? 

!  rnr-nr>l/vr  •. f  »'•  :wi  sxi*  «!rv.  rli  J4S «\ri>  ^  a.'  !«•>».  ti 


-  A  Mnffbrtnl fphd,  cylinder  If^ocedi^ith^  its  <ms  horizontal  on. 

orizpt^ffgsh  ow  rfiauhe.  least  coefficient. 
Ayffifriftioh  [between  ilandyihc  pjar^softhdrii.  may  foil  and  not  'slide,-  is 


,-lartcr.:: 


the  lefist  itattie'  is 

rjl^^L€^^^|jrn<&r^^!^d^^nt>AjdiVtAnce  Jx. along  the  inclined  plane  in  tii 

time-,  r, .  then  x:j 

v/-  -'  "  ■ 


time  t 
aB 


.41) 

...(2) 

through  the  centre  , of  gravity  *G*  of 


From  (1)  and  (3).  we  have 
.^2  F  —  Mg  sin  a  —  F  or  F  —  |^”  +  I MgsinO 

.  gf 

or  F-~— = — —Mg.  smtx.  -  -  .  .  . 

°  +  K  f  ■  . 

-  p  .  .  fp- 

From  (2),  R  =  Afg  cos  a. :  -v  —  =  ,  -  ^  una. 

.  ty  dr-^kr 

■  F.  :  jt* 

V  For  pure  rolling, :  p  > .“ ^  iV.  p  -  - r  tan  CL 

;«  a^  +  JP 

When  the  cylinder  is  solid;  thcn'  A?  =».^  rt2  l>\  y  ,  -  ' 

•  •  •  .  ‘  V  -  r  ±^::-  ..  I  ' 


...C3) 


for  pure  rolling  p  >.~~  r  ,  tani  dt;  or  }I  >- tari  tt.  ■ 

■  _  .CTA-  'S-1-  ■>. >7  I.'--.-.-: 


In  case  of  hollow  cylindeV, 

>•:  ’.‘Mi?"  : 

.‘.  for  pure :roning»T}l£> ^ - ,  .  ■  . .^:tari  ,qr;p>|tait  . . 

:  ^  ^  ;  :.^A  jL  -:.: 

Ex-:;  2.  A  cylinder  mils.  do^i<^smdbiHf>lc me)wKdse;incUTu^ldn:  to  /A< 
hoirlz6r\tcd  is:  <X.  un wrappings  as  it  goes,  a  finc.String  fixid  to 
point  of  the  'plane:  find  its  acceleration  rand  tension  of  the  string. 

SoL  Lel-X.be  the  tension  in  the  siring 
wbcnV  the.  cylinder  has  rolled  down  a 
distance  x  along-  the  inclined  Iplane,  and 
in'  this!  tirhc  (say.  r),.let  0  be  the  angle 
: . turned :  by  the  cylinder.  Since  the- string  V\J&? 

:  is  tighCso  the  motion  13  of  pure  rbllfrig. 

;OB  =  arc  AP^aQ  .  ,.;(1) 

,.*.  ;X*=  dQand  x  »  <xQ 

Equ ations  of  motion : of^thc  centre  -- 
of  gravity  of  the  cylindcr^are 
''M-x'=*  MgsitKX—  T  ...■•• 
and  Afy  =  0  =  Afg  cos  ot  —  R.  r- 
■  ;Alio:  taking  moments  about  the  centre," we  have. 


...(2) 

-(3) 


IMRi 
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Motion  in  Two  Dimensions 


(Mechanics)  /  4 


& 

i 


H 


‘O  -  .i  -X;: 


if'  initially  the  rod  will  be  in 
cqmUrbriuni:  in  its  vertical  position  with 
onecndA  in  contact -of  the  smooth-  floor  r 
at  A  then  when  it  is  displaced  slightly 
.  the  end  A  will  move  bli  the  horizontal  k 
floor  such' that  the  QG.\G  movt  along 
.  the  vertical-  line.  GO.  At  .time.  fv,let-  the 

rod  be  in  el  nedat  an  angle:  0  to-. the 
vertical..' Ta)  ingthe  point  Gassorigin.  horizon taland  vertical  lines  through 
O  as  axes  tie  coordinates  of  G  are  given  by,;.  ; 

x  —  0  and  y  -  -a  cos  8  V.  y  —  —  a'sin-89  and  y—  — a  cos  802  —  a  sin  .80 
The  equation  of  mption  oftheC.G.  XI  is  ■  * 

My  =W(-^cos'992-asin.89)'=7f  . 

Taking  mordent  about  G,  we,  have 
MJ^Q  ~R  /CL  or  M  (a?/3)  Q..  =»  R.a  sin  8. 

■Also  the  energy  equation;  gives. 

K£.  «  Work  done, 

or  ^  M  (P  Vy2  +  ^d^Q2)  =  Mgfa-a  cos  9}.: 
or  y  (a2  sin2  0  _+  -  a2  )  02  -gg  ().  -  cos  0)* 

,  ‘2  6j?  (1  —  cos  8)  - 

v  H  =' 


m 

.,(2) 


a  (  r  +  3  sin2  8) 

Differentiating  ,(3).wxL  'f  ,  wehavc 
'sin  ( 


...(3), 


29© 

a 

or  e-»3£ 


br>0  s 


_ ; J  6  sin  8  cos  8  (1^  cos  8)1-- 

8)  (i  +  3sih2#  j 

9 


(1  +3sin' 

1  -»■  3  sin2  8  —  6  cos  8(1—  cos 


3^1  4  —  6  cos  8  -»•  3  cos'1 
a  L  (1  +  3  sin2  8)2 

-v  Fr«?m  (2):and  (4),  vephave 


(l-t-3sinz8>2- 

s20l 

-r-rjsm  8 


-(4) 


-(5) 


Q  it  3  COS2  el  Xl'  +  i  (  1  —  COS  0)2^l  ■ 

(5)  it  is  clear;  that  R  is  always  positive  for  any  value  of  ft.  So 
ou  r:  as  surnpli  on thr  ough  o  u  t  the  motion  thar  one  end  of  the  rod  is  always 
in|contaci v with,  the  floor  is  cortecu 


When  0  =  Jt/2.  i.e.  just  before  the  red  strikes  the  floor’  R.~~Mg.  ' . 

Ex.  6.  A  uniform ■  rod  is  held  at'  an' inclination  ct : to  the  ha rizonJcitJi^/ 
one  end' in  contact  with  a  horizontal,  table  whose  coeffi ci cnt  . off  tic  tig) r 
p.  If  it  be  then  released  show  that  it  will,  commence  to  slide,  if. 

( 3  sin  a  cos 


( 3  sin  a  cos  a^| 

14  <[  1  +3  sin2  a  J 


wAix  ' 


Sol,  Let  AB  be  the  rod  .  of  mass 
M  and  length  2a..  Let  F  be  the  frictional 
force  and  R  the  normal  reaction. 

Taking,  ihe.  point  A  as  origin. :.and  ,  the  aY 
h  orizontal  and;  vertical  Ii  ncs  'through  A  0 
as  axes,  ihti  coordinates  of  the  C.G’.  C. 
of  the  rpd.are  ..given.  by 

jr  =  acpi'.0;.y.=  asin0  v__ 

Equations  of  motion  of  G.G.  are  %s  & 
Mx  —  Id-  f-r  a  cos  0  62  —  a  siri:.0 
My  =  M[—a  sin  0  02  -+a  siriB^j^^r^Mg-' 


Initially,  when  Inc  rod^j^jhclincd  at  an  angle  a.  to  the  horizontal;- 
the  coodinalcs  of  G  we.re^bcQS.a,  o.sjn 

Vertical  downward  displacement  ofG  =  a  (sin  d-sin9)  A 
/..The  equation- of  energy'^is..' 


TCE:-at  .iimer.  r  ;=  work  done,  by :  the  gravity..  -  ■ 
{  M[(P  -hp)  +  ^i^Mgiasma  -  d  sin  8) 
or.  i  M  (a202  +  j  a202)  >='aA/g  (sin  a  ~^sin  0)  , 

* '  =  2a  ^S*n  **  ”  s*n 

Differentiating  (3)  w.r,u  to;  t*  we  get 


•v(3): 


8  == 


cos  9. 


Putting  the  values  of  0?  and  0:  from  equations  (3)  and  (4)  in  (lj  and 
(2),  we  have  "  .  :  •; 

.F  =  Af  J^— c  cos’0  (sin.0f-;:Siit-8>  — a'sin'0  ^r-^:'cos  8'j^ 

—~Mg  cos  9  (3  sin  8  -  2  sin  a)  . 

’  JV  a  sin  O  .  ^Vfsin  a  —  sin  01  + a  cos  - 


and  R  =  Mg  +  Ml—  a  sin  C 


/  ■  •  .*?  Afg  (4-6  sin  0.sin  a  +  .6  sin2  8  —  3  cos2  0] 

"ViWhch  0  =  a,'  F=  ^  Mg  cos  a  sin  a  and  R—  -  Mg  (4  -  3  cos"  a) 

^  .  ={,Mg  (1  +  3  (t  -cos2  a)  =  ~  Mg  (1  +  3  sin2 a) 

^Thcchtl  A.wil!  commence  to  slide  if 
-  :‘l:  -  F  -.  ..  .  3  sin  a  cos  a 

P:<-r.e..p  < - —  .  r.. 

A  -  K  I  +3sin~  a 

'■Ex-  7.  A . uniform  rod  is  held  at  . ad  wc/ma/io/r.45'  to  me  vertical  with 
one  cneL. in  contact  with  a  horizontal:  table  whose  coefficient  of  friction  is 
jJijfir  is.  then  released,  show 'that .  if  willcamnience  to  slide  if. \l<  3/5. 
SoL  Putting  a  =  45*  in.  the.  last  Ex.. 6,  we  hove  ' 

3  sin  45*  cos  45* 

ti  <  - - - - - - -  or  jx<  3/5. 

.l  +  3'.sin2  45* 

Ex.  $.  The  lower  end  of  a  uniform  rod.  inclined  initially  nt  ani  angle 
a  lo  the  horizon  is  placed  on  a  smooth. horizontal  table.  A  horizontal  force' 
is  applied  to  its  lower  end  of  such  a*  magnitude  that  the  rod  rotates  in 
vertical  plane  with  constant  angular  velocity  <0.  Show,  that  whcn~- the  rod 
-is  inclined  at  an  angle  0  to  ibe  horizon  the  magnitude  of  the  force  is 
Mg  cot  0'-  A/a  ci)2  cos  0.  where  M.  is  the  mas  ofjthe.  rod. 

Sol.  (Refer  Tig.  of  Ex.  6  on  p.  181).  ^ 

•  Let  Afl  be  the  rod  of- mass  A#  and  length .j2lq„.(nc!ined,  initially  at  an 
angle  a  to  the  horizontal.  Let . F -be:  the^hoqzpntal  force  npphed  to  the 
lower  end  A,  so  that  the  rod  rotates  in  a  vcrticaj[?plane  with  angular  velocity 

..At  any  time  t,  lei  the  rod  make  an^anglc'ff.io  the  horizontal.  Since  the  rod 
irouttcs'wiih  a  constant  nngulajgvc^6i^e>  in  a  vertical  plane. 

•  .*.  0-©  (constant),  so  tl)aU0^i^%'' 

:v  Gl  ~  a  sin  a. 

■  -/.  The  equation  of  moti.otttof  the  C-G.  G. along  the  vertical  direction  is 

A/  (a  sin  Qy/  Ma  (— ^  sin  002  +  cos  09  )  =  R  —  Mg . 

-  dr 

Mg^Waoyfisln  B  »*-d) 

...  .  \ 

•'  [  ^fh^cquairbri  .of  motion  of.  thc.-C-G.  in-  the  horizontal  direction  is  not 
..^w^cfaSIth^cndA  is  not  fixed. 

:2;.Takij\gj]hpmcni  abou i  G.  we  have 


■-Irakli 

’r’  R'..a-sin  0  •+*  F  .  a  cos  0.  (  V  -  0  =0) 

F=R  cot  0  =  (Mg  -  Maur  sin  8)  coi  9 
%  or  F=  Mg  col  9  -  Mao*2  cos  0. 

Ex.  9.  A  uniform  rod  is  held  nearly  vertically  with,  one  end  resting -on 
an  unperfectly  rough  plane.  It  is  released  from  rest  and  fall  forwa  rds:  .  The 
inclination  to  the.  vertical  at -any  instant  ii  B. 1  Prove  thcr  : 

f/)  If  the  coefficient  of  friction  is  less  than  a  certain  finite  amomit.  'the 
lower  end  of  the  rod  will  slip  back  ward,  before..  ;  '.  r‘.:% 

sin2  (6/2)  =  (1/6) .  .  . 

(ii)  However  -great  the  coefficient  .of  friction  may  be,  the  Jower.-end.will 
begin  to  slip  forward  at  a  value  of  . sin*  (B/2)  between  --  and 
SoL'(i) "Proceeding  as .  in  §  4^,'  wc.  haye.  ‘ 

F^Mg  sm  0  (3  cos  0  -  2)  and7lW^  Mg  ( 1 3  cos  0)2  . 
Obviously,  F  =_0  if  sin  0  nr  0  or.  3  cos  9  -r  2^  0  *■„ 

sm;©:=O;  giyes  0  -  O  j:-  ’  '.Jiff.  *  . 

3  cos,  8  —  2  =  0, {gives  I  —  2  sin2.(6/2)  =  -vorV sin2  (9/2)  3  ^  '' 

.’.  E>=  0,  when  0  =  0  or.  sin2  (0/2)  =T  ,' .  I 

\  ■  ■-/-*'  "  «  •  ■ 

The  value  of  F  is  positive  when  .8  takcs  all  intermediatjc  values  betwoen 
8  =  0  and  0  =  cos- 1  ^  and  iscontinuousfunction'of  0,;.  he  nee  between  these 
two  values  of  0,  where  F  vanishes,  /'  ■has  a  maximum  value  for  some  9. 
Let  F±  be  the  maximum  value..  We:  observe  that  for  05  9  <cos“ 1  ~  the 
value"  R  S  Mg. 

Thus  there  is  a  finite  valuer  of  JX  fenr  which  Fy  >  pA  and  therefore  for 
this  yaluo:  of; .  p,  sliding  will  take  place  before  cos- 1  y /.«.  before 
sin2  (0/2)  =  Since  F  is  positive  (in  the  forward  dircclion).  hence  the 

slipping  will  start  in  the  backward  direction., 

,.(ii).  Wc  obscive  from  the  value  of  JF.  that  if  cos  0;>  3/2.  F  changes  its 
signw;.i.eJ:direetion  of  the  friction*  isvrcverseS  if  r 
F* =V  F mg  sin  8  (2  —  3  cos  8)V 

Now  the. slipping  may  start  when  F*>  iiR.  .  -  /  -.»  *"  * 

i.e.l  when  .3  sin  9  (2-3  cos^ (1  f-3  cos  8)?. :  ;  — (l) 

As  0  increases  from  cos- *  y  to  cos^f  the  .term  on;  the  left  hand  side 
increase  while  the  right  hand-  side  term  dccreasovffOm  l  to  0.  Therefore 
for  some  value  of  0  between  cos-  *. yand-cos-  i.e:  when  sin2  (0/2)  lies. 


H.Q.;  105*1 06,  Top  Rooq  Mukheijee  Tower,  Dr.  Mukherjee  Nagar,  Delhi-9.  B.O.:  25/8,  Old  Rajender  Nagar  Market,  De!hl-60 
Ph:.  011-45629987,  09999329111,  09999197625  ||  Email:  Ims4ims20i()@gmaij.com,  www.ims4maths.com 


I 


https : //t.me/upsc  pdf 


I 

I 

9 

% 


$ 

* 


1 

a 


I 

si 


22 

» 


i 

a 


a 

03 

ft 

Sr 


e  k 

■«s 

OL 

If 


i 

fo 


:-'.  i 
-:-1 

r::J 


J oin ' TeregramTorMore' 'Update  :  -  Https: //t.ihe/upscT  pdf 


Motion  In  Two  Dimensions 


(Mechanics)  1 3 


m^-T.a  or  M.\<itQ  =T.a  " 

■*  or  ^  A/.r  » r.  { V  x  >’  *9 J  -  .  ; :  -  -(5) 

From  (2>  and  (4).  wc  have 

Mg  sin  Ci  =  Mx  +  7"=;  Mx;+  -f  Mx  .=  ~  Mx\  i.e.  jc“  -  j  sin  CL 

/. -From  (5)*  r=^Afx*=s-|:A/^sinf,a.  Q  , 

Ex.  3.  A  circular'cytinder,:whbse  centreof  inertia  is  at  a  distance  c 
from  axis,  .  rolls  on  a;  horizontal  plant,  if,  is  be  just  stanedfjrom  a  position 
of  unstable,  equilibrium.  Show  thatlhe  normal  reaction  of  the  plane  when 

=  -  .  ,  ,  --V  r  At1  1 

■the  centre- of  mass'. is  in  its  lowest  position  is  I  1  + - r - ~  1  times  its 

"  ‘  ■ +*J  ■- 

weight,  where  M  is  the:  radius  of  gyration  about  an  axis  through  the  centre 
of  mass.  »  "  '■  * 

SoL :  InitUDy  leit  the  point  :df  contact 

of  the  cylinder  be  at  p  when  Jtsi  cehtre  of  :;  Y 
gravity.  G  was-  vertically  -above,  die  centre' 

C  of  the  cylinder..  '  >. 

In  time  r  Jet. theJraditts : througb  G  tum-i.'.k 
through  an  angle  ©v.  nnd  let  Bbethe  point  y 

of  contact.;1  . . :  . 

planc-al^t 


tact  ;6f  t  hccy  1  i  nderto.  the1  horizon  tot  ^ 
it=  this;  time  A.  '  f  " 


...  '  .a  _  -. ;  .j'!-,  (?f:.CG.r*c and  Obt=  Arc  BP==  o0) 

.Equations :«f  motion  of  C.G.  are  : „■  ■- . 

..  .... 


hf  =S  A/'— j  +■  c  sin  8)  =  T 


and  [‘M  “  (a  +  c  cos  0)  =  R  -  Mg.  : 


-..(2) 


.:  ..-;AIsa  energy  equation  gives  ' 

2  Wp1?  +  i*2]  ^  A?Q2]  =  work  done  by  the :  forces. 
f-W’5  Af  -iCaf  ;+’  c:cos  09)2  +  (-  C  sin  G0)2]  -*-  ~  - 

.  *  =  Afg(e-ccos6).  ,'..(3)- 

.  .;Let;-toft>e'Mhe-"nnguIar,  velocity  when  G  is  in  its  lowest  position 
i.r.;  0  =  to  when  G-  Jt ; 

From  (3),  we  have  % 

~  M  [(a  -  c)z  +j£2]  co2  =  2m gc  i.e.  to*  =  - 


-4^ 


From  (2),  wc  have  R  =  Mg-  Me  (sin  60  +  cos  00  )  ^ 

When  thc  C-G.  'G‘  is  in  its  lowest  position,  i.e.  when  0  =  7t,  jh^>.0'^oi. 
In  this  position  R  =  Mg  -  Me  cos  itccr. '“ 

Jcg 


=  Mg  +  Mc 


J?+(a-c)Z 


-Mg 


4 c2  n 

2  +  ( a  -  c)2J  * 


js«Oa3L 

Ex.  4.  7Wo  equal  cylinders,  each  of  mass.  M.^are* found  together  by 
an  elastic  string,  whose  tension  ts  T,  and  roll  with.jh cif"  axes  horizontal 
down  .a  rough  plane  of  inclination  a.  Sho^'" that f  their  acceleration 


2  T  2ur  1  v 

rr  sin  a  1  —  —  r-.  -  1 ,  where  p  is  the  coeffcteiit  of  friction  between  tlie 

[  Mg  sin  a]  % 

tinder.  -bs* 

the  two  equal  cylinders^ 
nass  M  and  centres^, 

bounded  by  ah  elastic 1 ’ 
r  nsion  is  •  T,  rolUdovyK 
pi.  oe.  Let  /?j/7v|^^ihe 


(ON  LOWEP)  ; 


cylinder. 

Sol.  Let  the  two  equal  cylindersi^j,. 
each  of  mass  M  and  ccnlresj,  ^ 

O j  and  C?2,  bounded  by  ah  elastic '% 
siring  whose 
the  inclined 

normal  .reaction  and  •• YricUonjJS'n  the 
upper  cyiincr  nnd  R2.  F2  be  thcnormal 
reaction  '.and  friction-  on  the  lower 
cylinder  due  to  the  plane.  Let  S  be  the 
normal  reaction,  between  the ,  two 
Cylinders',  at  P.  The  frictional  force 

pS  .between  the  two  cylindcrs  acts  away  from  the  plane  for  upper  cylinder 
and  towards  the, plane  for.  the  lower  cylinder 

At  any  time  t  let  the  cylinders  move  through  a  distance  x  along  the 
plane  in.  downward  direction  and  0  be  the  angle  turned  by  them. 

As  there  is  no  slipping,  we  have. 

x=  o0.  i*.e.  x  » o0  '  ' 

Equations  of  motion  of  the  upper  cylinder  are  given  by 
Mx  i=Mg  sin  a  +  2T-  F,  _  5  ..  „.(2) 

My  *=0=/?1  -Mgcosa  +  pS  *  ...(3) 

and  MJe^Q  =>  Fy  .a  —  p5 .a  ...(4)> 

The  equations  of  motion  for  the  lower  cylinder  are;  given  by 
Mx  «  Mg  sin  tt  —  2T  —  Fj  +  5  .  -(5).k 

My  =  0  —  R2  —  Mg  cos’  a  ~  pS  .  ..(6) 


r.C7) 

1.(8) 


;%’Sul>ii$S^rig‘(%-fi^:-C4^  ffom'i.CiX.’.we  have...  ..  *• 

f I:!?’”;  •  1 :  iv  ' 

^Frb^C4j4yc:^  ^  V 

‘J^Mx:-0kC  J  From  (1).  and  (8)] 

j-.*.  ’ Frdm  .(2),  ,wc  have  .  ..  i  . 

_  iVx  ^^sin'oc-Hf  27^  (i  Mx  +  W'-r 2r'(-:.*;5«27)  '  . 

^ex’g-g'sma Fl~:-  2^r"-1  /■  •• 

.  .  .3  .  Afg.sjn.aJ'  ;•.;  .  ^ 

,43.  Slipping  of  rods.  (one:  end  on  a  rough  horizoritajrplane); 

A  untform  rod  is  held  in.;a  vertical  position  wirh  one.  end  resting  upon 
a  perfectly: rough  table  fond  when  released  rotates  about  the  end  in  contact 
with* the't able.  To  discuss. the  motion.  ■  ■  f  :  . 

■.LerMBr.bcMhe  rod -of  mass  Af-and ’  . 
lcngdr.2u^.: 

Let  the  rod  whi ch  is.  rotating  about 
A  makes  :an  angle.  0..  wi  tli  -the  ventcal  at  . 
arty  time  t.  ,  ‘  ;  .  .  .‘.  V 

..  ■.kliCt  /i,  be  takes  as  .  the  origin  .and. 
horizontal' and  ^vertical;  -lines .  through  A- 1 
r  as  ;axes:  'Hicn  the.  coordinates 
centre:.; of ;gray ity  G  are  given  by.  * 

«  xk  o:  Si  h  0^y=q  c  os  0  ;  -  >  * 

' >jt(=fl  C0S'  69.  y  = —a  sin 


■  v  77.- w  inc  ami  n  .  u} c  non 

rlji'en^th'dvdqua  of  -motioi^of  ;C.G.;‘are 

:  ;  A/  tS.cos  00^-§qt^irt;. 002)  =iF  - 

e£) » 

Taking-  momcj^aSoiit  <7  .we  have 

Af®  <-  V- 


..^l) 

...(2) 


sin  9-^ M  (a  cos  09 


v  ■ 


a  sin  Ag2!  o 


1  a  cos  9 


'Shrfftg  a  sin  0  -  Afa29 


=  2£5m 


[From  (1)  and  (2)) 
— - -  -.(3) 


Multiplying  by '20  and  integrating,  we  get  Q2 -  —  ^  cos  0  4- C 

But  when  0  —  0,  0  =  0.  >.  C=^,  .*-  02  =  ^  (I  -cos  0)  ...(4) 

2a.  -  2 a 

Substituting  the  values  of  02  and  9.  from  (L)  and  (2)  we  have 


f  =  M  [a  cos  0)  .  ^'sin  0  -r  u  sin  0  I  (1  —  cos  0) 

Aa  ■  ■  ■:  ..  2a.  ...... 


..(5) 


-(6). 


=  i  Mg  sin  0  (3  COS  0  —  2)  4  . 

and  R  =  Mg  +  M  ^—  a  **n  ®  ^  **n  0  "  a  cos  ®  •  ^  (1  —  cos  0)  j 
-  T4  -.  3  (1,—  COS2  0)  — 6  cos  0  (1  —  cos  0)f 
-~Mg{l-6  cos  0 dr  9  cos2  9)  -  -  Mg  ()-  3  cps-9)2 
From  (6)  it.  is  clear :  thar  B  docs  riot  . change- its  sign  and  vanishes  .when., 
cos  0  =  ^.  hence  the  end  A 'does  not  leave  the.  plane  .  ..-.-..-j  . 

Also. from  (5)  we  set;  that  F. changes. its  sign  as;  9  passes  through  the 
angle  ebs^ *  ^ :  thus  its  direction  is  then  reversed..  I. 

R  =  0r  when  cos  0  =  ^.  hence  the  ratio  F/R  becomes  in  Fit  ite  when 
cos  9  =  ^  i.e.  unless  the  plane  be  infinitely  rough  there'  will  be  sliding  at 
this  value  of  0.  In  practivc  the  end  A  of1  the  rbd  begins  to  slip  for  some 
value  of  0  less  than  cos- 1 -j.  The  end  A  will  slip  back  wards,  or  forward 
according  as  the  slipping  takes  piace  before  or  after  the  inclination  of  the 
rod  is  cos- 

EXAMPLES  -  .  -. 

Ex.  5.  A  uniform  ,  rod  is  placed  in  a  vertical  position  with  one  end  on 
a  smooth  horizontal-floor..  It  isi  then  let. go.  and it  falls  to.  the.  floor  from 
nest  in  a  vertical  position: To  fnd{its  angular.. velocity  in ■  any  position.  To 
find  its  angular  velocity  inJarty -position  and  the  pressure  ion  The  floor. 

SoL  The  rod  wiJLbe  in  .equilibrium  position  when'  it :  is  vertical  wuh 
one  end.jesting._an  the  .smboth  floor  The  rod  wiU  be'girt:.co  move,  when  it 
is  displaced: slightly  from  its  vertical  position^_Smce  therc  is  no  horizontal 
force  so  the  ;ccntrc  of  gravity  G  of  the  rod  will  Tribye  In  a  vertical  line 


[■/.*• 

r-.  - 
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Motion  in  Two  Dimensions 


(Mechanics)  /  5 


between  -  and  i/lhc  condition  OTa  satisfied  ind  the  slipping  will  then 
start  in  the  forward  direction. 

Ex.  10 .  A  uniform  rod  is- placed  with  one  Cnd  in  contact  with  a  horizontal 
tables  and  is. then  atan  hiclinaiiona  to.  the  fronton  and  is  allowed  tofalL 
When  it  becomes  horizontal  show  that  ■:  itsy  angular  velocity  is 

f^&sin  al  whether  the  plane  is  perfectly : smooth  or.  perfectly  rough . 

Show  also  that  the  end.  of  the '-t&j*i&not.'lcaye’'ihem  plane  in  either  case. 

SoLj  CRcfcT^  fig-.  of  Ex.  6  on  p/181>  :: 

?  -£et,Xfl.-btf  the  rod  of  mass  and.  length  2i  cesiing  with  end  A  on 
'-the  horizontal::  tiblc* -Let  the  rod  be  allowed  to  faU  at nn  -inclination  a  to 
the  horizontal/  ....  . 

Let  8t;any  instant  t>  the  rod  mate  an  angle  Q  wiih  the  horizontal.  Lei 
R  and  F  be  normal  reaction5  and  frictional-  force  "at  this  instant  Taking  O  r 
as  origin  arid  ^coordinate  >  axes-  along  the  horizontal  and  vertical  through 
-  A  the  coordinated  o»f  <7  are.  given  by 
jc*fl  cos0,>  =  a  sin  0.‘ •  . 

Case  L  'When-plancis  p>erfcctIy  rough. 

Theencig^equahopgivcS- 

workdoneby^ 

or  ^  M  (a2  ^  a7^2)  =  Mga  (sin  pc  -sin0)  " 

oir'0a=^(sina-sm  0>v  ' •-/  .  ..-Cl) 

2a  -  •  ■  -  . 

.  When  the  rodbecomes  honzontaIi.e.whcn  0  -  0r  the  angular  velocity 
9  ^  to  (say)  ls  givcn  by  ' 

cp^^^sinci  or 

Differentiating (I)  w.r.t":/,  wc-  haye  9  ^ cos  0  .  ...(2) 

-'T4a.-.;"..  -  - 

The  equation  of  motion  of  CGi,  in  vertical -direction  is 

-  -  '  ■ 

:M~:(h  si^  Qy=  Ma  (-sin  00* + cos  00  )= -  Mg. 

-MjMsMa  j^-sin  0 .  (sin  a  -  sin  0);  +  cos  8  cos  G^J . 

[Substituting!^  and  0  from  (1)  and  (2)) 

or  R=r£Mg.(4  ~'6  sin  oc  sini  0  +  6  sin3  0  -  3  cos3  0) 

=  ~  Mg  |('l  --  3  sin  a  sin  0)2  - 9  sin2  a  sin?l)  +  6  sin3  9.  +'  3.( L—  cos3  G)j % 

=  ^Wgf(l  -  3sinasin.6)2+.9sin2-0:(l  -:.sin2  a)) 

“  4  Mg  1(1  t  3  sin  a  sin  8)3  +  9  sin30.cos2  aj  .  : 

This. shows  that  R  is  always  positive.  Hence,  tlic  qi\d  rod 

never  leaves  the  plane.  V  '.,  -  ’’ 

Ca^e  Jl.  When  the  pi anc ,  is-  perfectly,  smooih+i  - 

1  In  this  case  there  is  no  horizontal  forces;  hence  G.Q.^ii^es  in  a; vertical 
liiie  i.'Ci  the  velocity,  of  G  is-  only  in  the  vertical  di recti dirt\.'^  "  - 

V  y=osin.0,  ,.v  y  =.  cos  00:  ;  .  . 

‘ -The  energy  equation' gives- 

Afj’2 +  ^  =  work- done  by  gravity 

I.e.  i  A*(o^  cos2  ee2  +  i  a?e?)  =  si^^afsin  e» 

or^(c<y  j(!i„  d  :  :  :  (3) 

When  the-  rod  becomes:'  horizontal^ t.eT*Wh cry9  =  0.  the  angular  velocity 
9  =  o)  (say)  is.  given  by 

^  ^  ^  d  si"  “■  or  ct  >:  U  sin  a  j . 

This  gives  the  angular- v<j^iy.  whsn4the:pland:  is  pcr<cctly  smooth. 
Differentiating  (3) -w.Kt.  1.  wc  have 

2G0(cos28  :+ -r  202  sin  0  cos  00  =  —  2  j  A  [cos  60 


.  3-  V-  v;?'s.--  ’->(<? 

or  0.  (cos3  0  +  ~)-—  G3  sin  0  cos  0  =  -  f^cos 
or  0  (cos2  0 '-+ h  -  s\n  0  cos  € 


dr  0  (cos2  0  +  ^)2  —  sin  0  cos  0 (sin  a  -  sin  9)J -  ^  cos  0  (cos?  0  + 
=^-  (g/a)  cos  0  (-  2  sin  0  (5in  a  —  sin  G)  +  cos3  0  ~ 


Cp/a)cos  0  [sin?  0  ~  2  sin  0  sin  ot+ s>ri?,.06;:.l.'.*’-;i< 

j' .'./'i''  sin2 0"HKcos?e ^ f- sin3a]  ...(4) 

0[(sin  0  -  sin  a>3  -h2  +  cos3  .a}  ;^  '  . 

9  4-  1)?  »  (—  3g/a)cos  0  [3[sin0-  sin  a)2  4-  j  +3cos?a  1 


=*-(g/a)  co: 
or  0  (3  cos2 


(4) 


Also  taking  moment  about  G.-  we;  have  ■*' 

-  {MkrQ^RvGfJ  ;  ‘  j  '  -  ^  ■„  ; 

or  M-(a}f  3)  0  =  -  Ra  cos  0  or  R  -  -  (M /3)  a  sec  00  . 

•  STubsiiimihg  ftom I  (4\  - wc  have 

...  :  r3f>ir>  0  -  sin  a)2  +.1+3  cos2  a]  . 

11  =  Mg  I— - ;  -  ,  -  -  , - r- — 

' ; ■  I;:-.  (3cos- 0J«- !)•  ,  J  ■ 

GlcaHy  R  is  positive  for  every  value  of  a  and  8.  : . 

'  Hcnce:the  end  A  never  Icavcs  -the  plane.  '  \ 

-  fcX./fliA  uniform  rod.  of  mass.  M  is  placed  at  right  angles  to  a  smooth  . 
.  plane  of:  inclination  CL  with  one  end  in  contact  with  it f  The  rod  is  then 
released.  Show  dun  when  the  inclination  so  the  plane  is  <j>.  the  reaction  of 
the  plane  will  he 


.  L  ( 1  +3  COS2  <t>>3  J 


SoL  Let  All  be  the  rod  of  mass  M  and 
length  2a  placed  at  right  angles  to  the  smooth 
■  'plancjof inclination  a  with  one  end  A  in  contact 
■with  it.  As  there  is  no  force  acting  along  the 
/inclined  jilanc.  so  initially,  there  is  no  motion 
■nlong-.this  plane  .  i.e.  the.  C.C.  G  moves 
.perpendicular  to  the  plane..  Let  p  be  the  ang^^”^ 
.which  the  rod  make  with  the  inclined  planetS  . 

.at  time ^  ^ 

CL  =  asin b=>-  .  (say).  Thcrcla^^iHe^ 

.  equation '.of  motion  of  G,  pcrpcndicufa^o/thc 
inclined  plane  is  ■  S? 

:p  a  ■ 

,  <‘r. <**  .  ... 

R  -  Mg  cos  a  +  M  (a  cps.db  -  a  sin  <M>  ) 

Taking. .moment- about  G.  w<*'*navc 

.  a2  0  <p. 

•  _."  •  S-  ■  ; 

Also  the;  cncrgy_ct]ualion  gives. 

1  Suirj  Mv1-*--  Mtcfy1  =  Work  done  by  gravity 

„  St4>» ’ 


...d) 


—(2) 


At 


a 1  Q)2  =  Mg  cos  oc.  (a  —  a  sin  <j>) 
+  -  MtC  b2  =  Mg  a  cos  a  (;1  —  sin  4>)  - 


2<H 


a  ( l  +  3  cos'  $) 

Differentiating  w.r.t.  /,  wc  have 
6g  cos  of  —  cos  0  •  .  6  cos  t 


..(3) 


ail— 

Ld  + 


sin  Q  ( 1  —  sin  4>)1 


or  <J> 


=  ^c 


3  cos'  <J>)  .  (I  +  3  cos?  <>)3 

3  cos2  <?)  +  6  sin  4>  (1  -  sin  <^) 


T-(i  + 

)$aH — 

r  —  i—3(i 

s  o  cos  a  - — Jk- 


(1.  +  3  cos2  <J))2 


cos  b 


-  sin'  b)  +  6  (sin  4>  -  sinJ 


iaj ' 


— 3i« 


L  (1  +  3  cos-  b)2  J 

.  vc 

[:  (1+3  cos’_9)2  J 


From  (2).  we  have 


Ex.  12 -A  rough  uniform  rod.  of  length  2a.  is  placed  on  a  rough  table 
at  right  angles  to  its  edge  ;  if  its  centre  of  gravity  be  initially  at  distance  b 
beyond  the  edge,  show  that  the  rod  will  begin  to  slide  when  it  has  turned  through 

an  angle  "7-^—  where,  p  is  the  coefficient  of  friction, 
a  +9b.  -  i  1  - 

v  SoL  Lct  Afl  bc  che  rod  of  mass  A/  and1  .  .' 

length  2a.  Iuihally  the  rod  was  at  right  angles 
•b  the.  cdgc  pf.  tho  rough  loble. 

In  time.  X  [let  the  rod  turn  through  an  angle  : 

0/  Let  there .be  no  sliding  when  the  rod  has 
turned  through  this  angle.  Let  F  and  R  be  thc;; 
normal  rcactionrand  the  force  of  friction  on 
the  rod.  '  Accelerations  of  G  along  and 
perpendicular  to  GO  are  respectively  . 
b03  and  b& .  Where  OG~:b :  =;JEquoiions  of 
motion  of  centre  of  gravity  G  arc  V  ~ 

MbQ  =  Mg  cos  0  -  R  ii(i)S?  -  ‘  r'a  . 

and,  Mb&.  -F-  Mg  sin  0  '  ■'**.’ ’’  ’  --(2) 

Talcing  moments  about.  O,  the  point  of  contact  of  the  rod  and  table, 
wle  have  _  '  :  **  ' 

M£e  =Mg.OL=Mg.h cos0  ;  -  '  *  ‘ 
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or  M  ^b2  +' y j©  =  Mg  b  cos  0  A  cos  0 

:  Multiplying  (3)  by  20  and.  integrating,,  we  haye, 

o2+3b2  V 

Initially  when  0  =  6,  0®  O  G  =  0  • 

/.  82 «  -  sin  8 

■  a2  +  3b? 

Putting  the  vnlues  of. .0  and  02  in';  (I)  and;.(2j,-;wc  have 
R-  —  Mb .  ■  t  cos  9  +  Afg  cos8  ='  ^°"Jcos  0 

o*  +  3 b?  *2  +  3bt 

and  Z7  «  Mg  sin  0  +  Mb  -  s in  0  =  sin  0. 

a^+Jb^  ■  ...-#+3 by 

The  rod  will  begin  to  slide  when  F“  =  ji/?.. 

i.e.  when  Afg,"- ;  sin  0  =  p -  -  cos  0  - 

V+3bV  3b2.  ...  . 

- 

or  when  tnn  0  = 


-*•(3) 


~(4) 


c2 9  b2  *"  VjC  /  .  i;:r  v  ■  .  '  *.4  '  ■ 

4.6.  A  uniformstraighr  rod  slides  down  in  divertical  plane,  its  ends  being 
in  contact  with  two  smooth  planes,  onehorizombl  and  the  other-vertical. 
If  it  started  from  rest. an  angle  CL  wiihthehorizontal;  to  discuss.  the  motion. 

;  .  ' -s 

Let  AB  be .  the  rod  of  mass';  Af  and  length 
2a  sliding  down  from  rest  at  an  angle  a  to  The '. 
horizontal  with  its  ends :  A  andiJ-  on  smooth  fR 
'  horizontal  and  vertical  planes  respectively.:Ai:any  • 
instant  1,.  let  the’  rod  make  an  angle -BVlp -itfie 
horizontal;  Let  £->nd  S  be  the  reactions  at'the  [  ' 
ends  A  and  B  of  the  rod  AB.  !  /  .  tMq  i 

Taking  O  as  origin,  horizontal  and  vertical  ■  A '•*  ^  - r 

lines  through  O  as  axes,  the  coordinates  of  G  are  given  by. 
x  —  a  cos  0  ondy— a  sin  0  . 

.v  3c  =  —  a  sin  00  and  x  =  —  a  cos  902 -  a  sin  00  ; 

Also,  y  =  acos  0  and  y  =  — a  sin  G92  +  ncos 0.G‘  .. 

.  The  equations  of  motion  of  the  C.G.  *G*  are  given  by  - 

Mx~  M.(~a  cos  692  -  a  sinGe  ).=  5 

and  My  ?>M(-as\h  BSp+acos  BQ)  =  R-Mg  .  ...(2) 

Also  the  energy  equation  gives 


j£€ 


\M  <?+?)  +  i,W*2e2  =  Work  done  by  the  gravity 
or  -  M  («262  +  ^  n202)  =  Mg  (a  si  n  a  -  «  sin  0) 

or  02  =  (3g/2o)  (sin  a  —  sin  0) 

DifTerentiaiing  (3)  w.r.t.  V  and  dividing  by  29;  we.  hav* 

9  =  -  Qg/4a)  cos  9.  .  . 

■  Putting  the  values  of  02  and  0  5h  (1)  and^i  we  hovcf^  “VT  ! 

S**  M  [-o  cos  9  (3g/2<r)  (sin  cc  -  sir.  9)  -  a  sin  0  (-  (|*£§gcps  0 }  )  \ 

=  -  Mg  cos  0  (3  sin~0  -  2  sin' a)  ■  V  , 

and  R  ~  Mg  + M[- a  s\nQ  (3g/2a)  (sin  a  -  sin  '*** 

.  ;  '  •  .  <?%?%&  (“(3/?/4fl)COsG)I 

*  a  M*  t4  ■*  6 si"  6  sin  a  +  6  sin.2  0-3  cos^R^.  '' 

.  '  v' 

“7%  H  -6 sin  0  sin a+  9  sin2 8]  ; 

“ ^ Mg  ( l  —  sin2 a -t-W  n-6  si„2 oj 

=i«itOsine- yn«2  +  coS^%^'  :'  •  (6); 

From  (5)l  “ is  c,cnr  sin  Wf  sin  a  nm)  J  will  be  nQ^ 

for  ,m„lfcr  values  of^He&c  ,bs  ,<»  ,cavcs  the  well  .iwbeh 
sin  0 » -  sin  a .  . 

Icav«  “efrZe(6)  “  “  ^  ^  ^  <■><=  -d  d  never. 

When  the  end  Sleeves  <he  plnne  sin  e-2lih  the  eq^io^  of  rno.ion^ 
.  (1).  (2).  (3)  and  (4)  cease  to  hold  ■good',  for.  further  motion. 

Putting  sin  0 «=  -  sin  a  in  (3).  the  angulari  velocity  of .  lhe  rod  '  js- 

VL  smaj..Th,s  will  be  the  initial  angular  velocity  f„r  the  next  pa  a 
of  the  motion.  _ 

Second  part  of  the  motion. 

When  the- end  B  leaves  the  wall,  let 
Z?,  be  the  normal  reaction  at  A.  Let  the 
rod  have  turned  through  an  angle  <p  from  I  9 

the  horizontal.  L 

The  equations  of  motion  of  C.G 
G  are 

Mi=n  ...m 


i^iting-.rh’  i(9).: .Av'crhav^c,-.  . 

V-i.A/arfjl Ma  {gr~a  sin  <jKf*?+--<2  cos;^  ).cos:<&  . 

'  ■h'cos2. <*>)  .  if  -  siniji  cos^2'-'^  cos  i}>. 


^ integrating  ■  it.  we  get . 

'^-SS'wo-^-^sin 


sin^  +  C 


-(«>> 


~(ii) 


fc3MVr, 


sin  C  ' 


(-;+rcbs'  <»  .  <?' 

.  whch.sin.ii>  =  \  sin  a,  <l>  =  A/f sinal. 

s  .  .. 3{lu :  .  J 

.  ‘  gsinra.i  ...  4  .  ->  i  '  *>»  -• 

.  .’.  Trotu. (I  I),  we  have.  ’  ^ 

■  2  ..  '  :?  2jtr  sin  ct  |'.  .sin2.oc.)  2e*dt-J'X~-&  V1-s, 

-VVhcft:^  =  0  i.e.  when,  rod  becomes  lipri^riSl;  its  angular  vclocify  fl, 

/  isgiven-by.  ■  -  ^  — 

*  ,  Ex:  13.  A  heavy  rc$Tsofffength  2a  is  placed  in  a  vertical  plane  with 
'"'ip  ends  in  contact  with  a  roughvenicalwalland  'an  equally  rough  horizontal 
'plane:;  .the  coefficient  of  friction  being  tan  e.  Show  ihat.it  will. begin- ta 
slip  elown  ifits'tuindlf&iclinatipn  to  the  vertical  is  greater  than  2c.  Prove 
!  }Jaha?nhat  .thegriclitidtion  B  of'tiie  rodtothe.  vertical  at  ..any  time  is  given 
J  -:*.  -  '  '  '  ./  ^  .  • 
'  f*2  cos 2c)  —  n262  sin.2£  =  o>f  sin  (0  —  2e) 

•f  ■  V; '^I^ct^fl,bc  Ihcirod'  of'mass  Af  and  length  2d;  When  A.B  makes  an 
'hng'l<?G|gyi  (fi  the  Vertical  iet  /?;and  S  be  the  resultant  reactions  at.  B.  and  A 

;  ’  rSpc c (tvei y.  .  . ^ 

.s.’^^T^lTdhs  of  motion  of  C-G;  G.  arc  . . 

f,,s§ps&;~.  -  .  .  .  -  ■'. 

r^M  1—t  ( a  sin  0)  =  —  5  sin  C  +  Z?cos  C  —(1) 
dr 

d1 

and  M  (a  cos  0)  =  /?  sin  e 

+  5cose-A/g  ...(2) 

Taking  moments  about  G,  we  have 
MirQ  =  Sa  sin  (0  —  c) 

—  Ra  cos  (0  -  e).  —(3)“  "  . 

From  (l),  we  have 

Ma  (cos  00  -  sin  ©62)  =  7?  cos  e— 5  sin  z 
From  (2).  we  have . 

Ma  (sin  00  +  cos  092)  =  Mg  —  R  sin  c  —  5  cos  e 
.Solving  equation  (4)  and"  (5),  we' have  . .  .. 

R  =  Mg  sin  z  +  Ma  cos  (0  +  £).0  — Ma  sin  (0-t-  e)  O2 
S  =  Mg  cos  £  -  Ma  sin  (9  +  £)  0  -  Ma  cos  (0  -t-  e)  02 
Putting .  the:  values  of,  R  andS. in  (3),;we;'  have'  - 
Mft?Q.  =;a  sin  (0  —  £)  [JWg.cos  £-  Af<r •sih'XO'+ij'G’' 

.-Afa  cos  (0.;v-.C)0]/  v  . 

-a  cos  (0  —  z).[Mg  sin  e+  Afa  cos  (0 +  £)  0  -  A/dsin](0:-4; z)  G2] 

.  —  Mga  sin  (0  —  2e)V  Afia2  0  cos  2£+A^t?i0^  sinie  -  ■  ’  ■  " 

or  0  (A?  +  a2  cos  2e)  —  d2923in2£=>  og  sin  (0  —  2£)  whi ch . gives  0; 

If  0  >  2e  it  is  obvious  that  0:  is  positive;  and /hence;  thc:  rod  starts  slipping 
if  0>2fc  •' . ■ 

4.7.  When  rolling  and  sliding  are  combined.  ; :  : 

An  imperfectly  rough  sphere- moves  friorri  rest: down .a .plant  inclined 
at  an  angle  a.  to  tke'horizone;  to  detehnine  the  motion.,.  -  " 

Let  C  be  the  'centre  of  a  sphere  of  radius  al  In -time  /..let  the  sphere 
turn  through  an  angle  0.  i.e.  let. CB  be  a  radius  (a  line  .fixcd  in  ihe  body)J 
which  was  initially  normal  to  the  plane  makc.an  angle  0  with  thc.jnormar 
CA  at- time  r. 

If  the  friction  is  not , sufficient'  to 
produce  pure  rolling  then  the  sphere  will 
slide  as -well  as  turn;  So  the  maximum 
friction'  pZ?  will  act  up  the  plane  where 
p  is  the  coefficient  of  frictioni  liiel  x  be 
the  distance  dercribed  by  the  centre  of 
gravity  C.  parallel  to  the  inclined  plane 
in'time  r. 


*-•(4) 

...(5) 

-(6) 

-(7) 


A®  o%<1 
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Motion  in  Two  Dimensions 


(Mechanics)  /  7 


There; is  no  motion  perpendicular  to  the  plane,  -so  the  C.G.  of  the  sphere 
always  moves  parallel  to  the  plane.  ... 

The.  equations  of  motion  arc  - 
Mx  ~  Mgsin  ct  —  p/?  \  ■’  -  -  /  . 

0  =  R  -  Mg  cos  a 


~0) 

-(3) 


~(4) 

~(5> 

~(6T 


and  M:^aH  -\3Ra  -._  .  / 

From. (1)  and.  (2).  we  have  - 

x  c  g  (sin. a  5-  p.  cos  a)  •  -  v-  _ 

integrating  (4V w.r.L  V  we  have  / 

,Jc  =  g (sin  a  —  pcos  a). r  _  .  ‘’7’"..;  . 

;The  constant  .of  integration  vanishes.  ^x-Owhen  r=»0,  ^ 

.  Integrating:  (5) -again;^ -yrej.have  : 

Csin .Cf  —  ^  c^_'cr>-5.v  '^f, .? 

constants  of  integmuon  -vanish  as  x = 0  when/  —  0 
v'  Fiotn\^)*^^:‘0j^c7jeeX  v  -  ; 

,a0  »|w-W^;WBratiiigJiti.^e^er.<^=5^jig/c6s.a.. 

'  Cbrajttui^of'ihtcj^^ 

.Integrating,  itagafn  .ywe^getiQ:  a  -~(7)_  . 

TheconstAntofintcgraiiomyanisK.'.as^^ 

The  velqctty.'of  the  'pbi  n  lr  ofTc  ontactX'  ;dowi*‘  the  pi  an  e  - 

.  =  velodiy  of  CT,  the  centre  of.  sphcre  -^  velqcity.ofvl  rclaij'vc.lo  C. 

,=  g  (sin  q  -  p  cos  a)  />=|  jj^reps  a  l  ■  V  /■''■,?-  '  '  _- 

==^-  g  (2  sin  a  ~  7p  c6s  a)'  . 

.There -  arc  ^following:  three  .pases.  i  ... 

;  First’  case.  Tf ;  2  si  n;  a  >  7jf; ;cos  a  Le.ifjl.<“  tan  c 
:.v^•h(^thif',cnsc,  velocity  'of-.ihc.poinl' -of; contact  'is.: positive  for  all  values 
\of Ld  ocs.  notv  an  ish.  hence  thepoi  n  L  ofcp  place  -always  slides  down 
^  ;ihe;maxirnum friction  pJ? acis;'7Kevsphere'  ncver  rolb.  The  equations 
vof 'motion  established  above  hold  :good  . throughout  die.  entire  motion. 

If ^2sina^7p.cos  a  £.e,  ifji»^tan  a 

^  -  _  ^-V'i'ln^ijhis^cajS&.'yclpciiiyr-.lofjthcf  point  of  contact  is  zero  for  all  values  of./ 
a rod  the refore  nrvoT i  o  rio  f  the  sph ere  b  that  of  pure  rolling  throughout  and 
;:.  thev  majc:mum'  friction  pi?  Is  always  exerted.  The  equations  of  motion 
established  abovcrhuld  good.- 

Third> cose.  If  2  sin  a  <  7p  cos  a  i.e.  Ji  >  |  tan  a  «s 

..  In ..this  case  velocity  of  (he  point  of  contact. .is  negative  i.e. 
maximum,  friction  were  allowed  to  act,  the-- point  of  contact  will^siiQfc.^  ~ 
up; the, plane  which,  is  impossible  because. the ^ amountof  frictjon^will^nl?^ 
act  which :  is .  jdst  -su  fiGcicnl  to  keep.-,  the;  point  J>r  ton  tac  t  M .  rest.  . 

ihis.jcase  .lhc  motion  is  of  pure  rolling  from  the  very  start  andAmtnajp^fhc 
same  throughout  and  the  maximum  friciion;  |i7?  is  not  e xcctcd.  ^fjfere fore 

in-  fktr'Mc,.  ih.'  .nmiinni  nf  mrtiion"  Mtnhirct>i>it  nhnv^'  Hirthrtr.  Vinlit  "^rrfvl''' 


„.(8) 


J*: 


.  ..  (13)- 


0=ti~Mg  cos  a 
and  M.^a2Q  =  Fa 

Sincc  lhc  -ppiru  of  contact  A  is  at  test. 

.\  .r-  u9=|0.  i.e.  i  =  <20  .-.  i‘  =  o9 
From  (9)  and  (H).  we  have  V%/  ^ 

7  MaQ  Mi  +  Mg  sin  a  s^£stv%f  ■  -  . 

3 .  ■  ■  'I  ■  ■  1  .  ”5?*.  ■  ■ 

ot'\Mx’+:Mx  =  Mg  sin  a  ,ttLn=iS0^=*,f  g  sin  a 

^  I  7 

-lnie'gmjing  (12).  we  htfve^h^. 
x  =•  aQ  -  xj'gt  .sin  <X.  ... 

Constant  *pf -integration  vanishes:  as  i  =  0.  when  t  -  0. 

Integrating,  agajn.  we  have  . 

x  -oQn.-^  gi2  sin  a 
the  constant  of  integration  again  ivanj^hes  ai  x^O,  whcreT  =  0.  ; 
EXAMPLES 

.£^.14  /t  homogeneous  sphere  of  radius  a,  rotating  iviih artgnlar  ve!ociry 
03  about  horizontal  diameter  is  gently -placed  on  a\  tablr  \vhose  coefftcien  t 
of  friction,  is  -Show  that  the By/,  si^ 

for  a  time  (2riu>/7jj 5),  and  that  then  the' sphere  will  roll  wirh  angu la r  velociry 
(2to/7>.,^  ,  '  '  i 

'  SoL'  As  thc  sphcre.:is  '  gently  placed  'on \lh.e. :  ■:[ 

(able,  so  the  initial  velocity  of  thc  ccntrc  of  the1  :  ?? 
sphere  is  zero,  while  ; i ni t i al  an g ul ar, yclpcUy;.i $  .:*/ 

U,  -  '  '  '  !  ‘  '"r:-  -  -V 

.  Iniilal  velocity  of  the  polrtiof  contact  ■llnll.Wi;1 
velocity  of. the  centre:  C+  InibaI  veIbCtiy  bf;i^e:1 : ' 

point  of  contact  wkh  respect:  to  ■  th^  v  centre-  ;.  _ 

C**  Q±  ad  in  the '  direction  from  .right  tcxTcft,:;  ?  ..  \x 


rmm 


wsmvnw  «aTWIKATICAl  SOfVCES) 


any 

...CO 

.-(2) 


f.e.  the :po.ini  of  contact  will  slipiin;ih^;dii'cctt6n;.;Hgh^-tP'T<ft.'-.^ 
friction:  iLR'  will  aa.  jn.ilic  dircct»oh;  Ipft;;to  righV  '  „  \ 

■  Let  x. bp. the distance advaiK^^^Hejfccnttrcv^;m'..the  horizontal  direction 
and  Q'bc7dic->' ’angle',  through^ Then  at  any 
time.  1  ihp^icqu^bi^fbr- mbtio'^  ;  -  * 

®  Pi  ajid  frqiri.C2),  wc  have  <a0  =  -|pg. 

.  InicgratihgThcsc PqLuUions^Wehave 
•  )i  and  a9=-^p£r.+  C2-= 

-Since-.tnitiaily  whcn  r=  O.  i  =  0.  0  =  co. 

<: V^C ==^0;  and  •  <^j=<2&}!.  ; 

rs.’*±gfhy- 

.•aiid/a§L«^jig/+'rKih  .  -  .... 

-.Vcjpctiy.  'of  ihe  point  of  contacts  iWri9.  ... 

iTicVpbint^of  contact  will  cornc.  to -rest,  when  x  —  o0  =  0,  iuz.  when 
: =  0  or  when  t  =  (2a(o/7p.g)  ^ 

.  :  Therefore  after  time  (2nca/7pg>.  the  slippih^wiH?siop  and  pyic  rolling 
'.-■^.in  commence.  ,  " 

r  ^uLhngahislvalue^o  in  (4),vwe  get;  0  =^2co^)^.  " 

::.^Whed;;n^ih$,cqmmcnccs.  let  F  bcithe^frictional  force.;  Therefore  the 
eqtiatfoas"  of  motion  fare... 


'.-(3) 

...(4). 


.-.(6) 

...(7) 


•::M'C^a^-=-Fa. 

'  foe&ic  aQ  =J).  r  —  _  _  . 

..-riFrQiri:(7)-;i  *4-aQ  and  x 
'  ,NTo>y'  frpm  (5)  and  (6).  weight 

Mi  —~F  ~  —  “  Atfa#  bn'  wO •  =*—700  (  v  x  —  aQ  ) 

-  '  5.  '  S'-  1 

■  -  pr::^  h0r'=O.'.dr50^ ^0/  *=* 

5  v  *  - 

Irtcgratihg^-frGohsiant  =  ^ 

•  V  7 

Ex;  1%,/lh  inclined  plane  of  mass.  M  is  capable  of  moving  freely  on 
n.sn j dodu  hori zonlal  plane.mA  perfectly  rough  sphere  of  mass  m  is  placed 
yiyfiJf^hilined  face  and  rolls. down  under  the  acton. cf  gravity.  If  y  the 
’f  Jio,nfbntal  distance  advanced  b\ythc  inclined  plane  and  X  the  part  of  the 


pique  rolled  over  bv  'rhc  sphere,  prove  that 

!,  '<{jr  ...  7 

^  ;  (M  4-  m)  v  =  nix  cos  Ct  and  j  .r  —  y  c 


pcos.a  =  -gr=sin.ci; 

where  a  is  the  inclination  of  the  plane  to  the  horizoju. 

Sol.,  Let  C  be  the  centre  of 
spltcrc  of  mass  m  which  roils 
duwti  the  inclined  plane  of  mass 
M  and  inclination  a  "  to  the 
horizontal.  Initially  let  The  pdirit 
A  of  sphere  be  in;  contact .  with 
point  d  of  the  inclined  plaric’ If  *  -  ^  ^ 

at  lime  1.  the  point  of  contact  of  0  .  : 
the  sphere  ilhd  the  inclincd  piartc 
.  is  B  -.  and':  during',  this  iinic  the* 


yrr 


j’planc 


sphere  turns  through  ah'  ariglc'0  ■'  then .  1  ‘  *  "•.*  ' 

. .  ■;’*  ■" 
IfOj5'=x.  then  x-‘ Arc  AB^aB.  \\  i-dQ;  ***  ' 

andi-=b0.  ...  . 1  *  ..'  .’..(I) 

:  Let  .  thp  inclined  plane  ^Sfuf^.lkrodg^  i  diistancc  C>b’ =  y  .irr  time  l: 

The  accpleraiioris  .6f  ihei«h^c-.C'  bf  ah:cr.sphere  are.  x  down  the  p 
-  and;panillei.:io.:itr  a‘nd;-y/^'9H2pnuiUy;?  as?:shpwm'  in'.ihciigurew 

The.  acceleration  of  the/ centre  C,,  parallel  (O  :  the  *  inclined-  plane  is 
i  —  y  c os  a  (downwards).  . .  -  :  - 

Lct  F  be  the  frictional  forcc  ttp  the  plane.  -- 
Thc/.cquations  of  motion. of  thck sphere. .arc 
in  (x*  -y  cos  a)  =  ufg  sinpt^-  F^,  ...  ...  -r  -■  .  ....(2) 

»iy‘  ii n  ct^mg  cos  Ct-7?;'  Sv  ;-  -A..;*sts  -  -  .•  ■  .  .  .43) 

.-tl'  'i-.-il' 


and  m  .  t?Q  ~  r 


A  = 


•5  ' 


=  F  .a'--'1 


Also  the  equation  of  motion  of  ihc  tnc1ihe<d;4j>jarfp;  ... ^  %J . 

•V/y  =  /?  sin  a-f  cos  a.  •  *  .  ...(5) 

From  (1)  and  :(4),  wc  have  “hu:i.=s  f. 

Substituting  in  (2),.  we  gei ;  ‘  ■'■■■ 

x  ~  y.  cbs  c i~  g  sin  a  - 1  jc*  or  |  x  =  y  X'os ,a 41  g  sin  a.  .  ;;  -  ’ ;  .  ’  ...(6) 

Iniegraiing,  ^ Jr-y coi a «$r.Vm. a  +  Cj. 

Bu(:whch7"=0.j  =  O.y  =  0.  C|=*0.  .  .  '  ...  ... 

w:  ^  i'-r  y  cos  a  ~gr  sin  ar.  ;  .  .  s  •• 
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Motion  in  Two  Dimensions 


(Mechanics)  /  21 


,(0N  LOWER 
YL)‘ 


SoL  Let  Cj  be  the -centre^a  Lhenradius'  and  m  ther  mass  of  uniform 
cylinder  resung  initially  on  smooth  horizontal  plane.  ,  Let  C2  be  the  centre 
of.  equal  cylinder  placed  on  a  the.  first:  (ON  UPP EFJ_ 

-  touching  along  its  highest  .  generator 
Consider;  th&.  vertical  ,  section  of  ..the.; 

..  system  =byv  ihe  .vertical  plajie.  though 

■  centres  Cj  and  C?  At  time  i,  let  the  lines 

■  Cjfl  &nd  Cj£  fixed,  iothe  two^  cylinders  " 

:make  angles  >*r  and  to  the  vertical 
respectively. Awhile  initially  -  C{A,  CjJBf  .  .  %  • 

were  verticil,  and  ^coincide  with  A.  Let  C|C^  make  angle  9  to  the  vertical 
altime  ,  ..  -  -  ' 

Since'tHere.is  no'siippixig  and  spheres  axe  equal 

- ^ ACj?k 4 HCjP  ie.  Q-yn $,-0- ory+;$=20  . 

■  Considering  .  motion  the  two  cylinders  and. 'taking  moments,  about 
.  Cj  and  C2  .vJc.  gct'  : 

m  .  —  y  ;=  Fa  (For  lower  dy.J 

and  m—ty.jzT’g  (For  upper.qyL).  . 


-(2) 

..(3) 


y  =$£lnte^tingaw^^^^  " 

Theconst^WvofiintegrationfyanishvJV^-O^ =0,y.=  0;'  $  =  0 

v  .y-:from‘(i>  we.-get,y.=s^!  =  0.  V!  :'P  -  '  .  V- 

A  and  5  coincide ■  with  at; liriie ■-£- ^Hence'.’the;  same;  generators  remain' 

in  contact  unUtt  ihc.  cylinders  septate- .  ■  .  ; . 

V  Cylinders  are  of  same  masses  and  P-.  ; = Pr  ,■ 

i-,.-1  ;2.  .-  ■  /' - 

■*  -P»  lh?,.pbini  of contact  of  the; two  cylinders  is  the  common  centre  of 
gravity  ’,  of  the  sys tcm.,  ;Sincc  there,  is.  no  horizontal  force,  on  the  ..system,.- 
therefore;  the  common  C.G  ‘P’  decends  vertically.  .Thus  if  the.  vertical  line 
':%.9“gh LB  cuLs.thc  horizontal  plane'  at  <?t!  then;O  is  the  fixed  point..  Referred 
7°  ^as  dngih,  honzontaiand  vciijcal  linesthrough  0as  axes,  thecoordinatcs 
ari^  °f  Cj  and  Cj  are  giycii-by 

-rf,  =  -  a  sin  0,yc-  =  a\xc^  =  a  sin  8,y^=2acos  0. 

:  The  energy  equation  gives 


j|  m  j  V2  +  \  mvj,  j  +  1  mvjj  j=  mg  (2 a  - 


2 a  cos  8) 


I4  ma‘ 


.202+^ 


(a*  cosz  GO-] 


2))  +  l~  m<i7B2+~  /n  (a2  cos2002)  +  4fl2^n?i9G3k>^ 

'  ■ '  =  2mga  ( 1  -  cos  0)^\5^V *  6 
or.  a  (1.+  2  cos2  0  +  4  sin2  0)  82  —  4g  (1  —  cos  0)  _  ^P.. 

. ..  or.a  (5r*  2 cos2  0)  92  =  4g  (1  — cos-0) 

f  '■  ■  '  -  - 


Piffcrcntieting  and  dividing  by  28,.  W  get 
-  a  (5 —2  cos2  6)  0  +2a-  sin  0  cos.  092  =.  2g.sii}  0  '■*^3 

Now  equation  of  horizontal:  inoU.6n;of.  thcTupper.cylindcr  is 
■’  ^2  ;; 

.  LS-sin  6..r  Pcos  0  =  mi*c2  =  m— -r  (a  sin  0)  ’'*&  ■  • 

:  *  ,*  *  *  ‘  •'  dt7\. 

'  or  RrinG  -  Pcos  9  =  ma  (cos  09 :  , 

Eliminating  F  between  (3).  and^6^wi?gci . 

I  •  - 

R  sin  0  -  -  ma§  cos  G  «=  ma.  (cos-001-'sir  092) 

.  .* 

or  R  sin  9  =  ^.mo  (3  cos  99 ^ZTsin-eS2)  V  .6  -9 

. 2  -  .  V. 

The.  cylinders  will  separate;- when  R  =  0,  /J  from  (7)  » 

0^*^ mo  (3  cos .08  —  2  sin  99?)  or  0  — ^  ten  092 


4(5): 


-C8)v 


om.(4).:  WC  ge,e2  =i£  .ti^S|.T 

a  (;5*-:2cos20j  .. 

(  T  -  cos  8-T 


■ from;.  (8),  0  =  |^  ian  0 


Substituting  in  (5).  we  get 


a  (5  —  2  cos2  Q) ,  tan  9 
1  3o 


(  i-COS  0:  V ■ ;  -  . 

-  4j tf  l,-»COSr8-.V 

v^yjf^5- 2  cos2  0  J 

■\<2  fl  /t  —  /“nr  ftY 


2gsin,9? 


--  i  -,v  ^  -2cos20 

or  A  (5  —  2  cos2  0)  (1  —  cos  0)  +  12  cos2  0^1 -  cos  6) 

.  '  ; "  ^  =3(5.+  2cos2eycos0 

°r:4  (5  -5  cos  0  -  2 cos2  0  +  2  cos3  0)  + ^12  cos2^ 0  -12 cbs3;0‘:  :C-‘  '•! 

'  ■  =15  cos0+  6cos?  6 

. .  or  2 cos3  0  +  4  cos2  0  +  35  cos  9  +20  =0i.  :•  vn  '  •  .■  v  • 

1  •  -  ■  '  -  .  ..  :  which  is  the  required  rcjulrir; 

*  x. "  *  ‘  .  . . . 


5  3  -P  exzkcisje 

jB^ppe^id^of^a-'chrcad  wound,  on  a  reel,  is  fixed  and  ih<  reel  falls  in  a  vertical 

;i:>"Jii^VrT&>xis  .bc»Sg::hon2onul- and- the  unwound  pan  of  the  thread  being  vertical.  If  the 
cylindcr  of  rodiuj  « .and  weight  W.  show  -ihai  ihe  occclcrati <x»  of  the 
".‘•^nwr'olr-jhe'.;rccJ‘«  -j.jc  and.  the  leroion  .or  ihe  thread  h-3  W. 

■>^uniforoi  beam  lVtt;  on  a  rough  horizontel. table  af  ;  right  angles. to  the  edge,  and-is  held 
•  f  so. that  ortc,-thitd  of.its' jengtlisjisifhrcontatf  WithtKc  table.  Ptt>«  that  after  It  is  released 
.  .vit-.will jbegin  to  slide- over  the- edge  of  ; the  table  when  it  has  tunred  through  art  angle 

-.'U‘  being  the  coeffiucht  of-  friction. between' the. table’  and  the  beans. 

■  V .  :  '  s  :  .%  ■  ‘ 

lc«njRh£c-Sec.Ex.- 12^:ort  page  ■lS7.,hc/c  b»  is/O):  . 

.'■|i^ars^^AW;'pTOj.ee.red  up  an  Inclined  plane. ;  for.  which.  p.  -  \\/3)  ian  a.  with  velocity 
angular  velocity  Q  (iri  thc  diccction  in  which  it  would  roll  up>.  and  if  . 
;ihow  that  ihe  .  fnction  acts  downwards  at  first,  and  .  upwards  afterwards,  and 
.'.-ipVbyc,-'tHai.  the  .wholc  lwue  during  which  the  sphere  rises  is 

-  '  IZ^j £jgQ: ' 

~  *i  ***'*.  V  18^ sin  a 

'  vA  S pb? re;  is;  pnsj cci ed  with  an  underhand  twist'  down  a  rough  inclined  plane,  show  that 
ril.lt ' tyrri  back  in  thc  coursc  of-  it*  motion  if.  2au  (|s  — Ian  a>>  Spi/.-wbeje  u  .  at  are  . 
/j^tfEcr  .in *ti ol'/II » itn=car  and  angular  velocities  of  ihe  sphere,  p  is.tbc  coefficient  of'rriction. 
^^d.:;.fu<i^tlw'. inclination  .of  .the-  plane,  f '  . 

; A : Korn oge ncous  * p h ere,  of  mass  H. 'is  placed  on  an  imperfectly  rough  table,  and  particle. 

■  Vpf-VKi^JrTf.  :is  attached  to' the  end  of  a  horizontal  diomeiec  Show  <ha*  the  sphere  will 
..abefimitor-roll  or  slidc  according  as'  p  is  greater  or  less  than 

y?-;  ;'fv  •-/'>"  5  (W4w):w 

^.v  V-  '  7A/2  -*-17Af/n-4  5m1  * 

on  ihe  top  of  o fixcd  rough^tmul^^ylJnder  whos*^cncrators 
:Show  ihai  if  slighily'disploced,  if:willi^orffio»tbe  cylinder-  until)  it  reaches 
a;  pp m b whitre  ihi  inclination  bf  ^e  iangeni.pl^e^to^tgiwton  b  given  by 

^^in^thii-eocirficlenc, o f  Mellon.  "  ■  -  - 

.P/A-^wfftrTnzbcam^or  njass+f  and/lcngth'^stand^bpright  . on  perfectly^  tough  grtXJJid:  on 
rcs**  a'-'a'«i^y  ofr^ast'rti.  the  coefficient  of  friciioo  .between 
**l.!<rived  to  fall  lo  Ihe  ground,  its  • 

^-'/■inClinilinn'r  0  .  IC»J  fKc  vr.rrtr-al  uthrn  «lSnt‘  ic-'  ofwon  kv 


^  ,  „  radius  2i*  The 

*  3??^' pf-thc  cylmde/jsVat  a  distortce  c  from  ihe  axis,  and1  the  initial  sumo  is 
. j cqGi! ibriom  at  ihcv lowest  poio.nt-o.  fthe  cavity.  Show  tiut  tht  smallest 
^l?bg»Iarvjyelpeity.  wrtViwhjch.-'ihc  cylinder  must- be  started  that  ir  may  roll  right  round 

^iibcjcayiijjt.iji.grvcntb^i-^??  -  - 

n  V  -  r>  -  e  f . 


inside 

pfhnc 


■  "  l  in  -  a  +  rj 
of  gygrat ion.1  about  the  ccnirc  of  truvity.  - 
■Rnd..afso',.the  normal  reaction  between  'the  cylinder 


to  any  position. 


w 


(b  -  o)  (I  +  n).  where  n 


o 2  MSJ 


where  k  and  K  arc  the  radii  of  gyration,  of  the  inner  and  outer  cylinders  respectively, 
about  thrift axes  and  nt  and  M  their  masses. 

»  A  uniform  rough  ball  is  at  resl  within  a  hollow  cylindrical  gardan  roller,  and  the  roller 
is  then  drawn  along  a  level  path  with  uniform  velocity  V.  If  V*  <(27/7)g  (&-a).  show 
that  the  ball  will  roll-  completely  round  the  inside  of  the  roller,  a.b  being  the  radii  of 
the  ball  and  roller.  . 
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(Mechanics)  /  .1 


LAGRANGE’S  EQUATIONS 


SET-IV 


8.1.  Generalised  Coordinates. 

.The independent  quantities  which  determine  the  position  of  a  dynamical 
system  are  called  its  generalised  coordinates; 

8.2.  Degrees  of  Freedom.  *  -  .  ^ 

The  number  of  independent  motions  whith^a  dynomicat  system  con 
have  is  called  its  degree  of  freedom.  Dot  the  numhcr'ofindcpcndcm  morions 
is  the  same  as  the  number  of  the  generalised  cordinaies.  Hdnce  the  number 
Of  degrees  of  freedom  of  the  system  is  equal  to  the  number  of  the  generalised 
coordinates. 

Exmamplfcs  ;  ■ 

3.  The  degree  of  freedom  of  a  particle  moving  in  space  is  3.  It  is  because 
three  coordinates  .(jr,  y,  z )  are  required  to  specify  its  position  in  space. 

2.  The  degree  of  freedom  of  a  rigid  body  which  can  move  freely  in 
space  is  6. 

A  rigid  body  is  fixed  in  space  if  any  three  non-collincar  points  of  the 
body  arc  fixed.  Lei  these  three  point  At  B,  C  have  coordinates 
C*l» )’]•*!)•  (x2> ?!**■•))  and  (JT3.yj.23).  Then  as  the  distance  between  every 
pair  of  particles  of  a  rigid  body  is  unaltered 

.\  A82*(*2-Xj)2.+  0,2-yt)2^2^|)2-COnsL  .  -41) 

BC2  =  (x3  - xj)2  +  (y3  -y2}2  +  (*3  -  Zj)1  =  const.  ...(2) 

CA 7  -  C^t  “  +  (y%-  yf?  +  (2|  -  itf1  -  const.  ...(3) 

Here  any  three  coordinates  can  be  expressed  in  terms  of  the  remaining 
six.  Thus  only  six  independent  coordinates  arc  required  to  describe  the  motion. 

Hence  the  degree  of  freedom  of  the  rigid  body  which  can  move  freely 

in  space  is  6. 

Note.  In  general  the  degree  of  freedom  of  a  system  containing  n-particlcs 
moving  freely  in  space  is  3n  as  it  requires  3n  coordinates  to  specify  its  position. 

82.  lloJonomic  System  and  Non-Holonoraic  System. 


Let  0.  y...  be  the  generalised  coordinates  of  a  system,  then  the 

cartesian  coordinates  (x,  y,  z)  of  any  point  of  it  at  any  time  t  can  be  expressed 
as  functions  of  6.  <J),  y,  ...i.c. 

V. 35 /^(x,  Vv.--).2  =  /3(f,Q.4>.  V. 

tt  iIu-m*  tntwiioiis  «Io  mx  involve  velocities  i.e.  0.  etc.  or  any  higher^1 
ilr»iv:»ijvr  with  respect  to  i,  then  such ;»  system  is  called  a  holonomic 
niht-iwi.se  it  is  said  lu  he  nun-holouomic  system. 

8.4.  Conservative  and  non- conservative  System. 

If  the  forces  acting  on  a  system  arc  derivable  from  a  potcntiaU/uncUbn’' 
(or  potential  energy)  V,  then  the  forces  arc  called  conservative  oificrwisc 


non-con  Sr.  rv  alive. 

3.5.  Lagcange'.v  Equations  for  finite  forces^ 


& 

VS 


Consider  a  holonomic  dynamical  system  moving  under  the  action  of 
conservative  forces.  & 

Let  (x.  y,  z)  be  the  coordinates  of  any  particljtnt^pr the  system  referred 
to  any  rectangular  axes,  and  Ictihcm  be  expressed  interms  ofacertain  number 
of  generalised  coordinates  0.  \j/, ....  so  .dwtiaf/as  the  time,  then  we  have. 

JT=/i(LW....).y=/2(t.e,«.  -  ....)  (A) 

the  system  is  holonomyc^so^.thcse  functions  do  not  contain 
any  higher  tier  i  v  a  t  i vc^wir h^cspecl  to  L 

Uerobert’s  principle,  ihpreyersed  offeeJive  forces  and  the  external 


Since 

0,  <> . or 

ByD* 
forces  uctir 
Thus  if  X 
m  auhe  poi 


g  at  each  p art i c  1  c od y  To rm  a  system  of  forces  in  equilibrium. 

Z  axe  ihe  covn’pon c  ms-’o f  the  external  force  acting  at  the  particle 
nt  (x.  y,  z).  then  giving  the  system  a  virtual  displacement  consistent 
with  the  geometrical  conditions,  at  lime  the  equation  of  virtual  work  is 
Xl(*  ~  m  x)  Sir  +  (  Y  -  m  y)  §y  +  (Z m  z)  6z)  =  0 
or  (x  &r  +  y'5y  +  i  8z)  ™  E(X  5x  +  Y  5y  +  Z  6 z) 

or  Zm  (x’&r  ■+■  y  8y  +  i  6z)  **  -  8V 

where  V  Is  the  potential  function.  « 

Now  5x  «=»—“  59  +  ~  + .... 

<7<{> 


.-.(1) 


•’•(2) 


ar 


dx  r 


the  term  Sr  is  not  taken  as  Sx  is  the  variaton  of  x  at  time  r. 


Similarly  6y  « 


‘Ib86t3* 

Also  as  Vis  a  function  of  0.  <}>.  qr, ... 

_BY-tn  .BV 


&?>  +  ....  and  52  » ||  &>  +  .... 


3z  , 

a<>c 


Substituting  in  (2).  we  get 

^  YU 


:K>  iJ<J» 


-) 


Since  30.  64». ....  ore  oil  indopondont  of  oaob  otlwr,  htnot  squaring  the 
coefficients  of  60.  5$ . on  both  tho  atdo»,  wo  hav* 


(--Zx  -.By  ~dt'\  ■ 

l*ao  yae  2aeJ  ae 

K  similar  expression*  in 


With 

From  (A),  wo  have 
dx  '  dx 


■r  ^  ar  30  9 


dt> 


^  ■+•  ...... 


^  ,  (Since  0.  all  are  independent  of  each  or  her) 


.  By  3i  dz. 

Similarly.  g|-^.  99-55 


Substituting  In  the  LH.S.  of  (3),  we  have 


^  r.  A  f7ir\  r  A  C 


-(•*) 


d  [dx' I  a  (dxY  a 


“  dido*  ao2  '^d$dQV' 
-d*x  t  a i . 

B  ae  a*  a<>  7 


"55|#*?S6a5*  -Jda  w 

d  rar'i  JfSA  3y  dldz.' \  Si 

■  3 [sajf *  W  3a-  3 (ae J-  3» 


Substituting ;ir»  (4X  we  got 
f  .:.dx  "Mila.cly  --dt  ^ 


X- 

?¥*■ 


=74 50  + 

±  feVir 
-  ^-drladl  ae 

where  T  -  K.  E.  of  the  system  =2lm  (x2  +y2+  z2) 


Hence  from  (3).  we  have 


Similarly.  ~ 


■with  similar  expressions  for  each  coordinate. 

These  equations  are  called  Lagrange's  equations  for  finite  forces  where 
V.  is  the  potential  funetjou.  and  T  tite.  total  ^kinetic  energy. 

If-  W  is  the  work  function  then  W  +  V  =  Oansu 


..  dw  dv 

.  Le.  .  etc. 


30*  59* 

Thus  using  the  work  function!  W  the  Lagrange’s  equations  are 

d  f  ar  V  -ar  9w  d  (:3t\£;3t  ^  aw  ^ 

.  ae  =  ae’dt^J .v94>  ",a<^cc’ 


Vector -Method.  At  time  /.  let  F  be-  .the  cxicnial,  force  acting  on  a  panicle 
of  mass  m.1  whose  position  vector  with  regard  to. any  origin  O  is  r  with 
generalised  coordinates  0;  \p. Then 

By  D*  Alembert's  principle,  the  reversed  effective  forces  and  the  external 
forces  acting  at  each  particle  of  a  body  form  a  system  of  forces  in  equilibrium. 
Thus:  giving .  the  system  a  virtual  displacement  consistent  with  the 
.  .  geometrical  conditions,  at  lime  /..the  equation  of  virtual  work  is 
X  (F  -  mr-yi  5r  *=  0  or  Imf7.6r  =.LF  .5r.  . 

Let  SiV'denote  the.  virtual  workdone  by  .the  external  forces,  then 

V  .  .5w:=2j^§r;' 

:  nnd  blV.-  ia  cflHcd  the  virtual.  woric  funcrion- 
lVom  (2>  nnd  (3).  wo  havc&WnLmrySr. 

:  NowjfrqnV  (1).  we.liavo  ':;.;  : ! 

Br.-  ^  r  constant) 


•42) 


..(3) 


(4) 


im* 
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Lagrange's  Equations 


(Mechanics)  12 


.  dr 

'**  “ae 

(V  9.  b»  all  independent -of  each- biher) 

Thui  from  (4),  we  have 

•  $£ 

*39 


SW=Zmf*5r-£mr»t^S8,  when  only  0  is  allowed  lo  change. 
3r  . 


=  Iwi 
.  -Xm 


.50 


_  3  (dr  3r*  3r  ■  "19*“ 

30[3r+3&0+3 

Substituting  in  (6x  wc  have  ’ 

=2[^M(2m^)-|(ira^)]6e 


from  (5) 


-46) 


where  T  » 


K.E.  of  the  system**  XLn  £ 

a t-  ‘  • 

39  d/I  38  J  30-  - 

3T_3JV  ’ 

39  39  .  V  ‘ 

when  &n!y  £  is  allowed  to  change. 

when  only  b  is  allowed  to  change,  we  have 


A  f  m  1_— 

dt  I  38  I  dt 
en  only  0  is  t 
Similarly  when  only 
dfST)  dT^dW 
dt  I  3$i  j  3b  3b 
'  _ 


-47) 


.48) 


% 


Similar  equations  corresponding  to  the  variations  in  other  generalised 
coordinates. 

These  equations  (7).  (8).  arc  called  the  Lagrange's  equations  for 
finite  forces  where  IV  is  the  work  function  nml  T  the  tmal  kinetic  energy. 

8.6.  Lagranglan  Function. 

When  the  forces  arc  conservative  arid  (0,  b»Y>  •••)  are  tho  ■gencmlisdd>^; 
coordinates  of  a  system,  we  can  ftrKi_Lhc  potential  fooetion  V  as  the  funciton 
of  (0.  b.  V-  ...).  such  that  W  +  V  =  const,  where  W  is  the  work  function^  ’ 

-  ”30"  30’  3b3“3b*  CW'  . 

Hcnco  Lagrange’s  equations  for  a  conservative  holondmic^clynarolcaj 
system  becomes  -  " 

d(dT\  3 r  31/  dfdrt  dT  ?v  .  -  ^.%g 

etc- 

.A** . 


ysicni  oecomes 

^fif>l-irrs_3V/  d^(ZT\  3 T  3 y 
rt [39 J  ae  “  a©*  dt [a$J  ab  3b’ 1 

rs{^.(r-vi}.-it7'-v>=0' 


Since  V  does  not  contain  0,  b. 


.4% 


A ( V HL _ o  Afitl  ' 

dr  [  35  J  30-°’  dr  [fjJg^pS'  ctc;'  ■ 

entaT-Vls  called  the^L&rahrfan  function 


Then  L  ■=  7*  —  Vis  celled  theiL^ranglan  function  or  Lagrange’s  function 
or  kinetic  potential. 

8.7.  Principle  of  EnergJ^fij  deduce  the  principle  of  energy  from  the 
Lagrange's  equations  (Conjunctive  field).  / 

If  (9.  b»  V>  -*.)  are  the  generalised  coordinates  of  a  dynamical  system, 
then  the  Lagrange’s  equations  are 
A( }_  di 3r ''i  3r  dv 

df[a5J  30  39  *  dt  [3b  J  3b  —  3 b’ ctc*  -C1' 

If  y.  z  do  not  contain  t  explicitly,  we  have 
***  K.E.,  r=i  Ini  (X2  +  y*+?)  • 

=  >»,,  Qii  +  A22Q7+Ajy  ip3  +..  .  +  2AT20b+2Ajj0v+... 

which  is  a  homogeneous  quadratic  function  of  0.  b  etc. 


UeriCe  .by  Euler’s  theorem  : ; 


To  explain  howTMgrange’s  equations^^^edimicase^oismait  osciUatidtis.^ 

■  ;T6  inv«ugat't'the.ifteqry;oLsfnal£h|^Yl)flpbn»!by  ihe:use  df.^ 
□ualioris/Hbbutthe:DoSiu6ndf<MU^miuiTi:>:the:-:ccnerilised:coord^^^  ! 


:yi.  ..Si iice :  .lhe ;;  ^stcmy;"th^es^.snia ll^'tocni atioMSab^ti.r  the,::  pcaiuphiv  of-  • 
'equilibriurh^so.O^bii'iy  ah^Q^b^wIl  reri^|ci  ’ 

.  If.  jr,  ^^i^d^qti  ooniaii^ti1  explicit . ;  2^ ;^>f ficl  -  the; . . 
work  function  IV  arc^givcn  by 

.  ‘  V*  ;  •  .  '  ■" 

V,*Here^’wc  consider  that  only;  three  geheralised.coordinates.  0,  b.  y  exist./ 

isS* .  ■ 

G2+d22^+^y?+2/t120b+2^w.bv.+  2A,y0b/  •  r..(ij 

-  and  iv.=  C.+  B\  0  +fi2  §  +. B± V  +  +  B2j:6}  +  -M) 

Now  choosing  XVY,Z such' thdt.O.  bi  y  canbeexprcsscd  by  the  cquatibnis. 
optbeform 

0  =  XIX.-hi2.;r+X3Z 

b-jr,  x+p2-y‘+ji3z 
y  *  :x +vty + v3  Z' 

Choosing-  Xlt.X2,'Xj,  jtj.  ji2,  pj,  V]»  vy.  v3  such  -  that  whcn.-.ihc-.abbvc 
values  of  'G;  <5>.  Y  *1  f'd  .thc ir;  d c r i y a ti v csG ,  b,;y,  a re  s ubsti t uled  i n  (1)  and  (2). 
then  there  . is  no  term  coniainingVX-y.  YZ^-ZX  ’iivT  arid  thW'e- is  no  fenn 
contaning  XY^YZ.  TX  inW.Thcn  X,  7,-Z  arc  calied.lhc  Principal  or  I^ortnal 
Coordinates.  :- 

Thus  Avhc.n.X,.- Y,  Z  ore.  principal  coordihatcs.  thcn  from  (l)  ariid  "(2),  • 
■'•we  have  -  ;  .  J'_‘. ' 

'-r-A-iv 

and:  VV  tC ' + B ' ,  X+  B'^Y+B  '3  Z±B’n  X*  *B 
'  Then:  the  Lagrange's  equations'  arc 

4737] >  37]._3iv  .  . 

"X  c  : 

or  ~  (2A'uX)^  {B']+2B'uX)t  etc. 

or  2 A.‘JtXm  fl  ',  +  28/,  j  X.  etc.  •  -  ■ 

which  .can.  be  put  in :thc.;fonns 
X=-n\X.  y-n]K..Z-^ 

which  represent  S  H-M’s  giving  the  small  oscillations;  about  the  position 
of:  equilibrium. 

EXAMPLES 

Ex.  1.  Tor  . a  . simple,  pendulum  ( i)  find  the.  Lagrangian  fi ihctidn\ahd-  ( i »/- ' 
pbrabi  an.  equation  describing  its  motion.  :  (IFoS-2011) 

Sol.  Lei  /  be  the  length  of  the  simple  pendulum  and  .O/ihe. angle  made. 

■  by.ihc  string  with -the.  vertical  at  time  r.-'Thus  Gisthe  only  generalised- 
Coordinate.  Then ihe  velocity.  of  mass  Af  fll  A-will  be  vek ... 

A  Tdtal  KE'  r=iX/v.2={Af/202 
:And  the  potential’  function 
’  Mg  (A  ’B)  =  Mg.{l  -Tcos  9) 

:=Afg/.(lrcos0) 
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Motion  In  TwoDimenslons 


.  (Mechanics)  720 


The:  equation,  of  horizontal  mo.tiotf  of  the  hemisphere  is 


or  A<~(*) 


■R  sin  9  /  >- 

The  .  particle  will  leave  the  hemisphercifi?  =  0 

:d  nui  cos  0  0)  .. 

■"  1=01 


l^if^(i)=Oor 


M.+  m  .  J 


or  cos  0  0.-sin.0  G2  . 

Differentiating  wj-t.- Y  and  dividing  by.2a9,we  get 

(M+m.sin2  0)0  +.m  sin  0  cos  0  0^  =  sjn  q 


v*(3) 


-(4) 


Substituting  0  =  -5>T-"  0g  from  (3),  we  .get.'  ,> 
cos  o  ...  .  i 

(ff+misHt?  &)  ~^~0  G^  +  msin  0  cos  GQ2.^  (Af +  m).£  sin  0 
or  m  sin2  0  +  /n  cos2  0)0 2  =  (Af +  m)  ^  cos  0 

o' 

■  Substituting  frorn  (4)  in  (2),  we^gCr  ' 

(A/+  m  sin2  0)  g  cos  0  *»2g  ( M  +  m)  (cos  ot  -vcos  0)  ' 
tt  (Af+jrh  — mcos^8):COs0  =  2  (Af+/ri).(cos  a— cos. 0) 

or  m  cos3  0  —  (Af.+ mj '(3  cos  0  —  2  cos  a)  *»  0, 

//  .  which  is  the  required  result. 

Ex.  42.  7W  unequal  smooth  spheres;  one  placed  on  the  top  of  the 
other  art  in  tmst able  equilibrium  the  lower*  sphere  resting  on  tr smooth 
:  table.  The  system  is  slightly  disturbed;  show  that  the  sphere -.  Will  separate 
when  the^  lines  Joining  their  centres  make  an  angle  Q  with  the  vertical  given 
by  thpequation  _  .  .  f  '/• 

m  cos*  0  » (M  +  m)  ( 3.  cos.  0  -7. 2) 

where  M  .is  the  mass-  of  the  lower,  and:  m  that  of  upper  sphere , 

SoL' Let  Cj  be.  the  Centre  and  c  the 
radius  .of  the  sphere  , of ;mass  M  resting 
on  a  horizontal 'smooth  table.  Let  Cj  be 
the'  centre  and  b  the  radius -of  another 
sphere  of  mass  m  resting  at  the  highest 
pointof  the  first' sphere  .of  mass  m  resting 
at  the  highest  point  of;. the  first  sphere 
in  the  position  of  unstable  equilibrium.  , 

.  When  the  sysTfean  is  disturbed  then  after  o' 

time  x.  let  the  lower  sphere  have  moved  through  a  distance.  OA  =  x.. on  the  ^ 
table  and  let  the  ling  joining  centres  turn  through  an: angle  0  16  the% 

vertical.  Note  that  C,C2  was  vertical  initially." 

Both  the  spheres  and  the  horizontal  plane  arc  given  to  be  smooth  SCh'; 
there  are  no  forces,  acting  to  turn  either  sphere' about  its  centre.'  Hcrfefe- ' 
there  is  no  rotary  motion.  ' 

Referred  to  the  horizontal  and  vertical  lines  through  . 

coordinates  (xc,yCj)  of  centre  C,  and  (xCj,  yCj)  of  centre  ^[^re^i'ven. fey 

xc,  =I')’r|na;  xc^  “'■*  +  c  sin  0.  yf.  ~a  +  c  cos  0.  whe^^’CjCj  =  a  +  b. 

As  the  spheres  arid  the  horizontal  plane  arc  smooth,  there  is  no  horizontal 
'  force  on  the  system.  ,s. 

i  «*v m  v =°  •. 

d  ■  %  ' 

or  ^  [Afi  +  m  (i  +  c  cos  90))  *=  0 

Integrating.  Mx  +  m  (x  +  c  cos  99) 

But  initially  x  =  0.  0  =  0  G^  Ort  ^ 

Mx  +  m  (x  +  c  cos  00)  —  0  mC  cos  00 

,0  M  +  m 

Also  the  energy  cquatiorngi'v^s 

2  mvc2  *  m8  (c  “  ctosls) 

or  Mx2  +  m  (i2  +  c202  +  2c  0i  cos  0)  =  2 mge  [1  -  cos  0] . 

Substituting  the  value  of  x  from  (I)  in  (2).  we  get 


AD 


—(2) 


(Af  +  m)~  ■  - 

(A f+m)2 
=  2mgc(l  -cos  0) 


cos2  002  +  mc202  +  2mc0  . 


M  +  j 


-  cos  09 1  cos  0 

,  j 


[c_m^C052  e].«2= 2*  e  —“■« 

c(A/+m  sin2  9)  6?  =  2g  (Af+m)  (j 


-  cos  0) 


Differentiating  w.r.L-  *r‘  and  dividing  by  29,  wc  get 
(Af  +  m  sin2  0)  0  +  m  sin  0  cos  902  =  (g/c )  (A f .+  m)  sin  0 

If  R  is  the  reaction  between  the  two  spheres  at.  the  point  of  contact  F, 
then  considering  the  horizontal  motion  of  the  lower  sphere,  we  .get  .■ 


-••(3) 


“Rsiri  G^Afr^,  =  Mx  =  —  .  (cos  00  -sin  G92) 

When  the  two  spheres  separate,  then  R  =  0,  .•-  from  (5),  wc  get 
sin  0.02) 


Mmc  ,  ^ - 

0  =  —  -777 — -  (cos  00 


M-* 


-~(7) 

~(8j 


‘(^(Af+rii) 

:  £ ior/( 0  ¥ %rn),s i n;  0=  V.- V'0- :  =  sj rf  0?  ‘  -,r  « 

'/v;  Substituting  d>c  yaiue  of  ^Vfrorn  (8)!  in  (3),:  We.  get .  ..  .  ;  ‘ 

-v  V 

(i  ~  ctix-0)1  •  ;V- 

-'ror^^ebs3^' (W^m);^'cc«  0 -v':  '  '* 

.  whlcbis  the  reguired  rcsult. 

43.  Two.  homogenous  .spheres  of  eqLial  'radii  and  masses  m.  and' 
-oh  a  smooth  horizon  ta  Ip  lane  -,yyi th  rrt.*:x>n  >rA  c  freest;  pcint-if  m.  . 

V ^ e  '^s:cni.  ^f.^Rrhedshow  thar  the  Inctinatipiri.  &  of  iheiir  common 
ynormal  lo  theyenical  is  giveh  by 

■’v*  ^ 0)>=  5g  (y/r-h/n  !)  (/  —  trox  G)  . 

;  Cl:  ^enlr^: :a”d;^the-(^N;upp^ 

'/  mass .of  the'  sphere  resting  on  a  sm ooth  :  SP-). 

.horizontal  plane. Let  Cjibethc  centre  and 
•-  m'v'  -the,; mass'  of  another. !.sphfe  of  equal  * 

.  radius  .  rcstihg  on  the  highest  Of  the  first 
spTiere.- in  time  z,  let  the  lower  sphcrc  , 
move  through1  a  distance  OA  ^x.'.orit.th^^ 
table  -.W  h  i! e  the  .  Ii  tie  of  cent res  CjC^humf# 

'.  through  an  ahgcl  0>vith  the  VerticaiSNTbtfr^ 

•|hat:  CjCj  was  vertical,  ini^alfy^Dunrig.  this,  rime'  ri;  let  the  two  spheres 
turn:  through  a'ngles., q  ari^^o^6ie  vertical.  Initiaily"  C,B.  CjC2  and  C^D 
'  coincided'. vertically.  -; 

"Since  there' 'is.* no  "slipping 'bet ween  the/ two  spheres 
•-^A^'^®.A^^or^'(0 -.W  “  o'(V.-:0X"°r.y-+.i=  29'  '  .  ~(I) 

-Cqiisidenrig^eSmottoc.  ofthe  spheres  Wd;  taking  InomcntS:  about  their 
centres,  wc  gei?:  -  ■ w 

^;|^^^^  a  (For  lower  sphcrc)  ...(2)  '  ‘ 

5^V:  “  F  -  a  :(For  upper  sphere)  ...(3)  1 

get  *  I  . 

■  x  _■  *■ 

=  (Constant  of  inteeration  isO.  v 

PX&' 


(ON.  LOWER  SP.) 


when  v  =  0) 


l^m'- 


20 


m  r+m 
2m 'Q 


from  (1) 


and  -V— 

(m  +.m  )  :  (m  +  m  )  ' 

Referred  .  to  the.  horizontal  .'arid1  vertical'-  lines  through  O  as  axes  the 
coordinates  (jrc,?y^,)  of  centre  C,  and  (x^,y^:.of  centre  C2  arc  givcn;by 
'  ,t(.j=x,yc|  -  a;  xc2  =  x+'la  sin;  0,  yci=u  +  2a  cos  Q 
Since  there,  is  no  horizontal  forcej  ori  tho  system,' 

.*.  ~  (mxcl  +  m  ’jXgj)  ~  ~  [mx  +  m  (i-h:  2 a  cos  09))  =  0 

Inlegrating,  imx/t- m' (x  +  2o  COS.09)  =*  C 
Initially  x *  0,  0  =  0  C“ 0 


2m9 


(4) 


^  ’  /  ■—:2am':c6i  09 

■mx -v m  (x+2^ cos 00)  =  0  or  x—  t  -  — 

r  {jn  +  m-y. 


..-C5) 


The  energy  equation  gives, 

.  '  “  ■  :  '  .r,  .  V-  » m'g  (2d  —  2a  cos  0) 

oir  ^  rruAap;  +  mx2  +  m  (x^  +^a2©2.^  4£t0xcbs;0): 

>| •'  v ' ..  '  ...  -  =4am'g  (1  —  cos  0) 

Substituting  the  yalucs  of . ^  V andx  from  (4)^(5)v-  -v 

2  1  4m>292  2  ,  2  •  ^m2^2.’  #  V'K^t:.4b2m'2:  .. 

7  mar  . - -.+  -mer  : - -  +  (m  4-.  mj;* — : — ^~r  CO 

5  (m  +  m')2  5  •  (m  +  m')2  V::j(#n'+' 

+  4m'o202  +  4cmy0  COS  0  =  4cm'g •’.(  L—  cos  0) 

4am'g  (1-  cos  e> 

(m  +  mO2  [m  +  m'y  j 

or.  {2m  -  5m'  cos2  9  +  5  (m  +  m01  O02  ==•  5  (m  +  nv)  g  ( I  -  cos.  0) 
or  (7m  +  5/nT  sin2  0)  riG2  =  5  (m  +  mO  g.(l coS  0).  . 

.  '  :  v*'- 'J  :wtuch,i*:the.; required  result. 

Ex.  44,  A  uniform  solid,  cylinder  rests  'pn)a  ispuyoth  horizontal  plane 
and  ori  it  placed  a  second^equcd^cyllriderj/.touchtngilt /along  its  -highest 
geneizitor,  :if  there  is,  no  slipping  between  the  ,  cylinders  and  system  moves 
from  rest,  show  that  the  cylinders  separate  when  f  he  plane  of  either  axes, 
makes  an  angle  0  with  vertical  given;  by  the  equatwh 
.  2  cos3  Q  +  4  cos 2  0  -35  cos  9  +  2i9  =  0.  •  f  "  '• 

Also  show  that  until  the  cylinders  separate  the  same-generators  remain  is 

confoci. 
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Motion  in  Two  Dimensions 


(Mechanics)  1 19 


CBoniOA  were  vertical.  In  timcTr.'  let  the  cylinder  turn  through  an  angle 


ZDOA  -  V-  Also  let  the  plane  ihroughuhc:  axes  make- an  angle  5  to ' 
the  vertical  al  lime  /.  'S;i  nee  .there,  is  ppslipping.: 

Arc  PA  =  AtcliP  or  a  (9  -  v)*  b  ($ — 0}  . 
or  ay+^r'(&  +  *)  8  ici  iaV^'-cO.-wbcriec^a  -fb.  ■ .  *  -0 > 

Equations'  of.  moiiorifor  \he;lowcr  cyliijcto^laltihg’  '  moment  about  O  is. 


M .  try  =  72*.  .(here-  k1  ~  a2) 


Since. tl 
.  O.  therefore 


-C2) 


•C3) 

-(4)- 


c  .centre .  C‘  describes -a;circXc:  of  radius  OC  a  +  8  =  c»-  about 
its.  accelerations  along  and-  pcr^nbvcular  to  CO  arc  mc&  and 
titcQ  rcspcc  LveJy.  V; .  V  .  ' 

Eqyadon  jf  of  motion  ;of  the.'sphere^arc  '  .  .  * 

mcQ2-mgcOsQ-R. 
and  /hc9 

Also  taking  moment  about;  p,;  we.  gel  ' 

•-  -(5) 

‘.v  From  (2)  and  (5)- .we  get 

‘  May 

Integrating.  Afay.±  |  m/xf;  (j n it blly^^O.y^  0-.  Constant  of integration 
is  also  zero^t  '  •' 


>■  2jwgSM\-.:^:  .  *{"v.  -v;  . 

-.  .  2mc0  ■ .  '  =  -  -  ..rSAfe©  "  ■  '  ;  "  -  v  .  '  -  - 

•*  •and  ^>,=.'2m.-f  5M.H  •  ■  -'  .i’  -5''-'  "  - 


.  [fro.m -.(!)). 


2in 

TW  coordinates  pf  C  rcfcrrcd'  tpThonzontaV  and  vcrt'rcal  lines  through 
<?as  sixes  ,arc.-(c  sin..6;'ccps  .0)  .  {; .  ;  -  A . : "  ■  '  • 

■  .  .  -  .V  vj  a* i2  +-y2  ?’'C2Q2.  .....  ,  ;■ 

Therefore  ^energy  equation' gives  -:  ■“  q* 

-  +  (t  tn  .  -  try1  4-  ^nic1^1)  -w^(c;-r  cos  8)  . 

fffe)  +  »*F? &  ^2,riSc  (I  -  cos  G) 

=  2/ng  (I cos  9) 


f 


it.^i  2mc\0 

;or>wte — 


SM 
(2m  V  5j 


(2m  +  5M) 


”S[^5W  +  ')‘^=  2f  <'  -c“  °> 


'-(6) 


Differentiating  wj.i.  r  and  dividing  by  29. 'we. get 
f2m+-5M>  . 

T^..7«JiMn®-  .  ,  ^7)  r-  4-,- 

From  (3)  and:  (4),  using.  (6)  and  (7).  we  get 
m*  COS iS" -  2  (Svw)*  (‘ -c«  8)  •  v 


i 


2m  +7M. 
and  F=a  mg  sin  9 


2m  +  7A/J 
[( 1 7A/  +  6m)  cos  9  -  (10A/  +  4m))  : 


2m  '4-  5Af  ■  i . 
2ni  +  7M 


'^i .  1  ^  2m  Afg  Sin  0/ 


2A/ sin  9 


((1.7A/  +  6m)  cos  9  -  (10Af.  +  4in)} 

:  Slipping  of  the  spbexe  wit)  begin; 

us  whk,ul‘-^  1 


K  [(17M  +  * 4«>I 


or  2^  sify9:=  fJL  (C17Af  6m)  cos^  -i^p^^dm)) 
which  gives: the/value  of  Q. .  •?  -  :  . 

A Iso  w heh  siipp in g  begi n s  9  <  ’  ■  :  .*■  ' 

...  ^  'F  ,;2mAy?  sin  9:  £&:"  -l  •  vl  :  '-'.l 

which  is; positive  for  all!  vaJups/of  0  between  0  and  rr.  Hence.  tlte  sIippingX 
begins:.bcfore:'thc  sphcre  leaves  thc  cylinder. 

Ex.40.  A  thin  hollow  cylinder  of  radius  dand  mass.  Mir  free  Jotun}j_ 
abouldts: axis,  which- is  horizontal  and  a  smaller  cylinder  of  radiiis  b'fjnd^ 
mass  m  rolls  , inside  iijwithout  slipping',  the  axes  of  the  pvo  cylinders  being-1 
parallel  Show  thut  when  die  plane  of jhc two.  axes.is  in  dined  at.an^an gte  . 
Q  to  ihc  venicaJ,  angular  velocityiof  ihe  larger.  cylinder  is.  given  by  - 
a2  (Af  +  m)  (2A/  +  m)  to2  -  Tlgm2  (a  -  b)  {cos  9  —  cos. a) 
provided  both  the  cylinders  are  at  rest-  ^fiert'\Q^ otr  '  v; 

Sol-  Let  O  be  , the.  .centre  of  thc  hollow  cylinder  of  radius-  a  .and  rb’ass 
M  which  is  free  to  turn  about  its  horizontai  axjs.'  Lci  C  bc  the-  centre  of- 
the  smaller  cylinder  of  radius^and  jpass  m  which  '  ^  - 


vertical  cross- section  oftheVwo  cylindcrstlaough 
OandC.  .. 

Let  the  line  CB  fixed  in  the  smaller  cylinder; 
and  ON  the  line. fixed  in  the  outer  cyHnder  rnake 
angles  ^andV  lt>  the  vertical  at  time  f.  Imtially 
CB&ndON  coincided  with  OA  -.where 
dpOA^QL  '  •  "  4; 


■A.:'; 


-(2) 

-(3) 


.  -  Since  there  is  no  slipping.  Aze  MP  —  Arc  BP 

:ota  (y  9)=  b‘(b  -  9)  ix>  =  «y  —  c9,  when;  c-a-b  — (0 

■  Considering -the  motion  of. two  cylinders,  and  taking  moments  about 
their  .centres' O  and  C.  we  get  , 

.A-fc^V  -  Fa  (For  outer) 

:  and  mb?#.  -  Fb  (For  inner)  . 

From;(2)  and  (3).  wc  get  .,  . 

‘  ^  May  —  —  mby  ■ 

7jnlegn)iing;:AfaV  =  -mb4i  ’• 

(-:::  Initially ...when'  ty  =  6  .  $  =  0.  /. -const  of  iniegration  is  :0) 

-'or.  May  -  ri  (ay  -  c9)  From.  (  L)  i 
or  a  (hf+  m)  y — mcQ  -• 

■The  coordinates  of  Crcfcrrcd  to  the  horizontal  and  vertical  lines  through 
O  as  axes;  arc  (c  sin  6,  c  cos  0) 


:-j(4) 


US) 


/.  -  !vf’s?  3?^+  p  -  C20 


■//  Energy  equation  gives 


+  (^m*V  +  y  we2  02)- 


mg  (c.cos  a  -  c  cos  Gj 


Substituting  tlw  vlaues.  of  fc<{i  and  c0  from  .  (4)  and  (5),  we  get 


J  :v 

,  L?;:  .  m  j--. 

-+■  (A/  +  m)2J  i?^i>  (cos  0  —  cos  a) 

f  f-mj.a)2  =^2gm|^a^b)  Ceos  0  -  cos  a) 


or  dz|  M+_ 

br  a2  [(m  +  M)  M 
ora~(M  +  m)(2M  f-m).®2 


mgc(cosa— cos  9)_ 
cos  9)/ 


V  c  -a  —  hand  y  =  co. 


EXAMPLES 


which  is  the  requried  reSuh^"5’  - 

4 .1^. ; Motion  of- one  body? on  another,  when. both  bodies  arc  free  to 

■***•' ' .  A/'  ■ 

Ex.  .41.'A  hemisphere  of  mass  M  is  f  ree  lo.  slide  with,  its  base  art  a 
smooih  hdrizpntat  table.  A  panicle,  of  mass  m  is  placed  on  the  hemisphere 
at  an  .angulardisiance  a  from  the  vertex. /show  that  the  radius  to  the  point 
of  cdhMcsaf  which  the  particle. leaves  the  surface .  makes  with  the  vertical 
arr.cngle  'B  given  by  the.  equation 

.  m  cos3  0  -  (M+.  m)  (3  cos  9  —  2  cos  a )^0 


fjm 

fer-'  U  Sol.  In  time.  /  lei. the  hemisphere 
"^’nVovc  through  a  distance  x  oii  die 


horizontal  plane.. At  time  r  let  the  particle  ‘  : 
be  at  the  point  P  at  an  angular  .'distance 
0  which  was  initially  at  .  an  angular 
distance  :  a  from  the  venex.  The 
velocities 'of  the  particle  m  at  P.  arcxland  " 
aQ  along  horizontal  and  the.  tangent  at. 

P  a:nd  :anglc  between;  them  is  .0.- 


i 

s 

[o  jfiRi 

'Mg 

R  (ON  PAR) 


lines  through  O  as  axes  are  given. by 

,  xp.  =  x  +  a  +.d  sin  0.  ahdy^a*  a  cos  9 
•  Since  there  is  no  horizontal  force  on  .the.  system. ' 

~^  (Mx+  jnxp)  »  0 


°r  [Mx  +  m  (x  +  a  cos  9  0))  =  0 


-CD 


Integrating.  ;Mx  +  m  (i  +a  cqs-0-9)  =  C. 

But1  initially  when  jc  =  0,  9='0,  .‘.  C -0 
Mx  +  m  (x  +  a  cos  6  0)  =  0 
•.  •  _  mo  COS  0  9-' 

X  .  (A i+rri) 

How  K.E  of  the  hemisphere:  =.^ Mir. 
and  K.E  of  the  particle  =~  m  (xp  +  yp) 

:«=  ^  m  (i2  +  a202  4-  2oftr  cost0) 

As  ihcrc;  areno' forces  to  turn  the  hemisphere,  so  there  is  no-rotational 
energy.  Hence  the  . energy,  equation  gives 

^  Mjr  +  +  2a0i; cos  9}  — mg  (d  cos xx —a cos 0) , 

or  (A/  +  m)  i2  4;  rria292  +  2amQx  cos  9  =  2mgo  (cos  <X  —  cos  6) 

.  *?{?■  cos^092 


or  (M  +  m) 


i 


^co^ee2.  •  7A7.  ^  A.(-:ma.cos  69^  ^  - 

T~-—y - J  4-  ma  0  *b  2am0.  ■ ,  cos  9  r 

(M 4- my  ■  - 

2mga  (cos  a cos  9) 
;  [Substituting  . the  -voluc  of  X  from.  (I)] 

1  “  Cp$2  0J fl2®2  =  2ga  ^cos  a.'-  cos  O)  ... 

M.+  /n  (1  —  cos2  0))  a02  =2 g  (A/  4-;m)  (cos  a  -  cos  G) 


or  [Af. 

ot  (A/  4-  m  sin2  0).a9“  =  2g  (Af  4r./n)  (cos  OtV-  cps  Q) 


;-.(2) .. 
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Motion  in  Two  Dimensions 


,v,  (Mechanics)  /  18 . 


Since  the  ball  may  Ieav< 


or.  cos  0  «- 


-15) 


orrf92-~-y«ci'-cos©)  ' 

from  (2).  /?  =  A#  cos  0  +  ^^-^Mg^\~Co%Q) 

*  The  ball '  will  leave  the  .  globe.' when-  R)f  0\  , 

U  when  Mg  cos  0  +  ^  -  y  %  (fe-  cos  0)  =  0 

Tv2—  10 gd 

■  17  gd 

Since  the  ball  may  leave  the  globe  :whcn  its  centre  rises  abbve  a 
horizontal  line  through  O.  •  V- 

’  0  is  obtuse  and'  hence  “cos^O ; ts^ negative.  ' 

From  (5),  we  see  that  cos  0  is;  negative;:;r-  ;  .?;. .  . 

7v2  >  10grf  l\f.  ifv>V(-y  gJ).  * 

Also  numerically  cosOmust  bc  lcss  than  j 

U.  7>/2t~-1^  <  I  or  7v2  -  I  Ogd<  1 7gd\  ,  V  -; 

I7gO  _  .  ., 

or  7v2  <27grf'or  v<V(~gd)  >“r  j  ?. 

Hence,  v  lies  between. gd)  and  >f(y  >. 

4.13.  Motion' of  the  Body  of  Another,  when  the  Lower  Body  is  free. 

.  to  Thrri "about 'Its  Axis  :  '  m  r;  ■. 

.  .  EXAMPLES^ V  * ;  . 

Ex.  37.  A  rough  cylinderofmass  M-is.capable  ofmotion  about  its  . 
axis  which  is  horizontal;  a  panicle  of  mass  m  .  is  placed  om  it  vertically 
above  the  axis  and  the  system  is  slightly  - disturbed.  Show  that  the  particle 
will  slip  bn  the  cylinder  when  it  has  moved- through  ah- angle  0  given  by 
Jl  (M  ■+■  6m)  cos  Q/-  M  sin  0  =  4m\ i,  where  p.  isfUie'  coefficient  of  friction, 

Sol.  Let  6  be  ihecentrc  and  M.  the  mass'of  the  rough  cylinder,  which 
is  capable  of  motion  about  its  axis  which  is  horizontal.  A  particle  of. mass 
m  Is  placed  on  the  vertically  above  the  Otis;  When 
the  system1  is  slighly  displaced,  let  at  time  r  the 
cylinder  turn  through  an  angle  0.  Thus  at  time  t 
the  particle  is  at  P,  and ZAOP=  0.  ' 

Since  the  panicle  m  describes  a  circle  of 
radius  OP  =  a  about  Ot 

its  accelerations  along  and  perpendicular  to 
PO  are  maOr2  &.  ma6  . 


.\  The  equations  of  motion  of  the  panicle  ri  arc 

n>n02  =s  mg  cos  9  —  R.  •  v  .^7^- 

aqd  .  nia0  =»  nig  sin  0  -  F.  .  ^2)'% 

The  coordinates  of  P  referred  to  the  horiz  ntal  and  vertical  lincs-ljtn^^lft, 

O  as  axes  are  (a  sin  0.  a  cos  0)  - 
Energy  equation,  gives 

i  A/Jt2  62+i  m(ir  + 3^)  -  work  done  by  gravity  (K.li.  »f  cyj.)  \'k:EroT . 

^%‘f"  Particalc) 

^  M  .  t  a202  +  ~  m  .  d202  —  mg  {a  -  u  cos  0)  "%L. 

or  (A/  +  2m)  a02  =  4mg  ( I  —  cos  0)  ...C3) 

Differentiating  w.r.l.  /  and  then  dividing  by  20;' WcJ get 
C M+  2m)  aQ  ~  amg  sin  0.  PARTiri 

From  (1)  and  (3).  we  get  !'S.  ^  pt  - 

=  m^I(M+6'm)  cos  e  -  4"!j;s:^ 

From  (2)  and  (4).  wc  get 
JT  =  mg  sin  0-m.  sin-0i^ff  sin  ol 

«in  ft  V1-. 


M  sin. 9 


.  R  {M  +  6m)  cos  0  —  4 m  ’ 

The  particle. slips  :off  from  the  cylinder,  when 
F  =  pR  i-e,  when  p  =  F/R 

i.c.  when  n  =  -  "sin9a - 

{M  -v  6m)  cos  0  —  4m 
or  p  (Af  +  6m)  cos  0  -  4 mp  =  A#  sin  9 
or  p  (Af  +  6m)  cos  0  -  M  sin  0  =  4m|i. 

Ex.  38.  The  mass  of  a  sphere  is  |  of  that  of  another  sphere  of  the 
same  material,  which  is  free  to  move  about  its  centre  as  a  fixed. point,  the 
first  sphere  rolls  down  the  second  from  rest  at  the  highest  point,  the  coefficient' . 
of  friction  being  \t_  Prove  that  sliding  will  begin  when  the  angle  9  which 
the  line  of.  centres  makes  with  the  vertical  ts  given  by 
-  sin  9  =s  2ji  (5  cor  0  —  3) . 

SoL  Let  M  be  the  mass  and  a  the  radius  of  the  sphere  which  iCan'move 
about  its  centre  O  as  a  fixed  point.  Let  C  be  the  centre. -6  the  rudiiis  and.  . 
"i  the  mass  of  the  sphere  which  rolls  down  the  first  sphere  stoning -Trom 
rest  from  its  highest  point'.  M  —  5m. 

In  time  i,  let  the  fixed'  sphere,  turn  through  an  angle  v.  . 


i.e.  j£  DOX 
7  During  this 

■  sphere: roll  to. the  jjomt  ’P' sucK  tfuuithcA 
line  . CB  fixed :  in  '  this' sphere  ^ 


.....  ..-Si”''- 

£f££_ir  '.  .  '  * 

w  - ...  ,  .  t - -  /(ON^  tOWERi  -v:  ' 

-  -  .  .  i!  ,  -  ..  .  /SPHERE)  -  . 

t.e,  initially.  C/f  ond  OA- were1  vdrticat.'.^'.r  vW  *. 

Also  let  the  lihc  OCjoihing  ccntrcs  niakc"  '  V  - 

an  angle  9'  to-  the  vc nica rat  jF  be  th^  friciion  sufficichl^f^Or^ 

rolling. 

Since 

.\  Arc.Af 

-r- '  a y. 

and  c0;  vvhere  .c  =  a  +  b. 

Equations.-,  of-  mot ibri  for  the '.lower  ’  sphe  re  ta ki n g  . moin c nt  about  G;'is-;. 
M.;Z a\  =  /ra.  ...(2)  ’’  ..  ...  ,  - 

SinL-e.  the  centre  C  describe  a  circle  of  radi us  OC= a  -v  h «  c.  about  • 
O.  rhcrcforc  1  its.  accelerations  along  -  and  '. -perpendicular-  '  to 
CD.arc  wicG- and  ;>»c9  respectively,  -  . 

•V  Equations  of  motion  of  tire1  Upper  sphere  a rT” 
mcO"  =  mg 'iros  0  —  /?, 
and  »jc0  —  ntg  sirt ^0  —  F, 


.-(3) 

-.(4): 


-(5) 


■  '".-V  -.:^r.-'S >  :r&  .  -- 

.  ..  .  ;  . 

..Also.. taking  moment  :atk»ut  C?^  wc  get  kv 

■  .  ■'  K&jjgMZy 

■  Ffom  (^)  and  (^  .we  gct  A/ov^^n^^V-  -  -  ‘  -■ 

Integrating,  May  =m6<{>.', (in i t ia :.V '=■  0  -  Constant-  of  integration 

.  'is /also.  zero),.  ■  .  -  -.i:.  . 

;  -co: 


■  .  j  and'  bo  =  - 

vM  m+Af. 1 


The  c o or d i hntpsjjfdC  referred  to- horizontal  :and  vertical  lines  through. 


Q  as.  axes  nre^(C  sirT ^001 0)  ‘ -t-y2-  =  c202 
1Encrgy^cq^at[0'n‘.  gives 

1  2-. ^5  mc2&)  a  mg  (c  —  c  cos  0) 

'  * 5  m +”'^e  - 2m*c  (•-«« 8) 

:  ..  '• 

0j. 

or(l-^  + 


■V-. 


-Vc°s0):.i..  .  "  -v. 

:  D) ffercritiatirig •'  (7)  w.r.l.  i  and . dividing. by  20r  wc> get 
c0-;^.^.g  sin  0.  V;  • 

.iV^romvXSy-an^WVl.uring^^ijBn'diTSjV'^Cfeet}.:: 
yR^'mg  cos  0  —  ( I  -  cps  0j  ==  .^  ntg  (5.  Cos  0  -  3)  ,  • 

.ahd.iF— mg  sin  0  —  m.r^  g  sin  0  =  -jm^  sin  0;;. 

'=  ■ : F  "  /  sin  8  .  '  s;' '  “  '  • 


-a>: 


.  -..(8) 


2(5  cos  0r  3)  V:  :•  o'/' ^ 

'-Sliding  of  the  upper  sphere  begb»s,.\vhcrr  F  -  \\R,  . 
-  F  . 


:t.el;  whcn  p  =  —  /.e.iwhcn  It  -  '  '  ' ,  1  ■  ~  . 

.  R  .  .“-.-  .2  (5  cos .0  -3)/  .  .  . 

-.or  when  sin  0  =  2p.  (5  cos:0.^ 3):  . 

Ex.  , 39.  A  uniform .  'circular; cylinder  of  mass  M  is-  free  to nzrafer  about 
its  axis  which  is  smooth  ondhorizbntal  and  about  which  its  radius  of  gy  ration 
is.  equal  to  its.  radius.  A  uniform  solid  ^sphere  of  mass  ni  is  placed  with  its 
lowest  point,  in  contacts  with  the.  highest  generator  of ; the,' cylinder,  both 
sphere  and  cylinder  being  inilially^  tiCrest;.  The  sphere  is  then1  slightly 
disturb ed  and  rolls,  down  '  the .  cylinder  Show  that  the -slipping,  takes  place 
before :  the  sphere' leaves- the scylindc'r,  and  .begins,  when  -  i  ' 

2Af  s//t  0  =  )i  HJ7M+ 6m)  cos  6- (fOM+dm)f 

where  9  is  the  inclination  to  the:  vertical,  of  the  plane  through  their 
axes  and  p  is  the  coefficient  of  friction. 

Sol.  (Refer  to  fig.  of  Ex.  38) 

Let  :0  be  the  centre,  M  the  mass  and  af  the  radihs- of.  the  cylinder 
which  is  free  to  move  aboutTits  axis- whichiisifixcd-hqrizphtaliy.  Let  C  be 
the:  centre,  m  the.  mass,  and  b  the  radius  :0f  the.  iroliing.  sphere  which  is 
initially  placed  at  rest  at  the  highest  point:  of  the  cylinder.  In  time  r,  let 
the  sphere  roll  down  to  the  point  P  of  the  cylinder,  such  that  the  line  - 
CB  fixed  in  this  sphere  make  an  angle  xy  to  the  verticals Initially  B  coincided 
with  A  which'  was  the  highest  point  of'  the  cylinder,  i.e.  initially 


mm 
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ibc  irinec  circumference  of  the  fixed  circle;  Lei. 

.the  point  2?  of  the:pjate  be  at  the  point  .A  of  the 
fixed  circle  initially  such  that  ;Z  A0C  =.  cL 

.At  time  /,  ler  the  plate  Toil  down  to.  the  point 
p  5.l  ^  COP  =  9  ancj  <) .  the angle..-  dial  .the  line 

•  Ciff  fixcd  in  ‘space  make /viih  the . vertical/ '  -/  'i..;.  ..q, 

'  Sihce> there  is  two 

bodies  ..-y.;.  L-;.y^  -if'?-. 

'  -  Arc  AP —Arc  PB  (uppersfde  of  tbeplate;  in/ 

'  .  the  tigpre)  ./  ?  •_ '  '  ‘  ■'  -  _  “ 

or  <2  (pc-—  9)  =;  ^  [2n  —  (9  +  <£)}  or  bO  =  -.fr  (9.+  <£) 

i.e.  (a  7i$y  0*  -V  i$  r  i«c$hk} *  ■ ;  r-; 

Equation  of  molion  of  thc  piate  perpendicular'  to  CO  is  . 

.  ii  (a  -,i)  0:  =  iF-  Wj  siii.0  "... 

Also'  for  the  motion  relative1  to"  C,  ,  i 

rofc2^’  ==-rPb\  *  \  ]?  ■  '  /.ii-  *  ' 

or m~h$$;=-r.Fb  -  -  ’  . 

or^m  .Xa—  ^O  r=  —  F  .'}S  "  [substituting  from  (1)] 

or  m  (a~byQ  —  —  'IF.  ^  ..... 

..  Substituting  in.;(2ji,  :we;get  .  ./v/V;  r^V--  >  /  .*■  /  ‘  ■ 

—21^= F  .  .  "  .  •*  : 

-V  1  ’  . 

:  ;/;jv  Tlx.  sphere  '.if-jipUingibri-'.jhe1 

:  hallow  sphere,  .t  fit  uthilie'  j*aw*4 •  = 

-iSlfeew  thatthe  smaliersphere/will  make  complete' revolution  if,  when  it  tr 
trt.  ifr  /owtir  position.  tfiepressure  oh-lt  is  ’greener  than  ~  times' 'iis-.atwn . 

wight.  -  /  .  •■'  ' ‘ .  :'-’y 

SpL  ReTcr  fig.,  of  §  4:12  on  page  229: 

Let  (7  be  tbe:  centre-  and  a  thcradius  of-fixed:  hollow  sphere.  Lel':  C 
be  the  centre,  Af/the  mass  and  . &. the radius /of  the  sphere  rolling  inside  this 
fixed' sphere.  A  time.-T-Jet  ■thc-  line  'CA  fixed-  in  moving  sphere  make  an 
angle  <J>  ip-  the. vertical  and  rhen  lci  rhc  line  OC  joining  centres;  make  an 
.  angle  .  9  to  tjie.  vertical  where  initially  5  coincided  with  A. 

Since  tt  ere.-is.no  slipping  Arc  AP  ~  Arc  PB: 
or^9  - b($  +.$y;}y.b$  =  (a -6)0  =  C0  .  '  '  ...Cl) 

■  where  c  =  a  ’  ■■ 

Sihce-C  .descnbc  tircle  of  radius  OC  —  a  —  b~c  (say),  about  C. 

--/the.  equations  of-  itioiion;'are 

McQr  =  R  -  i  4g  cos.0  “ —  — — - x* 

-  ahd-  Afc9  =  r~:  Mg  sin  0  ‘  3^ 

T)ic  coo  dinalcs  (r^  yj  of  C  referred. to  the. horizontal  and  vertical  linp’WC 
/through. :0;  as  axes  are  given  by  ■ 

Xcy^.c  sin  G  and  yc  =  c  cos  9  .'..  vj  ~  y =  c~0- : 

At  time  f,  K.E:  of  the  moving.spherc 
.=|  A/y^  +  \  Afvl  =  i  A/ .  |  b2i2  +  i  Afc2  6“  . 

•  =;J  A/c^Q2  +  4  A/c^G2  =  ^  Aft^B2 

If  co  js  the  ihiciat  angular  velocity  i.c.  6  =  to.  thcii^irTeJininai  K  LH.  ai 

;  yj%  :The;  energy  cquaciun.  gives  ■%,  ' 

CfiM'ge;in:;KjB..==  work- done  by  the  gravi/y-^yi; 

-7-J(l-^cosO) 


' 


A:  From  '.(2),; 7?  =  Afg  cos  0 + -y  g(j  -  cos  0)} 
,;lTc;sphc.rc.'.wi!l  ;.make  comR^j^olutioa  if  ^  X  ~  0  when  6  =.Jt. 
■A  from  (5);  0  =;Mg  cos  n  -  ~  g  ( 1  ~cos.it)) 

OI>=2«. 


or  cm  or  .  i 


7c' 


27^.  ...  -.  "  - •  .  ‘.'  .  ,  ■ ... . 

“7c  >S  *  -  least  velocity  of  co  to  make  the  complete  revolution. 

Now  at  the. lpwcst  position  when  G  - 0.  0 -  to  =  "yf^ |;  thcn . from^S).,  ^ 

(1V  a/«..  '.'..‘Vr/f: 

" ;  When  the  sphere  makes  complete  rcvoluiipn,  then  react  ion;  .at,  ihc.  Ipwesil/-’: 
position  js  gr^iter,Jhan,  3.^Jiimes  .ilS-'p^n--.-wcig^  ^  ‘  -  ’b^.^C 

Ei.  3&-A  'iiiscybttsT’ott-jhf  inside,  of 

whose  axis.,  is:  horizontal  -  the  plane  of  the  disc  .  being  yerrtcaE iatidi  C 
perpendicular,  to  the  axis  of  the  cylinder,  if. when  in  the-  l6\i]estposii.ion^Srti 


its .  centre  is  moving  with  a  ' velocity 


M. 

3  (a 


show  that  the  centre 


°f  [  die  disc  will-  describe  an  angle;  O  about  thc  -cej iire  .of  rhe '  cy!hulcr.  m  .  •-• 
tune  : '  -  "  ■  V,  ;"S- 


^Sotftr^hc  the  centre  and  «  the  radius  of  the  fixed  hollows  circular - 
;:fyI|ndcr.^hosc :axis;  is  horizontaL.  Lct  jC.be  the 
T;i>‘htre!:%  jhc  mass  and  b  the  radius  of  the  disc 
-hvhiclirroiis  insidc.  the  fixed  hollow  cylinder.  The  . 

^Jai^tt^di^-bewg-  vertical  and  perpcndiculai 
>tb.  the:t^&'Of  the.  cylinder/  When  the  disc  is  ai 
;ihc^lbwcsf  point'  A  then  its  angular  velocity  is 


.  ktiip^flc!  llic  disc  roll  to  the  point  P  such 
’ 'llni OP  =  <).  and  let  the  line  CB  fixed  in  the  disc  make  an  angle  0  to. 
a.:  llic- vertical,  at.  limic'  .  •  : 

.--.  ’.fSinee:1  there  is  .no  slipping,  ■  Arc  AP—  Arc  PH 

^i>r;rt^is'(&!{0+  $)  or  />0-*=  {a  -  b)  0-A  bQ~(a-b)^  .  .'..(1) 

. '  >yhj:re:!a;f;i&.«  c  (say)  .. 

■  The  [coordinates  (.rf .  y()  of  the  centre  C  refered  to  the  horizontal  and 
/vert jcaT lines  through  £>  as  axes,  arc  given  by  ^ 


1  f  '  a-'A/c2^2  +4  Mc24r.  +.7  Mc^^fng-  (1) 

”<£  ■"  1  2  -  >  ‘  • 

/Since-  initially  when  f  =  0,  k  /  ^t,1.  I . 

%  5j|/3’(o  - 

■  ■  .  -  .  .=4^?  n  -  gp 

-  A  K.E'  of  the  disc  at  tmnc/f:=  O  is  —  M<r .  7  ,  - 

-  <  -  -  3(a  -6) 

ri-rfeb, 

:  /Ihcchcrgy  equation  ■‘gives 

‘//'Clwnge/W/K^^Wor^  'dpne  by  gravity. 
/yAf^^^^COs  <t»)  =  g  :  2  cos2 1  (J)  , 


2Mgct 


■ 


sec  ^  <})  ^9- 


^pOtcgratihg,  the  angle  described  in  time'/  is*  given  by 

°r ' = yp-^y]  ‘°s  “n  y  4  j 

Ex.  36.  A  solid  spherical  ball  rests  in  equilibrium  at  the  bottom  of  a 
fixed  spherical  globe  whose  inner  surface  is  perfectly  rough.  The  ball  is 
struck  a  horizontal  blow  of  fitch  a  magnitude  that  the  initial  speed  of  its 
centre  is  v,  prove  that  if  v,  lies  between 

"\/fy  gAond^^-sdj  _ 

the  ball  would  leave  the  globe,  d  being-she  difference,  between  the  radii 
of  the.  ball  and  the  globe. 

.  SoL:  (Ref.  fig.  of  §  4.12  on  page;229).  ‘ 

Let  O  be  the  centre  and  a  the  radius  oLlhc  llxed  sphcrical  globc.  Let 
a  solid5  baH /of  radius  b.  centre  C  and  mossM  rcst/at  the  lowest  point  A 
of  the  globe...  At  time  t,  let  the  ball  ,  roll  to  the  point  C  s.l.‘  A  AOP  -  9.  Al 
this  time  r  let  the  line  CB ^ fixed  ifi:  the  ball  make  an  angle  ^  to  the  vertical. 
The  point  if  coincided  with  A- at  time  r  =  0.  Since  there  is  no  slipping. 

.  Arc  AP  =  Arc  BP  or  60  “  h..(4»  +0)  =  (a  -~'b)  9  —  dQ  —CD 

Let  R  be  the  normal  reaction  arid  F  the  friction  at  .the  point  P.  Tfce 
equations  of  motion  of  the  ball. along  and. perpendicular'io  CO  are 
W^.  =  P-Afgcos0  /-  ■'  '  — C2) 

and-  MdQ  :=  F — Afg’siri  0.  --(3) 

The  coordinates  (xc.yc)  of  the  centre  C  referred;  to.  the  horizontal  and 
vertical  lines  through  . O  as  axes;  are  given/by 
xc  =  <f  siti.0  and  y^—  d  cos  0.  A 

-%  '  K.E  .of- the  ball  at  time  /  .  .  .; --s  -f  :  " ' 

= i  ;  £  b^+i/w^e2/'  .  r 

/ . y  v"  y- ■ 

Initially  at llime  f  e  O,  velocity/of  the/cenue/C  of  the ■  bail  Ts;.v 

v  =  </0.  ' '  }  ■  .  £ 

/:  ICE  of  die  ball  at: time  r  ==O  i&  ^.Afv?  !  *  ./. 

Energy  cqualion  givcs  /.-' 

Change  in  K.E  »  Work  done  by  gravity; 

-  Mg  (d  -  d  cos  &) 
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or  (1  +  4p2)  cos  Q+  6fX  sin  0  +  2  (V  -  2u?j  cos>=;2  (1  -  2p2)  t2^ 

.  or  3  cos  9  +  6H sin  9  -2  (1  * \ 

or  cos  e+2nsin  0  =A>^0,  where  A=|(r-2p2) * 

Kxi  31.  A: uniform  sphere  of.  radius  k-.is  gently  placed  on  the  top  of 
a: thin  vertical  pole  of  height  h  (>  fl>  and; then  allowed  to  fall  oven.  Show 
that  however  rough  the  pole  may  be  thefsphere  will  slip  on  the  pole  before 
'  it  finally,  falls  off  it.  ■**'?>  ..... 

Sol.  Let  ft  sphere  of  mass  radius  a  / 
arid  centre  C  bt  placed  on  the' top /?  ofr;a  lhini 
vertical  pole  OP  of  height  h>  a  arid  flowed/  .; 
to  fal  I  over/  Assuming  that ;  the.  friction  \s : 
sufficient  to  keep  the  point  of  contact^P  at 
rest,  let  0  be  the  angle  turned  by  the  spbere  - 
is  time  f.  # 

Since  the  centr e'C  describe  the  'circlevof  . 
radius  a  with'  the  centre  at  P.  therefore  its 
acceleration  along  .and.  perpendicular,  "to  1 
CP  and  aQ2  and  a9  respectively. 

The  equn’jons-of  motion  of. the  sphere.are 
MaQ2  «  Mg  eos  0  —  R  . 
and  Ma9  =»  A/gsin  9  —  F 


...0) 

...(2) 


-(3.) 


-(4) 


Coordinates  (x^  yc)  of  the  centre  C  are  given  by: 
xc  «=  a  sin  9.yc.*=  a  cos  9  v2  =* Jt£'+ y2  —  a7®2  . 

The  energy  equation  gives  .  - 
i  X/Jt2©2 ^  -  A/g  (a  -  o  cos  6) 

or  ^  Af .  ~  a^Q7  +  -  Afa2^  =*  Mga  (1  -  cgs0) 

«92-^gO-*CC5  0) 

Differentiating  w.r.L  V  and  dividing  by  28,  we.  get 
o8  »ygsin0 
From  (1)  and  <3),  we  gel 

R  -  Mg  cos  O’-  M .  f  g  (1  -  cos  8)  =  \  Mg  (V  cos  0  -TO) 

And  from  (2)  and  (4),  we  get 
F  ~  Mg  sin  9  — Af  ^  g  sin  9  **  sfMg  ain’Q  . 

The  sphere  will  fall  .off,  when  R  *=■  0 ' 
i.e.  when  ^ Mg  <  17  cos  9  —  lO)  =■* O  -f;«„  when  cos  8- ^  .s> 

Also  the  sphere. will  slip,  when  F  2  pi  R.  or  when  \\  <F/R. 
or  p.  £  2  sin  9/(17  cos  0  -  10) 

From  (5)  we  observe  that  if  £1  is  not  negative  then 
p  =0,  when  9  =  0  i.e.  when  the  motion  begins  . 

And  when  cos  0  =  10/17.  when,  the  sphere  falls  off.  . 

Thus  the  sphere-  will  slip  between  0  =  0  and  0  =  cos"  1 
between  O and®®. 

Hence,  however  rough  the  pole  may  be,  the  spehcrc  will  jjlips.on  the  pole 
before  it  finally  falls  over.  '  - 

§  4.12.  A  hollow  cylinder,  of  radius  a  is  fixed  with  ntfr.  axis  horizontal, 
inside  it  moves  a  solid  cylinder:  of  radius,  b.  whose  velocity  in  its  lowest 
position  is  gives,  if  the  friction  between  the  cylindersche. sufficient  to  prevent  . 
any  slidien,  find  the  motion. 

Let  O  be  the  centre  and  a  the  radiu^dfthe^  'V 
fixed  cylinder.  Let  C  be  the  centre,  Af  / 

and  b  the. radius  of  the  solid  cylindcrr&tm^ith  j 
its  point  B  in  contact  with  the  lowcsfipointA  off 
the  fixed  cylinder.  In  time  r  let  th^lnsid^cylindcrl 
roll  to  the  point  P  such  that  0  and  the 

line  CB  fixed  in  moving  cflmdc^makt  an  angle 
<J>  to  the  vertical.  Since  tliere^%  pure  rolling;. 

Arc  A/5  =  Arc  BP  or  aQ^'b  +  9)  :  . 

bty  *»  (a  —  Z>)  0 

Let  7?  be  the  normal  reaction  and  F  the/ friction  at  the  point  P,.- Since 
the  centre  C  describe;  a  circle  of  radius  OC^a-b^c  (say)  about  O. 

Us  accelerations  along  and  perpendicular  to  CO  are  A/cG2  ond  Afc9 
respectively. 

The  equations  of  motion  of  the  moving  cylinder  are 
McQ2  =  R  —  Mg  cos  9  •  ..1.(2) 

and  Afc9  =P-Afgsin9  ...(3). 

The  coordinates  jC-rf,yf).  referred,  to  the'  horizontal  and  vertical  lines 
through  O  as  axes  are  given  by  -  ^ 

xe  «*  OC'sin  0  *=  c  sin  0  and  ye  =  OC  cos  0  =  c  cos  0 

yi^x2e+H=c2Q2:  * 

ICE.  of  the  moving  cylinder  at  time  r 
=  b7f  +  i  Mc2q7 

=  ±Mc7Q2  +  ±Mc?Cr=%Mc2(S1t  (from  (1)1 


■-(I) 


Tv\ f 0;=  oii;' is  :lhc :0 ngul af;  vcl oc» ty  l hi t iall y  at  rp  0,:  then  initial  K.E.  of 
:tlwimpyini;'cylindcr. 

.  j^j^^y/^^tron '  /  "  '  '  - 

' : Pr4ty£icTf?'0*  9) 


~C4) 


45) 


...(8) 


;Froinv<2).  a.nd;C4),  we  gei  ,  -  :  -  ..  .  ;  .  ■  ;./■■ 

-  vjfjl^g  cos  0  +^/  (cc^:-  Jg  it  -  cos ,9)] :i=  Afcoi2 '+.  i;  Afg  (7  cos  .8  p4)  _.(6) 
-And  frbm  (3)  and:  (5).  we  get  \ 

/FpAfgsin  9  +  Af:  (-^gsin  9)  =  yA/^sin  9  ...  "^(7) 

,;Casc4:;Iri  order  that  the^cyltnder.  may  just  make  complete  revolution.  R  : 
.'should  .be-  ietd.  at  the  highest  ;poihir 
.  i-Cj  R  =.0  wlicii  :,0  =  Jti  from  (6),  we  have 

O.^Mcto2  +,sfMg:(7  cosit  -  4)orco2  =  ^ 

Gasc  lI.  Tne  iridvfog,  i^imder  :wi1j;:ie^^|i0Gxed:xy|ind«r. 

;  wiicn  R  =  0  f>/Trom  ;(6).  0  =  A/tc^^^yg' (t.  cQS.0  —  4) ' 

:;6r.cos  9  =  i[4g—3  (a~  b)  -  b)  '  :  . 


.  rVrihcmoving  cyliriaer  wiifJca^^C  cylindcr  at  an  angle  0  to  the  vertical 
-given .-by  (8): .  :  .  ‘/  J=;  ’  '  r_v.  ■  ' 

CaseTtT.  SmaH  osciUatibris/lf.the  moving  cylinder  make's  smairoicillations 
about  the"  lowest  point  ofthe  fixed  cylinder,  then  8  is.  a!  ways  small.  From 

.  :(5j,:we;gci  ; 

.  ■;  /*  : 

.  A  ^e^fif^^small  osciallalion  is 

$SF\.  ■  /;  J  ' 

|^>  EXAilPtES  O  ;;  "  ;'-/ 

,.  Ex*  ^  circular  cylinder  of  radius  a  and  radius  of  gyration  -  k  rolls 
*  without  slipping  inside  u  fixed  hotlotv  "cylinder  sif-:'j-(rditi  f^  h  1  tfint'  fh* 

plane  through  their  axes  moves  .  like  'a  : circular:^ pendulum  :xof-S  length* 
(b — o) (i  +  *2/a2) .  •  '  '.'V  f  ' 

SoL  (Ref.  fig.  of  §  4.12  on  page  229). 

Let  P  . be  the  point  of  contact  , of  the  two  cylinders  af  ilme  r  s.*/- 
d.  AOP  ~  0.  Let  the  angle  which,  the  line  CB  fixed  in  moving,  cylinder, 
make  with  the  vertical  at  time  r.  Here  radius- of  fixgd  cylinder  island 
that  of  moving  cylinder  is  a.  Since  there.is  pure  rolling  therefore  *. 

Arc  AP  =  AizBP..  __  _ 

or  h9  =  a  (^  +  0)  i.e.  d$  =  (b —d)  9  <£  ^cQ  .„(  j) 

where,c;=;A.-o.  ■  '  ■  '1.  ‘  "■ 

Let  R  be.  the  normal  reaction  and  pjthe-  frictiom  at  the.  point  P.  . 

The  centre  Cdescribes  .a;:cirde;6f^r^ius  -OC  =*  b  —a  ~  c.  therefore  its. 
acceieraiioris  along  and  petperidicular  to  CQ.  arc  c92  and  c9  respectively. 

.**  Tbe  equations  pf  motion  of  the.  moving  cylinder1:  are  " 

McQ2  *■  /?  -  Afg  cos.0  .  '7;.  r. .'  ■  -  _(2) 

and  Afc0  =  P—A/g.sin  9  .  '  ~(3) 

Also  for  the  motion  relative;  to  the-  centre  pf  inertia  Ci 
Mk2  ^'  = .  Moment  of'  the-,  forces  a! out  C =—  Fa  s  --  *  '  _(4) 

MfP-.-Q  =-Fa  i.e:  -- 

a  .  :  a2  •  ..  .  ,  '  '  .  ■ 

Substituung  in  (3>i.we.get 


McB 


'  Mg  sin  0 

or.  c  (1  +  k^/a2)  8  =  —  g  sin ^9  < 


-  G=-p;e;(say)  - 


cil  +  k2/^2) 

V  9  is  very  smail.  %  .  ' 

Length  ofthe  simple  equivalent  pendulum  is 
g/^l«  c  (l  (b  -  a)  (l  +tf/d2)  . 

:Ex-  33.  A  circular  plate  rolls  dqmi  the.  inner  circumference  of  a  rough 
circle  under  the  acrioh  cf  grdvityf  the  plancs  of  both  'the  plate  and  the 
circle  being  vertical.  Wheh  th'e  line  joining  their 'Centres  is  inclined  at  an 
angle  9  to'-  the  vertical,  show  that  the  friction;  between  the  ■  bodies  is 
~  sin  0  times  the.  weight  of  the  plate.' 

Sol.  Let  O  be  the  centre  of  the. fixed  circlo  of  radius  a.  Let  C  be  the 
centre,  m  the  mass  and  b  the  radius  ofthe  circular  plate  which  jolls  dewn 
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Motion  in  Two  Dimensions 


(Mechanics)  / 15 


.  SoL  Lei  O  be  the  centre  nnd  a  the  radius . 
of  the  fixed  sphere..  Let,  C.  be  the  cento:  and 
b  (he  radius  oC  the  sphere-resting  on -ihc  fixed. - 
sphere  with  its.poSnt  5  in  contact  to  the  point 
A  of  the  fixed  sphere  such  that  QA.  makc^an /. 
an  elc  aiq.ihc  vertical.  The  uppee  sphere,  rp  I  Is  . 
and  at  time  /,  Jet  P  be'  the  point,  of  contact . 
of  the  two  spheres  such  Uia(  the  .common  .  .  y 
norraal  (>Cirriakc  an  angle  -0.i6y  the:  Vertical-  x 

Let  Cfl  mnkc  an. angle  ©  to  the  vertical  at* 
time  t.  ■:  v  -.  . ;  ^ 

Since,  there  is  pure  rolling.  * 

.*.  Arc  AP  =?.  Arc  BP  f-  : 
or  n  Qt)  =,  6  (<}»  —  9)  _ 

i.e.  b$  =  {a -+-b)0-aa  —  d9:r act,  -  .X-  ' .  ■  ‘ 

b$  =  c0  ..where  a  +  b «r(say).  ,  -  .  —0) 

v  -  ljel-R  be:  the  . noniial  reaciion  andV/T-  the  friction  acting,  oh ‘the.  upper  • 
sphere.. Since  the  .qehtW^oKUfc-’upper ‘.spijpre^ describe  a  circle. of  radius 
CO*r-Q+\b  =■  c,  so  -  its  "  accelcrotioh -  ' along-  .  nnd  ‘perpendicular  to 
Cf> arb'c8?'and  cQ'  Jrespeedyclx?'  ;  ;  “ 

The1  "equal i on S-.qtv mo li o nV.o f  ‘  ;thc.v=upp^:moving>  sphere  -  along,  and 
perpendicular;  to  CO  arp  :_\Xy;  .  V  *'-■* 

McQ2^Mg  cos  9  —  /?..  .  i:V-r.v>  ...  2)‘ 

and  Afce-“'=^  sin;.e\-  rvr  ‘  V5f  *". ! 7 

The  coordinatcs  ^i  y^y  df  lVic^ccnirc^C  rcfcrTcd  to  thc  horizontnl  nnd 
-■ vertical  Uncs\_thVpugh^.;^:i»c«f  o'^ 
jr^=  OC  sin  ^  =  C  s7n  0iind  yc  =  C>C  cos  0  =  c  cbs.  01 

,a  Air  ;  .=  ■ '  • 

;;r;  The -cncr^.. equation,  .gives  . I  .';.  ,  ‘'r':  -■ 

-i+-“  MrFo2  <=' Mg  (c cos ci  —  c  cos  0): 


•.-T-v*--  -  *2 b?r 


Mc1^2 .- Mge  (cos  a  — cos  0) 


(cos  a  -  cos  0)  . 

.  pilTcrcnUQtinR^JrJt.-  (and  dividing  by  2.0,. we. get 

■  :c(i^% 

Now  from  (2)>and:;(4)/:AYC:;  get 


[From  (I)) 


-(4) 


"T?^Wfcos  0  -  A/o  :  - 


*■—  (cos  a  —  cos  UJ 
b-) 


c(tr 

-  [(A2  +  3 b2)  cw  8-  2 b2  cosp) 

:(k-  +  b-): 

And:fron\i(3)/.and  (5).  we  get 

cub 2  sin  9  M gk2  si r>  Q 

c(A2+h2)~;(A-:+b2) 
•The  sphere  will  slip,  when  F"=»p/? 

(I2 


..-(53 


r-  % 

.  - 


P=Mg  sin  0  — A f  .- 


•  /:AfgA?:si«>0. 
onf;-^:,  =p. 


■  1  (A2  +  3b2)  cos  0  —  2b2  cos  a) 

(P+b2> 


^  g. 

or-  if  J^  ism  0  =?M  [(A2  **-  3b2)  cos  0  -  2b2  cos  aj^^^: 
2nd  Pari.  The  upper  sphere  will  leave  the  fjxe^spficrc,  if 

ir  .jT^;v  +  3fc2)  «s  0:,pfcl,cojot)  =0  . 


-.•■(6; 


/?  =  0ivi.e. 


br; if  cos  0 


Ex.  28l 


:2b2  cos  « 

l-2  4 


i.e.if  0  =  cds^ 


y-2bz\ 


Az  +  36z  -  .  .. 

.A, solid  uniform  spfi  eTrSPesfing  on  another fttedsphere  is  slightly:, 
displaced  arid  beginf  to  n}Lbd^^n^Sho\x-  thor  i[.:yviil;slip  wlicii  rhe  cbmnion  j 
iiormal  fiiatces  with  die  verjicaranqriglrg iyen  J?y -  ‘  - 

I  2  Shi  &^^(]7cosQ.y/0cos  a). 

SdL  Put  iir  ^jb2  in  cqumion  (6)  of  last  lEx.  2?.  r; 

Ex.  29.  A  rough  solid  circidor  cylinder- -rolls  down  a  second  rough  - 
cflinderf  .Which  is  fixed  with  i:s  axis  horizon  rq  L  If  the  plane  through  their 
axis: makes  cm  ' angle  a  with  the  vertical  when  first  cylinder  is  at  rest.-  show 
that. ..the  cylinders  .  will  separate  when  this  enisle  of  .inclination  is ; 
cos-^cpsyj.  \. 


LcV  O’  be  .ihe  centrc  a n d  o  th c  - r adi u s.  of  llie^  fixed  'cylinder.  Lcf.Cv.bci.; 
'the;  cenU^.  jmd  b  the" radius  of.  the  cylinder  resting.cn -the-  fixcd. cylinder?: 
with  .its.  point in.  contact  ,  to,  the ;  point  -A  of  the  fi x ed  cyi i nd c r]  s uch-:ih b t  :: 
.- OA  Tnbke  :anvangk:  a.  to* (lie  .vertical  The  ;u ppc^;;cylindcr  rolls  :.a nc^aCtime^- 
r,  Ipti/z  bc  the^poih^-of '-conticlt  of; thit  H^j!cy|indcis  rbuc)i  *.*at<  ihey.irfe*; 
OC  joining  centres  make  ‘an  ariglc  0 /to  "UicVcrfi'cof^Jjet'GBr  make  aa;anglcj£ 
«►  to.  the  veaical  at  time  t. ^  Since/ ^thcrc.T^pufc  roiirhg.  ;  *;•'  -  - '  LK',‘:V 

Arc  A/>  =  Arc  or  a(8— a)  ->(^— ,0>  \ 
i.e.  b$  =  (o'  V b) ^0  — aij  i.e.  b<$  =*  cO  '  i  !...(1^2 

where-  a  +  b  =  c  (say).  . 


Let  R  be  ihc  normal  reaction',  and  F  the  fnclion  acting  on  the  upper 
.sphere.  Therefore  the  cqution  of' motion  of  the  cylinder,  along- CC  is 
■jiicQ2  ~  fdg  cos  0-/2.  ■  ? . 

The  co-ordinates  (xr.  yt.);  of  the  centre  C  referred  to  the  horirontal  and 
.‘.vertical  lines  through  O  as  axes. are: -giv^n'  by' 

Xc  =  OC  sin  0  =  c  sin  9  and  yc  =  OC  cos  0  ~‘ic‘cos  0. 

A  vj^.+  y^c2©2.  * 

The  energy  equation,  gives'.. 

;--j  MlcB2  +  -i.Mvc2  =  Mg  ( c  cos  a—  c  cos  0) 

Or  ~  M  .  ^  b2  .  ^2%+-  Afe2©2  =  Mge  (cos  a  -  cos  0) 
or  -  M  (c0-)2  +  ^Afc202  —  Mge  (cos  a  -  cos  0) 


[from  (1)1 


r  ^2 = 5c  ^cos  a  ~~ cos 

Substituting,  in  (2);  we  get  . 


R  =  Afgcos  0-  Mc02  =Mg  cos  0-  We  (cos  a-cos  0) 

or  R^e^bfg  (7  cos  -  4  cos  a). .  .  ^ 

The  cy.iinders  will  separate  •  when  R  =  0, 


-*  ^  --w  ^5 

:i>.  when:  \bfg  (7  cos  8-4  cos  a)  -  0. 

-  -v.  0  =  cosr  l  (- cos  a)  . 

Ex.-  30.  A  honiogeneous  sphere^wijs^^pwn-an  imperfectly  rough  fixed 
sphere,:  Starting  from  rest  at  the  lughgsttppird.  If  the  spheres  separate  when 
•  thfdih^iqtning  '  t^  centres  -  ma'keffy*  angle  0  with  the  vertical  prove 
-‘  tliaff6s^  2\l  sin'-  0  =  Ae2»Q£^ 

./  ':SoL  Lct  .C  bb.thc  c.chtro^M|ihe  mass 
and >a  the  "radius  of  the  ^spKerp  . which'  rolls .. 
down  V  an  i:i mp c rfc c  tlj^  rough5  fixed  sphere. 

..Si nee; the.: fixed  sp^i«e.t)i s.-im perfectly  rough, 
so  di^'imbyin^plwrd>win  roUs  as  well  as 

slide  -  • 

.Thc  Wtbon^lforcc  pi?  will  act  upwards. 

The.*equVtions  of  motion  along  and 
perpeh^icutar  to  CO  (line  joining  centres) 

■  %J?cr 


j-  v^yif^  Mg  eos  0  —  R 

tig?  y  , 

Mv~  -  Mg  sin  9  —  p/2. 


From  (I).  R  =  Mg  cos  0  -  Mv/a,  substituting  in  (2),  we  get 
Afv  —  =  Mg  sin  9  -  \iMg  cos  9  -  pAf  ~ 


1  dv~  ■  u 
r  2  ds:  a 


y-  —  g  (sin  0  —  cos  0) 


g  (sin  0-  pcosB) 


I  dv2.  dQ:  u 

r  — - -  — .—  •c,  v-  - 

■2  de:ds  a 

^ =* (si" 9  ~ M  c“ ?) 

dv2± 


(•••  %=°] 


or  -^-.  -  7iiv2=2ga  (sin  0  -  p  cos  O)  -  ;..(3) 

Whic  h  -  is.’a  ji n  ear  dif feren  u  al  eq  uaii  on  i n :  v2 . 

a  •I.EjiW "  2H®;  ^^Tlie  solutioh.Vf  (3)  is 

fr  ■  e^  ^C+  2xrg:;j£e~  ^ in  0  r  t ^  6)  dQ  - 

-  =  C  +  2ag  !er2M^:sin  6J0  - J-e~  2ilQ  cos  ftfoj 
■:->*C.*2ag 

4|i2  +- 1 : 

e~  2W  [(_  2jtsin  0  -  cos  0)  -  p  (-  2\i  cos  0  +  sin  9)1 

=  C+  -  ■.  e_2M0  h  si  n0  -  (I  -  2p2):  cos  8) 

4jt'*+l 

But  initially  when  0=  0.  y  =  0  C=  .  ^  :  (1  —  2)i2)  ; 

1  +4p2 

v2cO.e  =  ^£iL(1^2ii2)  +  _20S_e-2p9 
I+4JI2  l+4p2 

(- p  sin  0  —  (1  -  2p2)  cos  0)  ...(4) 

The  spheres  will  separate  when  j?  =  0 
.*.  front.  (I ),  wc: hove 
Mv2/a  =  Mg  COS0 

or  v2  =>  ag  cos  0  i:-  -*•  '  .f  ^  J 

Substituting  in  (4),  we  get  ".X  '■  £ 

ag  cos  0  e"  ?M®  =  —  ( I  A  2p2)  +  e"  2^e . 

.  1  +  4p 2  l-+4p2 

;  -V  . [-  3p  sin  0-.(l  -  2p2)  coi  &J 
or  (l  >4p2)  cas  0=2  (  1  -  2p2)  e2^9  +  2  [-3psin  0  -(1  -  2p3)  cos  0) 
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Motion  In  Two  Dimensions 


-V  (Mechanics)  / 13. 


At  time  r»  the  coordinates  (x&yd)  cf  the  C.G.  *G*  arc  given  by. 
-  xr  =  ON  =^OP  +  PN  =  x+CG  c6sQ**x+.~  cos  0.«  a3  +  —  cos© 

^  - '  »  -  '  * :  '  ‘-11  ‘  71 


and  Yr- m  NG  =  PL  ==  CP  —  CL" a -:'CGs?oi0  =  a - : sin  9. 

■  G  re. 


Assuming.F,  thefoict  of  friction  suffictehi'./br  pure  rolling,  the  equations 
.of  motion  of  the  wire-  arc  --  . 


F„MyG„M^L 2£l cqs ej=yW ^e^^sinee* - yeos  ee^J  u 0  . 

R-Mg  =  Myc- £«r  sin  6 j= ^  cos  69  +^ sih:Mi?j.-(2). 

■andAft^e  •'  ...(3) 

Since  we  want  only  the  initial  motion  when-  0'=f  O.0  =  <J  hut  0  is  not 


zero.  From  (I).  (2).  and:  (3); we.  gel  -  - 

F  -  MaQ.  R  -  Mg  —  ~  AfB-.uid  A/*2©  « ~R'-aF.  .  ;  :„(4) 

From- these  equations  we  get  the,  initial .  values,  of  P.  P  and  0  ■ 

Thus  eliminating  R  and  F.  from  equotions  (4>’  wc  get 


[•  .  *»  7.  .  ■  v 

Mg  -  —  A/9* \-  a  (M&y  '  ■■ 


But  A#2 = Ate2  -  a/  (Wre)2  ije.  £=;<£■ ^  4<?/n2: 
Substituting,  in  (5), .  we.  get  . 


f°2  -^ + ~ + <.*)  0 -?-2£ oi-s-:  . 

[  re2  -  jt2  .  I  .  re.  .  -  v,nV,-j erf./  v 


--;(6) 


P  =  Afa9  ■  =»  Afa  .  - 

-  '  /  iw 


Afc 


and  P  =  Mg  -  —  mq'  =  Mg  - r5  Af :  ~  A/g  .  - 

re  re  -  ■  ■  7CO- 


**-2 


.  P  re  ..  .  . 

K  re^-2-  ": 

The  wire.will  roll  or  slide. according  .as; p<:or  ;>  p)t- 


l.e.  as  p.>  or  <‘—  i.e.*  as  p>  oir <  _ 

R  ■  ■  re2 -2., 


re  -:  ...  .  ..-  - 


When  - -  the  wire  will  commence  to  roll  if 

re2 -2  .  :  :  .  ■  . 


k2>a2/ 3  He.  if  u2  -  4«-/n2  >  o~/3  i.e.  if  re?  >;  6  which  is.  i 


Hence  the  wire  rolls,  when  p.  =  - 


Ex-  23.  A .  fumiogenoits  .solid  '  hemisph ere.'  'of  tn% tss 1 M  «ijV7 
«w  w/rff  its  vertex  in  contact  with  a rough  {horizontal  plane ; 
of  mass  m  is  placed  on:  its  base;  which  is  smooth,  at  a  distance  &jr(vf$?ihc  ' 
centre.  Show  that  the  hemisphere  .\dll  commence  to. roll  or  slidyoccpnlin^  ■. 
as  the  coefficici  it  of  friction  p  "  ,’iS  . :  greater  .  jf  'r  \  -  7hs^\.  than  . 
25/noc  ■  '  ■  ■  ■ 

- r - r  .  -  ' 


26(A/  +  m); a ■  +  40mc 2 


SoL  Let  a  homogenous  solid  sphere  of  mass 
A/,  centre  C  and  radius  a  rest  with  its  vertex?^ 

Q  in  contact  with  a  rough  horizontar planc^feY  :^s 
O.  When  the  particle  of  moss  m  is  placed ‘  on  me 
base  at  the  point  D  5.L  CD  ^  C,  lhcri:.^ct%Jidt  \  G/f  JS 
hemisphere  roll.  Arid  when  CC.makc^i^Wgie  1  ^No/j 
0  -to  the  vertical,  let  the.  point,  of ^^ntictcmove  ^ 


{on  Pan) 


. '?-*tsrr*v”r.  rr  °  N]P 

through  a  distance  OP,  =  x.  y-\  -.1  '  .Mfl 


Since  the  motion  is- assumi^f^be^of  pure  roiling, 

x-  OP  =  arc. ^Q^=.a0Sso  that  -i  ^  aQ  and  .t*  =uQ 

_ I-  . lfr1-.  l^AC.fnA'- ^  'f  »  */?*  l*o  ^  a  '»!*▲  L.> 


The  coordinates  . 1 G’  re fc rred  t o  the  horizontal  and 

vertical  .lines  through  .(?  .  as  "Stts;- are  given  by.  . 

xc=ON^  OP-  PN  =  x-\as\n 9,yc=*P&=  CP- CL~^a  cos  0. 

.  .  .7.*.'.'.  K 

A  The  equations  of  motions  of  the  sphere  arc  - 

j,. 


.  , .  yd1'  -  -  ...... 

:  5rcos  Brr'ritg  *niy'~  ni  —  \a .-  c  sin  0)  =  m  (—  c cos  89  -Fc sin  B92) 

■v-.'-'".  r  .<*'•  'f--'  ■  ■  ■ 

1  -  '  Sni’cc.wc  want. only.  the. initial  motion,  -when.  0  =  0.  0  =  0 


(4) 


.-.j. . From. Uiese. equations  we- get  the  initial  values  of  F.R.S  and  0  . 
;Subs(riU.ting  ilw  yaIucs:of-  Ppnd  iS.  from‘  finl  and  fourth  relations  of  (5)  in 

\'"il^: thTrdvj.wcfget'  -'  ' •  ■■  ■  -..-r-r\:.  .  ;  .  '.. _  -f 

%A-29>='(>/ig'  -  n;c0:)  c-  |  <7 ."  I’ Afa9  ' 


or  (A/r  . 


But.  Mky.  ~  -^Ma2  ’ 


“.  Afcr?  +  me2)  0-  —  nige  ) ' 

i::  -From  (6%  we : get  -• 

+  ^°2  +  mc2 ^  ®  ”  mZc  or  9  =  —  20ffigc 

I320  *..';  .::'  6  13iV/o2  +  2£hnc" 

Thds  1  A/o9*  s,  -/  -  &"&*** ' 


-(6). 


'€# 


^  -  26n2(Af .+./») +  4.0  '■ 

-^Th.us  the  hcmispherc.'will.  roll  or  slid%accbrding  as'  T 
-  P pr,;> jiR. '.  ...  ^ 


Lc.  if  fl  >  or  .<- 


.-ile.-'if  H:>  or  <- 


26  (A/  +  ^)?o|j^.W2  - 

:  Ex.  2 A:  A- sphere,  oftrdtiTus.  a,  whose  centre  of  gravity  G  is  nor  at  its 
centre  C  is  placed  qn  a  rditgh  horizontal  table  so  that  CG  is  inclined  at 
an  angle  a  to:  the^tpward?  drawn  vertical,  show  that 'it  will  commence  to 


slide  'along  the  XtqBldjHf  the  .  coefficient  of  friction  li  be  less  than 
.  c.sin +.cc^fot^'  y'-  :l  - 

.  ;  2  -  ■  ■  •  -  -  GG  =  c  and  k  is  the  radius  of  gyration  about  a 

.  k;fXa+^ha^c0.M  .  -i  ■  '■  -  ;  -  - 

; honzontpC^as^hroiigh  G.  -. '  '.«==»  - 

■  .  mass,  C  ,the-.  centre  and  G  the  CG.  of  the  sphere 

: ^  ^  -  p.  Initially  CG  maicc  ah  angle  ato  the  venical.  assuming 
w  tie  pure  rolling  Ict'C-G  make  an  angle  a+0  to  the  vertical 

r?  ■  \  ,  -  - 

'  at  time  t .  If  the  point  of  contact  is  shifted  through  H 
^ak-;di stance  x.  during  this  time;  then  x  =*  OP  =  a0 
%ff.  x  =  aB  andx  =a0  .  .  / 

The ~ coordinates  (^c._rc) .  of-  the  "C7(X~G  7 


referred  to  the  horizontal  -and  venical  axes 

through  O  are  given  by 

xc  =  ON  -  OP -r  PN=x+  c  sin  (0  +  a) 

.  .=a9  +  c  siri,(0  +  a)  . 
yc  =  NG  =  d  +  c  cos  (9  +  a) 

The  equations  of  .motion  of  the  sphere  are 

j2 

F  =  Mx  c  =  M—±  (a0  +  c  sin: (0  +  a)} 

■  d*  1 


PpTT  X 


d) 


(2) 


P-5sin  0  =  Afi  c  =  A/ —  (i -2 ^ sin  9) 

dr.  8 

or  F- S  sin  0  =  M  {oO*  -  |  a  (cos  00*  -  sin  .SO2)) 

R  —  Mg  -  S  cos  9  =  My'c  =  M. ~  -  ~  cos  9 j 

or  R-  Mg  -5  cus  0  =  M  .  -y  (sin  09’  +  cos  902) 
and  taking  moment  about  G, 

Mk*Q  =*  S  .'CD  -  F .  GN  ~  R  .  GL 

or  Ml?Q  -  Sc  -F  (a  - 1  a  cos  0)  -  R |  a  sin  0 


•-(2) 


-(3) 


The  coordinates  (.r#.  yO  of  the  particle  of  mass  m,  at  D  arc 
x'  =  OP+  /-D«x+  c  cos  0  =  aQ  +  c cos  0,  y '  =  LP ~tt-c  sin  0 
/.  The  equation  of  motion  of.  the  particle  is 


Or  F  —  M  [aQ  +  c  cos  (0  +  a)  0  ~  c  sin  (0  +  a)  Q2] 

■  Jl  .  ■  " 

R  - Mg  =My'c  °  (fl.4  c  cos  (0  +  a)}  ’ 

:  ".  ..  -Vx? 

or  R  —  Mg  -  -  Me  [sin  (a  +  0)0+  cos.  (0  +  a)  02J 
and  taking  moment  about  ,G»' we.  get  y. 

Mi? Q  —  R  V  GL  —  P  ^  GN>=  Rc  sin  (0  +  a).—  P  { d  +  c cos  (0  +  aj  Y*  _  ...(3) 
Here  we  want  only,  the  initial  motion,  when  0  =  0,  0=0,  but  0  is  not 
zero  .v.From  (I).  (2),  (3),  =  we  get  ^ 

P  =  Af  (a  +  c  cos  a)  0 ;  R  ^Mg  -  Mc  sin  a0 ;. 
a  nd  A/^2©  =  Pc  sin  a  —  P  (a  +  c  cos  a) . 

From  these  equations  we  get  the  initial  values  of  F,R  and  0  .  Eliminating 
R  and.P  from  these;equations;'  we  get'  '' 

.  Mk2 9  =  (Mg  -  Afc  sin  afl  )  c  sin  Oc  —  (a  +  c  cos  a) .  Af  (a  +  c  cos  a) 
or  *  +  c2;sih2 cz+  (a  +'c  cso. a)2)  0  ==  gc sin  a  ;  'm‘\  %  * 

gc  sin  a. 


[it2  +.  c2  sin2  ot  +  (a  +  c  cos  a)2] 
Then  substituting  the  value  of  0  ;  -. 
j?  ■  M  (a  +  c  cos  a)  gc  sin  a 

[k2  -f  c2  sin2  a.+  (a  +  c  cos  a)2]  . 
and  R  =  -.  Mi-Mcsina.ticsma 

ffe2  +  c2  sin2  a  +  ( a  +  c  cos  a)2] 
_ _ m&ig.  +  (fl  +  ccosa)2] 

+  ic2  sin2  a  +  (a  +  c  cos  a)2) 

.  F-—  c  sin  tt  (a  +  c  cos  a) 

R  *  ir2  +  (a  +  c  cos  a)2 


—(4) 
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;  Motion  in  Two  Dimensions 


(Mechanics)  / 14 


The  sphere  will  commence  to  slid'tC'if  - 

F>  pR  i.e.  if  p  <F/R  .  '  -  - 

csin  a(a  +  ccos  a) 

M-.  if  P<~--, — - :  T2  ■- 

Ir  +■  (o  +  c  cos  a)  -  — 

Ex.  25.  A  heavy  uniform  sphere .  of  masf  M.  is  resting,  on  a  perfectly 
rough  horizontal  plane,  and  a  particle,  of  mass  M,  is  gently  placed  on  it 
an  angular  distance  Ct  from' its  highest  point..S/tdw  that  the  panicle  will 
at  once  slip  on. the  sphere  if 

sin-Ci  1? Aff+'Sni-(-L;-».cos'.oc)] 

^  7Af  cos  a  +  5m  (lMbosa)2 

where  jl  is  the  coeffeient  of  friction- betoveen  the  sphere  and  the  particle. 
SoJ.  ■  Lei  ihc  heayy  sphere  of  mass  M  and  .  _ 

radius  a  rest  on  a  perfectly  rough  horizontal  plane;. 

Let  the  particle  m  be  placed  ori  the  spherp  at  an 
angular  distance  a  from  thehighesl  point*.  At  time 
t  when  th<f ’•  sphere  roll  through  a  distance  j 
OA  —xt  let  the  particle  m  be  at  rest  at  P  such  ( 
that  '  CP  is  inclined  at  an.  angle-  (0  +.<?)  to.  the  \ 
vertical. 

Since"  the  sphere. rolls,  x  =  aQ  ...  _ 

iur.,  x= n.0  and  x  = o0 .  J 

Hie  coordinates,  of  the"  point  P,  referred  .to  i^e  horizontal  and  vertical; 
lines  OXand  pT-as  axes.are.  giyen  by 
xf>=  OA  +  LP=x + qsin(0  +  a)M<a^Ma  siniO^a): 
and  yv  =  AL~ AC+CL  —  a+  acos  (Q  +  ct)  .  w 

Hie  equations  of  motion-  of  ihe  particlc . nf  aldng  and:  perpendicular  .to 
CP  are  '  "  *  ■'  .  ‘  *  v:’  ;  •  ~'r  *■'  ;  ■'  ‘ 

R  —  mg  cos(Q  +  a)=  mx*  5ui  (0  '+:.a).+  i/iyVcos  (0.  +  a) 
or  R  —  mg  cos  (0  +  a)  ='m  [a0  +  a  cos  (0  +  a)0 

— asin(0  +  a)02)  sin(0  +d) 

— . ma  [sin  (0  +  a);0  +cos  (0  +  a)  07j  cos  (0+  a) 
or  R  —  mg  cos  (0  +  a)  =  ma  [sin  (0  +  a)  0 :  .  02)  1 ) 

and  F— mg  ' sin  (0  +  a)  -  my'  sin  (9  +.a)  -  mx*  cos  (0  +,a) 

=  —  ma  [sin  (0  +  a>0  +  cos  (9  +  a)  G?J  sin  (0  +  a) 

-  m  [a0  +  a  cos  (0  +  a)  0  _ 

(0  +  a)  02}  cos  (0  -*■  a) 

or  F  —  mg  sin  (0  +  a)  =  —  ma  [  l  +  cos  (0  +  a»  0  ■  ...(2) 

The  energy  equation  gives 

[1  Mfr&2  + 1  Mo2  8']  f -mix' 2 -y  y'  -)  *±mgm  UN 
K.E.  of  sphere  K.E.  of  particle 


or  [7Afa  +  1 0 ma  \  1  +cos  (0  +  C/)} )  0" 
Differentiating  w.j.t  i,  wc  get 
[ 7Af a  +  1  Own  [  1  +  cos  (0  +  a) } }  200  ■ 


or  [7Ma  +  I0;na  { 1  +  cos  (0 


>J‘J.  '  ; 

=  mg  1  a  ens  ). 

=  .1 0 mg .  ( cos  a  -  cotgfO  MajT' 

te4^  - 

lOmci  sin  r0 

Jr 


.=£=! \J)mg  sin  (Oh 


a;  0 


+  a) }  ]  0  :-.5iiici  siK^fa)i2 

'^Smg  sin  (0  +  a 


Here  wc  want  only  the  initial  motiog;!x.whcn'#*e  -0,  8  =  0; 
but  0  is  zero;  .*.  Froiri  (l).  (2)  and  (J^vc^gct 

$:YF  -  hig ^«nm(  l  +  c 


a).  .:.(3) 


R  =  mg  cos  cc  +  «m  sin  a0  , 


•r  COS  a)  0 


ahd  (7A/a -#- lOma  (1  +  cpS  a)V0;:.^5rp|^.in  a,"  ' 
or  9  =  5m^sin  ct/[7Ma+ 4-^os  a)]  :  ■■■■’ 

Substituting::  the  value,  of 

R  —  mg  cos  q  +  ma-  sin.  ‘sin  <x/\lMa  +  10 ma  (1+  cos  oc).] 

=  [7M  cos  a  +. 5m  (lvb,cQ^  a)2J/[7W+  10m  ( 1  h-.cos  a)J 
and  r  s'n  a  ~  ma  O  :  Swj?  sin  . a 

[7  Afa  h-  10/na  (L  +  cos  pt)J 
_  \7M  +  3m  (I  -k  cos  a)]  g  sin  a 

[7Af +.lpm  (1  +  cos  a)} 

.  F  sin" a  [7M  +  5m  (1  +  cos  a)) 

X  .  7 A/  cos  a  +^5m  (1  +  cos  a)2 
The  particle  will  slide  on  the  sphere,  if  F>  pR 
i.e.  \l  \i<  F/R  ■ "  -  ' 

or  if  p  t  sin  a  +  5m  ( 1 — cos  a)* 

..  7M  +  cosa+  5m  (1+  cos  a)2  , 

,4.11.  One  of  the  Bodies,  Fixed  :  ■ 

A  solid  homogeneous  sphere  resting  on  thy  top  of  another  fixed  sphere 
is  slightly  displaced- and  begins  to  roll,  down  .it.  Show  that  it  will  slip;  when  . 
the  . common  normal  makes  with  the  vertical  an  angle  0  given  by  the  equation 
2  sin  (0  —  X)=5sinX  (J  cos  0  —  2).  where  X  is  the  angle  of  friction 

Let  O  be  the  centre  and  a  the  radiuji  of  the  fixed  sphere.  Lctr^C  be 
the  center  and  b  thie.  radius  of  the  solid,  homogeneous  sphere  resting  on 
this  fixed  sphere  at  its  highest,  point  In  rime  r,  lei  the  sphere  roir  to  the 
point/3,  siich  that- the  common  normal  OC  irmkc  an  a n glc  O  to  t he-  yert ical /  : 


Lcf  ^Cthc' l»hc  .n>icd  in  moving  sphere  make. 

.aii-.'ingic  'p"  to- the  vertical  ai^imer -^-fnitially. 

::^  coiivtidcd  with.A  "  .. 

:'.  S inch  .there  is  pure  rolling. 

Atc  AP  =  Arc  PB  or  <30  =  b  CO  -  9)  .  — ( D 
.  be  the  normal  reaction  and  F  the 

fridtion  acting  on  the  upper  sphere  at  P.  Since 
the  cc'ntie  ,C  describe  a  circle  .‘pf  radius 
O.C^a  +  b  =  c  (say),  so  its  accclerarion" along 
and perpendicular  to  CO  arc  c0"  and  c0 
respectively. 

.V  The.  equations  of  motion  of  the  upper  sphere  along  and  perpendicular 
to  CO  arc 

McQ2  =  —  R  +  Mg  cos  0,  -  —(2) 

and  McQ  =  Mg  sin  0  —  F.  ...  —(3) 

The  co-ordinates  (Xj..  yc)  of  the  centre  C  referred  to  the  horizontal  and 
vertical  lines  through  O  as  axes  arc  given  by.  •  '  -  .  '  ■  " 

xc  =  OCsin  0  =  csin  G  and  y^^  OC  cos  0  =  c  cos  0. 

■ 

The  energy  equation,  gives  £** 

^Mk2*,2  +\  mv\  =  Work  dpne  by.  the.  •  *“  . 

—  .  ~  T  m 

or  |  M  .  -|  b2^1  +  1  Me1®1-  ~  Mg  (c  -  c cosffi, 
c292  -  gc  ( 1  -  cos  0)."^ ■- 


-from  (1 ),  =s  (a +-6)  0  *=  c0J 
....(4) 


rjc^H 


Oric02  =  y.g(l  -cos  0)  . 

Differentiating  (4)  wj.t.  ^.weng£d 
2c00  .=  y  g  sin  00.  Q  ^  P^  jsin  0. 

From;(2):and 

« Mckr  +  Af|’cdsj0J=  —  y  Mg.(  I  -  cos  0)  h-  Mg  cos  9 

And  frorn7(3)^nd  (5).  we  get 

p  =  ~Afc&.  HvAYj?  sin  9  =  —  4  Mg  sin  9  +  Mg  sin  0 
--  7  * 


sin  0. 


..,(5) 


-.-(6) 


...(7) 


.y  'w-isa 

f^The  sphere  will  slip  if  F  =  pR 

^pf  =j  Mg  sin  0  —  p  .  Mg  ( 1 7  cos  0—10) 

or  2  sin  0  =  -  *n-  \  ( 17  cos  0  —  10) 

-  cos  X 

where  X  is  the  angle  of  friction 
or  2  sin  0  cos  X=  17  sin  X  cos  9  -  10  sin  X 
or  2  (sin  .0  cos  X  -  cos  0  sin  X)  =  5  sin  X  (3  cos  0  —  2) 
or  2’siri  (0  -  X)  =  5  sin  X  (3  cos  .0  -  2). 


.  ..(«) 

Remark  1.  The  upper  .  sphere  .will.  leave  the  fixed  sphere  when 


-10)  =  0 


(from  (6)1 


/?  -  0,  i.e.  when  ^  Mg  ( 1 7  cos  0  ■ 
i.e.  when  0  =  cos“  1  (~)  . 

Remark' 2.  When- the  two  sphcrcs  .arc  smooth.  In  -this  case  F  =  0 
.'.'  The,  energy  equation  becomes  * 

~  wre^Q2  =  mg  (c  -  c  cos  0)  Lei.  Q2  -  ^  (1:  -  cos  0)  . 

•Since- equation: (2)  remai ns:,  unchanged  ,^.  '  ? 

R*=  Mg  cos  0  -McQ2  =  Mg  "cos. 9  ~2Mg(l—  cos  0)  ■  - 
=  Mg  (3  co$  0  —  2)  .  ' 

**•  The  upper  sphere  will  leave  the  fixed,  sphere  when  R-0,  i.e.  when 
Mg  (3  cos  9  -  2)  = 


0  i.e.  when.0  =  cos' 1  (|) . 


EXAMPLES 

Ex.  26.  A  solid  homogeneous  sphere,  resting  on  the  lop  of  another 
.fixed  sphere  is  slightly  displaced  and  begins  to  roll -down,  it.:  Show  that  it 
will  slip  when  the  common  normal  makes,  with  the.  vertical  an  angle  ~L 
given  by  the  equation  4  sin  (a  —  SO!)  —  5  (3  cos  L  —  2),  where  30’  is  the  angle 
of  friction: 

Sol.  Put  X=  30"  and  0  =  f,  in  §  4.]|.  ■ 

Ex.  27.  A  solid  uniform  sphere,  resting  on  the  top;  of  another  fixed 
sphere  is  slightly  displaced  and  begins  to  roll  .down.  If  the  plane,  through 
their  axes  makes  an  angle  ol  with  the  vertical  when  first  sphere  is  at  rest, 
show  that  it  will  slip  when  the.  common:  normal  rnakes  witfi- the  ve rtical  an 
angle- given  by  k2  sin  0  =  p  [(j£.+  3b?y  cos  0  -  2b2  cos  a-J  .  where  b  is  the 
radius  of  the  moving  sphere  find  k  is.  the  radius  of  gyration. 

The  upper  sphere  will  leave  the  fixed  sphere  if 

"coral ' 
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Motion  in  Two  Dimensions 


.  (Mechanics)  / 12 


which  is  negative,  as  v>5aQ,  hence  the  ririg:  returns  backwards,  to  the 
point  of  projection. 

The  velocity  of  the  point  of  contact  _ 

«  Velocity  of  the- centre  +  Velocity  relative  to  the  centre 
1  «y-a$  =  0— v)  =>^(v-p5enj>  0  as  v>5aO. 

The  velocity  of  the  point  of  contact  is  dp  the  plane,  hence  the  friction 
ji.?t  acts  downwards. 

.\  The  equations  of  motion  are  - 

Mz  =  Mg  sin  +■  pK  =  Mg  sin  a  +  j  tan  a :  Mg  cos  a 

or  i‘*=^i.sina-  -  .  ^  :  —00) 

'  and  A/^  =-p^a  =  — i  tan  a  ;  '  "  ■  -  : 

ay  Jj= — j.g  sin  a. '  #  n:(liy 

Integrating  (10)  and.  (U),  and  using  .  the  initial  conditions,  that,  when 


z gt  sin  a  ariday =— sui  a +~  (v  -:5dQ). 

The  velocity  "of ’the  point  of.  contact  doywt  . the  plane  . 

=  i-<nf = jp  sin  a-[-L  * 

.  *|gr  sin  (v  —  Sail),  which  is.  posidve  as  v  >  5a£L 

Hence  the  ring  slides  back  to' the '  point  of  contact. 

O.  Two  Bodies  In  Contact, r  '•  '  .-  V.'.;- 

When  rwd  bodies  are  in  contact,  then- to  determine  whether  the  relative 
motion  involves  slidjjting.  at  the.  point  of  contact 

Let  amoving  body  be  placed  ovw  the  other. body.  Let  P  be  the  point 
of  contact  of-  the  moving  body  and  ashime  that  its  initial  velocity  is  zero. 
To  find  the4datjve  motion  of  the  bodies  which  is  eilher.sliding-or  rolling 
we  proceed  as  follows.-  ., 

First  assume  that  the  body  rolls  and  letEbethe  force  offriciion  sufficient- 
to  keep  the  point  of  contact  f*  at  rest.  Now  write  the  equations  of  motion 
and  the  geometrical  equation  to  express  the  Condition  that  (he  tangential 
velocity  of  the  point  P  is  zero.  Sblve  these  equations  and  find  F/R.  Now 
there  arc  two  possibilities  :  .  -f  <=a 

CaseJ;  If  F/R<)s.  In  this  ease  the  necessary- friction  .can  be  called 
into  play  to  keep  the  point  .P  at  rest.  Thus  the. moving  body  rolls /and  will 
keep  rolling  so  long  as  F/R  S\l.  '  . 

Case  ll.  If  F/R>p.  In  this  case  the  point  of  contact  will  slide- arid,  the 
equations  of  motion  discussed  above  will  not;  hold  good.  Thus  in  tins  .case  ^ 
proceed  as  follows  :  ■ 

Write  the  equationrof ihbtrofTfsuppbsing  that  the  point  of  ccntacrylnfcsr^ 
Hence  the  frictional,  force  is' pft  instead  of-F  arid  there  is  no  gcometpca% 
equation  in  this  case.  . 

Solving  these  equations  find  tl>c  tangential  velocity  of  .thc^pqint’  of 
contact  P.  If  this  velocity  is  not  zero  and- is.  in  the  d i r e clip ri^qjppqs i t c  to 
the  direction  in  which  p/?  acts,  p  has  a  proper  sign  arid  th^bed jffb i  11  si i de 
at  P  nnd  go  on- sliding  so  long  as  the  velocity  of  Uut^^ftLjP'does  not 
vanish.  -When  velocity  at  P  vanish,  we  again  procccd^tp  qase  I.  '  - 
4  JO.  A  sphere  of  radius  a  whose  centre,  of  gravity  GSf’at  a  distance  c 
from  -its  centre  C,  is  placed  on  a  rough  planefs^piat^CG.  is  horizontal. 
Shaw  that  it  will  begin  to  roll  or  slide  etccordidg^OSjTi^coefficieht  of  friction 

-  ,«lV* 


p  >  or  <- 


0  -fcyS 

.  where  k  is  the  /adittS  * of 


k2+°2  •  . 
gyration  about  a  horizontal  axis  th'rough^G'.  y 

If  p  £t  equal  to  this  value,  whdffliappiihs .  ? 

Let  Af  be  the  mass,  C  th'b.-^ntre'  and  G.  the 


at  an  angle  0  to  the  horizontal.  Assming  that  the 
sphere  rolls,  let  OP=x  be  the  horizontal  distance  moved  by  the  point  of 
contact  P  from  its  initial  position  O.  in  time- r..  Since  the  motion  is  of  pure 
rolling.  x=o0  ;  so  that 

j=n0  and  x-a  G.  *  ...(1) 

The  co-ordinates  {x^,  y<~)  of  the  C.C.  G  referred  to  O  as  origin  and 
the  horizontal  and  vertical  lines  through  O  as  origin  arc  given  by 
xG  =  OL=  OP  +  PL  =  x  +  c  cos  0, yc  ~  LG  -  a—  c. cos  6. 

Assuming  F,  the  force  of  friction  sufficient  for  pure  rolling,  the  equations 
of  motion  Of  the  sphere  arc  _  ■ 


F  =  Mx  G  ~  M  — r  (r-t-c  cos  0)  =  M  (x  —  c  sin  90  -  c  cos  60') 
dr 

or  F  —  M  (o9  —  c  sin  '89  —  c  cos  007) 

R  -  Mg  »  My  q  -  M  “  ( a  -ccos  0)=*  Af  {-ccos  09+  csin  09“) 
dr 

and  Ml?Q  =  R  .  GT  -  F  .GL 

or  A 4k*Q  =/?  .  c  cos  8  —  c  sin  8)  . 


.--(2) 
— (3) 


~W 


/ .  ;Hcre  we  -warir  only -the  •;  initial  -  motion  when  0  =  0,  0  =  0,  but  0  is  not 

: '  -  -(55. ■ 


+  c2)’- 

.  ■  :f.  c2)  r  , .  ■  (i2 +a2 + c2)  (Jt2  +  a2  +  c2) ' 

ThUs_-the  sphere  will  begin;.  to  slide  or.  roll  according  as' 
/^'<::Or'-.>.pjR  /  e.  as  p  >.or  <  F/R  . 

.  f  .  .  Lac  .  - 

i^i  ;as  or.;<-r^ — •- 


Wljeri.  p  =  ~ 


-  .  In  this  case  we  shalf  consider  whether  F/R  is  a  little 


grebter  or/little  lcss  than  pj?  when  9  is  small  bul^not  absolutly  zero. 
zt-  5roid"'«quattons  ..(2)#i’(3j-'iutd'  (4)£ 

7^J^8V^[Mg  ^:  Af  (-  <rcas  eer):+  csihe^)L<^os.0fe^  . 

,+Af  ~  d.sin  00  i--c  cos  0B2)  (a 

or.(^ +  c2;-;2ztc: siri;0j  0  -  ac  cos30§^fc  cos  0,  v  **  ; 

..Integrating;  we  gel  J  ''  J  j  1/  -  ''  ;.l 

(k2  +  b2  +  c2  ~  2ac  sin  .0)  O2  =  2gc-s\T?Q^\ '  —(6). 

Siric'eVa  is  small:  Therefore  taKng^fbr  sin  0  aiid  unity  for  cos  0  in  (6). 

{£  +  a2 .+.  c1  -  2ac  G)  G2g2gcn0:f  ' 

of  (Ji2  +  a7  +  c2)  v2  =  2gcrQ^  -(7) 

Negleetmg^.092.  • 

Then  from'  (4),-  we;:gci^i’ 

(Ar2  +  a2  +  c2#^^)  0  -ac .  ^  -  xrgcl.  (  *.*  cos  0=1,  sin  0 *=  0) 

„•  '  (*2+a2v+c2) 

°r  -C*2  —  2ac  0)  9  —  gc  ^  1  +.  S\ 

>"%C'  ....  '  -■  . 

:/or  {IT  +  a2  +  c2)  o'  =  gc  [ \  +  — -if \  ~:  ,.  -2aC‘  9  \  { 

r  xl  X  +a2  +  c2jl,  -&+al+.c7  I  ’■ 

.^fi;_2S£0_^+_2Ee_Y>  ■  ; 

l  *+*+4 {•  *+***) 

neglecting  higher  powers  of  0 
_f,  .  4ac0  ^ 

=  gci  I  +— — -z - —  approximately.  ..- 

^  k*  +  a£  +  0J.  - 

From  (2)  and  (3).  we  have 
F  (a - c sin  8)  9~ - c cos:00 2  (a—  c8)'9‘  — c.02 

R  g  —  c  cos-80  4-csin  G02  g  —  cO+  eGG2 

_(o-c0)  6  — C02  " 
g-  c0 


-(8) 


neglecting. 092 


ac  ri'-'3cf*2~o2/3Ve1  ':- 
ir2  +  fl2[  a  (fc2  +  a2);--  J I-": 

[Substituting  the  value. of  02  and  0  from- (7). and- (8)] 

In  this  case  thc^  sphere. rolls 
ir  ** <^.  .hen  | i.,.  J>H<*  F>. int~ 
f-e.  in  this. case  the  sphere  slides. 

EXAMPLES 

Ex.  22.  1/  a  uniform  semi  -circular,  wire  be  placed  jn  a  vertical  plane 
wirA  one  .extremity  on  .a  rough  horizontal  plane,:,  and  the  diameter,  though 
the  extremity  vertical .  show  that: the  semi-circle  will  begin  to- roll  or  slide 

according  as  p  be  greater  or  less1  than  — “ — . 

Jt2'— "2. 

If  p  Aas  /^i's  value,  prove  that  the  wire  will’ 

roll 

SoL  Let  C  be  ; the  centre,-.  C- Ae  CLG.  and  ' 

M  the  mass  of  the" circular!  wire  of  radius  a.  A 
/.  CG=2a/n. 

Assuming  that  the  wire  rolls,  let  CG  be  inclined 
at  on  angle  0  to  the  horizoritnf  at  time  r,  which  was  initially  horizontal. 

Let  the.  point  of  contact  P  mover  through  a  distance  OP  =  x  from  ip 
initial  position  O.  in  time  T.  Since  the  motion  is  of  pure  rolling 
x  =  Arc  AP~aQ,  so  that  jc  -  a0  and x  =  a8*. 
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_r=.-^pgC  +  m-  ...(5) 

Pulling  i—t |  =  «/M.?  in -(50.  the  distance  traversed  by  the  ring  during  this* 
lime  is  given  by 

f  ;;2  '  .  . 

-(6) 


. andfrom1  (5).-at  lime  r  =r  (  =  i//pg, aBh= oO-  ir, 

which.,  is  popilivc  v  « <  cO.  ..  .. 

■  . Hence  he  ring  reiuriK  from,  right  lo  lcfL--_ 
yyiicntheri  ugre/unrs._  "  .  "  ■  ,  ,  ■  _  -."'V 

The  ini  ial  yclocityofihe  point. df  contact; is  inlhc  direction  from  left 
to  right,  •*-.  -ftbe  -fricubn'ji^'.will'  acl’-in-  jhe  -direction  from.nghi;  io  left. 

If  y  is-(lhe  distance  traversed  .in  lime //from  right  to  left  and  <)  the 
angle  lumc^  by  the  ring';.mthis  timc.'.ihcn.'T'oir  this.mOtion,  the  equal  ions - 
of/nioiionv-ajre.1 '  ' 

My,=pJl^.^Mg  i.y  £  =  pg  .  :  • 

and  jig  •...(&> 

Integrating  ■  (7.)  ancf  "(3)  and  using  the  '  initial  conditions  that  when 
/  *  0.  y  =  0  and ,o<{i  — d£>^  i<;"wc. get. 

„.(9) 

+  afi_«  ...../  -(10) 

These  equations  (9)  and.  JQ:ho!ds;unij^'purc ^  rolling  .commence ./.ft.. the 
velocity  of  Ihc^point  oif  contact  =y;-<J^i=,b. . 

'  If  this  occurs  at  time  /  =7^  thcn.-J'rom  (9>  and*  <I0),  we  .get 
Ai  ii: or ;fi= <dQ- uyTug. 

At.  rime  t2,y  =  ygjj*?  -  (aQ  -  «)  . 

Integrating  (9),we  gel  y  « 1  yigP  +  C;  C=»  O' V  at  r  =  O,  y~  0. 

i  ■  . 

-distance  traversed  in  linic  fj... 

.3’==|;^.-(^0-U)2/(8^)  ’  - 

When  pure  rolling  commences,  the  equations  of  motions  arc 
Mz  '  ¥-F.  and  =  Mai2^  =  —  fa 

Since;  there1.  Is.  no  sliding;  z  =  ay  i>,  z  ='cy " 

.;.f  frbrn';cquations  (13)- we  get 
-  F-=  Ma$  ~  Mz  ~  F  or  1F=0  .  f~  o. 

Thus.'no  friction -is  required/..'-.' 


-(12) 

-(13)‘ 


z  -  0.  Integrating  z  =  constant  4 1  (cSJ  —  n) 
at  i  «=  0.  z  —  y  =  (afl  —  «)  from  (l  1)  . ...  ’■  • 

r.e.  when  pure  rolling  commences  from  right  to  left,  the  ring,  corn 

move  with  constant  - velocity- -i  .Cofl  J  -  - 

2  -  - .  ,  .  .  •  .  ;/■'  - 
The  distance  of  the  point  front  where1  the  pure  rolling  commences.  from? 
the  starting  point  O  '■  -r-i 


-Am 

"i- 


s=x-y- 


__  -  u)2 

2M*  BUS  ■  '  .  '%# 

The  time  taken  by  the  ring  to  traverse  this  distance 

*■_  2  p.  fnn-^| 

*  *M«  J  • 

2  _  °n-» 


'j 
or./3  = 


pg  (fl£2  -  «)  r 

The  total  time  taken  by.. the  rioj^to^cturh  to. the  point  of  projection 

an- 

I  "*  ■  ■ 


2ug 


r.  T.  "  -an-  «1 

>MPru)  ■  J 


=  fi  t  'i+A  =  — 

=. — (°P  ^  1 

4pg.(aO-«)  ’  . 

.  Second  Part.  VWie/r  a.  >aH. 

Considering  the  motion  in  the  forward:djrcction  discussed  in  the  beginning,- 
In  this  case  the  velocity  of  thic  point -of  contact  ; 

*=  X  +  Q0  =  (-  +  u)  +  (-  Pgr  +  any,  from  (3).  &  (4) 

=  ~2pgr  +  aO  +  4. 

Pure  rolling  will  commence  whcn  x  +  a0  =  O. 

i\e.  when -2pgr^flQ  +  tt  =  0.:  at  /a(ap  +.tf)/2r^.  ■  '. 

Also*,  it  has  been' proved  that  die  forward  motion  ceases  after  time 
/=  u/\ig:.  .  *■■  '  .'  .  .  .  • 

Thus  the  ruiliong-will  comcnce  before  the  forward  motion  has  ceased 
Jl£0±H>JL  i''. 

ifuVafl;-  ^V.;‘  -^.v;  .-  '  ;'v\-  . 

Hcnco  when  u  >  af/,the  pure  foiling  will  commence  before  the  forward'/ 
motion  ceases.  '  V  .1  ^ v'  .:':i  ;  '  .  ;!  ■  ":  .T-  v-.' ' 

^  napkin  ring ,  <?/  radius  ia.'  is  projected  up.  a  plane  inclined 
at  angle  ct  te  rte  h orison ro/  wirA  ve/oci/y  v,  and  an ,  initial  angular  velocity 
O'  i/i  xAe  je/ue  wAicA  would  epusc  the  ring  to  move  down  ihe.  plane:  If  ja 
v  >  5oQ  aid  p  ■=  -  ran  a;  iAow  that  the  ring  wiil  never  roll  and  will  cease: 


io  ascend  at  .the  end  of  o  limc  ^  afl)  an(f- 
^  '  9gJStna 

wilt  slide .  back,  to  the.  point  of  projection:^ 

SoL  Lct.  C  be  the  c en i rc:  and  Af  .ihc  mass " of 
die  ring.  T3>e  initial,  velocity  of.  the  point  of  contact 
is  t-  +  bfl.  whi ch; acts  up  ihe-planeiv. -  rihc  fnction ... 
p/?  acts;down  ihe-  planc;  :  ‘  ■'  ■  ' r 

The  eqiia lions  of.  moiion  are  - 
Mx  :—  —  MgS\n  a— pJ?  - 

=  -  Afglsin  a  -  yMg  cas  a  ' 

(\-  /?  =  Mg  cos  a) 

or  x  =  —  g  (sin^a  +  p.  cos  a) . 

=  —  g  (sin  a  +  ^  tan  a  cos  a) 

or  x=.~~g  sin  a. 
and  Ma2Q  =  -  \xRa  -  — ~  tan  a  .  Mg  cos  Of  -  a.  =  -  £  Mga  sin  <X 

o0  igsina.  —(2) 

Intcgraiing.  (1)  and  (2).  and  using  the  -initial  conditions,  .  that  at 
f  =  0,  x  -  v  and  0  =  n,  we  get 
x  =  —  ^  g  sinti ;  r+.v. 

I 


and  n0  =  --£sina./+fl£2.  -- 

From  (3).  the  vebcity  of  the  cc n trej s\zcra^ft cr  time 

The  velocity,  of  the  point  of  cant^^^^riy  time  t 


—  x+aQ~ - 2 g  sin  a  +y^^^sin  art aCl 


-  ...(3) 

.  ...(4) 


■  ■  =r  " 

[substituting  from  (3)  and;(4)].  Ji ' 

=  v  +  ad  -  |.gr  sin  a-:3^ 

2  pd?  ... 

The  point  of  contact^will  come  to  rest  wlicn  x  +  u0  =  O.  If  u  happens 
at  time  /.«  r-> ,  then- 

V  +  aCl  —  ^..g/j'sin  cc?=  0. 

'  \  i5  v’  - 

r2  ”  fifvQ-oQj/Og  ^>0  * 

y~t  ■  ,  ^2'.(v  '4vofl)  4v  .  „ 

Clearly.  ~V  .  .  /  <- — : -  as-v>5cdl.  i.e.  /2^r.,. 

K  5^  sin  a  .  *  1 

^  '^"Tfitfcirore  pure  rolling  may  begin  before  the  upward  motion  ceases  if 
^^fVjcrion  is  suffcicnl  for  pure  rolling. 

...  .  .  .  .  . 
ihis  time, r2,  Jr  ~  g  sia.ct  r2'+y'=  ^'(v  -  5uO) 

an’d--8  ==“=».(5flQ'.— -v)'. 

‘'jg/Q''  •  ■ 

C icarly.-x  is  .positi vc  and  ..0;-i^;Be^atiypi..aS'V  >:5ni/, 

:  i.e.  0  =»  .“r(v.V5bfi);'.in  clockwiseVdirectibn;  : 

■  - .  -.  o  ■  *  ■:  - 

.  Wben/pu re;  rolling  commences  and  rotation  is  in  clockwise  direction, 
the  fricuon  F  acts  in  upwards;  direction. 

The  .equations  of  motion,  are 

My  -  —Mg  sin  a  +  F and  Ma2if  '—r~  Fa.  ..  —(5) 

Since  there  is  pure  rolling.  ;;:)'=flQ.u  y  =  a$  and  y  =  a$ . 

Solving.'thcse  equations,  we  gel  -  ’ 

F—^Mg ^  since. 

But  pi?  tan  a  Mg  cos  a  =  ^ M^  sin  aie. F >  pj?.  Thus  the  friction 

is  not  sufficient  for  pure  tolling.  Hence  the  sliding  persists  and  pure  rolling 
is  not  possible.  Therefore,  the  above  equations  of. 'motion  now.  become 
My  -  —  Mg  sin  a-*-  =—Mg  sin  ot  +  tan  Ct .  Mg  cos  Ot- 

— — -jMg.sin  °t;  oc  y  =-^g  sin  a  :  -*-(6) 

and  Ma2<t*  =  -  \iRa  =  -  tan  a .  Mg.  cos  a  .-a  =  -.£  Mga  sin  a 
or  a$  =  —  g  sin  a.  —(2) 

Integrating  (6)  and  (7),  ^  and  using  the. -initial  conditions,  that  at 
t  =  o,  y  ■=  (y..-  5aQ)/6  a  n  da  $  (5oQ  — .  y)/  6, .  we  get 
■  y  =  ~  ~  g  sin  a ./ + ^  (v  -  Soft), 
and  ~  g.sirt  a .  t  +  ^  (5aQ  —  v)  . 

2  (v^SaQ.). 

Clearly.  y  =  0  after  time  r  =  r3  =  a  • 

Putting  this  value  of  lime  in  (^-weiget 

Hence,  total  time  of  .upwafds  mduon 

-  (v + aQ)  : 2 ! ( :  4  (2v  —  cH) 

^  *2  +  %  ■  3gsin  a  *  :  9g  sin  a  9g  sin i  a . 

.  Again,  when; the-  upward  motion;  ceases,  we  have 
^  g  sitro/j .+ ^  (5aQ  -  v>  « |  (5dh —  v). 


...(8) 

...(9) 
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As  the  plane  is  perfectly  rough,,.!  here.  is  ; 
pure  rolling.  Therefore  the  forte  -of.  friction 
F  «  the  point-  of  '-contact'  A *V  acts"'  in-,  -tjic^ 
direction  opposite  to.the Tendency  of  motion  p 
of  the  point  of  contn  cty/.e :'F,  nets  ^  to  v>h  rds  y 
O,  in  the  direction  of^.decteasing^  ;.0:  -f  *  :y 
The  equation- of  mblibfl  of  lhC  spherc  at ' 

a  *  is  ->r; '  '  ;■ 

•_  Tn2  . 
mx  =  -  F -■  ‘  ; 

Jt2^ 

and  nit2©.  =»  m  ,-j  a*Q  =  ~  Fa: 


7^ 


--(1) 

^2) 


-  .As  there  is  no  sipping.  Thcrcforc-Jthe  velocity  of  the  point  of  contact 
=x+aQ*=0-  " . 

or  }  =  —  a9  Jr*  —  -aQ  .  #  .  ..-(3) 

From  (2)  and  (3),  we  get  F-r-|  ;7u(-x)  =  j77ix*. 


Substituting  in  (1).  wc  get 

7  5ym 

or~~ mr  o--  L  .  *.  x  « —  — y— 


7X2  ?£j. 

Muhiplying’.by  2x.  and  i'niegratingi  rwe;lgct  c-  j  ..  ... 

•  ••  •  '•"•?= ■ 

.  ..  •  ■!7:V3x., 

But  initially  when  the  sphere  was  alvA.  . 

x  =  OA^AB~£.4i,.i  =  Or  '■  .;r\  .’ 

:  “  i4o*  **■  -7 1.4b;..  • .. 

.When,  the  spheres  .Will  collide/  the ic 'points  of  contact  ,  with, the  plane 
will  from  an  equilateral  triangle,  of  side  2a;Lr.  at  this  time  x^2d/'i3. 

.'.  Putting  x»2a/V3  in(4).  the  velocity  Tofthe'ccmres  of  the  sphere  when 
they  collide  is  given  by  1 

(Velocily)2.^  —  J ' ■  ?  ’ 

7v3  2 a  .  14a  14a 


-v  C  = 


-(4) 


riiform  circular  dist 


r.c.Vclociiy  «= 

4.8.  A. uniform  circular  disc  is  projected  with  its  plane  vertical  along  a 
rough  horizontal  plane ;  wi7/i  a  velocity  V  of  translation  and.  on  angular 
velocity  0)  about  the  centre.  Find  the  motion. 

Case  I.  When  V  is  from  left  of  right,  e>  clockwise  ;m«l.  V  >  a&>.| 

In.thivcysc  initial  velocity  of  tltc-  ooim  of  contact  /■*  is  eivcii  hy^ 
V  -  at-ywhich  is  positive.  as  V  >  uOi.  Thus. the  friclitu)  pA*  acts  in  ihc'dirccfitn^ 

^  ^  ro)  ■  _ 

/>'  ^ 


left  111  right. 

in  time-r.  lei  the 


centre  move  through  :» 


distance  x  nnd  let  the  disc  turn  through  an  angle. 0.  I / 

The  equations  of  motion  arc  given  by  f 
Mx  -  -  p/f  “  _  pntg. 

y°-pg.  ...0). 

and  Mk^Q  =  M  ~-  Q  =  pHa -pMga  r  •-nn.":  ' 

i.e.  n9  =  2p*. 

Integrating  (1)  and  .  (2)  and  using..'  thc^^nitfap  conditions,  -  (when 
/  =  0.  x  =  V  and  0  =  WJ.  wc  have  ..  %- 

i  =  + 

and  o0  =  2pgr  +  «o).  ...44).: 


The  rolling  begins  when  ilie^vcTociiy  of  the  point  of  contact  /V 
i.e.  x  —  oB  =  0.  If  this  happen  a  ftcK  tiine  then 

.  -  ((f^1  __  '■y  • 

x  —  aQ  -  “  Mg/i  +  V  —  2pgf|  — ' 

Af,=(V'-ow)/3MS._ 

From  (3),  at  this  timc^Veiocity  of -the  centre  is  given  by 
i=-pgr,  +  V  =  V^  =  -^  (2 V  +  mo)  . 

When  rolling  commences  equations  of  motions  ore 
Mx  *  -  F  and  Mk1'^  -  ~  ~  Fa. 

As  there  is  no  sliding,  so  x  =  x\  —  £i$ . 

From  (6)  F  ~  —  Mx  =  —  Maty  =  — 2 F 
or  3F*0  F=  0.  1 

Thus  no  friction  is  required  ft>r  rolling,  throughout,  the  moiion.Mcncc 
the  equations  of  motion  (6)  for  .  pure  rolling  reduce  to 
Mx  “  0  nnd  -  Ma1^  —  0  i.e .  jc  =  0  - 
nnd  $  »  0. 

Integrating  (7).  we  gel  x-  constant  (2V  +  oto).  from  (5). 

Hence  the  disc  continues  to.  roll  with  constant  velocity  . 

~(2V  +  mo). 

Case  11.  When  V  b  Trom  left  to  right  to  crockwLse*  and  V  <odj:- 
In  this  ease  the  initial  velocity  of- the  point,  of  contact  f* 
z=V-a(H, 


...(7). 

~t»> 


Avbiclvisr negative.  />.  its  direction  is  from  right. to' .IcflJIhcrcfore  the  fricti.pn. 
p7f:->vi)i  act  ffnin  left  to  rrt’hl.  .  ;  5  '. .  .  ...  . 

i.  .The i  equations,  of  motion. arc  ;  i.  _  -- 

Af.ir'  =  fltf  3  pMg.  A  ,r  =|i (j;  -;;  .  :  *  A.  1.(9):;. 

and-Mt‘61  ~  •  M«"0  =  —  pRa^*  —  liMpa.;  aQ.  as. •  Ipg. 

Integrating  (9);  (10)  ■•.  and  .  using  .  -  the  v  initial  cohditiohx.'  .  (When  r 
/=  0,x=  V'and  0.=  ti)).-wc,havc''  '  .  '  .  ' 

i-ii g>+v::  '  "  ••••'  /■  •• 

and  aQ=*-.2)igr  +  a(o.  ■  '  ""'m  i(i2)  . 

Now.  pure  rolling  begins,  when  the  veIoc»iyt  of  the.  poirit:vpf.  etinbef  ' 
P.  ie.  x  -  aQ  =  0.  If  this  happens  a  fid-  lime  ij:  then  '* 

'  x  -  08  =  p^r2  +  V.--  (-  + aw)  =0;:  *  -  ' 

P)/(3pg);  .  |  . 

From  (J  I).  at  this  time  the  velocity  of  the  centre  is  given  by 
; '  x  =  \igr2  +. V=  i  (doi -  V)  -h  V=~  (2V  +  a(o).  -  - .  .  '  ^(U)  - 

•  'When- rolling  begins  the  equations  6F  motions  a  hr  ihe  same.  (/:c..  equation  1 
:.  (6)J  as  in  ease  I..  ‘  ‘  : 

:  ,.Y  As- in  ease  I.  F~  0.  ■  ■.  '  " 

Hence. the  disc  continues  to:  roll- with -constant  velocity  -  .  ' 

:  .  ..  .  .  ;  ;U  i 

Case  IIL  'When  V  Is  fhorn  left  to  right^aml><^^and'ridckWtse.  -  /  .  * 

,In:  this  ease  the- vclociiyxof  ihc  poiri^iof  c’oritact'  <K0IrAvhIch.^:; 

■  V positive,  .i.e.  its  direction  is  frtim  jcQ^1sTri^  Tficrefofe.  the  friction  jift- 

.vWtn'.nct  rrnm'  right  tolcft.  .  '  -  ' 

’:c.y  The  equations  of. motion  are.’^j^' •••'*•  f\ 

■  Mx  =  -  p/?  =  ~  pMg.  ''  xi  ■-  ~(14) 

atid  MlrQ  =  ~  Mo  20 .  =  - 

or  Ma^Q  uMra.  .'^a0¥p—  2ug. 

7  '  ■ 


■Tntcgratihg .  (14).  ^(15)^  and  .  using 
i  =  Q.x-  V  and have 

'x=-uc3^W'i^'  - 


*—(15)  ■ 

the  mitial  conditions,-  "(wficti.- 


-  ;  r-CVS) 

;arid  h9  =— -  \  ~fXf) 

For  purc  '-rbllmg^  to  commence,  the  velocity  of  the'  point  of  ‘ccmtoct 
Pi :LtM£¥jii9  (x  and  0.  arc  in  the  same  direction).  If  this  happens  after' 

liirK^^l^n  ..  V  .  :  ;; 

(Vf  «co)/3pg. 

i;-:p  2* 

^From  (16).  at  this  time  the  velocity  of  the  centre  is  given  by 
*  .t  =  -  Mtf'l  ■+  v~  “  ^  lV  +  <,w>  +  V“  3  (2 V-atit) .  ...(18) 

If  2V>  ao),  the  velocity,  of  the  centre  is  from,  left  to  right.  Hen  clas  in 
ease  I  and  II  the  notion,  will  be  of  pure  rolling  with  constant  velocity 
j(2V-«W). 

If  2 V<  u(o.  then  x  is  negative^  i.e.  the  direction  df.yeiodiy  .of.ihc  centre 
is  from  right  to  left,  i.e.  backwards. , Thus.,  when  ptire  rolling’ begins,-. the  ’ 
disc  rolls  back  towards  tbe  iriitictl.  point.  -  •-  -  :  *• 

From  (16).  we  see  that  x*0 .-wheh7«  Vr/(i^,.aihtl  fl(  this  tihib  from  ( 17), 
a0  -  =  ou  —  2  V,  which  is-,  positive,  V  2 V  <  aid. 

Hence  if  2V<  croj,  the  disdbegim  to  move  .backwards  before’ the  pure 
rolling '.begi ns. -  - -  -  *.  . 

■  •  ,v{EXAivf|!tj£s  ’•  '■ 

Etc.  20-  A  napkin  ring,-  of  radius  a.  is  projected  fanvard'oiT  a.  tough  - 
horizontal  table  with  a  linear  velocity  u  and  a.  bdekward  spin  T7  'which.,  is 
>  u/a.  Find  the.  motion  and  show  that  f  he  ring  ,  will  return  io:lfreipomt.  of 

projection  in  time ^  ;  wherefj,.is^  ihe.  jepefftcient  pf  jnztioii. 

What  happens  if  u  >  aCL  ’ 

Sol.  Let  C  be  the  centre  of  the  ring  nnd  M  . 
its  mass.  Initially  ti-Kfi  In  ahticlockwlia  . 
direction,  nnd  u  <  aCl.  The  i ri ifi aJ  y c  1  bciry-6 C  tfio 
point  of  contact  . Is  w  +  arid  is  i rt : the  direc tfdn 
left  to  right.  Hence  the  friction  uk.pas  tm.lhe,-' 

-direction  from  right  to  left..  For  -this1,  motioii^  -  . 
equations  of  motion  are  :  x  “  ’  ’“  f?  ['■' 

Mx  --pR^-pMg  i.e.x  *  -  pg-  •  ;■  •.  ■  ..  -- ; „j(j ) 

and  MA20  Afa^O  =- =  -|iMg  .  d  /.e;:a9  \  ,..(2)r 

Integrating  (?)  and  (2):  ahd  using  the  initial  conditions  that  when 
/  -  0,  x  =  u  and  0  =  12,  we  gel  '  •  •'  *"  " 

x  =  -.\Xgt+u  -  ;~.(3)  ' 

and  aQ  =•-  pgr  +  afl  .  -  .  ‘  ...(4) 

The  ring  cease;  to  move  forward  If  jc  =  0.  I r  this  happens  after  time  :fj," 
then  from  (3),  wc  have;  '  * 

0  =  -tig/,  +«  ■-  -■ 

-u/pg. 

Also  integrating  (4)  and  "using  the  contlitiori  that  when  x  =  0.  r-0,  wc  gel  . 
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or  - g  (sin  a  +  p. cos  a)  >,  +  V-  ’^g/,  c'os  a  -  0 

.  2V-2an  -  - 

’*  *l  ”g(7jicos a  +  2sma>  ...  . 

Putting  r=/j  in  (4),  we  get  , 

’  X  :-2V-.2aCl  1 

^  5|i:cc>sa  +  2an(sm  a-t- U  cosq)^.^ 

.  7p.cos;a+2  sincx  ^  • 

-\Vbcn"  rolling  begins"  t.e.  when.  the.  pomt  -of  contact"  has,  been  brough 
.-to  rest*  let JF-bc.  tho.  friction  wtuch^  sii^cient  for-puxe  rolling.  Because 
"  thepoint  of  contact  is;.at  resi.so  fri ctioto.wil I  try' tokeep  it  at  rest  if  possible, 
hence  the. friction .F  acts/upwar^..'  '  -  .X  ,.  ""-  \ 

,v:EquaU,ons  of  .  motionv  are' V'  '  T.  .  -  -  .  ' 

.My  '***- Mg sina+F;.  . 

'  ;  Wrt V  '  V  ‘"  '  ■  ‘  ■- 

bod  ~  M\—gr.  ■“  ~~  Fp:'  - 

Since,  throughout  .thc.moUoii.  the  joint  .of  icon  tact,  is  at  rest 
'.}*  .  y —  ab  =  0.  or  y.=  a<$>'  y.  =  a$  . 

Solving eqii aliens  ’ (6)  and  (7)r  wc  gct  f’=;'^;Vfng  5in  Ot 
*  Again  fi/t  ■=  p,  Aff  ects  a  >  |:tan"  a .  Mg  cos  a  Mg  sin  a. 

■:^.-'The'conditibns 'F<j4^'is}sausfjcd:  v  .  " 

Putting  the  value  of  F  from  (8);,in  (6).‘  wcihave  '*' 


~,(6) 

-(7) 

—(8) 


.(9) 


Integrating,  y = ~~~gt  sina  +  C.  . 

But  when  t  ±  0.  y  V^.y.  C.=  Vj  " 

Now;ihc  sphere  will  cease  to  ascend  the  plane  when  0,  if  this  happen 
afxer  JtTme  ty.  then  ftom  (9),  we  have 

:./:jvV"5:T'-.  IV, 

.--  0  =- —g/2  sui  a+y,  or  — —— 

7.K  :  5gsina 

.*.»-The!:  talar  rime  of  ascent  **  /, +  f2 

_  ■ '  ■■■<2v42Qin  •.  .■•  ■7. 

:  g:(7jJ.  cos  ct>-;2  sin  <x)  Sg  sin  a 


K  fSttVeos  q  +  2aCl  (sin  oc  +  p.cosoQl 

\  7p  cos  a  +  2  sin  a  j. 


.  V: 

4jt 


10  (V  -  nO)  sin  a  -t-  35  nVoostt +.  MaH  (sin  a  +  p  cos  a)  . 

.  -  S/j  sin  a  (7p  cos .ct  +  2  sin  a).--. 

_  5V  (7p  cos  a  h-  2  sin  a)  +:  2^f^  (7u  cos  a-h  2  sin  >x) . 

5g  sin  a  (7p  cos  a  +  2  sin  a).  V  >  '  ’ 

=  5V-t-2^n 
=  58sina 

Ex.  18.  A  uniform  sphcreyof  rudius  a.  Js  loiuitng  about  t^ghorizawa! : 

.  diameter,  with  angutdr  velaciryit  H  and  is  genhy. placed  onfa  r^ufiPpiane, 
which  is  inclined  at  angle  a  to  ihe  horizontal  thi  senseioj^ifiianon  being' 
such  as  to  lend  to  cause  the  sphere  to  move  up  the . ffidne^dlyng  the  line^ 
of  greatest  slope.  Show  that,  if  the  coefficient  vffrict^r^b^jgiisf  the  cen  ire  • 

of  the  sphere,  will  remain  at  rest  for  a  time y  ond .  will  then  ■  move  . 

downwards  wiih  acceleration  ^~siti  aL  '  i 

If  the  body  be  a.  thin  circ  ufarhoopinstiad^qf^sphere,  show  that  ihe  time. 

is  — and  tht  accelerotion  -gsfh^i 
gsmx.  /• 

Sol.  Let  the  sphere  of.  mass^Af  rotating 
with  an  angular  /velocity  l^^flbout  lhe 
borixoatal  djamler  be  place3|j^^l)'y;,on  the..: 

.  i ncli ncd  plan c... He ncc ; ; the'^v efoc.rty  of,thc'v  /  f  v0i^\ 

. centre  is- zero^  "  ‘ 

The.  sense  of  ,  rotation  at  .  tKe^  time  -of; :  ’  \. 

.  placing  the  sphere  on  inclined  ph^e  is  such'  .  •  .*"■  B 
that  it  lend  to-,  cause  the  sphere  ,m'ove:-.up  the  ' 
plane,  that  means  the  sense  of  fl  is  ks  shown 
'  in.  die  figure.  •  --  =  :-■.  .  \ 

,  .;,-.Thc.  initial  velocity  of  the  point  of  contact  A  down  (he  plane 
^Velocity  of  the  centre  C  + velocity  of /t  relative  to' C: 

.  <  ==-0+.of2-'which  is;  a  positive. .quantity.  - 
/.e.  the  initial.  . velocity.  ofr  the  point"  of  contact  so  down  the  plane,  so  the  ." 
friction  pJ?  acts  up  the  plane. 

Equations  of  motion  arc 

-  Mx  =Mg sinqt ^  ~  .j  \ ■  ■.  —Cl)" 

O^R-McoZa  .1.(2) 

and  AfJfc^O  =.— pi?a  . 
where  tan  a 
From  (1)  and  (2).  \yc  get. 

Mx  —Afgs^i  OL—  tah  pc  .  Mg  cos  a«:0.orJ:'^0..;;. 

Integrating,  i  =*  c.  But  when  r  =  0,x  =  0  .'.  .'C-=0  -v 

X.—  0..  .  -  -•  '  "  '■ 


From  12)  and  0).  wo  get 

Mlrd  c  **  tnn  a  {Mg  cos  a)  a  =  -Mg  a  sin  a 

or  i’0  £a  sin  d.  tniccraling  =  —  giu  sin  a-r  C, 

Bui  when  f  =  0. 0  =  Q  Ct  =  IrQ.  so  IrO  «  -  gta  sin  a  +-  lr£l  .~(5) 
From  equations  (4)  and  (5),  wc  observe  that  the  centre  of  tho  sphere 
docs  not  move  ai  all.  bul  ihc  splwrc  goes  on  tcvolvinc. 

Now  ihe  sphere  will  c cases  to!  rotate  when  0  =  0. 

From  (5).  we  get  0a- gal stn  a  +  *2Q 

-  Pn  -  •  ■'  146), 


ga  sin  a 


For  sphere  Ir  Putting  in  (6).  we  see  that  the  sphere"  will  remain  ai 


.  2  aO. 

rest  tor  a  time  “ — ~ — 

5  g  Sin  a 

Now  wltcn  j  and  aQ  become  zero,  the  velocity  of  tho  point  of  contact . 
(x  +  o0)  becomes  zero,  tltcrefore  pure  rolling  may  commence  provided  the 
friction  is  sufficient  for  pure  rolling.  Lei  F  be  the  friction  sufficient  for 
pure  rolling.  The  equations  of  motion  arc  -- 

My  =  Mg  sin  a- F  .  .47) 

Mklb'  =  Fq\.X 8)  -C 9)‘, 

From  (9X  we  get  y  =  ai  /.  y  =  ai .  -  -  "*  -  *  * 

A  From  (9).  M{k2/d)y  =Fa  or  My 

.  ~  ^  Mg  sin  a  ^  . 

.  .  rrom  (7L  we  get  F-- — ft^^^"oJjyiQudy  F<  Mg  sin  oc. 

But  p/?»tana.  Afgcosa=W|^i5o^^  •  . 

F<\tR%  the  rolling  the  equations  (7),  (8)  and  (9)  hold- 

8°°d.  0?%*$  ' 

From  f7)  My  ^  Mg  sin'q^y- —  g 


-  y  _  SI  Slfl  ° 


S*  -V. 

~>i;‘  ;w  '-' 


[  +  {az/k2} 


...(10) 


But  Ir  « -  g  si  n  a. 

■#%-, 7  ‘22 

Forci^ularihoop.  If  it  was  circular  hoop  instead  of  sphere  then  k  =a  . 

Jro%!(6)rand  (10)  we  get 

sm  and  Sr"  -  j  ^  sin  a. 


% the  hoop  will  remain  at  resi  for  a  time  ttd/(j>  sin  a)  and ‘then  move. 
^  ciowr) wards  with  an  occelcratioft  —  g  sin  OL 

Ex;  1 %.  Three  uniform  spheres,  each  of.epdius  q  and  of  nutss  in-  atract 
one  another  according  to  the  lq\yr  of  the.  inverse  square  of  the  distance. 
Initially,  they  are  placed  on  a  perfectly?  rougJi  horizontal  plane  with  their 
centres  fanning  a  triangle  whose  sides  are,  each  of  lenght  4ai ■  Show  that 
the  velocity  of  their  centres  when  they  collide  is.  V[(5Y?n/14a}),  where  y  is 
the  constant  of  gravitation* 

SoL  Let  A.  B.  C  be  the  points  • 
of  contact  of  the  spheres  with  the  " 
horizontal  plane,  when  they  were" at 
rest  initially  such-.-that  ABC  is  ap 
equilateral  triangle  of  side  4a. ;  Let 
O -be  the  centre  of  the  triangle. • 

•  ABC. 

Due  to  the  symmetry  of  the 
puraction.  ihe  spheres  will  move 
such  that  their  points  of  contact  with  . 

the  horizontal  plane  always  form  an 
equilateral  triangle. 

At  tune  r,  let  A  \  B C '  be  the  .  .  ..  . 

positions  of  the  points  of  contact'of  the  sphe/es  with  the  horizontal  plane 
such  thar  0A  '=x. 

Now  A'L  =  OAr  cos  30* 


kA'B’^x 


IV  •■■*7^ 


Force  of  attraction  belwcen  sphereS  alA '.and  Bf=  yni2/ A  'ft2  and  that 

between  spheres  at  A'  and  O'. is  ym2/A*C'\ 

•Now  the  force  of  attraction  on"  the  ^sphere  at  A^'duc  to  die  other  two 
.spheres  at  B '  and  C 


i 


J— 


A  'B  '* 


cos  30*  4 


yn 


2:b\ 


V3 

3^‘  -2  " 

.  w 


i.30*^|iri!rhe  direction  A  'O 


ym~  So 
2 


A'C' 

{a'b:=a'C'^3x) 


=  -Ci-  (n  the  direction  A  'O  (t.e.  towards  x  -decreasing). 
-  >/3x2-  ■  "■  .  '  *  .  .*.  "  . 
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Lagrange’s  Equations 


(Mechanics)  /  3 


:  '(i) '.v- 

L=?r  V±^Ml2Ql-Mgl  (  f  -  'cps;B>  '■  ./•'  ’  *  * .  v  • 

> :(U):Lagnn£c,s. ^equation  _is '  -  •  -■ 

;  —  =  0  i.e.-  4  wfay+MM n  e  =  o: 

:  /  &  ■  ~  -v.  ' v 

■  .or  W/3ft+Wx(  sin  9  =..0  :°r  •:>  , 

g‘=i-(^sin^or  0=^O?/O9.  ■  ;Sfnoe}.  is  l. 

■'  'TWudriVisV^^TCQuircdcquaUonQf-rnon  N^.. , 

'  ^'E ^ifl/seltag  ranged  cQietjio^itd'fm^h^  iquaiioA-of  motion  of  the  . 
...  fixed 

ty  ‘vcitre aJT:felainft ^ijh'rou^t^rilli^^p^  :  ,■;  ' 

^pjf:ix>cati?in'  -^V  ^!.lLc.t :  T  ^  ^  i 

x ~ a nVaDgr^OiW  th^: ■  vcrti c>I;eil 

^f.thc 'obnlyf  gqnerafised’  coordinaic-^If  k  $sr  lhe-:;:..  -.^iS 
'  f a^piclnf  gyrationr  of  thc:  pcndtjfii mabdi) t  th'cr ‘ ;  r=- : '  "  .  •  J 

■  ;  axis  ofnrofalibri  through  Qi  then‘s -V '  .  :.'^p 

•....-..  <-■•'■ 

', And  :the' potential.- en'e>gy/reiatiye;>iq.)ll’e;;. ^  ■  \ ;  . 

.  horizontal- plane  through  O  is  "'.  " 

■  V  « Mgh  COS  8. .  \  1  ■'■'•  '•:.■••'  \  " 

.-.  Lagrange's  6  equation,  is 

:  ^ -  ’■  ' 

^L3a:l;.3e  .  oo  dt>  ; 

or^eW>^'sin0:o T  ’’  -_ 

SincVQ  Js  smalL.which  is  ihe  requircd\^ation"  of-  mption.: 

Ex.  3:  A  particU  of  masxm^nioycs irtiii tomefvqtlve  forces  fieltL-f  inti . 

:  lh'e: tagrangian  function  and  (it), die-equation .  of  .  in, cylindrical 

coordinates .  ( p„  <{>,z);  '•  ..'^S ;  ;  *i'  V-l  '  <■'".■  :.  ■  .  ’: 

<Soi.. fi&i'P  be  the;  position  of  't^^artjejie^of  mass  m -whose  cylindrical 
coordinates : referred  to  axt^  OX^  OT,  OZ  sjc  (p,  ^,  z)- 
if  C^i  yi  z>  are  its  cartesian  coordinaleSj  then 
x  =  OA**p  :os<^, 

y  e  OS  a  p  5JT1  $.£  =  £.  /  •: 

If  l/j,  k  aie  the  unit  vectors  along.  OXsOY,  OZ  respectively,  then 
OP  =  r  =  p  cospl  +  psin  zk  . 


If  p,andb|>  arc  the  unit  vectors  in 
ihc  directions  oT  p  and  $  increasing 
rcspcciivclyj  then 

.  cos  pi  -t-  sin  $1 


a  dr  /  I  3r  I 

P,S,dp/  |dp|- 

a  tic  /  Irl 


v(cos2  <J>  +  sin- 


=  cos  <t>i  +  sin  4>i-  ‘ 

IS. 

a  -  P  S’*1  ^>i  +  0  cos  4>j 

V(p2-sin:2  0  +  p2  cos2  4>) 

=  -  sin  4>i  +  cos  <Jj.  . 

Now  v 


#Wi‘ 

-  *“*  vV 


■  -  %-v^.  . 

(p  cos  -  p  si  n  <K»)  i  +  (p  sin  <|>  +^cqs^4>>  j  +  zfc 
*  p  (cos  +_sin  <>J)  +  pq>  (-sin  bl  ^sps*<t >$) 

=  (P>Pj +  2  k 

v2  =  p2  +  (p**))1  +  z2 
Total  K-E-.  7*=  l/riv2  =  In*  *'o2 -i 


v4T%. 

1  jm  fp2  +  - 

l^et  V ^  V  ( p.  <t>.  z)  be  the  poten L^aUfuhcVi on.  ..  . 

(i).  Lagrangian  . funclion^xW^i^^V:.; - 
i.c.  L  -^-n,  (p2  +  P2«j)2+ 

(«)  Lagrange’s  p  equation ^  is^^  I J-^ «  6 

•  . .  -\  ■  /.: :  '  •••  •  ”  •  •  •:  '■  :'■ 


■«.<.  mp  - 


- 

Lagrange's  <f  equation  is 


:-.dy-::: 

:dP 


jt(sM 4£vn:'  ; :/y 

S  rf,tw  5  ”4  ■=  ‘ :.-  -  -  A 

and  Lagrange's  z  equation  is 

,  ..  r  -  -dv/^  -  >  dV;r  .-.  f.v  .- 

S(",l)-[-  a7  j=0  or  "**TSr 

Ex.  4.  /t  panicle  P  moves  .on  a  smboth  horizontal  circular  wire  of 
radius  a  which  is  free  to  rotate  obout.a  vertical -.axis  jhrvugh'  a  point  O, 
distance,  c. from  the.  centre  C  If  the  2.PC0**?.  show  that. 

o8  +  6  (a  -  c  cos  6>  =  ctd?  sin  8. 

Where  p>  is  the  angular  vefodty  of  the  wire. 


...C2) 


—(3) 


SoL  Lcl  M  be  the  mass  of  ihe  panicle 
moving  on  a  smooth  circular  wire  which  is 
free  to  rotate  about  the  vertical  axis  through 
0  s.t  CO  =  c.  At  lime  f,  let  the  particle  be 
at /».  s.L  ZPCO  =  8. 

Let  OP  =  r  and  /.POA  -  <$>. 

In  AO  CP, 

OP1  =  CO2  +  CP 2  -  2  CO. CP  cos  9 
or  r2  =  c2  +  a2  -  2ca  cos  0  .  ._(!) 

Also  CP  ~  CL  +  PL  =  c  cos  0  +  r  cos  (4>  -  8)r 
^CPO—Q-B 

rcos(<b-0)  =  a-ccos  0  .v  CP 
The 'particle  moves  on  the  circle  on  account  of  which  its  velocity  is 
aQ  along  the  tangent  at  J®.  Also  as  the  circle  revolves,  P  also  revolve  about 
the  fixed  point  O .  due’ to  which  its  velocity  is  rfD  perpendicular  .to  OP. 
The  angle  between  these  two  velocities  of  P  is  $-.0,  Thus  if  vf  is  the 
resultant  velocity  of  P.  then 
Vp  =  (a9)2  +  (/to)2  +  2a9./tp.cos  (<$►-  0) 


-<32G2  +  (c2  +  a2  -  2ca  cos  G 
/.  Total  K.H..  T=lAf.vJ 


to2  +  2a«9  (a  —  c.cokG)% 


=  |Af  [a2©2  +  (c2  +  a2 -CLac^c^Q) to2> 2aa>0 (a - c  cos  ©)) 
and  work  function.  W  =  0,  Since  jVfg|BcUjwerdcally  while  particle  moves 
in  the  horizontal  plane. 

—  dw 


.*.  Lagrange's 


|Q  .  .  dftfr&dfr 

e-e,u«,on,S|ij^1?= 


30 


i.e.  ~  (fV  {  2a20  +  2a©feccos  6)  }  .] 

oi  '  ~ 

*  -  ■ 

^  -  i/Vf  (2ac  sin  Qtir  +  2a0)  c0  sin  0)  —  0 

or  Ma  fa©  +  <b  (a  -iVcps'  O)  +  coc  sin  98) 

% V  ~  Afac-sin  0o>2  -  MaOicQ  si  ft  9  =  0 

or  a8  +  aji  ;(a^  c'cbs  0)  -  cw1  si  a  0. 

E xfj>t&;bead  of  mass  M.  slides  on  a  smooth  fixed  wire,  whose  inclination 
lo-the  iveriicol  is  a,  and  has  hinged  to'  it  a  rod  cf  mass  m  and  length  21, 
which  . can  move  freely  in  the  vertical  plane  through  the  wire.  If  the  system 
^starts  from  rest  with  the  rod  hanging  vertically,  show  that 

’%■?'  (  4 A/  +  I  +  3  cos2  0)  ) .  /02  =  6(M  +  in)g  sin  a  (sin  0  —  sin  a). 

h  'where  0  is  the  angle  behvee/t  the  rod  and  the  lower  port,  of  the  wire. 


Sol.  Let  OC  be  the  fixed  wire 
whose  inclination  io  the  .vertical  is 
cl  At  time  i,  lei  the  bead  of.  mass 
A/  be  at  A  and  the  rod  AS  of  mass' 
m  inclined  at  angle  8  to.  the  lower 
part  of  the  wire.  Initially,  the  bead 
was  at  0  and  the  rod  was  hanging 
vertically.  Let  OA  =  x.-- 

Taking  O  as  origin  wire  OC  as 
X-axis  and  the  line  OK  perpendicular- 
to  OC  as  y-axis.  the  coordinates 
(^o-  yC)  of  1110  C.C.  'G*  of  the  rod 
arc  given  by 

J*<2  —  OA  +  AL  =  x+  t  cos  © 
and-yc  =  GJL  ■=  I  sin  0.  If  v^  is  vel.  of '.G,  then.  ■ 

VG  =  *G2  +  y<3  +  0  -  /  sin  80)2  ' 

+  (/  cos  80)2  ’  v  ’ 

If  T  is  the  total  kinetic  energy  and  W  the.  work  function  of  the  system, 
then  -  -r  ••'  '  - • 

T  =  K.E.  of  the  bead  +  K.E.  of  the. rod 

=  \t  rim  ^82  +  imvc2jA  . ;  r-  '  ■■  ..  ..  ’  ,  • 

=  \Mx2  +  \m  (-J/2©2  +  (x -  /  sin  80)2  +'(/. cos  80)2) 

=  A  (M  +  /n)  x2  -  mUQ  sin  0  +■  |m/202  ' 

and  W.  -  Mg.OK  +  mg  (OK  +.  NG  -  0. 

=  Mgx  cos  o  +  mg  [x  cos  a ..+'/  cos  (0  -  a)  -7) 


=  (M  +  m)  gx  cos  a  +  mg l  fcos(0 a)  —  l]  :•;?  ;v 

..  Lagrange  s  XMrquanon  U -r  V 

i.c.  ~  [(M  +  m)  x  -  m/0  sin  0]  — :0  =  (Af  +  rn)g  c os  a 
or  (M  +  77i)  x-  miG’sin  8.—  rnif02  cos  0^  (^+'m)  g  COS  a.  - 
And  Lagnnge'j  e-eq^uo^ia , 


v:ZACW  =  0-  a 


...CD 
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Lagrange's  Equations 


(Mechanics)  /  4 


“  [-  hi Jx  sin  9  +  \ml7  0)  +  ml  xQ  cob  9  =  ~  mgl  sin  t©  -  a). 

or  -  /n/i'sin  0  -  mix  cos  99  +  -nx t29  +  mix&. cosi9;“  n  (9  -  a)  . 

or  —  x  sin  0  +  «=■  —  °0  J ‘  k; ‘ -j’  .■  *  ;  • ^ 

In  order  to  eliminate  x' between  (I)  an<rf2).  multiplying  (I)  by  sin  0 
and  (2)  by  (Af  +  m)  ahd  addirigi.  we  get 
-  m/0  sin2  0  -  m/82sin9  cos  Q  +^t  (M .+-wi)  0. 

.;=  (M+m)g  cos  dsih  0-g  (A/  +  m)  sin  (.0  -  a) 
or  (4 M  -+■  4/n  -  3rn  sin2  0)  70  -3/n/02  sin;0  cos  9  =  3  {M  +m)  X  cos9  sin  a 
or  “  (  4Af  +  m(l  +  3  cos2  8)  IQ2  )  =  6  (Af  ;V  m)g  cos  0  sin  a. 9 

Integrating  both -sides  w.r.t  HV-we^get^^j^  ;  f  r... 

(  4M  +  m(l+3 cos2 0) )  /92  =  6<A/  +.  /n£gsmasjV0  -*  C  .  ...(3) 

But  initially  when  the. bead  wa§,at;0;. 9>=.a:and 0^0 

C--6(M-bm)gsin2.ou  -  J  Lj/'  v :  ' 

Hence  from  (3).  we  get  r  ; .V_>; ;  ■-  .  ’ 

{  4Af  -^'m  (1  *  3'co^  0)  J  j  /92  -  {t£M^^gsi£.a{s,in.Q  —  since). 
z2x-  6.  A  uniform''-  rod,-  bf:masi.3hiijdnet\  length  21,  has  ilsmiddieppint. . 
fixed  and  a  mass- ntdttachcd\atbh^-extrfemU^t^[ rcd'wkai  ‘in'ld'-fidr.izorudt 
nndtian  ir  set  rotatinv  about  rilvehi'cdi dxissthrough  its 'centre 


Sol.  ILet  A5.  be- the  rod  of  mass.3m;:  "-y.s-. 
and  length  11.  The?,  middle  pointiO  of;: 
thc  rod  is  fixed  and  a  mass  m  attached  :  ;  “ 

at  the  extremity.  A.  Initially  let  "the  rod , 
rest  along  OX  in  the  plane,  of  the  paper,:  -,;  ■/• 

Let  a  line  OY  perpendicular  to  the  plane” 
of  the  paper  and  a  line  OZ  perpendicular  .  ^ 
to  OX  in  the  plane  of  the  paper-  be.  taken 
as  axes  of  Y  arid  Z  respectivclyi-Al  time 
t.  let  the  rod  turn  through,  an  angle ><j>- to 
OX  i.c.  the  plane  OAL  containing  the 

rod  and  Z  axis  make. an  angle  <Ji  wiih  X-Z  plane;- AnSf  let  0  bc;thc  inclination 
of  the  rod  with  OZ  ut  this  time  r. 

If  P  is  o  point  of  the  rad  at  a  distance  OP from  O' then  coordinates 
of  P  arc  given  by  • 


-*/» -  ^  sin  0  cos  <tr. yp  =  £  sin  0  sin  zp  -  £ cos  9.  ^ 

1*  “■’/>  -,r|d  i’A  are  the  velocities  of  the  point  P  and  A  respectively,  ihen*??^ 
V  a  -V"  +  >r  +  ip  -  {£  cos  a  cos  00  -  ^  sin  0  s  in  $<j>)2  - 


-h  cos  0  sin  $9  ^  sin  9  cos  <J>$)2  +  ( -^.swv.Ge)2 


■J  t,  (0~  -h  sin2  0) 

At  A.  ^<=04-/. 

Let  PQ  *=  bf,  he  an  element  of  the  rod  at  P.  then  mass  v6P%iis  element, 


8«  =  -3~.5%. 


I  K.n.  of  i he  Clemen i  PQ  - iS/ir.v^2  =- i (g.^2'sin2 Q)~  C4 


K.E.  of  the  rod  AB  ~~  \*  ^2  (02  +  ^sin^ef^ 

,  £  2  - 
=  (e2^^2  siri2v9)./2.r: 

and  K.H.  of  mass  m  at  A  =  I/nvA2^im/%;C02  +  <f»2  sin2  0) 
The  total  kinetic  energy  of^Sc-sy^em 
T  ■=  K.E.  of  the  rod  +  K.E.  dOH^jpibrticle 
=  r*i/2(02+$2sin20)  - 

TIjc  work  function  W ^  mg l  cos  9. 

.agrnnges  0-cquotion  is  ■§■[ ?]-“<»?! 

-  *1  ae  J  de  ao 

m  '  / 

*>.  —  C2m/20)  -  2m/2«t>2  sin  6  cos  9  =  —  mgl  sin  9 
or  2/0  -  2/$2  sin  9  cos  0  =  -  g  sin  0 
And  Lagrange's  ^-equation  is  ~  ( ~~  ^ - 

•  dt  I  041  I  3^  do 

/  .  -  j  . ' 


La 
d 


-(2> 


Integrating  (2)  we  get  Osin2  9  =  C  (Const). 

But  initially  when  0  c  (n/2)  (V  Rod  was  horirontpl). 

.  <J>  =  V(2ng/0 

•  -  C=^S(2ng/[^  (J>  sin2  0  =  V(2ng//) 

Substituting  the  value  of  0  from  p)  in  (I),  wc  get 


2/0  “  2/-  sin  6  cos  9  *  -  g  sin  B 

l  sin  0 


or  2/0  -  4ng  cot  0  cosec2  0  =  -  g  sin  Q 


...(4 


-  cot  u-g  COS.O  ...  V.  -- . 

The  rod.  will; falI.^ill;(E^j>^.  ?  "V  '  -" 

i.c.  2ng  cot2  9 -g  eos  0;  br  Zh  cos^  B  - cos 0  sin2  9  =..Q 
oi  cos  9  (2n  cos  0  -  s[h2;0)-KO:;  .  ^  '  ' 

a  dthcr  cos  9*  0  ' i.e.  0  ' 

or  2ii  cos  0  -  sin2  0  =  0  i.e.  -^e^0,-;(t^cps^0|=O-, 
or  cos2  0  +  2 n  cos  6 


(5) 


U  —  U  I.C.  \  l  —  CUi  V)  —  V  •  T 

M-i*  J 

-  or  cos  0  =  -  n  + Sf(n2  +  1-),  •L^yin^nc^iIyfc|sign..-:/7;/..'  v  Om i. 


When  cos  0  ~-n  +  V(/?  +  1),  cos2 9  =  2^+ 1  -In  V(/i2  +*1) 

■  •  :'.V;  '4n  cos  basin'*  '  -v  :  '• 

.  ';V 

^-4n-^(h2 ^T)  f-7 5 ■  . 

. -■=^:4n'>/(n2+.  1  );(—yi. -P "1*;^ 


i;:IS;  posi  ti  ve 


-  'bShyeirtjtJief inclination  <x  dnd-.  '  "  V  .■  ■/'. 

*  {-  in  +  V(1  -  2n. cos  pe  t  n2 )  ]  :  er<;.  d  =  a(i>2:si  n2  a/3g. 


£lAr  If^lt  ^e  siig^dy  ;dbrurb<d:WHtt^rej^^g^steaHily}W:\d-  cbnst’arjt  pngle  . 

&>»  ^  sHpW:that  the  time  of  a>small  oscillation  is  .  .  :  • 

""  k  2t.a/T - - T  ' 

.,:  .  ..  i>  :  i  .  .•  •*  L  (.%(?, ^'?cos.2°) )  J-  ...  ~. 

:..SoI.*Let  *OA"  be  the  rod  o_fjiengtlt^2ii*y-.‘ 

_and  :rnass  M  which  can  turn;  freely/ibout  :. ;  ' 

one-’  :end:  .0.  which  >•  is .  fix cd ^-:Letk; ihdV ' : ■  •■■•••'y 

horizontal  ;and :vcriic"al  rlineVin The:  planekk’  :  VK=4J" 


of  paper  be  taken  VsL the  axis  6f  x,and  ^ 

axis-;of-'z.respectlvelyi:and;-th'e-.y,'axis'rpK.?'::'i:-iY-*:-^- 

.... ^rpehdiculaH;to:tfe-:^I^e.:;io£:j^5^jp^x':-'i:;:l  L 

■;.  Initially,  ietithe.  rod  ^rinvihei^^lnhe  “y-?:*  2  " 

.  iriclirie'djai;  an  an gl elot.fo  ^e; ycrtici?;(riek:;-  ,  V-. 


'  with  OZ):  At  time  t-  let:;ihe{r^irwte^ri>k^Vk^ 

..  angle;  .8  to  (3Z  ^nd  the:  p lane  ;:A  OZ' tHioug fr?th e  rod  an d :  OZ  rnaJct  aii;  angle 
$  to.  X-Z  plane  •:  '  ^  y;  ^  "‘k.-kv 

>  :irP  is-a"pointjof  the.  rod-;iH?a ^  idiita^j^  =i^frotn;Pv  themcoprdinnies 
of  P  are.  «veh: by- v’:  -•  '-j  :-T'; •  •  '•  r-k -r 'k 


K.E.  of  the : rod  OA.  3!* ^  ^2(02 t  ^sin2  0)  ^'  - [: : ' ‘  -“i. 


,V v'-  'V'" 

And  Lagrange  s  A  equation  -is  —  : 
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Lagrange’s  Equations 


(Mechanics)  /  5 


—  {  ^  sin2  0)^0 


i.e.  ^^-Ma2isin2e  j=0  or  ^{  « j» 

Integrating  (2).  $>  si"2  0  f  C  (const.) 

But  initially  when  8  =  cx,  $-=gj  C=tos»n~a 
sin2  8  =  c»  sin2  a  # 

Substituting1  the.  value  of  <>  from  (3)  in  (l ),  wc  , get 

4q8  -  4u.-&)2  -T  "  sin  0  ebs  8  =  -  3g  sin  8 

sin  -  9  .  ^ ... 

or  4o0  =  4003?  sin4  a  cot  8  coscc2  8  -  3 g  sin  0'  ■  >;  ^ 

Multiplying  both  sides  by  0  and  integrating..  we  get  ■ 

2a02  =  4 £7(0 !.  sin4  cl(-^coscc2  0)  +  3g  efis  8  +.D \  •  * 

But  initial);  0  =  0  and  9  =  0 

.%  D  »  2da  2  sin4  a  eosec?  a  -  3g  cos  a  =  ioo>2‘sin^  a  -  3g  cos  a. 
from  (Sj-wc-  get 

2o82  “  2uii^  sin2  a  ^  (cps  0  “  cos  a) 


.-(2) 

..(3) 

-W 

'-•(5) 


*] 


...(6) 


=  2 ati?  ~ (sin2  0  -  sin2  a)  +  3g  (cos  0  -  cos  a) 
sin2  0 . 

-  2 ao)2  — ”  —  (cos2  a  -  cos2  6)  +  3 g  (cos  0  -  cos  a) 

sin2e  . 

=  te- c°iiS  f  jggi  si„2  a  (cos  a  +  cos  0)  -  sin: 

.  sin2  0  .  L 

b  [In  (cos  a  +  cos  0)  —  ( l  —  cos20)) 
where  n  =  (a<o2/3g)  sin2  a_ 

.  From  (6),  wc  see  that.  0  =  0,  when 
3g  (cos  a  -  cos  0)  l2n(cos  a  +  cos  0)  -  I  +  cos2  0]  =  0 
.  either  cos  a-  cos  8  =  0 

8=  a,  which  is  the  initial  position.  .... 
or  2n  (cos  a  +  cos  8)  - 1  +.cos2  0  =  0 
Le.  cos2  0  +  2n  cos  0  +  (2/t  cos  a  -  ) )  =  0 

n  —  2/7 ±  Vf4/i2  -  4. l.(2rt  cos  a-  )))  *** 


or  cos  0=  —  n  +  V(l  -  2/j  CQsa+  /i2) 

Leaving  — ve  sign,  negative  value  of  . cos  a  is  inadmissible  as  0  cun 

not  be  obtisc. 

Jl 


0  =  cos'*  L [-  ii  +/v/(  1  -  2n  cos  a  +  n2)] 


-.(7) 


Thus  the  motion  is  included  bciwccu  0  =  aand0  =  0t  given  by  (7)  *%, 

The  rod  is  always  inclined  to  the  vertical,  at  an  angle  8,.  such  ihat%jf 
0 ,  >  or  <  a 

if  cos  0t  >  or  <  cos  a  ^ 

or  if  — /nr  V(|  _2/j  cos  tt  +  «2)  >or<eos  a 

or  if  l  -  2n  cos  oc  + n2>  or<(n +cos  a)2  .  ^  • 

or  if  l  -  cos2  a>  or  <  4>*  cos  a. 

or  if  sin2  a  >  or  <  4 .(a*ni6g)  sin2  a  cos  a  ! % 

or  if  u>2  <  or  >  3a/(4o  cos  a). 

2nd  Part!  Small  oscillation  about  the  steady Tnofipn.^ 

-The  motion  will  be  steady  if  the  rod  goes.^yrTd^inclincd  at  the  same 
angle  a  with  the  vertical,  .  ^ 

i.e.  if  9  =  ct.  throughout  the  motion  so 
Putting  0  =  a  and  9  =  0  in  (4).  we  get 

•5  j  ■»  V%- 

4  o<o  sin  a  cot  a  cose<r  a  -  3g  sin  Qv  y 
or  <o2=  3^4  a  cos  a) 

Now  when  G>2  =  3g/(4a  cos.  CXEsond  there  are  small  oscillations  about  the 
position  8  =  a,  then  putting  Qj^cxgsffiand  to2  »  3«^4a  cos  o)  In  (4).  we  get 

4ay  -  4a -3*-  ° -  3f  sin  <a^  y) 

4ccosa  .  siQ3(ctA^) 

oryva  f.?y  g  yjfr+.y X  -  ,iB(a  4.  v) 1 

4a  [_  cos  a  sin3  (a  +  \y)  J 

3g  |  sin4 a(cosa cos  v—  sina si nV)  ..A| 

=  -f- 1 - *^7 — ^  - ^-a-  -  (sin  a  cos  \y  +  cos  a  an  v) 

cos  a  (sin  a  cos  v  +  cos  a  sin  v)J  J 

3g  f  sin4  a(cos  a  -  w  sin  <x>  x  1  .. . 

■,p(- — r - ^ ^  —  (s»n  a ■+  V  cos  a)  (*.•  V15  small) 

/,aLcosa(5',ia+  V  COS  a)r  J 

“  4d  sin  V  l»n  a)  (1  +  V  cot  a)’3  -  (1  +  V  cot  a» 

sin  a  [(l  :'  \^  tan  a>  (  l  r  3y  cot  aj^  q  +Ty  coi  a)} 

Neglecting  squares  and  higher  powers  of  V- ' 

•  =^sin  a[l  -  (tana+3cot  a) y-  l-vcoj  aj 

■  3g  ,  ,  •  ,  .  .  3g(  sin2  a  +  4cos2aV 

=  -^4lna(u.ncM-4coia)w— — — - |v  - 


or  = 


3g(l  £3  cos2  a), 

I  4acos.a 


Hence  lime  of  small  oscillation 
=  271/Vh  «  2t W[4a  cos  oc/  {  3g  ( 1  +3  cos2  a)  }  ]. 

Ex.  8.  A  solid  uniform  sphere  has  a  light  rod  rigidly  attached  to  it  w hich 
passes  through  iis  centre.  This  rod  tr  joined  it>  a  fixed  vertical  axis  such  that 
the  angle  0  between  the  rod  and  (he  axis  may  alter  but  the  rod  must  turh  with 
the  oxis.  If  the  vertical  axis  be' forced  to  revolve  constantly  with  uniform 
angular  velocity,  show  that  the  equation  of  motion  is  of  the  form 
02  =  n 2  (cos  0  —  cos  &)  (cos  a  -  cos  0) 

Show  also  that  the-  total  energy  inparted 
to  the  sphere  as  &  increases  from  0  j  to  G^* 

varies  as  cos2  0t  —  cos2  02 

Sol.  Lei  OA  be  the  fixed  .vertical  ax»s, 

OC  the  light  rod  of  length  say  L  and  C  the 
centre  of  the  sphere.  Let  a  be  the  radius  and 
M  the  mass  of  the  sphere.  The  rod  is 
weighkiss. 

Let  z-axis  be  taken  along  the  vertical  line  r5.> 

OA,  and  x-axis  perpendicular  to  il  in  the  jp We^fgthe  paper.  Let  OY  b< 
the  y-axis  perpendicular  to  the  plane  of  th^paper^1  .  «. 

At  time  t,  let  the  rod  make  an  anglcsQ^wWbifthe  axis  OZ  and  during 
this  time  let  the  piano  COA  turn  throughian  ^Lh^e  $'\vilh  the  XOY_  plane. 
Sipco  the  vertical  axis  revolve  wilfeconstant  angular  velocity, 

$=oj  (constant): 

If  (ipJj.tj)  are  the  coordinates.  ciLth^ccntre  C  of  sphere,  at  time  /.  then 
xc=*  l  sin  0  cos  <t>,  yc~  l sin  O^sin^ivj^s  l cos  0. 


.. 

=  (/0  cos  0  cos  4>  —  /«^>  ifiirQsin  <|i>2  +  {IQ  cos  0  sin 

+  /<h  sin  6  cos  ^)2  +  (-  /  sin  G0)2 
=  l2  (02  +  «>2  (02  +  to2  sin2  0)  v  <j>  =  o> 

If  T  be  the  total*  K^E-^and-  W  the  work  function  of  the  system,  then 

r=|Af.So282%A/^ 

-  [(2<a2  +r£j  e2  +  l2  <o2  sin2  ©1  —(I) 

and  cos  0  +  C  — (2) 


Ii-  a  .  d  (  bt  )  dr  dw  ■ 

*  9-'qu“'‘°"  “  as 


jA/.2/Zto2  sin  0  cos  0  =  -*  Mgl  sin  8 

or  (1<32  +  A)0  .=  /2co2:sin  9  cos  0  -  gt  sin  0 

Multiplying  both  sides  by  20  and  imegrau'ng.  >ve  get 
(~u2+/2)02  =  - 12  os2. cos2  Q+^gl  cos0  +  Cj  :  —(3) 

If  0  =  0  when  0=  a  and  0  =  p,  then  from  (3),  we  have 
0  =  -  /2oj2  cos2  a  +■ 2gl  cos  a+'Cj  and.O '=  - 12  to2  cos2  3  +  2g/.cos  P  +  Cx. 

Subtracting,;  we  :get :  :  .:-:- 

0  =  /2m2(cos2a  -  cos2  P)r2g/:(cos  a  cos]}) 

or  2g  = /oj2  (cos  a  + cos  p)  :  -  v.  ‘  • 

Cj  =  iW  cos^  a  -  2g/ cos  a 

«=  i2o)2  cos2  a-  /2co2  (cbs  a  +  cqs  P)  co$  a- 
:  ;=-  f2tn2  cos  a  c.os  p.' r- \  'X- .  .  :  ■ 

;..;y  Substituting  in  (3).  wegei 

:(|o2  + 12)  02 =— /2co2  cos2  8+  /<pf  (a»s.a  *’cos;p).:  I  cos  0  --./2o)2  cos  acos  p 
=  l2co2  [-  cos2  0  -t  (cps  <x + cos  p)  cos  '0  —  cos  a  cos  p]  ; 

/2o2  (cos  ©  r  cos  p)  (co_s  a  XcP?  ®)  • 

..  or  G2  =  h2  (cos  0  ~  cos  P)  (cos.  a:4  cos  0).  '  .  , 

--iv--  '  X-i .  " 

-  where  n  =  ■  — 

•  (^2+./2)  4  ./V:  ;; 

.  2nd  Part.  If  V  is  the  potential,  energy  of 'the  system,,  then  wc  know  that 
Wa-.Cf—V, 'where  .Cj'is..a’ constant' 

.  Total  energy  ofrthe  splwrc.:.: 

-  =  KiE:  .^  Pol  cncrgy,=  r+  K=T-  ^+X2;i 

~  \M  [{jd2  +  Z2)^ ^02  +  P<&2 sin2  0) ~  Mgt cos  0  -  C ’-*■  C2 
~~M  ( ( '  -  /2o>2  cos2  0  +  2g/.cos-G  +',CfT::+;f2tp2_si n2  0] 

fS^^r-Mglcps  Q  -  C+  Cj -w.-ifrom  (3)1 

«iwf2n)2 (- cos? e 

=» \MlW  (- cos2  G  +:  1- cos2  fy+XjfrCi -C+  Cf) 

-  ^;e 


=  -  Afro4  cos-  0  +  A  . 


where  A  is  a  constant 


:  Tota  l :  energy  -  imparted ,  ;when  8  j  j  ncrcascs  from  0 , ,  io  0^ 
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Lagrange's  Equations 


(Mechanics)  /  6 


i.  1 


!  t 
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s 
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=  j^-  Af^O)2  cos2  0  +  A  Jg*  *=  Ml2 (si1  (cos2  G  j  -  cos2  0y) 

•  i.c.  total  energy .  imparted  yancsf-osf(cos2  0| -^cos?  02) 

Ex.  9.  A  mass  m  hangs  from  a  ftxed  point  by-  a  light  siring  of  length  * 
1 7.  and  a  mass'  tn '  Aa/igs .  fripi; "ni Ffd'jecond  string  off  length  l\  For 
oscillations  in.  a  vertical .  platic.shqw}  -xli'er  die  periodofihe  principal- 
oscillations  are  the  values : is .£ iven.  by  the  equation 

"  - "  ?•  -  ......  ;r  . 

Sol.Lci  OA  arHd  /t^vbc^jhe^  . 

lcngtlis  /  and /' respectively,  life  mass> at  >!>;.;■ 

is  m  ond  that  at  B  is  m  \  At  trmc  ^  - --X  ' 

strings  make  angles  0  and  $  to  lhe  verttcal.^^y 
Referred  to  the  horizontaland  ;  vertical.':^.-  .->* 
lines  OXm  OY  through  0%s  oxes  -ihe 
coordinates  of  A  and  fi  are  given  by  • 
xA  - 1  sin  0, yA  =  /  cos  0;  :  '  ' ; s'  ■  ’  V;;r'- ~ : 

x/7  =  /sin  0  +  f'sin  <t>.  '  ^ ,-L‘  Mfl 

yfi  =  /cos  9  + /'cos  <f>.  •  ^  \  <■ :  .•• 


•  ■/'••’"•A; 

If  f  is  the  total  kinetic enCT^ind;^ 

hen  •  -■  U 

-.  or  7=~  [(m  +  m  0  l2  G2  +  m  7 /2<£*2m7/_:e<|>|r 
and  W=:nig  yA  +  m  rg  y^>  C  ==  /n^/e6s  9^4r:m^(7  cos  9+/':  cos  $)  C  v 
or  lV=-:gfXm-+irtf)cos'0‘.4:/ii,?^;cbs $.*£4^  £ .••".-  •>?' 

Lagrange  a  e-cqi.al.on;  is.  J,  -  ’  ,.  .ft?"  1 : 


i.c.  “[(m  .+.rrL'j729+.m.7/r^)-O-=-g(j(w^  w  ,).sin:0/  :  . 
or  (wi  -*■  m  ')  19 ,+  m  7  'p  =  -g  (m  +  m  ')  9  0  -  is  small 


.  .  J  far)  37  3iv 

And  Lagrange  s  ^-equation  .s  =  ^ 

i  .c.  y  {/rr  7  '-0  +•  /.-r  Vi  '6)  —  0  ■=  -  m  'y/  '  jin  0 


.  ...CO' 


*'K 

■  ■ 

•  — f4) 

k 


■  fit 

or  I  "0  +  »0  i*  -  f  is  small) 

Equations  (J)  and  (2).  can  be  written  as. 

(»r  ■*-«(') {IFr  +  g) 0 -t-«r 7 7>‘6  =  0  - 
/O:O  +  (/7>:^g)<>  =  0 
Eliminating  $.  between  O)  and  (4).  we  get 
K»»+«i')(fy2  +  /j)  V*D2  +  f)- m'll':Df\9*Q r 

or  \ntll 'DX  +- (ni  +■  m  ')  (!  +  I')  gt)2.  +  {m  t-  ,  ;..(5) 

If  (2.'X/n>  is  the  period  of; principal  ojciliation^iKafesofotion  of  (5)  must  be 
9  =»  A  cos  (/if  ♦  B).  .*.  £)0  »  -  An  sin  (nt  4^5)^  %v 
£>*0  »=  -  A«2  cos  («r  B)  ^  -  n20.  f>'10  n40 

Substituting  in  (5),  we  get  . 

{/»(f  n1  -(fli+m'){/  +  / +<(in;^tn,i 0  =  0 


4  -  >  m  +  m  •  f.  1  l.  ^  •_ 

«  -«  - g\  Tt-TT 4-^g‘v.  .7.  ■  =0. 

V  .  *- 
.  A  mass  M  Fang 
te  length  is  .a:  to 
im all  compared  k 

v  {M  +  m  g J 


v  a^o 


Ex.  10.  A  mass  M  Hangsstjr&rn  d  fyxcd: point,  at  the  end  of  a  very,  long 
string  ^hose  length  is  a:  to&Mf  is  suspended  a  mass  m  by  a  string  whose 
length  l  is  small  compared  with  a;  prove  that  tfieiime  of  a  small  oscillation  ■ 

of  m  it  2n 

Sol.  Proceed  exactly  as  in  Ex.  9. 

Here  m  =  Af,»n'  =  m,  /  *  a  (very  large). 

.*.  From  the  result  of  Exi  9.  we  get 

Since  a  is  large  compaircd  to  0. 

a 

Hence  taking  -  =  0.  we  get 

Time  of  a  small  oscillation  of  m  is 


STRING  ■ 


.  2 nU'^Jr^L_l)  .  ... 

n  ■  VI  M+m  g  j  , 

Ex.  11.  A  uniform  bar  of  lenglh2a  is  hung  from  a  fixed  point  by  a 
siring  of  length  b  fastened  to  one.  end  of  the  bar  show  that  when,  the  system 
makes  small  itormat  oscillations  in  a  vertical' plane  the  length  i  of  the 
equivalent  pendulum  is  a  root  of  she  quadratic*  P- _ _ _ _ _ 

'  -  i*-.qa±b}l  +  hab  =  0. 

SoL  Let /\3  bd  the  bar  of  length  la  and  mass  '! 

A/,  and  0A  the  string  of  length  b  and  O  the  fixed  [ 
potnL  At  time  t  let  the  string  and  the  bar  make  • 
angles  0  and  $  to  the  vertical  respectively.  » 

Referred  to  O  as  origin,,  horizontal  and  *. 
vertical  lines  OX  and  OY  as  axes  the  coordinates  • 
of  the  C.G.  %G *  of  the  rod  arc  given  by  j  y 

*G  t  B  3‘n  ®  +  o  s*n  $  and 
y^^AcosS  +  acos ^ 

vc2  =  jrc2+yc2  =  (b  cos0e  +  a  cos  4><t>)2  1 

-  --  +. (—  b  sin  09-0 sin ^^>)2 

=  A202  +  a2^2  +  7alk\  cos  (0- '*>  ■  £=v 

-b7Qz  +  az^i  +  2abhi,  ■  .. 

as  0  and  $  are’  smalt 

If  T  be  the  total  K-E.  and  W  the  wprk  function  of  the  .system,  then. 
T = iA/.Ja^2  +1  M.v<£=  \M  +  ?ia6  0^)  • 

and  W^htgy'Q  +'C  (ft 7(*. r"* *  • : 

,  .  «  .  .  d^fSry^T  dW  ‘  . 

Lagrange  s  Equation  ■ 

Mgb  sin  0 

or  >0  +  <4=-g^Ofev^«imsIl)  ...(1) 

.  .  '  .  d  dr  aW 

And  Lagtangos  fcefc|uauons  ~r  “r  I—  =  -=r-r 

dt J  3*  _  j 

*-c.  =  — Afgasinp  or  4a  < ji  +3fr0 


U.  j(Mb7Q  +  Mab$) -6  £0 1 


2% 


(■.*  4>  is  small) 


...(2) 


%^Equations  (I)  and  (2),  can  be  written  as 

Eliminaiing  hetweert  ;th«eVtw6:  equations. ;:  we  have  •  _1 

((4«0^:+^g)  {bD*.lrfciab£ri<^.p}g?j?^  ..4  -  :  . 

^  ;or  (ribD4  k^a +3b);g^+^  ;  ■  ‘  '  -:-(3).r 

^If  risiilhe  lengih  bf-thksimpie^equiyaiehit^  sbIiuion;pf  (3);  : 

must  be'  ^  r' 

0  =  A  cos1  [V(g/6  f  4-3]  y.%  :DQ^0A^fi0n  ^ig/i)t  +  Bl 

A  {g/i)  cos0l(g/O  ^  •  T  -  '  ;  v 

■  ^=^ig/i)0;^{^^. yyr f.  '  :  ;  : 

-SubsubJiing  in  (3)i  we  get‘.  ;  ;  •  .;  ‘ ; • 

^A^-(4fl  +  3A)^+3^j0  =  O  ‘ 

..  or  l2  -  (-jfl  +  b)i* ±ab  ^ 0; . ,  yy  0  ^ 0.;  .  ■.!  - "  “  4‘  k.  "  ■;  • '  fl..;  : 

fixed  point  by  a  lijffim&ensibUxirini^  »«&'••! tmaU?- 

oscillations  in  a  veriical  plane'.abbutCjtsip^dsitidmoFequilibriu^ 


.%  v,j2  =  Xq^  +  Yq  ~  (±a  cos  00  +'.a  cos  4>9)2  +  (--^d;-j.*n  90  ;-o  siri'^  $)2^  '.  : 

=  +  +  ' V  :"'-  ;/•  :  }/■ ;  -:  • 


-  144 

-  =‘^“  O292  +  o2^2  -*'“:;fl20^^  v<.<- .  -V..  0  and  $  are  small; 

If  T.  be  the  total. TCE/and  IV  the  work  function  of  the  system.;then. 
>-iAL^+iw.vc?  •-  j:!-  ■  ■: 
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Lagrange’s  Eqyations 


(Mechanics)  /  7 


-and  W- MgyG  +  . ‘ 

•Logransc s ft-cquaiion h^p  .^0 f^pQ;.' •  •  *' •! :.  ••  •;•:  ';. 

,  jj?'; 

or  50+  12$>  =-'12c6i,.(-/  C  ii  s^aU);  .  ^  •;/  ?"’  :  ^  „  .'.  -0> 


::C.(2)r: 


or.-:  5G*  )6i  f:  *U.2fc4y  .’:•  -■ ; bhd_  (#/?);=  c)y 
TE<IuaitipT» ^  I X  ici»'0::;_b ey  fte^-.viys .':  ^  •  \ 

°vK . :'  >’  V 


.V'v  >\  ;..  .;iV 

'Pv  '-.  -1  ".  A''  Mfll'r/irH*;  WiiJ:. '^ir'  m>l  f  :.  ■‘‘.AflOD. 


■  v  ; .  ’Ex:vi3*.  A  uniform 

‘  V which  iiftxed.-  'to-Tti^other^eMpanityfisy^iftfi^  ;■■ ,. 

! -«iac*«f3:4tfi«*- end"fo/.  a  light  ^^virSHglr:^^,^ 

.-  length  2a;  which  carries  at' its.otherepd  V  [:  ,'  ! 

-  ay particle  r  of  : mass  m,  shpwihaj.ihe  ;  '\  . .  • •-; »  < /-.  '  ^Sv. 
periods  of  the .  small  oscillations •  tin  a  '  '“flfm) 


vertical  plane  are  the  same  as  those  of  simple  pendulum  of  lengths  2a/3  ^ 
and  20tt/7 . 

•Sal.  Ixt  fM  be  the  rod  of  mass  5m  and  length  2a  turning  about^hic,  % 
lixctl  end  (>.  All  the  string  of  length  2a  and  m  the  mass  attached 
ciul  R.  ' 

At  time  r  let  the  inti  and  . the  siring  make  angles  8  and  b  ttuUic^mbal 
respectively. 

Referred  to  0  as  origin,  horizontal  arid  vertical  lines  <7X?fhd  dfets  a 


the  coordinates  of  C.G.  ‘G’  of:lhc  rod  and  that  of  the  erifl^  ape  given  by 
XG  =  a  s’n  y'c  ~  a  cos  XH  ~  2n  (sin  9  +  sin  b).  y#  ~  2&(ctts0,+  cos  <t») 


^a| 

*  *tr  |02  -K0:  +  20«j>  cos  (0  -4>|  =  4«2  ^f'^lv#204>l. 

5.%  ■;*  \9  and  0  arc  small. 


=  £S«i  <j«2£f  '/S  [' 

or  T- nia1Xr~Q2:+  2<j>2  +  4$$%-:.  J  .  ..  .'  „\V  - 

and.  w *=  5ing.yc  +  .7ig.ya  +^a3i»i^cps0;.+  jng.2fl;  (c6s  9+  cos’t|>).^  C‘r. 
-mga  (7.  cos  9  +  2cqs  b).<:.  ■  {'  '  '  ■  .  -.:  ■  ""•  : 

.-.  l.aS.ranf  c-.  O-cqunlion  «: v;  ^-|J:r  J  ;  :  >  ; 

'•c.  ^  9  +  4^  ^  j:-  0  =  -7/rtga  sin  0  =  -'  7mgaQ.  v  9.is  small 


or.  320-+'  I24>  e»  —21  cO^^toking^/o  p  c).  ..  . 

And  L^gnt'ngc -s'^requation: 

i-C-  -Jf  [me2  (4<^  +  40))  -  0  ==.-  2mga  sin  $  =  —  2jjiga$. : 
or  20  +  2<t»  =  -;c«>.  •  - ,"  '"■■  - 

Equaiionsi  fl)  and- (2>  can  be  written  as 

21  c)  0  +  1 2/}J<D^0  nnd2D70  +  (2  if  +  c)  4>  -  0. 

..  Elirrtinating  4>  between  these  two  equations,  we  gel 


— (i): 


V  ^  is  small.  . 
-V.(2). 


[(2£)3  +  c)  (32LV’  +  21  c)  -  24£T|  9  =  0 
or  (40 D4  +  74 cO2  -r  21c2)  0  =  0. 

Let  the  solution  of  (3)  be  given  by  H—A  cos (pr  +■  B). 
.**  O20  =  -  p2Q  and  =  p40. 

Substituting  in  (3).  v--s  gel 
(dOp-1  —  74c/>2  +  21c2)  0  =  0 
or  (2 pz  -  3c)  (20p2  -  7c)  =  0 ; 

-  2  3c  h  ,2  -7c  Ig 

,’,=T”2a3nd,,J=:20  =  2a; 

Hence  the  Icngihb4  of  simple  equivalent  pendulum  arc 


.'■(3) 


-^  andAi  Lc.  “  and  ~  _ 

Pi  Pi  _  3  7 

Ex.  14.  7wo  eq/ral  rorfr  AS  mw/  SC.  each  of  length  l  smoothly  joined 
at  8  are  suspended  front  A  and  oscillate  in  a  vertical  plane  through  A. 
Show  that  the  periods  of  normal  oscillations  are  2M*.  where . 


.  20a 


Sol.  Let  AS  and  BC  be  the  rods  of  equal  ^ 
length  /  and  mass  M.  At  time  /.-let  the  two  AU22  _ 
rods  make  angles  6  and  4>  to  the  vertical ^^RiOQa. 
respectively. 

Referred  to  A  as  origin  horizontal  an 2^ 
vcnical  lines  AJf-  and  Af  as  axes^'lhci^Mgl  \ 
coordinates  of  C  G.  C,  of  rod  Aflvind^ibaFft  "!”"”5  * 


of  C.  G.  C,  bf  rod.  SC  ate  giveimi^:.^'  ‘  L- _ _  _ -XG» 

jrC| 3 1! »»'®.  yc; =i7 c°s. :  ;  -Y  ■;*'  Uql 

Xq^  =  l  sin  9  =  *1  sin  <t>,  y^s^ico^S '+  ±1 cos  b. 

If  and  vc ^  are  velo^^s  of  Cj  and  G2.  then 

«te,*“V  *  ®8)?  +  c-y  s>"  a®)2  -afr 

VC*  =  XC*  +-/ cos  bb)2  +  (- 1  sin  B9 ~V sin b b)1 

=  i2  te^biM^cos  (a  -  b)j 

'  VV}i//^9  =r*X;(C0S  (fit  +  fl).  rAt  ptfitnl  of  oscillation  is  given  by  T^(2n/p).  Bur  if  l  is  1 
Utf  glhsJji^'sjtJ’pte  equivalent  pendulum,  then 


^i1 197  +  ^b2  +  (*■’  9.  b  arc  small) 

If  T  be  the  total  kinetic  energy  and  W  the  work  function  of  the  system. 

then 

7=  KLE.  Of  rod  AB+  K.E,  of  rod 

(i/>2  01+{M.vg*)  (IQ  <t*  +.  iM.vCj2J 

=  \M  [f/B2  +  ii2©2 J  +  \M  [JLfV  +  ?  (02  +  lb2  +  29« J 

=  iW/2(i:e2  +  ib2>^)  ..; 

and  W  =  MgyG^  +  Afgyc^  +  C  =  Mg  [if  cos  8 .+  /  cos  0  +  |I  cos  bl +  C 
-^\Mgl  (3  cos  0  -hcos  b)-,  ■; 

lagrange  s  ^quanon  - 30 

i.c (~MI2  (|e,*h]  -  0  -  jAfj/  <- i>:Si>i  «);=  -  |Mt/e  (V.  6  u  ^naU) 

or  89  +  3^.=,-  9c0.  (where  c  =  g/p..  ;-  ;.  -  ..  ~*(0 

^  Equauotis  (1  >. and  (2)  can;: bey.vwrincti'as >,v 

(a/T2^.^  0^ f  3D2b  ^;0:and:^^^.(^^3c)b^^ 

Elimihating-:b  bctweenVthcse  iwp  .cquatiqhs.Cwe  get 

t(2£^>.'3'c) 9c) - «’0< Sy '.'"f, 

:pt ODf+AZeD} ^Tc2) ~'(3) 
If  thc  pcriods.of  normal  p^IlarionvrueAn/rt,  then. the  solution. of  (3), 
must  be  •;  ...... 

•e^eps^+^r.'  ^ri»?0  afid'z^e.s^. 

Substituting  in  (3>,  we  get. 

C7n4  -  42cri2  +  27c2)  0  =  0 ! 

or  7/74  —  42c/i2  +  27c2  *=  0  ;  :.*.j0  *  0.. 


■-:  42c V  Vf(42c)2  -  4.7.27c2) 

2.7  #- 


Ex.  IS.  A  uniform  straight. rod  of  length 
2a  .is  freely . movable  aboul.  itsyenhe  ja/id  a 
.  particle of  mass  one- third,  that,  of  she  rod  Is  _ 
attached  by  a  light  incxtchslhle  ^string  of 
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Lagrange’s  Equations 


.  (Mechanics)  /  8 


a  to  one  end  of  the  rod ;  show  lha  one  period  of  principal  OscUhititn  i 
is  (n/5  +  /)  rW(<?/g). 

SoL  Lei  A/  be  the  muss  of  the.  rod  Ml  ot  length  2 o.  iEfCT  the  string  and 
Ml 3  the  mass  at  C.  ;  ‘ 

At  time  r,  let  the  rod  one!  the  string  :miikc  angles  0  and  $  to  the  vertical 
respectively.. 

Referred  to  the  middle  point  Oof  he  rod  AB  as  origin,  horizontal  npd 
vertical  lines  OX  and  OY  througlr  O  as  -ixes.  the- coordinates  of  C  are  given 
by  xc  =  a  (sin  0 '+  sin  <Jt). 

yc  -a  fcos  0  +cos^].  '  ' 

•-  vc1  “  *c2 + y} 

=  a7-  (cos  99+  cos  <{><$)  2  +  Q2  (-  sit;  00  -  sin^jj))2 
=  a2  [02  +  +  28p  cos  (0  -  4>)1  - '  ^ICB2-*#2  +  20<>)  - 

’  #  ..  ■"  "r*  ;(v_.0;  $  arc; small) 

If  T  be  the  total  kinetic  energy.,  ant.  Withe  work  function  of  :the  system, 
then  ..  "  !  - 

T=  K.E.  of  thc.rorf  +  ^E;  bf'.the  pai^icr^.aVC^  i.  ■  -- . 

- ^ A IS:';. :v: 

and  IV  =  mg.O.=:jMg.y£  +  .■■■ 


Lagrange  s  e-equauon  ,, 

i-e.  “  [-i/kfo2  (40-t-2$))-  0  -~M'ga: '(-.sin-  0)_ i  ==.~  ^MgaB, 


30, 


or  29  (J)  -  c9, 

And 


.  (where  c  =  g/a)  '■ 


. ,  .  .  .  t/  (ar.Y  a^div 

d  Lagmage  s  frequauoa  .s  *  (.  ^ 

i.c.  ^  [|A^o2  (20  +  20)]  -  0  -  ^Mga-  cos- <$ij  =  -  jMjoq 

V:  .^  :is:srnall  / 

or  0  +  <p  =  —  cQ>  where  c  ~  g/a 
Equations  (1)  and  (2)  can  be  writtcii-.as 
(2 D2  +  c)  0  +  D2$  =0  and  fl20  -t-  (D1  +  c)  $  =  0 
Eliminating  $  between  these  two  equations,  we  get 
l( D 2  +  c )  (2D2  +  O-  Da)  0  =  0 

or  (04+ 3cD:  +  c2)0=O. 

Let  the  solution  of  (3)  be  given  by  0  =  A  cos  (jit+B). 
/.  /)20  -  -  p20  and  £>J9  =  /0.  :- 

Suhsti luting  in  (2>.  we  gel 

(/> J  -  3 cp~  +  c2}  0=0  or  pJ  —  3c/;2  ±.c~  =  0 
2  _  3c±Vt9c2-4c2)- 


■  0  is  sntal 


-(2) 


-C3)  % 


.*.  One  value  of  p 1  is  pf  =  ^  3 

One  period  of  principal  oscillation  ._. 


=  (V5+  I)rtV(a/g).  ^  . 

F.x.  26.  A  smooth  cirtuioi^f^trefof  mass.  8m.  and  radiui^a.  swings  in 
a  vertical  plane  being  suspended  by  an  enextansible  string  of  length  a 
attached  to  one  point  of  'U;%aiparticle'  of  tnass.tn  can  slide  on  the  wire. 
Prove  that  the  periods  of  norinal  oscillations  are 


2  n 


WWM 


SoL  Initially  the.  particle  is  .nt  the  lowest  point  of  the  wire. and  the 
siring  hangc  vertically  as  shown  in  the  Hgun:  on  next  pago.  At  time  r.:  let- 
the  string  OA  a  the  radius  AC  make  angles' 0>hd  ^.  to' the  vertical;  During 


p(m) 


this  time. L. let  the  particle  move  to  the  position.  P 's  L.tadius  CP  make  an  :.  i 
ahyle  with  the  vertical.  *  '  y-.-.V..-.  .  .'V*. ; 

Referred  to; O  'as  on g in. . horizontal^and.^ ^crfick.lin.eS'  OX,  OY  through; 

0  as  axes,  the  coordi n ates  (.£  y^  pf  G  p.  ire. given,  by  . 

xf  =  a  sin  0  -t-  n  sin  4>,  yy;=  o  cds.0  +a  : 


=  d2  (62  +  <^2  +  20^.c6sC0^  $  j  j  20({>)  ”  ’ 

'  ■  0,  ^:arfc sraali 1 

and  Vp2  =  i^2  +  y^2  =  b2  (cos  .00  +  cos .^  +  ebs'-YY)?  -  . 

. :  Va2  !:—  s»t):'0.9.—  si ri  t{>^^sin;Vy)2 


Lc.  -^  tjmo2  (189  +.  1 8 ^52^]  -  6 

•••  a.i* *■*??« 

or:  99:-4^9^.+'^  v/hcre:b=  jf/b.‘,  .  '  '  ' 

■  ■  y.;.  y 


.%rJ§E+!7V+  V  =  -  9c<J>. 

%#  .. . 


- -9rn^b$.  \*  <t>  •  s  smal  I 


'%;C  -  ■  •=  .  :  '--- • 

tie..  (2v-+;.2^;+''20)j'KO.5='i«gitf^».o:V)  ==•-  mgaiy,. 

or  9  +  $+v  =  — cyl  -VN':  ..  .:  -j. 

Equations;  (I).  (2)  and  (3):. can  be  written' ns  ‘ 

.  :  ■:(9'Dijp9cX$ ::  ;;^f‘'?b2$.V  ’  kz^tp.=  o; 

.V;  9D?0 ; fl \.f  Z^tp-0- 
•/  •  ■  V:  °7Q  ■;  ArjS  firffy 

Eliminating  <{);and:y  ■  between  :ihcse.;eqiiaii6ns;.wc>get 

9D2  +  9c:;  "  v 9D2  •' D2 f-' -J ;  y  ' . 

V'  ,  9D2  .  1  7D2.;:+.  9c  ;  '  6}  1>; 

:D2  p? 


■C2) 


V  is  small- 


9c 

0 

-  8  D2  -  9c 


o .: ; 

W2  +  9c jC 

■  o  -  iviP&e 


(subtracting.  9  times;-df  cblumh;3  from;  column  I,  and- column  2] 
®  8£)2  +  9 ;■  S;=  0'I^ddlhg  row  2  in.ro'w;3}  :\  ' 


o  >:2£^fe 

/.  Expanding  wjj.,  column. 2.:lwc.igety-_. 


9c. 


— ,8D?  -  9c 
bepand 
(8D2  +’9c). I 

or  (8 D2^ 9c)  (9c  0 

or  (8D2  +  9c). (8 D4  +  27c£>2  +  9c2);0  =  (?■  *'  ^ f : 
or  (8D2  +  9c)  (SEP  -f  3c)  (Z^^y0  =  OiV:,.-.  ,:.y,  . 

.  Let  the  solution  of  .cquatiW';(4);1-jfe-giy^ 

0 -A  cos  (pQ  +  flj,  jp?0  ;L:-- 

> Substituting  in  .(4),  we  get ; 

(9c-  8p2)  (3c-  8p2).(3c  -p2)  0  =  O:  -  y  -  ;.v  ] 
or  (&p2 - 9c)  (8p2-3c)  (p2 - 3c)  =  d  ' |  0*0.  " 

•'•  c=lf-^=i'  >->jj ‘•3c?=-f 

Hence  the  periods  of  oscillations  are  ~ 

;  Pi  Pi  :  Pi  . 


,:(A); 


IMS’ 
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Lagrange’s  Equations 


(Mechanics)  /  9 


Ex-  17.  To  a  point  of  a  solid  homogeneous  sphere,  of  mass  M,  is  freely 
hinged  one  end  of  a  homogeneous  rod,  of  mass  nM.  and  the  other  end  is 
freely  hinged  to  a  fixed  point.  If  the  system  make  small  oscillations  under 
gravity  about  the  position  of  equilibrium,  the  centre  of  the  sphere  and  the 
rod  being  always  in  d  vertical  plane  passing  through  the  fixed  point,  shew 
that  the  periods  of  the  principal  oscillations  are.  the  values  of  2VP  given 
by  the  equation  :  ■'*  - 

2ab  (6  +  7n)  p* p2g  (  l(ki(3  +  n)  +  2f^t2>M)J^t'iV(2  +  ii)»0 
where  a  h  the  length  of  the  rod  and  b  is  the  radius  of  the  sphere. 

SoL  Initially  the  rod  OA  of  ' 

length  a  and  mass  nM  is  vertical  with  . 
the  sphere  of  mass  M  and  radius  b 


attached  at  the  end.  A  is  such  that 
AC  is  also  vertical. 

At  lime  t,  kl  the  rod  and  the 
sphere  turn  through  an  angle 
0  and  (>  respectively  to  the  vertical. 

That  is  al  time  /  the  rod  OA  make 
an  angle  0  and  the  radius  AC  an 
angle  <>  to  the  vertical:. 

Referred  iq  the"  point  O  .  as 
origin,  horizontal  and  vertical  lines. 

OX,  oy  as  axes,  the.  coordinates  (jr^.y^)  of  C.G.  *G*  of  the  rod  and 
yr)  of  the  centre  C  of  the  sphere  arc  given  by 
xc  =  Ac  sin  0,  yq  =  A<j  cos  0;  xc  -  a  sin  0  +  b  sui  4, 

'  yc  “  a  cos  0  +  b  cos  <{> 
\a  sin  0G)2=  VO2 


*xg  yc  ~  cos  06)2 


=x2+y2  «  (a  cos  09  +  b  cos  <K>>2  +  (-  a  sin  60  -  b  sin  ^)2 


*  +  2ab  e<^cos  (0  —  <$>> 


=»  aV  +  fcr2^1  ^  2abQ$  v  0  and  4>  arc  small. 

If  T  be  the  total  K.E,  and  W  the  work  function  of  the  system  then  wc  have 
T  *»  K.E.  of  the  rod  +  K.E.  ofthc  sphere 
=  (lof  02  +  \nM.v2G\  V  +  \M  vf2)  * 

-~nM  (~a2B2  +  ye2)  +.  \M  I|bV  +  c202  +  b\-  +  2^0$] 

=  la2  (n  +  3)  A/02  +  TMb2^2  +  ab  M9§) 
nod  w ^  nMg.yc  +  Mg.vc  -hC 

~  nMg .^o  ccvs  O  +  Mg  (n  cos.  Q  +.b  cps:<&).+  C. 

==  (« :+  2> Afg  CO S  0  4r  bMg  cos  VHrCij 

W«nE-> 


i  c*  $  ft3)'**0  +  -  0  =  -y(n  +  2)  Mg  si^fe  . 

>f '2a  (n1^:  9 V  66.^  = -  3  («  2)^0^ •  (:'/:^,83s;small) 


-.<!) 


Or'5o0 *:7b<$y=  ~ 5 g<J>; 


Eliniin  itlng  between  .th«^t^^;equaUphs,r,wc;’gct  • 
:  r,(;;2d0i  y  - 


M)  . 


'0^Sjfr^3Oabl>*\e  =  0 


j  ;/  ;+if^2)g2)0=o  -  ...(3> 

1  ft  hr  TK’rsrvtt  nf  nr>nrim  I  In  la  .'F  2  Jt  -  ' '. 


Substitutuig: in  .(3),:.  we  get 
■  2 Zb  ' 


‘!  \ ' V  V.;  ^ ' :>:  ■  •  v  J&*X 


atlg!c  (X  to ?  the  horizon  when  a  particle 

is  hung  by  adigfu  siring  of  [.length  l  from  :  •  ,  _ ^ 

one-,  end.  I  ft  he  particle .  be). displaced/'  ir  .•  .1- 

siigfuly  iiirihc;  vcrrical  'pfane-  of  the  rdcC  ;  ; V ^  -  T 

ih o \ v. dipl- ilrivilfrpsci Hate  in  the  same  T-- 


a?  +  3oc  cos2  cc  +3C2  sin2  a 


o^  +  3oc 

Sot  Let  M  be  the  mass.  G'the  C-G.  of  the  rod  .AB-  ofiength  2a  which  can 


turn  freely  ..about  a  point  0,  s.t.:  00.  =  c.  When  S  particle  of  mass  m  is 
bung,  by  a  light  sirlng'  of  length  l  from  the  end  let  A0  be  the  equilibrium 


position;  of  the  rod  at  an  angle-.a.  yvith  the  horizontal,  In  -this  position  the 
string  will.hang: vertically.  Sinc'e^lhc.system  is  at  rest  talcing  m-^cncnt  .about 
P,;  wc  gct.  ‘  ..  . 7 .  yi'y  .C  '.ill  . 

Me— ni Ca;- ‘  ’ 

where  b'==OA--—  a_—_c  .  '  .  ]  :  .  /-  .  ■  *-;.r 

.  If  the  particle  be  displaccd^slightly.  lct  the  rod  AS;  make,  an  angles. 
0  .+;a  \y«h  the.  horizontal,  and  Ier.  the  string  A/'  make~^n  angle  <{>  to  the 
ycrtical  ai^umc  A  J.  -  '  - ,  .  w 

Referred. .to.. O, as-  origin,  horizontal  and  vertical;  lines  OJf  and  OY  as' 
axes;  Ihc  coordinatcs  (jcg. yc)  of  G.G:  'G'  and  (je:^,  yP)  of  P  are  given  by 
ia=-ccqs(Q  +  a).yG  =  -c  sin(0  +  a). 

Xp.-  b  cos  (0  +  a)  +.  I  sin  y^= fcsin  (0  +  a>  +  l  cos  .<♦> 


vg2  -Xg?  +>)g  =  fc  sin  (9  +  a)  0)2  +  [c  cos  (9  +  a)  6J2  =  r202 


2  +  y>  •.=  [-  b  sin  (0  Va)  0>  /.cos 


^.’[iPcoS  (9  .-+-a)  9  -  L?in 


=; -fr?0?  h*.  l2<t>2-  -r  2bl 0^'|s»d,^0'*:i)5pos.  os.  sin  a) 

.0'«nd  ♦  are  small) 

.  :.  =  b^ 2h/^.  sini3Dtt.^^.;  .  : 

NeElccUng-.small  quaniities  qf.JhighCT^prder. 

If  7*  be  the  totaI  .K'.E^-arid.  i^Jte^^fk^funcrion-  of  the  system,  then 


-  K.E.,of  thc  rod  +  KJE;;6f^Uic.  particle 


:  ;  .  ;  .  ..-  ' 

-  ■  +  V>  sin.  (9  +  a)  + 1  cos  <>].  +  C 

.  i—Xsfhrr: Mf; 4-  mb)  SJH  (9  .4-'a)  +  mgf.COS  +  C 

■jfeL  .... 

Me  ^  mb  from  (l)- 
3 W 
90  . 

. 

^fTe.-  (  (A/;(y  +  c2)A-mb2  )  0  -  Mbl<f  sin  a)  =  0: 


^ .  .  ... 

\=^g/  cOS.4>  -4~C. 


^  .  d  (dr\  :  ar ;  3i 

-c  squ!>uon,:s 


^  ,# 


or-—  [  f  M  ({c:  +  c2)  +  Mcb  }  0-  Mcfysin  a]  =  0 


or  {  (a2  ,-k  3c2)  +  3 be  )  0 .-  3c/^  sin  a  )  ==  0 
'  v  orv(y.+;'3f?  +  .3  (a  -  c)  c  )  0.-  3c/4>  sin  a  =  0 
or.  (a^.+3ac)  0  —  3  c/4>  sin  a  =  0-  ■. 


V  mb-  Me  from  (I) 


b-.a  —  c 


And  Ugrangc-s  «•  «,uMion  is  ^ 


...<l> 


.  i.c.,  -^  [m y,2$rr.2bl9  sIn  a)J  -  0  =V  mg/  sin  ^  .=  -  mglfy 

\ ■  or-^  •.-  -•  '  s*' 

El  imi  had ng\0.:  bet  wc  c  ri(  l);and  (2),  we  ;get  .-••• 


V  is  small. 


,-.r.3e/sin  oi .  ... 

-  6.  ~  <b  sm  a+ 1$  =_-;g4. 

•  (er  +  3ccX 


—(2). 


-3cl(a  —  c)  s in2  a  +  / (o2+3ac)  : *  ,  ....  ,  -= 

— - >.-■■  ■  >■■.;■  -  $  =■-.  8<b  '  *  fe  ®  a - 

■  (cr  +  3ac)  ,V  .'  '  ■ 

x:  -  .:■  '  ;  ■-.. 

/  a2—3oc:rin2  a^3^^n2  bt-^yC'  • 

v  ;  .- ■ ;  :V  •• 


or 

>r  A^=— — r .■■ 


’  ?v‘ :•  ■  cosv-a>+- 3c^sinz. a.;-/: v  :s-r.t_- - . *.. 

■  Hence -'-.  the :  length  -of !  ^uiyaI^t^iimple.";T-:  • 


pendulum 


—  i  q2  +  ^°c  cos2  a  +  3 c2 

■p.  r'  : '.  ?•  ■:  a2%  3ac;i)  ' 


Eju19.A  hollowciKuldrmlterof  radius^^^ 
a  and  mass  M  has  attached  to  the  ecntrel  of 

axis  aiparticie:. of  ii^'M-bylight/pci^pfi-  -=  - ; 
gth  b.  The  panicU  .is  free  to  swing  'about-.  rj- 


-  length]  b.  The  pahicU  .is  frf  e'jo,  swing-about 
the  axis  in  a  plane  perper^ic'uiafrp';tHefaxisl 


The  poller  is  at  rest  on  a  horizontal  plane  rough,  enough  to  prevent  slipping, 
with  rpd  held  at  angle  a  with  the  downwardly er deal  ifthe  rod  is  then  released 
prove  that  the  centre  ofthc  roller  willoscillat'e  through  a  distance 
- .  -  ■•  •  ■  Tmb^  sin  a 


(Afy^yVma2)* 

wherc  k  is  the  radius  of  gyration  of  the! roller  about  the  axis. 
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Sol.  The  -Hgurc  is  )the  vertical;!  cross-sect  ion,  of.  the  cylinder  through  the 
centre  of  its  uxis,  anti;.. the  particle?  ...i;..  ;-.-.  .  . 

Let  C  be  the  centre  of  :llie"atis,^of  thc  cylinder  of  radius  a  and  mass 
M,  CP  he  the  light  rod  of  length'  bSa'nd^thc^mass  aliafchcd  at:  P.  Initially 
the  point  B  of  the  roller  is'  ih'comacr/oE^ihe'. horizontal  plan'eat  O  ic. 
initially  CH  is  vertical;  and  theiod  is'  held. at  angle  a  with  the  downward 
vertical  and  then  released.'. 

In  time./,  let  ihe: roll cr  rbll. "through  aCdistance  *  on  the' horizontal 
plane.  At  this  time  / :Jct  the-'menuS/C;^.  of  thc  roll cr  and  the  rod  make  angles 
0  and $  to  'the  vertical ^:rcspcqtfvely;.; ;  1 :  V 

If  A  is  the ’neSv;  point  "of 'contact:  of -the /roller  and  the  plane,  then 
OA  —x.  Since  there  is  no  slYpping;;/.' 

x=  OA  -  Ar c-AB  =  'a&,  r  ^  .  ; 

Reffered  to  C?  as.  origin.  . horizpnta f-TatitL verticil l  lines  through  O  as 
axes,  the  coordinates  (x^.  y^J  of^Carid  {ip.  yp)6f.Poie  given  by 
xc-x~  oG.  yc  =  a:  xF  =.b9  +  isiri  yp^d-\bcoi  0. 

V >r:r \:y-:  .  : 

and-  v2r~  xF2  +  yF?~XaB:+:b  ctSs.ip^)^  (bjs[n^)2-. ! 

■j  •  ,l  *■  -  ■  - .  .  — 

=  arB1  +  bfy  +  2abQ$  cos  $'r 
If  T  be  ^  - 

WC 

T 


=  \M  a2)  82  +.±rn  (a \ +  2xiiiL © co * <J>)> • 
and  W^mgfb  cos 

t.aS>anScS0-cqua.,on.s^p-Jp^^;;.  .  ,  :V  V  •  _■  ' . 

i.e.  [  M<J?  +  a^)  0  +  nt  (a20:+  n/>  t5'c6s  <^j] 

Integrating,  {  o2)"+ mbj.  +.»iiuo^'c6^s  =  C  : 

But  initially.  b  =*  a  ,  0  -  0.  i.e.  4>  -  0  C  =  6  ■  . 

We  hnve  (  M  (Jfc2  +  a2)  +■  ma2  )  6 .+  maB$  cos  <t>  =  0 
or  (M(Jt2  +  <72)  +  WW2  }.  d9  a-mo&co's^d^- . 

The  rod. swings  about  a  hon2ohtnl.  axis  through,  it  falls.from  an  angle 
a  to  the  right  of  the  vertical  arid  rises  Uirotigb  an.  equal  angle  d  to  die  left 
of  the  vertical.  If  the  roller'; turns  through' oh.  angle  0  during  this  half 
oscillation,  then  integrating  ( 1)  between  <t>=d:.lo.q>  =  - a. 
we  gel  -I.:;-..:  ' 

( M  (k~  +  a~ )  +  «ia2  }  P  =  —  [  mob  sin  <J>  ^ 

Intnb  sin  a 


P 


|M  (a2  + Jt2)  + ma2J 
Hence  the  centre  of  thd  rollcr..will.  move  forward  through  a  dist* aticc^ 


vk 


.c  =  «P 


je  .  2mh  a‘  sin  q 
‘  (,V/(«2  +  J(r)+ma2j' 

Vr'hcn  the  rod. oscillate  from  an  angle  oi  to  - 
the  left  of  the  vertical  and  rises  through  an; equal 
angle  a  to  the  right  of  the  vertical  ihehjthc 
of  the  roller  move  back  to  its.  qri gi ndl -po s i liorfef ' 

■Hence  the  centre  of  the  roller  wtlf  osicillate^. 
through  a  distance  ’  ‘  *■ 

2 mba2  sin  a  / _ _ 

_  f  M  fa2  +'**),+  ;  r-  ‘  Jr>V 

Ex.  20.  A  hollow  ■  rolVer  is  'jltted  with  a  counterpoise 

which  can  turn  on  the  drtr^t^^c^w^e^.V/ieVjjdremi  f^pteccrf  on  io.  rough 
horizontal  plane,  and  oscil&^^er^rdyi^^Z%  be  the  time  of  .a  small 
oscillation:  show  thar'^&.p"  -is  y given-:  by  the  ',  equation 

P  l(2Af  +  M  )  k  —M  /»2]  ^  (2Af  ,+  /Vf  -')  ghf-wkere-M, and  M  '  are  the  hiasscs 
of  the  roller  and  counterpoise.  :k)&i)ie  radius  of  jgyTatipn  of  M '  aboutithe’ 
axis  of  the  cylinder-end  h  Csthcdistancedf  iiiirentrr  nf  mnis  fmm  ihsnrir- 


mnkc  angles  Band 1 
tn  contact  of  the  horizontal;': plane: a fcr 
the  roller  with  the  plane^ 

■  frince  therc  is  no  siippTng>  .  ‘  '  -  '  ■'  -V 

Referred  to  O *  as.  *  origin,; .  hbri zdnial  and [^vertical  •  ii  ties/,  through  : 

axes,  the  e oo rdi n at cs  Cr^'yg’offcand  (^-^j'o f-^'afe  given  by ^  . 

xc~x~ «9. yc  =  a,xP-  a&  +:h :sin.^^)y  =  a  -  A'.’cos  i  '  '  ■  .. 

**•  vc2»ir2+yc2  =  o2e2 

and  vr2  =  ip2  +yp2  =  (CQ  +  h  cos  #)1  +  (/i  sin  <Jnj>)2 ;  .• 

=»/i“0“  +  /r^‘  +  2<i/r9$  .:  //I.;-'  v- •  :  ; ."  ■ 

(neglecting  higher  power  of-  0  which  lis  small) 


If  Tbc  the  kinetic  energy.  nnd:  .IV  the^^rkTuncuon.  of'i.the  ihcn.-.- 

T'WK.E  of  the  roller!  +  K:E.  :6f  the  countcrpoisc| .;  :  .Wy  :  '~l  ’  ■ 

:=  u  f i •  rV: /■ V  ;J 

(v  If  K  is  the  radiusiof ' ^gyrtition  a^dtihe/partii^ 


i.e:  ~  [2A^i2e  Aff  (^0 :  ;  ') 

or  (2Af  +■.  AH  o®  +  W '4*^  '  3  5'l v‘  f  /  '  ' 

• . :  .  T  -  ^  ^  avif: 

And  Lagrange  s  d-equation.;.is--7: . 


^3(03" 


.  lying  inside, dhollp^^linefeg^Mefvresifs 'X >;-3 3r:'3  •  •  • .  ' j-;' 

r on  a:  perfectly  ,  mugh^plahi^isyisljghtlyii-f^  ■/  [[  ■ !  ' 

displaced  fmnl^^rs^. position ^ :  •  '•  '  - 

equilibrium; SHowlth^jkeVmVo/a's^lP'-- -  •  '*' 

IlfW  f:; 

^Ws|;  g  ‘  10MV7mj 

•  Whereydyis^th  e  radius,  of  the;  ./cylinder*  b.  ■"■■■-  V  .  ..... ';.. v. 
..ffiafeef^ihe...  spherei.and. ...frif, ::  /  •' .  ..  /  - 

^(tnasief'of  the  cylinder  and: sphere:  -  V  J  ::  ; 

.  '•  :  :  ■. ' : ‘ : '• . 

SoL  The  Figure  is  the  vertical;  cross-section-: through  the. ccntrcs.  of : the  • 
%  ^  cylinder -and  •  the  •  sphere.  •  ’*•  '»  '  •  * 

.  ,Lef  C  aind  C be  the  ce n tres^bf-:; the  cy  1  indcr  . Qnd  the  sphere:  initially. 
the::point'  B  of  cy lin der  is  ;i n  condct  .  with  : die.  horizontal  plane  at  Ct-and 
the  isphere ! rests  in'  cylinger:.with  Titsi"jibinit  D  ;in  contact  with  the:  point  Bli  : 

At- time;?/  let  the  line  CC':  jotiiirig  centres;  make;  an  angle  9  to  -the' 
vertical.  and;.at  this  t i m c  J et-"th e  nidius.  C  'D:  of  sph ere  o n d  CB  of  cylinder 
make  angles  0  and  y  to  the  vertical  respectively.  Since. thcreds  no  slioping; 

;  .m.:;  OA  ^  Arc  AB  =  ay  arid  1 
Arc  BP -Aic  PD  r  ' 
v  i.e;;ia(y  +  6)  =  b  (9  +  $) 

;or  ;  =(fl-t).0  +  £ny, 

.so  tHat^ '4  =:(a-i)0  +  a\i/  =  c0  +  aY^-<:  ...(1) 

;  -.V-'i!-  3  v  ;•  ; . w here  c = o - b. 

Referred  to  .  O  as  origin,  .hof izontal  and  vertical  lines  through'  0\  as 
;fl;xes,  |he  coordinates  {x^iy^yoic ^.of  C*  are; given. .by’  ; 

.  x~f=  OA  =  mj/;  yc  =  a;' xc'.= dy c. sirf  0i!  .;c, ebs'  0, -.where;'  c.=  a  -  bi 

/.  vf2=  xf2-tr y^^a1^-  .  -  ..  '  ^  ^ 

and  v\  » +  y'f  =\Co9  +  •  r 

*  fl2y^-+  g^Q2  +  2ocy§,.'  •.  •:  ->3“*:G/^sV#maItfi '  -  y. 

If  T  be  the' kinetic;  energy)"  ahdj.iy.  the^ ^isvork'^ ^function  of! ^ the  cylinder^ then 
■  T“  KJE.  of  the  cylinder VK3i' of  s|)h'dre?3'r 1 

'  =  [fiiftf  +  lM.v*]* [Xfnl^Ql^divl)} 

= McPy1-  +  i/rr  (1  (C0  +  artyji; + p2^2,^.^^2 ^+.ibcv01i  . 

.;  =-i  (10M  7m)  a2^2  2 dc\4)^ /  '  V . !  - 

and  ~mg-b(a-c  cos  0)  nig  (c!cbs-"0  -a^+  rngb  ••• 

: .  :  .•'■••  v. 

.  ..’.■  Lagrange  s  9— equation  is—  |  ~  ~=^r:,‘ 

..  mdt  I  90  .1.  :oB7  ..  do  ”  ..-. 

.  i.e.  -—■  [ ~m  (2c20  +  2ocy)]  =  —  mge  sin  0  =  -  mpc0,  0  is  small 

dil0.m.  t  -  ' 

or  7c0  +  layf—  —  5g9.  ...(2)  ....  . 

.  ...dTcirY  dr,"  dw  :. 

And  Ugrange  S  y-equation  « J  ■ ^.1^ 


ntf  fa 
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Lagrange’s  Equations 


(Mechanics)  7  11 


i.c.  *y  ( 1 OAf  +  7»r ) «2V  +  jnwcOI* .0;  ..  „ - 

■  ■  /  ..  "...  '  k  ‘ . 

or  7«tc0  f  (10 M*  7i/i)  ay  -  0  .  •  .  .. 

niiminiiuijs  y‘ between  (2);ahd  (3).  wc  gctV;  .  ..  . 
[lac  (lOAf  +  7m)--  49mar]:  0. =.- 5g<r  (-I0A#\+'7«)Q 

which  represent. S': .  H  ..:M 0 


—(3) 


."  .  •  '  A  ^^CYLlNOC^S^.:  .  .  " 


The  timo'of  smnl):oiciI) ati.oh'/if.'j'  *  .  o'-  yi\v, 

:  Oir':  -  -  . 


•;c?j^r ^ ar  'iHdi j j  :-f;  o>*  rf c-ryyi/^rf  :• 

rif'j duturjt^&'Shdwthatlih&psefy  fisriiose;  p/M-swiple: 

;pcnduhim:of-l ength  -  '  .'  y  •  ■• 


(IFoS-2009) 


.^.  oi  +  m  '  (2  r-  a/6f)  ■';: 

: Soh;  LeV  C?  be  the. centre  of ;ihc  ni^  spihcrical.cayity  ind  C  the  centre. : 


of  the  sphere  :of  mnssn?  and  radius -ft testing: at  the  lowest  point;  '/\-of  the 
■-cavity.'  A.  particle  of.  mass  -ni/'is^etrachcdCat  ihcbighcst  •  point  O0  of  .the 
.  sphere..  In-  lime  r,.  let  the  :  linc;..'C>C' joining:  centre's- and-:  ihc  .diameter  /)0pj,' . 
turn;iluou'gh  innglcs;- 0  and  0  respectively,  from  .thc  verticals,  i.c.  aiMitric  1 
^  ;nn(J::i3:  correspond  to  the  ' poin'L  ^Q  and  pQ;  at;  time  7.  =:  :.Oi 

..’•Sincc.'tl  iere  is  no  slipping  between  the  sphere  and  cavity,  therefore  il 


P  is.  thcjr  pi  tint  of  contact  at  timc.:l?  .then  • 
,  Arc;  >\/  .=  Arc  PB  i.e.  a0  =  b)Q  +  0) 


orly  s  (a  -  fr)9  — ,  c9.:  where,  a  -■  b  ~c  (say)  .\  b<to  =  c*0. 


...UK 


..Referred  to  centre  O  as  origin,  horizontal  ;and  .  v'cittc 
O  K  as  -  axes:;,  the  coordinates  fvj.vj.)  of  C  and  (-rj>  jrjj)'  -of  O 
V  c  sin  0. vr  =  r  cox '.9; 

Xp  =  C  sin  0  +  h  sii*  s>.  y0  =  c  COS  0  -  b  COS  $.  .  ^ 

.V-  yrr  =  .rfT +  (<■  cos  09)' >  (- c  sin  09)*:  =  c:0' 


Vertical . lines'  OX  and  % 
respectively  afc%# 

- k\: 


and =  Xfy  +  y^~  =  (c  cos  00  ■+•  b  cos  <^)r 
=  c2.fl:  +  j b-Qr'+  IbcOt 


+  (-  c  iin  09  +'  b  sihyy^Sj^  . 

0<S  cos  (9  +  4>)  =  c~0':  +  b-Qr  +  2bcQ$?s  *' 

■^gx(i--7  9'and  are  small)  . 

■  IrT  ;hc  the  kinetic 'energy' and  W  ihe  wofk ^fun^tion  of  the  system, 
thenvvchayQ  ..."  ’...':  ■'•'  . 

:T~  K:E,.of'ihc  sphcrc  +  JC;E'.,'.6f:ihcpoaic^^^,!^.:v'?,:- 


using  (1) 


and-  Whitts  IOC  v:*,"’ ■  ■  ' .  '' 

=  --  «;/»  ({■  r-  c  cos  8)  y7»r  'g  {  c  cos  0  K  b  cosy  ~ '(«  -:2h)  ) 


“  («*  -T  J«:*>  eg  COS  0  -  m  'bg  COS.(t>  f-C 

;=(«jf;  +  tti f)  eg  cm  {b$/c)  -  m  6'g  cos y  +  C. 
■  /;  :  Lograh^c*! 


V  c0  =  H 


A! Lograaje-s  Equation !i^(^L:|I.=^  f  .:  ,V.  •  '  '' 

’) 1  —  Q s=A.(/w  A si n  |~' yjj-y m'bg  sin y. ■  .  .4 
(/>t  +J7i i/)  bg^m  '  v  y  is^mall  i. 

ot-A.(4«»  ';^'2/u)y  c  =  a-b 

t. .■■  .■■*.  — A— — -y  =  —  n<tj isayV  -  ’■■ '  ------- 


Nyhieh.  rcprcscnt  S.  H.  M. 

:The  1  eng fhi.of  ll\c  : s i m pi o.oqui vale nt  pendulum  is  -  - 

•  .'  vy  7vK(d-t).  AK7w>^:.:= .  : '.- 

:y^AK7r+M'(2-i#  ;>  A  y: 


23. .. 


Y  -  -  ..  (o.m) 

Ex.  23..  A  pianJL  To  feel  long  is  placed  symmetrically  across  a  h'g/iK' 
cylinder  of  radius  d  yvhich  ' rests  :ond-. is  free  to  roll  on  a  perfectly  rough 
horizontal  plane.,  A  heavy  particle  whose  .mass  is,- n  times  that  of  the  plank  ~ 
h  embedded  in;  the  cylinder  at  its  lowest  point.  :  If  die  system,  is  slightly  , 


r  2k'. 


displaced, -show  that,  its  periods  of  'oscillatibns  are;  values  of. — * 


given  by  tht-.-equotion . 

4p4  t*  (n  +  1 2)  /j?  -K3  («  - 1  )= 0. 

SoL  Tlie;  figure  is  the  .vcaicap.cross-seciipn  of  the  . systein' through  the 
centre  of-  gravity  of  the  plank: :  -  >  ''  .  ‘  -~ 

:.Lctr.G;  the  centre .  of  .gravity  of'thei  Ibfi^^ss* in: -and;  length  242 

plhceid  - symmetrically;: across-  a  H'gjfit-.cy.n^^^t^fos  a  .and  fentlc  -at  C.;. 
A  '  mass  nm  'is  embedded  at  the:  lowestvjwml  ?ofilhc  cylinder. 1  In  .lime  t  leL 
the  .cylindcr-lum.  ihrouEfr'an-v 

:  let  ihc.'fjjank.  turn  through  an"-angie^^|i^^ori2phtal.  G  coincided 

withviT ^ which  was  the  highest  ^6t^6.^th^yltn^er;.AndiiniitpIly  f  coincided 
with^Cl^If  pdini.ofrco^(^t^fidvycyIindCT.and-.ihc  horizontal  pinner . 

-at  time^Ktfcn-.as.therc'iKn^hppmg:-'  •  v 

.;LV1  .'.Vpb  =  Arc^B^='^  'jmd;^.G  ^  Arc'if£=  d 
Referred  to. 0. as  on^j^fli^horizontal: and  vertical -lines  through  O  as 
axc^.  theicoprdtnates  (xp  ^X'of.  F  ahd  (xc.  of  G  are  given  by 
xF  =  OD.  ~  FL  *=  a&Ka;sin..9,  yF  ~  CD  —  CL=a  -  a  cos  0.'  > 
xc  -  OD .+ ]t^tpkOTk&:UP — /V/:=  aQ  +  as  in  ^  -  a  (<^  -  0)  cos  y 
•*  aQ. 0).  1  =-  2nfl;s  • : 0  andy.arc  small 
and  yG^CD+:iGM+  NG  =  a  +  a  cos ;  y.+  o  —  8)  sin  <f> 


"-?f:  2  V-  • 

^s¥a  I  -  ^  +  d  (tj>  -  6)  y  =  242  -  a0<>  +  ~$2. 

l  2  )  2 


up  to  first  approximation, 
r p-  ^  Xf^.  +  yj?  =  (fl0  -  a  cos  00)2  +  (a  sin  60)2  -2a202cos  8 


•"£ 


^  and  vc2  =  i^2  +yc2>  (2a0)2  +  (-  a^Q  -  a0<{>  +  a$^))2.  =  4a?02 

Neglecting  higher  powers  of  Gandy  as  they  arc  small. 
If  7"  be  the'  K.E.  and  W  the:  -"work  function  of;  the  system,  tiicn.  we 
bavev 

T -  K.E.  of, the  plank  +  K.E.'  of  nm 


=  |m.^2^y  .4a262  +  'i/i/7i.2d2-  (1  —  cos  0)  02 
-jma2  (^2  +  4d297),  the  Iasi  term  is.  zero. as  0*  is  sihafi. 
and  --W =-;mg.(yG-2a)  -  rung.ypL,., 

=  -  mg  (2a  - ci0<{>  +  ^a<^2  A  2a)  —  nmg  (a  -  a  cos.O) 

r  Mga  (e^> -  ^f2)  -  nmg ;^a  *T  ? 

\  :  Neglecting: higher  powers  of  0 


=.  mga  (0k{>  ).-  InmgaQr  ■  -  : 


r  '■  V--'  .  .  !  :^:3rV^7iK9W 

•-Usran*c^KK?-,MK.3.|^-adr2«:  K'; 

i.c.  ^  (4/nd?.G)70  =  mga  ^:-.n/nga0. .  .-■  '  -  '^\oLA 


or.  40  =  -,c'(a0K<».  .where.  c  =  (g/a)  .v  .  •  „f.  ;  .  * '  '.-A 

A '  t, ' :'.  \ ~xdifo t\:  ttfiwr/C: 

And- Lagrange  s  <}hcquatjon: is:. *3^ I-  ttt:  I rr^r--  ~Tzrr-~K-^ 
i  c-  (0  ^ 

El  i  rr.  i  n  at  i  n  r;  6  bet  ween?  thescj-  two :  e  a  urui  0  ns  !;wev  ce  t  -H.  -. 


-(I) 


*~:^fe|-»^!--values'!of'-^K^‘.:  k -'A  *1-' 

■  P .  i  -  ••'•':  pvy..;;\.r.^;.;v .  .  a.K;  v£*. *' '  '  - 

:  th^p-  ihe  solution  of  p).;mu5k.bc>  .  : ' ;  -  -  * 


0  =  Acoslp^ct+. B]  so  ihai:D20»-cp?0ahdb40  =: c2p48.: 

Subsiimdng'in.(3j;  we  get**' *•'-  /  •  '  \  . 
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Lagrange’s  Equations  . 


(Mechanics)  /  12 


.[4cV  -£>(«  +  12Xq»?  +  3(rt-  i;.c2J©  =  0  -  - 

-  or.4/>4— (ai+  1 2)77^- 3 o; — ;AV: 

Ex.  24.A  plank  of  inassAf/ytdiits  ^X^n,NG 

of  gyration' k  and  length  7b.  cah-sw-ing  l- * 
like  a  see  saw  azoss  a  perfectly  'run  git  ;'y 

fixed  cylinder  of  radiiii: a'.  Afit feints  _K'~ 
hang  nvo  particles  each  of  mass  w.by 
striings  of  length  l  Show -that.;  as; the 
system  swings,  the  lengths  of  its  simple 
equivalent  pendulum  ore ■  ami 
Mk2  +  2mb2  •  *  •  ' 


>&nr ung  . 

1  eAP 


(M  +  2m)  a  . 

Sol.  The  figure  is  the  crtj,vs-seclion:  of.  thc-:sy^cm  through  the  cciurr 
oT  gravity  of  the  plank,  ond  the- strings.  .  .  V- 

AB  is  the  plank’ of -mass  Af  arid  length  2bi  AP  and  DQ  strings  cnclv  or 
length  l  and  O  the  centre  of  ihc-.^yljrider.bf^radius  o  ' Initially  tltc  C.G.  G 
of  the  plank  is  ai;the  highest.  ^otDL'^'oPUfe^Iihder  and  .the'  strings  AP 
and  BQ vertical,  .  ‘  f  '  ~'  - 


Since.  ihcre  is  no  slipping  bciwcen  lhelplonk  end  ihccylinder.  - 


xc=CN 


*r»\Y.  ~  «  V-  y-  =  n  +  ijriyr  > 


yG  =  ON  -t 

xP~  CN  +  AF  si  n  y  +  {b  -  ay)  cos  y.  +./;sin0 

=  ay  +  (/>  -  ay)  £  1-  ^j+/8  »  b  +  /0:-  l-by*-  - ' 

Neglecting  higher  powers-- of' 9  and  y,  which  arc1  small. 

)'r  ~  -  CF-AE^  a  cos  y^sCfc «y)  sin  y  - 1 cos  8 

(I  -V/i!)-(6-.fly).y^/(i-0!6  !)' 

=  a  —  l  —  fry  +  i<ry2  +  l/Q2. 

Neglecting  higher  powers  of  y  nnd  0 

.VC>  -  -  ( GK  -  NH  -  LQ)  =»  -  // cos  y  +  («  sin  y — oy  cos  y)  /  si n  y 
- ..jejz ■.  b  ( I  -  V^/2  !)  +  ay  -  ay^  yLa.-»):+:  '=  -  b  +  /*  +  jfcy  2  ^ 

Neglecting  higher  powers  of  y<;nnd  <{>':*; 
=  +  KG  +  {ll  K  -  5/.)  =  a  cos  y+  ay  sin  y  +  b  sin  y  -  /  cos.<j>* 

=  a  ( I  -  y2/2  !)  +  ay.y  +  £y  -./.'( I  -  <p2/i  ») 

-a  -  1+  by  *  ioy2  +  i/$2_  ‘  f?  *- 

Ncglccti higher,. powera  of  y  and  <J). 

•'*  *'<;*  =  *c~ +  yj1  ~  (;^y2y)2  +  (oyy)2  =  a^y-y2  ■  %5v^ 

^  Negieetlng  smaller  quarttiiics. 

'  f  ~  xr~  +  yp“  +  (/0  -  ^y^)J  +  (-  />y  +  ayy.+^i)2^?*  . 

=  /-8~  ■+  A-y-  .  ca i ng  sm a Uf  r  qu a n t i t ies . 

Similarly  v^,  =  /^2  +  ' 

If  7*  he  (he  K.E.  and  IV  the  wprk^functldn-of  thc  system  then.  .. 
we  have 


Neglecting-;  terms: of  "degree  higher  than  2  of  angles, 
nnd  W=-Mgyc-mgty.-mXj^Cf/;'J^:.  :■ 

=  -  Mr  (a  -+-  jhy2)  -.mg  (a  -  /  -  £y\+  :2ay2  + 1/92)  :  ' 

-  .*  mg_ (a;>:/-»-/iy  +  i^y2 +i/<^2)  +  C  • . 

c,  -  (b2 + ■ 

L^grqngc’s  O-cquation  is.-j  ^ 

.  -  ^1:30^  dO.  va0; 

U.  jf  (ro/'G)  —  0  =  -mglB  or  0  =  -  ^0  =  -  |1,0  - 

Length  of  simple  equivalent  pendulum  is.  g/p,  =/. 

The  same  length  is  obtained  by  forming;:  ^equation. 

And  Lagrange Vy  equation  is  4  f  I?  =  4^- 

dt  I .  oy  j  5y.  0y 

{r-  Jr  +  2,nb2v)  -  0  ='-  lag  f  2m)  y 

or  (m2  +  2 mb2)  y  =  -jog  (M  +  2rn)  y 


(M  +  2m)  at? 

Lcngih.'of  simple . equivalent: 'pendulum; ’.is  itg/ps) 

.  -  i}  V  :  :(M  -+  2«i)  d-.i.^'i, ' ;  v. 

Hence  for  the -system ‘ :thc>;Vcri<g is * ;L: ' 
simple,  equivalent  pendulum  v arc fi-\  ah'd-lf-  A 

mi iHinib2-. .  * 


(M+-2*n}a 

;-:Ejci  2S.  :rof/r:j//ttybnn:ra^:e  ^  ,  1 

2a  are  hinged-  'ot]  their,  ends  so  os  ‘id-form'  a_  > 

rhombus  ABCD..  The \dngles:B 
connected  by  an  elastic  srrmg  anfrKe  lowest  ■  :  ^ 

end  A  rests  an  a  horizontal  pldne".  while  :  the  - ' ''■ 
end  C;  slides  oh  a  smooth  yerticdl 'wire  passing  . through  A:  iti- tfte  position 
of  equilibrium  the  [String  Js  jtrcidiefio  twice  its  natural  lerigthandihe 
■  P,lXfe.  BA  D  is  2ct.  Show  -  that  <  the  ': time  of  a  small  ■;  osc i llation/aboul  this 

Uiiiio, i  is  frr I— 

v  .  -  ; .  3g.  cos  ’2a  .  ■  J ;  ^  ■  . 

.Rftt.  I  ^ t  A/f  rKx>  m oef- ■  rtf-  ji o r'k'  ^ D<.  ■  D/^  ’■  I  h  J  ’  T 


Sol.  Let  A/  be  ;the^ ibreachidf  the:^|^^  B Cf, CD  ;and>DA.:. In' ; 
ihc  position  of 'equilibrium.  tKerods  rnjdce  nfigld'i  q'.^ith  the :  .vcr  tt'Hal.V When. 


•••  ',cf*cf  >'<$£<>%  ■-  *•*  •  ■.'••■ 


te  system, 


3?”  '  .’  .  .. -(inxln  ta +0)  ■ fi 

and .  IV=  2  (r  mg)  yc  +  2  (-  mgfy^.  -2  f  X*  —  ~  ~  dx  . 

)  •  .-  -.  2  .  o  ;  astoa- 


(where  4x.  is  the:  stretched. length  of  the  string  d(  timc  /  nnd  4a  sin  a  is  its 
stretched. length  in. equilibrium rpositidn)  ;  7  - 

-  — 8A/ga  cos.(a  +  0)  -  — — •  [2  sin  (a  +  0)  -  sin  a)2  +  C 
sin  Oc 

Lagrange’s  9-equation 
i.e  —  r*Ar, 


•  ar  avv 

.>  pae:J  ,96  “90. 
l  fi-3  sin2  (a  +  8/20  ]  =]  -^  l6A/a2  sin  (an-  9)  cos  (a+’0)02 
'  -  SMga-sin  (oc  -H  0)  (4Xa/sina).  (2sin  (a  +  0)  —  sin  oc  }.  .cos  (CX+  0). . 
-•or  yj-  Ma1  {1+3  sin2  (a  +  0)  )  ’0  .  >;  /'V 

±  &Mga  sin  (a  +  0)  -  (4Xd/si'n  a); |  2  si h  (a  +  0)  —  sin  oc  )  cos  (a>  0)  , 

But  inltially  which:  0=0,0  =  0, 0  =  0.;. ’.  from.  (lXrwe.gct' 

0  =  8 Mgo  sin  a  ■  sin  dc  cos  a  fir.  X  =  2Mg  tan  od 

v'  -r^  -  stn  a  .  . . ;  -  ^  j .  °  .••  .•  .  j  ^ 

':.Subsiimting-X«-2A/g:t^  ■']* ^7.'  -  v 

-“Afa2  (  1+  3  . sift2  "(a  0)  )-  0 ;  ;  ---  - .-  i  . ■  .  -  -  -■  - 


=  SMga  srn  (a  +  9)'~-~^4  {  if  sin  foe  +  0)  —;sin  a  ) \cos.{a+.0) 

.  or'2a  (.!  +  3  (sin  (xcos-;0'+cos‘asin:0)2jJ't0 >  r 

=  3g  (sio  crc6s'0  +  cbs  'a  sin  B).-11^^'.  (;2(sin  a  cos:%  :  -T‘ 

.-- .  -•  --;:cos,a.  . 

'  +  cos  asin  S)— siha  j  .(cos  a cos  0  - sihasinG) 

or  2a  (1+3  sin2  a)  0*  . 

-  3g  (sin  a  +  cos  a)  —  — :  (2  sin  cc+28.cos  a  —  sin  a)  (cos  ci— ?9  sin  aj; 

...  COS  OC  ■  -  .  ••  ■'....  '  -—  t-.  ;  ’ 

or  2a  (1  4-3  sin2  a)  0  '  -  .  -  ''‘‘-  -Q  : 

=  3 g  (sin  a  +  8  cos  ft)---  ^  ■  (sin  a  cos  a  —  0  sin2  oci+;29cbs2d) 
•cos  a  ■  *  - 

[neglecting  higher  powers.1  of  0)  . 

or  2a  (l  +  3  sin2  a)  0  =-  ~^-.[sin2  a  -  cos2  oc]  0 

cosa  :  .  ,  - J-  .  ... 

or  0  c 


:2a  (1  +  3  sin2  a)  cos  a 
which  represent  S.H.M.  Therefore  the  time  of  small  oscillation  about 
the  position  of  equilibrium,  is  (2si/f\x), 


mm 
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H 

e  bo 

G© 


•c  -  ‘  ;■  ...  -■  ■Ib2^.tr^i:s?ri2g>cayg:.t1^2' 

.  '  *  ■  •  •  Vi  •-■■^^-  3^;  4' ~  4^  -;x 

:  £ju.;26u  >t  uniform: rod  A& i'bfjengtfi:Xd':^^ 


^string 


(9+  3$)  and(120 -  13$}  are'  principal  *Y  *  Mg  \  A.  ; 

‘ ^o^hipTesy\yyfi^^^ .  q«4  Trod  and;,  string  - 

'■:mfpctive$!v)ake  Vur/vAr^^  of-st/ial^ 

.  '.oscillations  .are  •  ..  ..'; .  L  VC?V V'  V  %  .  :  ;  ■  "  \  O.  '■ 

•/f  2rtV(.f j“nd2-y(^;).  ;  •.  .v 

■  SoL  i  :i;Af !.  6c "the  mass  a hd:G..-the:  c c nlrtip^.g ni  v  it  y.  of  the  rqd;  AS.‘ 

.  .  R^cfciVcd  ic  (C  as  origin,  ih c  hori zhntalarid  :  vertical Airies  -through  C  ai  oxes 
_  .. die;  coordirlates (jt^->^:6f:'G::are.g»vcn.by  -VyJ v 

4a sin .0'  ^  :  '  •  ’  • 


energy;  'aw^wFiheV' worir^^aioii^of^^  sysicin.-’  \  . 
W’Hiye"  .:  ■  ■"  .:  V. ..; r". •.;  ^  0:_  *’.  ■  .  . 

;:  f-^’02  + 1.694?  + 1040^:- .-: 

.  and  ,VK= /fg .(13a;cos  $  +  4a  cos  9)  +  t^CjX  .^V '  .'  .*X- 
:ii  Lagrange  V  0-equation  :.fs —f 

-  >■?-.  ^| j^A#2 ^ -“.2 0  .+.  1 040  J J  -  —;Aa:tiig  sih;0  =  -  4a  MgQ,:  . 

;or  1 610  + 394—~3c0,  (where  c  =  g/a).  .* 

And  Lagrange’s  ^-equation  is  4f^l"^  =  ^r‘ 

<lx  L/>$  J.  «9 


0  is  . small  v  — 


JL 


«»r  49  +  13$  =  - c$, ■  (c=»g/Vi). 

To  find  - the  principal,  coordinates-  lT, 

.  Multiplying: f2>  hy  X  and  adding  to  (1).  wc  have 
(16  +.4X)gV(39.+  I3X)  $«-c  (39+  X$>.  7 

isf o\v Ichoosc  Xs  u  c  h  that 

=3:09^13 : 
or-  4X"  -  23X V-l  17 « 0  or: (X  -  9y(4XV.t3j$0&£:  ■ . '  '  v 
; V/iVc n;/X  °  9;i(3>:  red utc  jo- :  ■  .  . 

o2(0+  3<w=~^-c(9+^>. 

.  Arid^licn.!:^'.*|i1— :l3/4.  (3)  :  :  Vj  •  -; 

2fr - ^4 3<b)  =  T C<  1 28 

I  Putting  .0..+ ■  3.6=!  Af  and  1 20  ^> ( 3<t>  =  y  in  (4)  and  (5X  wc  have 

.  '  -^ ■•••••  -.  ■-  •' . 

*y -f 

^.hichi-.- , represents ■■■.  two  -.  independent ':, ^  simple, 
harmonic,  motions. _  -.  ;,.l-  -“.  v-’';  •  ■ 

'  -THus  thciprincipal  coordinaics  arcA; 7  ;  ' 

:  '■&* nd' Y  te.;:  Q  +■  3<>  and'  1 20'-;i3^  ”Vr-:  ' 

Alsivthc;  periods1  <?f  smah  oscillations  are * 


‘  c-  jfs  \\M«2  ( 1 09.20  +  1 040)]  =  -  1 34 Mga  sin  <J»  =  -  1 3 Mga$, 

*/  ..^.iS-Small 

^^T(2) 

*  (3) 


■  -*y.  .... 

...(5) 


■ tic--  2k 


•;  Ex*b27 ■  A  ring  slides  oiT a  smooth  ciivuiar  hoop  of  equal  mass  end. 
of  radius  a  w/iich  ctot  ./um  a.  vertical  plane  about  a  fixed  point  O  in 'its  .  : 
- ^rc) i/iifercn ce.  dfi 0  aitd  4  be  the  inclinalion  to  ihc  vertical  of  the  radius 
fhrpu^h.p  .pof  oft  he  radius  Utmugh  the  ring;;  prove  that  .the  principal 


coordinates  are  (2G  +  o)  and  (0  -  0).  anti  the  periods  of  small  .oscillations 
are  2n  V(o/2^)  and  2rt-V(2a/g)'. 

Sol.  Let  M  be  the  inass  of  each  of  the  ring  and  the  circular  hoop  of  radio. 
a  and  centre  C.  which  cari  turn  about  the  point  O  of  its  circumference.  At 
time  /.  let  the  radius  OC  of  the  hoop  make  an  angle  0  with  the  vertical.  At 
this  time  /.  let  the  ring  be  at  P.  such  that  CP  make  an  angle  4>  with  the  vertical. . 
Initially  the  ring  was  at  the  end  A  of  diameter  OA  which  was  vertical. 

Referred  to  O  ns  origin,  the  horizontal  and  vertical  lines  through  0  as 
axes,  the  coordinates  (>V  )c)  of  the  ccntre-  C  and  (Xp,  yF)  of  the  point  P 
arc  given  by 
xr-a  sin  0.  yc  =  a  cos  8; 
xp  —  a  (sin  0  +  sin  <{>), yp  =  o  (cos  0  +  cos  6) 

vf2  =  X* +-  yc2  =  (<t  cos  00}2  +  (  -  a  sin  00  )2  =  a2®2  *  '  7 

and  vp2  =  .t^,2  +  yp-  -  a2  (cos  00.+  cos  <H>)2  +  a2  (  - sin  99  -  sin  4*4>)2 
=  a 2  {  (^  +  <}>2  +  20$  cos  (0  -  $)  }  =  a2  (02  +  <>2  +  2040 

■:  0.  $  are  small 

If  T  be  the  kinetic  energy  and  W  the  work  function  of  the  system, 
then  we  have  ^ 

T  K.E-  of  the  hoop  +  K.E.  of  the  ring  -  .  •* 


=  [\Mk2&  +  \ld.v2)  +  l^Mvp1) 


=  \M  (a2  Or  +  a2er)  +  \Ma2  (O2  +  $2  +  20$>y?A? SfC 
and  W  =s  Mgyc  +  M%yp  +C-  Mga  (2cps%i+vCps:  $>+-  C. 

, .  *  .  .  d  ( aw 

Lagrange  s  0-cquanon  .s  ^^^9*30 

i.c.  4  14^2  (60  +  2$)J  =  -  fjt'fgalio  B  =-  2MgoO. 

-•  -'S? 

or  30  +  $  —  —  2c0,  (whct&.c^ya). 

A  ,r  .  ^zr&dfdT')  dT  31V 

And  Lagrange  s  $.cquat,on  ,s 

i.e.  —  [ ±Ma2  (2$:+^?6jj''=  -  Mga  sin  $  =  -  Mgu§.  ■; 


$2  +  20$) 


*.*  9  is  small 


$  is  small 


or  0  +  $  =  ^:c$^v(wh  c ;  c  c  =  g/a). 

Mulriplylog.  (2X, by  X  and  adding  to  (1).  we  get 
(3  +  X^+ffe+  X)  $  =  -  c  (20  +  X$).  ‘  . 

o w'fc  1  loose  X  such  that 

7%?.(X - 1 )  (X  +  2)  =  0  -  ,X~  I.  —  2. 

yWhen  X=  1.  (3)  reduce  to 

“  ;  ’  D2(20  +  0)  =  -  ic(28  +  $)} 

And  wltcn  X=r  ~2.  (3)  reduec  to 

D2  ($  -  9)= -  2c  ($  —  0). 

Putting  20  +  $  =  X  and  $  —  &  ~  Y  in  (4)  and  (5),  we  have 

D2X=  -  -£-.X and  D2Y~- ^  Y.  V  c  =  S- 
2 a  -  a.  a 

which  represents  two.  independent  S.H.M.  Q 

Thus  thc  priricipal  coordinates  are  X  and  Y. ^  ■* 

; i.e.- 20  +  $. and  $  —  0.  ....  ■  „  . 

.  Also  thc;  periods;  of  small' oscillations-' arc  .. 


...d) 


...(2) 

...(3) 


...(5) 


Ex.  28.  At  the  Lowest -point  of  a  smooth  circular  tube,  of  mass  Af  and 
'  radius  .a.  is  placed  - a  particle;.  of  mass  M  '^-the  -tube  hangs  in  -o  vertical 
plane  from  iis  highest  point,  which  is  fixed.  .  and-  can  turn  freely  in  its  own 
' .plane  about  this- point.  If  this-'sysienifbcy. slightly ■_ displaced  show  that  the 
.  periods  ■>  Of  ',  the  rwo  independent :?  oscillations  of;  the  'system  arc 

And  that  for,  one- principal  mode  of  oscillation  the- particle-  remains  at. rest 
■  relative  to  the.  tube  and  for.  the. .  other;  ihe-  centre  -of  gravity  of  the.  particle 
and  the  lube  remains  at  nesiy  .  i- . 

SoL  Let  C  be  the  centre'  of.  the  smooth  circular  tube  of  mass  M.  and 
radius,  o. which  is  hangcd  frotn  ics  highesl  point  O.  Ar  the;  lowest  point  A 
(note  that,  initially,  diameter/ OA  'js  yerticalJ.is  placed  a  particle  of  mass 
:  M  '..At; time  L  let  the  radius  OC  make  an  .arigle  0  >viih;  the  ycnical.  and  at 
this- time  lei  the  mass  M".  hc^LP  such  .that  CP  rnakc  en  anglc  $  with  the 
vertical.  \  1-  ’  .  ■- 

Referred  to  O  as  origin,  h'orizohia I  and  vertical  lines- through  O  as 
axes  the  coordinates  (^c'3'c)  cif  the  centre  C  and  (j.'p>  yp)  of  the  point  P  are 
given  by.  „ 

xc  =  a  sin  0.  yc  —  a  cos  0;  "  .  \  '  ’ 

.  ■  .x^,'=  o  (sin  0  +  sin  $),  yp—a  (cos  0  +  cos  $) 
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i'  .  ’  >. 

£ 


As  in  last  Ex.  27,  v^2  «=  a2©*  and v^? :*;20$) 

If  X  be  the  K.E.  and .  IVthewqrk  furtctionof  the  system.,  then 
T  =  K-E.  of  the  circular  ;|abTc^jj4.JB.  of -tKciopjiuiicic 

'  -y::- 

«  iM  or  9“  +  o2  02)  +  ' 

=  1  (2Af-%-  M'O  fl’e2  +^A4>a2<j>?  f'AT. iirei 
and  IV  =  A/g .yr  +  M 'g.yP  +,C=  cos  9  +.Af '50  cos  J>.VC 

••  L^S^nge  s  .e-cqua.UOft  x  -  7 

i.c.  ^  ((2M  + 0 

.  ..:  +  MSi'gaQ.  .  Q is small^  . 

or  (2A/  +W')  9  +  M:YiB-r(M+- A/T)  c! 9;:. (where  c  =  gSa)  .  ._( I ) 

And 


,  ;  ...  -•  id  (idTifcttXdW  ,  -.,  .;•  .  ■■ 

d  Lagrange  s  0-cquai.on  -  V  *  15  sma,t: 

(M r  a~Q  +  A/  'a2 9)  =  -  M’ga  sin!<t>  =  —  A/.  ' _.£<u<Ji.  - 

dt  ^  •  .  .  *v  •  r  • 

9  +  <}>  =  - c<{>» .  (where  £ ~xfa)  :  . 

uations  (1).  and  ^J^cattibc  wrihenvas  .  :  7 

2M  +  M  !©?>■ 
id  z^e [+ i& V 


i.c.  -j  (A/  '  a2<$  +  A/  '^0)  =-  A/;*£a  sin!<t>  =>-  M.  \gu<&.  ■ $  is  small. 

'  at  ^  .  .  .  -  v  ■_’* ' 

or  9  +  $  =  -  op. .  (where  e  ~ xh) 

Equations  (I)  and  (2)v;  can'bc  wri«en> as 

,f(2M 

and 

Eliminating'^  Between  thcsel equiij ons,  1  we^get; 

[(D2  +.C)  [ \2jif+M ;:V .; 

(A/  +  M ')  c  ) .  - M 'D2]?  =  0  or- _-\.L  r 

[2MD*  +  c  OM  +  2M  yD2  +'c2:(M:+  m'0]  9  =.£ 

— (3)  ' 

Lei  9  =  A  cos  {pr  +  B)  be  the  solution:  of, (3)'  _ 

'  O20  =  -  p*Q  and  DAQ  =  p40.  Substiiuting :'  in..-. 

(3),  we  get  •';  .  V':  j 

[2MpA  -  c  QM  -t-  2 M  0  p2.+  c2  (Af  +  W OJ.B-  O' ; ' 
or  (2 p1  -  c)  [Mp2  -  c  (M+M ')!  “  0 
- 

Hence  tile  periods  of  two  independent  .oscillations  arc 

P.\ 


5^0 
=  K 


-  n„0^  2k  (mT^') 


_ _  v/4)g 

iS^ 


2nd  Part.  Multiplying  (2)  hy  X  and  adding:  to  (I),  we  get 
(  [7M  +  M  ')  -t-  X  )  0  +  (M  '  -I-.X)  4>  =  -  c  ((A/  +  JVf7).&-KX$i== 

Now  choose,  X  such  that 

or  x-VMX-(M.Ar)«'  =  o 

or  (X  -  M  0  (X  +  (W  +  Af')j  =0  X=  M:',  -  (A/  -»-  M '). 

When  \  —  M  \  (4),  reduce  to  „ 

D2  {  {M  +  M  ')  0  +  M '  «J»  }  =  -  \c  [  (Af  +  AO  9  +  Af  }C.d-  .  ^  .-(5) 

.And  when  X  —  —  (M  +  M  '),  (4)  reduce  to 
O2  (<J>  -  0)  =  -  ^  c  «>  -  0)  .rr? 

Putting  (A/-t-A/')Q+A//(>  =  X  and  0  -  0  =  K.:^^(5^:an<l  (6),  we  havc'; 

&X--±Xm*j*irm-!!i±^-Y::sS&''  ’  '  '-•  'C  = 

20  '  Wo  %  - 

1  Itc  Principal  Coordinates  arc  X  and^^.  >v-'5lv‘" 
i.c.  (M  +  M  ')Q  +  M  "Q  and  <l> ~  0.  s%-  . 

For  one  principal  mode  <t>  ~,0  =>»^i.c>^'i=  0'  which  shows  iliac  the  particle 
remains  at  rext^rcl.itivc  io  the  tu^ej’^%-  ' 

And  for  the  second  .  modc,%^^M  '  $  =  0.  Now  x-coordinatc 

of  the  C.G.  of  the  particle^hd^he^tube  _  ..  - 

_  M-*c  +  M  Xp  ^  A  jo  sin  (sin-9  +  sin  4>) 

M  +  M‘  "  TW  +  Af'  • 


...(6) 

£. 


M  +  M 
a  .  - 


(  A/0  +  M  '  (9  +  <J>)  }  , 


(-.:  0  and  $  are  small) 


\.f  +  jLf*  t  (Af  +  AO  0  +  ii/'^  }  =0,  using  77)  . '.  • 

shows  iltat  the  common  C.G.  of  the  parlicld  .and  . the  lube  remains  rest. 
8-5.  L«grangc’s  Equations  of  Motion  for  Imonlsigc  Forces.  "  .  ' ' 

Let  (x.  y,  z)  be  the  coordinates  of  any  particle' m  . of  the  system,  referred 
to  the  rectangular  axes,  ftnd  let  them  be  expressed  in  terms  of  the  independent, 
variables  (generalised  coordinates)  0.  4>„V.  .-..  so  that. if  t  is  thc  time.  lhen 
we  have  .■■'■.■  .  ■  ■*-,  - 

*r=/|  (L  0,<>.  v,  ...),>  ■= /2  (/.  9.  4,,  y. z=/3(r*.©.tfr,  V,..,).' 

Since  the  change  in  momentum  of  a  system  is  equal  to  the  impulses 
of  the  forces  acting  on  it,  hence  if  X;  Y,  Z  be  the  components  .of  the  nppiicd 
impulses  at 

(a‘.  y.  r),  then  giving  the  system  a -vertical  displacement,  the  equation -of-- 
virtual  -work  is  Z  i>ifirh  -  «q)  Sue  +  (v,  -V0).5y  +  (w,-  8z] 

=  Z(X6jt+  K6v  +  Z6z)  ".  *  *  ....(2) 


where  (tty.  vQ.  iiy)  and  (tif,  v(,  w{)  arc  rcspccljvcly,  the  velocities  of  m.jusl 
before  and  just  aftet  the  application  of  the  impulses. 

From  equation  (I),  wc  have 

•'H»S0+i»5*+“ 


Similar  expressions  for  Syand  5?. 

.  -  dx  dx  1  dx  :  dx.  dx 

Abo  9r  38  9+_lij!'*,.+  .39“  36 

Similarly  ^  —  =  — etc. 

30.  39  39  30 

Suhstituling  the  values  of  fix.  Sy.  fiz.  we  have 

t(X&t+  Y&y  +  Z  Sr)  =  X  [fx|  +  y  |  +  2 1)  M  .  . 

+(4+yi+zi>+-] 

s/®5e+/^  +  —  ~5C/Csay>-  :  ■  -1.(3) 

Here  /e89. 7^. ...  (where  /e,  ...  are  functions  of  .0,  <{>, ...)  represents 

the  verticfll  work  (moment)  of  the  applied  impulses  corresponding  to  the 
vertical  displacements  50. 5<|>.  .7  . 

In  relation  (3),  50,  &t>.  ---  arp  ca)lcd^-=tK^5_ -generalised  virtual 

displacements  and  ...  are  ca Ucd.^tfte^fenem/ Ised  components  of 

impulses. 

Substituting  for  fix,  5y,  8z  the  cbeffi^hf  of  30  in  L.H.S.  of  (2) 

«  Zm  (« ,  -  uo)  ^  +  (vi  -  Vo)  ^  j 

£m[[‘<,aa  la9 39 + V° 59  +  ’“'>-39  J J  _ 

But  r,  =i.  v,  =;>. -l?nju0  =  (i) „  v0  =  (j0o.  w„  =  (i)g. 

Also  ^  "  f  ^  coordinates  do  not  change  abtupdjl 

jf 

From  rf4)i  tne  cocfTicicnt  of  59  in  L.H.S.  of  (2) 

'«+yi?+i4 


-w 


-iV  ■  3v  -  3£  ^1  f  ■  dx  .  3y  .  3 Z  ^1 

^£i!i  Kf.r—  +  v  — r  +  Z  —r  -  x-r  +  y-4  +  j— r 

..M0k  99  36-  59  J,  {  30  *'39  30  J 


37  ^  f  37  'l  ‘  _  .*2  *2  ‘2. 

"[39^-39-^  v  T~zim ^  +y  +z  ) 

Where  {(37/38]^  and  ((37/39)0j  arc  the  values  of  (37/38)  just  after  and 
just  before  the  impulse. 

Hence  from  (2),  wc  have 

ISHSMSHslK- 

=  5y  =  /e50  +  7^6<t>+  ...  . 

Since  8,  <$,  y.  ...  are  arbitrary,  so  equating  coefficients  of  50.  5<J» from 

the  two  sides,  we  get  ^ 

—(5) 


(SHSWSH51-.' 


ee/iit it  to 


These  are  called  the  Lagrange’s  equations  for  impulsive  forces. 
Also  (37/30)  is  called  the  generalised  momentum  associated  with  the 
generalised  coordinate  9.  Similarly  for  each  of  the  other  remaining 
coordinates. 

Hence  equations  (5)  state  that 

The  change  in  the  generalised  component  of  momentum  is  > 
the  generalised  component .  of  impulse. 

8.10.  Deduction  of  Lagrange’s  equations >of -motion  under  Impulsive 
forces,  from  the  Lagrange’s  equations  or  motion  for  a  system  under 
finite  forces. 

Let  Fq.  Fq%  . . .  be  the  generalised  forces  associated  with  the  n 

generalised  coordinates  9.  $.  y.  ...  etc.  Then  Lagrange's  equations  of  motion 
for  finite  forces  arc 


=  F  jTf  37  )  37  _ 

dt  y  3q  J  39  e’  dt  y  9^  J  3$ 


Fa  etc. 


where  7e  «  etc. 

Now  multiplying  Lagrange's  0-cquaiion  by  dt  and  integrating  from 
/  =  0  to  f  =  T.  where  T  is  small,  wc  have 


[8L-VS‘<'- 

Since  (he  coordinates  do  not  change  abruptly,  therefore 

limj  ^~dr  =  0. 

s-»o  o  ^0 

Let  F9  — >  «  and  t  — »  0  in  such  a  way  that 


-O) 


rag  g 
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;  Urn  j  rQJi~  /0. 

t-*  0  0 

Then  /0  is  called  ihc  generalised  impulsive  foivc  associated  with  the 
coordinate  9. 

The.  generalised  impulsive  forces  arc  calculated  easily  by  the  formula 
6  f/;=7&5Gi- 7^6  $  +  ...,  where  6(7.  is  the  work  which  would  be  done :  in 
generalised  displacement  by  ihc  impulsive,  forces  if  they  were  ordinary 
forces.  *  >. 


Thus  equation  (1),  reduces  to 


where  f (37739) jl  and  [(dT/DO)0)  arc  the  values  of  (37739)  just  after 
and  just  before  the  impulse  respectively. 

Which  is  the  Lagrange's  0- equation  under  impulsive  farces. 

Similarly  the  other  Lagrange’s  equations  can  be  deduced. 

•  EXAMPLES 

Ex.  29.  A  heavy  uniform  nod. of  niass  in  and.  length; 2a  relating  in  a 
vertical  plaice  falls  and  strikes  a- smooth'- horizontal  plane.  If  u  and  di.  be 
its.  linear  and  angular  vildpities.aiid: .  9  the  inclimtiitin  ^f  the  rod. fa  the 
vertical  jusifoeforc. : impact^ p rave,  thfi.r  ifiejunphlse  j:_is  g t ven  by  .  .. 

(i-HTsin2  6) 7  =  m  (uT-duji sin  G).. ;  ’..+  ;■ :/ 

SoLjJbct.'.CTvbc^  the ^centre :pr.’grayiiy/rbC:-.ihc' /md  Z  B  o£m^ 

■  ^  23.  -Lct-^y  -b^-^tJbc.-hcight‘  6f."tfie^ccntj^;'o(|:"gruviiy'‘:'i^^-frprn-uhc-’,p"la*n^'an:d^iQ^' 
■'  fitter  intlinatibrr  of  the;  rod  -  With  ihc  .  vcrucaLaVany;  time/;, .  •  .  ~ 

Kinetic  encrgy.  -  •  V. • 

+  *:•  .  - 
=im(Ve2  +  y1>  J\ 

And  virtual  displacement  of  Ain  vertical  upward^ 
direction 

=  «2£rtual  displacement  of  CC.  C 
+  Virtual  displacement  of  /  with  regard  to  C 
53  6 y  +  o59  sin  6.  6 U  *=»  J  (5y  +  a  sin  969). 

Lagrange’s  equations  are 


—  cocff.  of  5y  in  5(7 


or  w  (>v  -  ,V0)  **  7. 
And 


=  Coefficient  of  58  in  6(7 


4> 

r.y^s. 


Ml- 

or  Ifua2  (9  -  80)  =  Ja  sin  8. 

But  y0  =  —  it  u  is  downwards  and  y  is  measured  upwords^%iV 
and  0Q  *=  -  <o.  ^  y? 

From  (1)  nnd  (2).  we  have  m  (y  +  «)  =*  /.  ...(3) 

arid  «w(0  +  to)  =  37sin  8.  ...(4) 

Since  (he  plane  is  inelastic,  therefore  the  end  vLdocs  not  rise  from  the 
plane.  *  -  "Jt 


...(5) 


Vertical  velocities  of  die  cud  A  after  impact...  *7Q. 
i.c.  y  +  aO  si  n  9  *=  0.  % 

T7  *  •  %  xv--" 

Substituting  y~~ll  +  ~  and  (lQ  ~  ~  6  from  ond  W  m  €51. 

J  f  -  7  /  .-  — 

.we  i 


J  f  Y';0-  ’ 

e  get  -  u  +  —  +[  -  oo>  +  ~  sinv9J|sin^  =»  0 

w  (  -  i,f  <^rt: 

r  (l  +3 sin2  6)7  «=m(u  +  tfGjsiiyOj^ 


t.  - -  —  N_  .  __j>s?i£.8)^'r 

Ex.  20.  Three  equal  wnjfornf’ro ds  Ad.  BC.  CD  each  of  mass  m  and 
length  2a  are  at  rest  i/i  a  straight  line  smoothly  joined  al  3  and  A.  A  blow 
/  is  given  to  the  middle  rod  at  a  distance  efrom  the  centre  O  in  a  direction 
perpetulicular  to  it;  show  that  the  Initial  velocity  of  O  is  2//3m,  - and  that 
the  initial  angular  velocities  of  the  itjds  are 

(5a+9c)7  6c/  nnd(5a~9c)/ 

10  nw2  Sma*  lOma1 
SoL  Lee  O  be  the  middle  point  of  the  middle 
rod  BC..  A  blow  /  Is  given  to  the  middle  rob 
perpendicular  to  it  at  the  point  /\  such  .that  <?/>. 

31  c.  Let  x  and  0  be  tho  .linear  and  angular 
velocities  of  the  rod  BC  just  after  the  mpulse. 

Also  let  $  and  v  be  tho  angular-velocities  of  rods  . 

A 8  and  CD  respectively  of  time  /. 

.  Lcl  u  and  v  be  the  vertical  velocities  of  centre 
of  gravity  Gt  of  AB  and  that  of  Gl  of  CD 
respectively.' 

V  Vertical  velocity  of  end  B  of  rod  AB  **  ^  ^ 

*  Vertical  velocity  of  tnd  B  of  rod.  BC 


.-.  x-Vab-v~  ay  or  v  —  x •+■  a0  + .ay. 

The  kinetic  energy  of  the  system  .  .is  given  by 
r=  ICE.  of  rod  AB.+  ICE.  of  rod  BC  +  KE.  of  rod  CD 

«*  +  Lnu2}  +  lLM.ia29^.+2mi2l  +  [i/7i  +T/WU2] 

=  dm  f^a2<>2  +  (i  -  o0  +  at^y1  +  -a2©2  +  i2  +  (i  +  oQ  +  c\^)2] 

a  im  [3 x1  +  ^e2  +  ^a2^2  -i-  io2^2  +  7ax§  +  2aiy  -  2a2Q$_+  2u28\jr] 
Since  before  impulse  the  system -  was  at  rcstl 

-  ICE.  before  impulse  =  0.  Also  S(/=  /(6r  +  c50).' 

Lagrange's  x-cquation  is  ^  =  coeff.  of  6r  in  5 U 

i.e-.  dm.(6i  +  2o<J)  +  2oV)  —  0  ~  l  or  3i  +  oi/  =  Vm 

Lagrange’s  0~equation  is  —  coeff.  of  59. in  SCJ 

i.c.  dm  (^o20  -  2a 2<t>  ■+-  2 ervj)  =  /c.-or  yrifl  -  a^  +  ay  —  Ic/am 
Lagrange's  ^equation  is  \  ~^r  [  —  f  ^r  J  =  coeff.  of&J>  in  BU 
i.e.  (ia2(J  +  Tax  -  2 a2Q)  ~  0  or  i  -  ah + =s^ 

And. .Lagrange’s  y-equadon  is:^^^-||  of  5^/n 

i.e.  ,4- 2^  +  2o20)  =  Oforji  H^.'48^oy-f~  Q 

-  Adding, equ^ons. (3)  arid 

V2i  y  lg$.+ f  mj/  =  0  or  |  ir  +  (5^ 

.• ^Subtracdri'g:(5)  fraW'(l).. .w^get^^^^m.v.ViVf  -21/Zm. 

S  u  btrac  ci  ng  (3)  from'  ■ 

. 7a.0 '4.|a<i> 5-'| rii(>^ 0  or A :=p.  ..' 
iSubuacung  (6)  from' (2).' w^'gec  .... 


...O) 


-.(2)  . 


-(3) 


..(3) 


;..(6) 


r  3  2  jr 


Snia1 


lOma2 


'  Substituting/the:  values  of  irand.0  in  (4),  we.get 
:  '  -21  n 
-p^r+- y.oy = 0 

•  3/m:  7 

.  ... 

Substituting  the.  values  of  xaridG  «K(3),:we  get 

.€rq=^^-rr~  +  —  a*  =  0  :  ^  =  - r~ 

p- ^3j£%5»ia  .  3  10 m? 

0*  1?' 

c‘sj.Hcnce  the  initial  angular  velocities  of  the  rods  ore 
^  (5a  +  9c)  /  6r/  .  (5a  -  9r)  / 

lOma4-  5ma2  10/na2 

Ex.  31.  Three  equal  uniform  rods  A B.  BC.  CD  are  smoothly  joined  at 
B  and  C  and  the  ends  A  and  D  as  fastened  to  smooth  fixed  points  whose 
distance  apart  is  equal  to  the  length  of  cither  rod.  The  frame  being  at  rest 
in  the  form  of  the  square,  a  blow  J  is  given  perpendicular  to  AB  at  its 
middle  point  and  in  the  plane  of  the  square.  Show  that- the  energy  set  up 

Jf 

lS  40m,  ' 

A  and  C. 

Sol.  Let  m  be  the  mass  of  each  of  the  rods  AB.  BC;  CD  each  of  length 
2o.  Z  and  D  arc  fixed  points  s.L  AD  =-2 a.  The  blow  J  is  given  at  the 
middle  point  Cj  of  the  rod  AB  and  perpendicular  to  it. 

The  rods  ZB  and  CD  will  turn  through  the  same  angle, say  9  and  BC 
will  remain  parallel  to  AD. 

Just  after  the  impact,  velocity  of  rod  AB  =  Velocity  of  rod  CD  =  a9 
and  velocity  of  rod  BC~2aO.  ^ 

:.  T  -  K.E  of  the  system 

=  2.(K.E'.'of  rod  Z  B)  +  K.E  of  rod  BC 
=  l^m.^e2  +  (o0)2]  +  lm  (2a8)2 

=  y/TUI^O2. 

Initial  K.E.  of  the  system  =  0. 

And  BU-JaBQ  (virtual  work  done  by  impulse.) 

Lagrange’s  0-cquation  for  the  blow  is  ^-FtXED- 


-  where  m  is  the  mass  of  each  rod.  Find  also  the  blows  at  the  joints 


©-(si' 


coeff.  of  69  in  6(7 


90 

i.c.  y  Ma2 8  -  0  =  Ja 


0.= 


37  - 

20nuz 

Hence  the  energy  set  up  by  blow 
10  7f  37  f  372 
3  n,°  |^20  mo  J  40m  *1 
TInd  parL  Let  lg  and  lc  be  the  impulses  at  B  and  C  as  shown  in  the  figure. 
Considering  the  motion  of  rod  ZB  and  taking  moments  about  Z,  we  have 
Change  in  angular  momentum  about  the  axis  through  A 

-Moments  of  the  impulses  about  this  axis 
i.e.  m.~a2Q  =  Jxt~  Io.2a  or  /fl  =  -iy  —  |nj0 
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Lagrange's  Equations 


J oin  M^riTrit^  :/ /trme/u^cjdf 


Again  considering  the  moti< 
tbmeni  about  L 


Again  considering  the  motion  of  rod 
CD  and  taking  moment  about  £>,  we  gel 
M.ierQ^f^a 


Ex-  32 J  Six  equal  uniform  rods  f win 
a  regular  hexagon  loosely  Joined  at  the 
angular  points,  and  rest  on  a  smooth 

table,  a  blow  Is  given  perpendicular  to-  A  G,H  0 

one  of  them  at  its  middle  point;  find  the  resulting  motion  and  show  that 
the  opposite  rod  begins  to  move  with  bne-temh  of  the  velocity  of  the  rod 
that  is  struck.  . .  '•  "  ;  ■ 

SoL  Let  M  be  the  mass  of  the  six  rods  and  /'the  impulse  nt  the  middle 
point  G.  of  the  rod  AB.  The  motion  of  rcids'BC  and  £F;  CD  and  AF  will 
be  symmetrical.  Let  o>  be  the. angular  velocity  of  each  of  the  rod  as  all. 
the  rods  make  equal  angle  alter  the  Impulse.  Let  Jcandy  be  jhe  linear 
velocities  of  AB  and  ED  respectively  perpendicular  to  themselves^ ' 

Now  volocity  of  end  C  of  rod.  SC  perpendicular  to  AB: 

=*  velocity  of  end  C  Of  rod  CD.  perpendicular.  io  AB 
i.a  { Vel.  ofB  +  vel.  qfCrelio-B^^i:  ■- - 

-  veL  o/D  +  vef  of  CreFfoDJ 

ori  +  2o<ocos60®-y— 2aa>co3  60°  .  '  •  -  -  ' 

c.*G>-\o^x)  ~4i> 

Now  vel.  of  G2  relative  to  B  is  gito,  perpendicular  to  BC.  its  component 
parallel  to  AB  is  ncosin  60°  and  perpendicular  to  AB  is  acocos60° 

[VeL  of  G 2  parallel  to  AB 
=  (Vel.  ofB  +  Vel.  ofG2rel.  to  B) 
parallel  to 

AB  =  0  ri-  bco  sin  60*°  -  VJaco/2 

•  And  vel.  Gj  perp.  to  AB  “  (Vel.  of  B  +  Vel.  of  G2  rel.  to  B ),  perp.  to 
A B  =  i  +  aid  cos  60°'=  x  +  mo/21 
(Vel.  of  G2)2  -  (V3goj/2)2  +  Ci;+  an j/2)2 
Also  vel.  of  Gy  relative  to  D  is  a<0.  perpendicular  to  CD,  its  components 
parallel  and  perpendicular  to  ED  are  sin  60°  and  aco  cos  60°  respectively. 

Vel.  of  Gy,  Parallel  to  ED  »>  0  +  «300  sin  60°  *=  old  V3/2 
and  vel.  of  Gy.  perp.  to  ED  ~  y  —  oco  cos  60°  -  y  -  acu/2.  — 

(vel.  of  <7,)2  =  loco  +  (y  r  o&K>)2 
Now  K.E.  of  md  AB  —  t  Mx  -  Tf  (sny)  . 

K.E.  of  rod  BC  =  K.E.  of  rod  EF  -  \M.\a2u?  +  4Af(vel.  of  Gff'^^%  < 
«•  \M  f-t<i2ar  -f-  u>2  +■  )x  -a to)2]  ‘ 

=  ~M  (4n2to“  +  3^  +  3a0ix) 

={M 'l(y-i)3  +  3^  +  2(y-x)i] 

*^fCSS  +  2i*iSJ)Wrrt say)  %V 

And  K.E.,  of  rod. C/5  •=  K.E.  of  rod  AF 

=  jM.jtrur  ■+* \M  (vel.  of  Gy)1 

-  \M  |lo2or  -»•  Vw3  +  (y  -  iflC0)2l 

-  <4oito2  +  3y2  -  3a<i>5  )]  : 

={!«[&-& + 

-  ±  M  O?  +  5 ?-ii)  -  Ty  (say^%> . 

And  K.E.  of  rod  0£^Af^%j^(say): 

T «■  K.E.  of  the  systcirt^^^2r2 
=  \M’x*  +  ±M{ 5X2  +  2p^xy)+I/W  (2x2  fSp-xyl+^y^1 
-JA/ (5.^  +  5^^  xv)  . 

Also  K.E.  before  impulse  =  0 
Also  W  =  !hx 

Lagrange's  x-cquacion' is 

™  coeff.  of  5x  in  hU 


(from  (l)j 


Lagrange  s  x-< 

(S)-ffV 

i.e.  1  M  (lOx-y)  - 
And  Lagrange’s  y 

w-w- 


,  Le.  ±M  (10i-y)'-0-/ or  Uli -y=  3^ 
And  LagrangeV  y-equation  is 

=  coeff.  of  5y  in  51/ 
i.c.  iAf(IOy-i)-0  =  0  or  I0y-Jf=0 
Solving  (2)  and  (3).  we  get  *  =  33^  = 
and  nu>  oi[v-  .r)  , 


«(2) 


—(3) 


l 

33M’ 


3/ 

~22aM 


<-yx : 

" ' 

(Mechanics) 


'5.:^x  ”  :  EXERCISE  ;  '/  r: 

|/  A  homogeneouj  rwl  OA.  of  man  mi.  and  length  2a.  ii  fiticty.WBged^i  O  to  a  fuied  . 
point;  w  ii*  other  end  b  freely  attached  anotlier  homogeneow  rod  AB.  of  moii  an  wi 
length  2 tr.  the  system  move*  ondcr  gravity;  find  c<)uatkiia  to rdctcmmw  motion. 

Hi nu  T = ^/irFe2  ♦ l j/>V  +  V  +  i V.  +  -  8)1 

W = X  («t 2»>u)  a  cos  8 +  «izk1»  coi  ^  +  C. 

Lag.  8  and  $  equations,  twhich  determine'  motion.  ' 

(i/jrj  +  /ro)  <08+2^1/^  cos  ($7  8)— 2/nifr$J  siil  (({>  -  8)  s=-g(rai+2rtt2)sln  8 

And  ^4  +  2a®i<:oi{$-9)  +  2«0I*jr‘{4>-fl)““X  rinfl. 

2.  A  uniform  straight  rod.  of  length  2a.  is  freely,  movable  about  its  centre  nnd  a  particle 
of  mass  one  fourth  that. of  the  rod  is  attached' by  a  light  bextensible-  string  of- length 
3a.  to  one  end  of  -the-rod.  Find  ihic  period  of  prihdpal  oscillatioas. 

[Hint.  Proceed  as  In  ex.  15  on  page  380) 

3.  A  perfectly  rough  ipherc  rcro'at  the  loWfett-polr*  of-fc  fxed  spherical  why  of  double' 

its  own  radius.  To  the  higher  point  of  tho  movable  sphere  U  attached  a  particle  of  mass 
7/20  time  that  of  ihe  »phere>rKl  the  system  b  (fisrorbed.  Show  that  the  ojcWatloftS  are 
the  same  at  those  of  a  simple. pendulum  of  length-  1VJ  times  ihe  ndios-of  the  sphere.. 
(Hint.  Proceed  exactly  as  in  ex  22  on  page  393L  .r  ' 

Here  o  »>  2J>  Bnd  m 

4.  A  thin  circular  ring  of  radius  a  and  mass  M  lies  on  a  smooth  bofironlnl  plane  and  two 
light  elastic  strings  are  attached  to  It  «  opposite  endx^oCa  dTarrietet;  the  other  ends  of 
the  string  being  fastened  10  fixed  points  in  the  dittfnefcr^prtxlueed.^how  that  forstnal) 
oscillations  in  the  plane  of  the 'ring  tho  periods  orerth£ifelu£*  of  2x/p  given  by 

■■■ 

2T  ■  1  ~  ^  ^  % 

5.  A  uniform  rod  of  mass  2n»  and  length  a  c^ri^tiirn^abovLl  one  ewf  which  b  Bxeif  :aM  to 

the  other  Is  smoothly  hinged  a  mtifon^jro^of'friws  m  end  length  2d.  If  the  system 
performs  ssrraJl  osci nations.  In  a  vattof^lans’^boai  its  position  of  equilibrium,  ihow 
that  in  one  principal  mode  tbe  wcJmalfcaj£  tqjthe  vertical,  measured  In  opposite  direcrioni, 
of  the  tods  ore  equoL  DeiermJn^t^ot^iripriiicIptJ  mode  and  periods  of  small  oicitlaiionr. 
[Ara.  Principal  coordtonta  2t(o? 0%td28  — •"  \ 

Perio45  2it  >/{l/3g)  and  ? 

6.  A  square  AB£D  formed  iotfout^freely  Jointed  uniform  rod*;  n  rotating  about  Iw  centre, 

of  gravity  on  Smooth  horironuil  table  with  angular  velocity  ca.  When  ibe  Joint  A  H 
suddenly  fixed,  show  that  thcMmirial. angular  velocities  of  the  rods  ore  .equal  and  that 
3/5  of  the  kioetlc  citfegy^is  immediately  fwt. ...  .  .  ;  ‘-'r- 

?.  Arbombusof  srawthljydlnted equal  uniform  rodsofIength«2aIlesonB smooth. horirmtal 
table.  It  i t.x'triicJ^by^ tf  blow  J  perpendicular  to  one  of  Its  rides  at  a  distance  c  from  the 
middle  pointy  jKq^Uet  the  .angular  velocity  of  tho  iide  Instantly  becomcss  3?c /Brea2, 
whet^mris^tfemau  of  each  side. 

8.  A  frhrne  In  the  form  of  a  regular  hexagon  ABCDEF  consist*  ofisalfocm  rods 

Ibosely^olwed  at  the  com  err  and  rests  on  *'  smooth  table;  a  string  tied  to.  the  middle 
jerked  h  the  direction  of  AB.  Find  the  resulting  Initial  motion' and  show 
t^ihaftiihe  vciocitics  along  AB  and  DE  of  their  middle  points  arc  in  opposite  directions 
.e^&^/aKd^n  the  ratio  39  :4. 

y  “^^Obtaifi  Lagrange’s  equitiont  of  motion  for  a  system  under  finite  forces  and  hence  deduce  • 
$$  f  *  ihe  same  under  impulsive  force*.  . 
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(Dynamics)/1 


'  _  1.  Introduction.  V/ii&h  a  pOjat.foV/j>^TijcibV'uJov<^  aloiig.a 
straight  line,  it's  motion,  is  said  \o  ]?c"a  r^cii linear  motion.  Hence 
in  thh 'chapt cr  w.c  slValt ; discuss  the- urQttcn; ‘of  anoint  (prparlidic);- 
along  a  straight  line  vhich- may  be  .cjthcr-ihori’z'ohtal:.  ror  vertical  * 
‘  2.  -  Velocity -aud  'acceleration.  **  ■- 

Suppose  a  panicle '  moves'  along  >>.v„  .. _ 

3  straight  line  O'^^vhdrt-  O.  is  a  ‘.ifreci-  /'  -.A  % 

point  on  the  lihe.  Let  ?  be  the  jrt?,si-  * 

; lion  q(  the  paruefe  ai  time  /.where  O/^x:  If  r  denotes  the 
Ipositioh'Vcctpr'  of  P-  apd  i  denotes* 'the  unit  ivcctor  along  OX, 

■  .  v  "  v 

lh.cn  r*=  OP— x.l.  _  .  -■:-.* 

Let  v  be  the*  Ydociiy-vecror-oftthc  pnrticlc  at-  /?.  -Then 


dr  d-  .  ..  dx  .  <#  ’*  <**  -  r  /  - 


P.  .the  -particle  be'  xnovlng  in*tlte.  ^iccQtvOi^  pipe *rojpreasios  (L*. ,  ih 
■the*  direction  O.X)  and  ir  the  '  ntttgnittidc  ’*  ::of  ,*)  f  Sv  -Vci  dc  j  ly  ),e.t  its  ’ 
zp.e/d  be  v;  wcr.havc  ’  *  .  ' 

’  tlx  ..  _i  ■_  :  dx  -  - 

y*yj^--^f  Therefor?  ; 

On  .1  he. oihc/  h&ntf .if  at-/*  t he  particJ p  her movrii j*  j rvthe  dircaiem 
of  .v  decreasing  (/.e.»  in-' the  direction  ^CQ-SP-diiF  ;-lhe ..:m.agn1l\idc 
or  its  vcloc/Xy^c  »tivyc  have 
dx 


Itcmcm 


=dt' 


dx.  ■ 
-The  re  fore,  j- 


bcr.‘ 


/»  r/ic  case  .0/ a- rectilinear  motion  ihyvefQctiyo] 
a  parilclsLa  time  1  Is  dxjdl  q1q)'i%  the  ' line  itself  jand  is  -  taken  .ehh 
posit iH-'or  negative  sign.occo'rdhtg  as  the  jjartiqie  is  In  the 

(iirccliqfyofi  x  incretisitiz/or  X.  decreasing.  *  <3 

Now  let  a  be  the  acceleration  vector  of  the  particle  at  P.  The 

’  i_T  ‘  v.  -^0 

dt  dt  \dt  }  dr  ~  % 

Thus  the  vector  a  iscollincar  with  i  i.e.,  the  direction  of  accc|£j%i 
lion  is  always  along  the  line- itself,  if  at  P  the  accc|crajfloi^be 
acting  in  the  direction  of.r  increasing  and  if  its  magpitfr.de  ^>e/. 


iPx  . 
”  tit' 


Therefore  On  the  o Cher  hand  if  at 


P  the  acceleration  be  acting  in  the  direction  of^x  deer 
if  its  magnitude  be  f,  we  have 


dr/C 


, .  d~x .  ,  r  d~X*XZzAy 

a— /,=  rfP 1  •• lhcrcfor'  dT&nti 

Remember.  In  the  case 
tion  of  a  particle  at  time  t  is 
taken  with  positive  or  negative  signed 
direction  of  x- increasing  or  x  decreasing*. 

Since  the  acceleration  is  produced 


_ by  the-  force,  -  therefore 

ohiie  considering  the  sign  o^t^we  must  notice  the  direction 
of  the  acLing  force  and  not\t^^diTect i on  in.  which  the  particle  is 
moving.  For  example  if’^^direclion  of  the  acting  force  is  that 
oTx  increasing,  (hen  '*<10141*  must  be  taken  with  positive  sign 
whether  the  panicle  is  moving  in  the  direction  of  x. increasing  or 
in  the  direction  of  x  decreasing. 

Other  Expressions  for  acceleration  : 
dx 

-  Let  We  can  then  write 


dt 

tPx 

dt 


d*x  dv 

rhus5T**rf>  and  1 


x _ d  / dx  1  'dr  dv  dx  dv 

2~  dt  \di  }~  dl  ~ d*‘  dt  Ca’V  dx 


—  arc  three  expressions  for  representing 

the  acceleration  and  any  one  of  them  may  be  used  to  suit-  the 
convenience  in  working  out  the  problems. 

Note.  Often  we  denote  dx/dt  by  x  and  dsxfdt“  by  x. 
Illustrative  Examples  : 

Ex.  1.  If  at  time  1  the  displacement  x  of  a  panicle  moving 
away  from  the  origin  is  given  by  x=*a  sin  t:\-b  cos  (,  find  the  veto- 
city  and  acceleration  of  the  particle.  : 

Sol;  Given  that  :c— a  sin  t+b  cos  r. 

Differentiating  w.r.l.  *fF,  we  have 
the  velocity  v=dxfdt=a  cos  t—b  sin  l. 


Differentiating  again,  we  have 
the  accelcration=cfv/irf/~=  —  a  sia  t^—b  cos  /— — x . 

Ex.  2.  A  point  moves  in  a  straight  line  so  that  Lis  .distance  s 
from  a  fixed  point  at  any  time  t  Is  proportional  to  tM.  If  v  be  the 
-velocity  and  f  the  acceleration  ai  any  time  t,  shoiv  that 
v*=anfsftn — 1). 

Sol.  Here,  distance  sect". 

let  j«  A:  r‘, 

where  k  is  a  constant  of  proportioixaJity. 

Diffexen listing  (1),  w.r.t.  *«*,  we  have 

the -velocity  v~ds\dt^knt"~l .  ---(2) 

Again  differentiating  (2), 

the  acceleration  f=^dv/dta=,Jcn  (n- — I)  r*-2.  '  "  •••(3) 

«.(Anf/i~l)  *}.kt" 

\n-l) 

=(7y~J)“»  substituting  fjSn>(l)  and  (3;. 

Ex.  3.  A  particle  moves  along  o^Csty- {right  line  such  that  its 
displacement  x,  from  a  point  on  the  l/Jie-  orgr/tne  1,  isgivqn  by 
x=*t*-9t*+-'Mt-&K 


ccelerarion  becomes  zero , 
Instant  and  (HI)  the  velocity 


L.3. 


Determine  (l)  rite  instant 
(it)  the  position  of  the  p articlcf&ft/jai 
of  the  particle,  then.  ‘ 

Sol.  Here,  x=/3— 

.  the  velocity  3/-— J8/-F24. 

and  tire  acceleration 61—  18. 

(i>  Now  the  accciw^ation»0,  when  6r-r-18*=0  c 
Thus  the  acceJferatibh  is  zero  when  r=n  3  seconds. 

(ii)  W h C115 o s it i on  of  the  particle -is  given  by 
x^^a^5^3*4-24.3-f  6j=-24  units. 

(iii)  Wlterv^. 3.  the  velocity  v=3 *3*— 18*34-24=  —3  units. 
T h us^fiter^V «=  3 ,  1  he  vclocityc=»f  the  particle  is  3  units  in  the 

d  i  r  cct  i  pm.o'f  5c  decreasi  ng. 

A  particle  moves  along  a  straight  line  cuid  its  distance 
fr<»)ijt^jfxctl point  on  the  line  is  given  by  jr«=o  cos  (p ■(-{-«).  Show 
dJiaffilf^a ccelerarion  varies  as  the  tlistance  from  the  origin  and  is 
&  directed  towards  the  origin.  -  - 

Wo  have  .vefl  cos(/U-j-<).  ...(i) 

_ _  _ _ _ 

~  Differentiating  w.r.l.  /,.wc  get 

dx{dt~~-ap  sin  (yt+t), 

and  <Px}dt*~— a  p* ^cos  —  p*x.  from  (1) 

Hence  the  acceleration  varies,  as  the  distance  .v  from  the 
origin.  The  negative  sign  indicates  that  it;  is  in  the  negative  sense 
of  x-axis- 1>..  towards  the  origin. 

Ex.  5.  ’  A  particle  moves  along  a  straight  line  such  that- [is  dis¬ 
tance  x  from  a  fixed  point  on  It  and  the1  velocity  v  there  are  ' related 
by  v*= y  (o’— x1).  Prove  that  the-acceleration  varies  as  the  distance 
of  the  particle  from  the  origin  and  Is  directed  towards  the  origin. 


Sol.  We  have  v*=/i  (a2— x*). 
Differentiating  (\)  w.r.t.  .v,  we  get 

“(*  ( — 2jc)-  *  d'X 


-P)  . 


.s  dv 

2v-r 

dx 


.  dv 

dtjGZiV  dx~ 


— P-x- 


Heuce  the  acceleration  varies  us  the  distance  x  from  the 
origin.  The  negative  sign  indicates  that  it  is  in  the  direction  of  x 
decreasing  i.e.,  towards,  the  origin. 

Ex.  6.  The-  velocity  of  a  particle  moving  along  .  a  straight 
line ,  when  at  a  distance  x  from  the  origin  (centre  - of  force)  varies 
as  */{(a*—x*')lx1}.  Find  the  law  of  acceleration. 

Sol..  Let  v  be  the  velocity  of  tho  particle  when  it  »s  at  a  dis¬ 
tance  x  from  the  origin.  Then  according  to  the  question,  we  have 
.-a3)/-**! ,  where  p  is  a  constant. 

.*.  (o3/a*—  1 

Differentiating  w.x.t.  x,  we  get 

2  v— ^  ii!*?. 

dx  •  ^  \  x3  )  **  A*”  x3. 

Hence  the  acceleration  varies  iuvcrsclyas  the  cube  of  the  dis¬ 
tance  from  the  origin  and  is  directed  towards  the  centre  of  force. 

Ex.  7.  The  law  of  motion  in  a  straight  line  *  being  given  by 
J— i  vr.  prove  that  the  acceleration  is  constant . 


Sul.  We  have  ,v=t  £  J 


Differentiating  w.r.t.,  *r*  we  get 
ds  1  iPs  1  ds 


^  Ids  J  d*s 

r  mr- 2W>' 


(Ps 


rsma 
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Rectilinear  Motion 


(DynamIes)/2 


Differentiating  agaln-^r.L  /,  we  get 
d*$  d*s  d*s  ^  tPs 


rdt?f 


dt>' 


0  or 


dt* 


=0 


because  7^0. 

v.  tPT  A  d  ItPs\  d*J 

Now  3-3-0=  ^-constant. 

Hence  the  acceleration  is  constant. 

Ex.  S.  A  pblnt  mores  In  a  straight  line  so  that  Its  distance 
from  a  fixed  pohft  in  that  line  is  the  square  root  of  the  quadratic 
function  of  the  time;.pxove  that  Its  acceleration  varies  inversely 
as  the  cube  of  the  distance  from  the' fixed  point. 

SoL  At  any  time  /,  let  x  be  the  distance  of  the  particle  from 
a  fixed  polntonthe  line.  Then  according  to  tlie  question,  we  have 
x ■*V(ff**+2£r+c),  where  a,  b ,  c  arc  constants. 
x**~at%-\-2bt-+c. 

Differentiating  w.r.t.- 1 ,  we  get 

m2xm7t 

dx 

or  777' 

Differentiating  again  w.r.t.  *t\  wc  have 

<f*x  ax~{a,+b)  (Jx!<IQ  ax—  (at-j- fr)  X„,+bMx\  ^  lfrom  (2)J 

a ax'—jar+b)1  q  {at*+2bt+c)—(a*tx~2abt 
x*  ~  x 3 

1 


Ex.  11-  The  velocity  of  a  particle  moving  along  a  straight 
line  is  given  by  the  relation  \~=dx?+2bx+c,  r  Prove  that  the 
acceleration  varies  as  the  distance  front  a  fixed  point  in  the  line. 
Sol.  hfere  given  that  v*« ax1  -\-2bx+c* 

Differentiating  w.r.t.  \x\  wc  have 
*  dr 


dx 
r  dv 

S-’Tx 


■-2ax+2b 


=ax-*-  b* 


df- 


»2<7fH-  26 

at+b 


~.(2) 


=(somc  constant).-^* 


ac —  b* 

— ’  - -£«  “  : 

>lcnce  the  acceleration  varies  inversely  as  the  cube  of  the 
distance  .r  from  the  fixed  point. 

Ex.  9.  If  a  point,  moves  in  a  straight  line  in  such  a  manner 
that  Us  retardation  is  proportional  to  its  speed .  prove  that  the 
space  described  In  any  time  is  proportional  to  the  speed  destroyed 
in  that  time. 

Sol.  Here  it  is  given  that  the  retardation  cc  s>pced. 

^  *-  \\hcrc  k  is  a  constant  of  proportionality 


- p«=»A'v» 

dt 


dr 

*  dx~ 

Integ ruling.  x= 


>k  v 


I 


-Lvlh)+Ay 

where  A  is  constant  of  integration. 
Suppose  the  particle  starts  from  the  origin  with  velocity  u.j 
Then  v«=ir,  .v^O. 


or  («/— v)— Ajc.  ^ 

Now  the  space  described  in  time  t  is  x  and  thef*  speed  dest¬ 
royed  in  time  v.  Hence  from  (J),  we  concise  that  the 

space  described  in  any  time  is  proportional  to  the^pfecct  destroyed. 
In  that  time. 

Ex.  3  0.  Prove  that  if  a  point  moves.  wlrhfPd^relociry  varying 
as  any  power  ( not  less  than  unity)  of  its  dittanceffr  o  rrt  a  fixed  point 
which  it  Is  approaching ,  it  will  never  rcae&\tfu?fr point,  ' 

Sol.  If  x  Is  the  distance  of  the^pStticle  from  the  fixed  point 
O  at  any  time  /,  then  its  speed  r  atfffi&t  tjme  Is  given  by  i-wh*, 
where  k  is  u  constant  and  //  iSjiSt*%ss%ian  I.  ■ 

Since  the  particle  is  moving  fevards  the  fixed  point  l.e.t  in 
the  direction  of  x  d c c r e a s i f  <£To re 
dxldl^^v^ 

°r  dxjdtjr-f^fic-Xli^  —(1) 

Case  X.  If  n=*  I,  lii^r^lroin  {]),  wc  have 
dxfdt=*  —  kx 

or  df<r. - 1^5. 

k  x 

Integrating,  t m—  (\}k)  Jog  x+A,  where  A  is  a  constant. 
Putting  x=»0,  the  time  t  to  reach  the  fixed  point  O  is  given  by 
t  *»  — ( J  fk)  log  0-p//“  00 

i.c.t  the  particle  will  never  reach  the  fixed  point  O. 

Case  II.  then  from  (1).  wc  have 


I 


Integra;  ihg. 


***  where  B  is  a  constant 


I 


+3. 


(T-ljr-' 

Putiing  x  --0,  the  time  r  to  reach  the  lixed  point  CJ-is  given  by 
r-v=  co -j-  3-^  00 

i.c.t  tltc  particle  will  never  reach  the  fixed  point <7. 

Hence  jf  /r>  I,  the  particle  will  never  reach  the  fixed  point 
it  is  approaching. 


-(-9- 


Let  P  be  the  position  of  the  particle  at  time  /.  [ 

If x~—{bfa)  is  the  fixed  point  0\  then  the  distance  of  thc^. 
particle  at  time  /  from  O’ 


f=xa.O‘P  or .  /  cc  O’P . 

Hcn.cc  the  acceleration  varies  as  the  distance  from  a*  fixed- 
point  x=  ~(_bja)  in  the  line. 

Ex.  12,  If  t  be  regarded  as  a  function  of  velocity  *\  prove 
that  the  rate  of  decrease  of  acceleration  is  given  by  f*  (dtrfdvt)rf 
being  the  acceleration .  " 

Sol.  Let /be  the  acceleration  at  time^^^lien/Wrfi'/df. 

Now  the  rate  of  decrease  of  acceleration  Jk—Jfjdt 

y  ■ 

js^cJpEfSiing  /  as  a  function  of  v 
_ jd  dfl  dx  '  V 

"  Vv  vji  )  y4j^£~J&r)  dv*  *  % 

^(^’Y  —  d't _  3  *Pt 

'  \dt)  *  \rt7 }  “  dr *=¥-'  dr* 

\  2.  Motion  undcrifonstartt  acceleration.  A  particle  moves 
■in  a  straight  line  with  a  constant  acceleration  /  the  initial  velocity 
being  u,  to  discuss  fhe  motion .  I 

Supposc,a  parliclc  moves 

in  a  st rai ght^Ifne^O X  starting  _ “ 

from  O  wit^yeiocity  u.  Take  O 

O  as  o?ilin-^Let  P  be  the  position  oT  the  particle  at  m 
wher^^jP^x.  The  acceleration,  of  P  is  constant  and  is/. 


r/ 


y  time  f, 
There- 


...(Jj 


fortktff# equation  of  motion  of  P  is 
*~A 

v  >s  the.  velocity  ol  the  particle  at  any  time  /,  then  v^dxfdt, 
«So  integrating  (1)  w.r.t.  r,  we  get 

v*=dxfdt=;ftA-  A%  where  A  is  constant  of  integration. 

But  initially  at  0»  v*»k  and  f=0;  therefore-  A=u.  Tims  wc 

have  ^4*ru+Ji.  :(2) 

The  equution  (2)  gives  the  velocity  v  of  the  particle  at  any 
time  r. 

Now  integrating  (2)  w.r.t.  V*.  we  get 

'  x=t a  -{-  ^ft2+By  where  B  is  a  constant: . 

But  at  0\  t*=Q  and  x-=*0;  thercfore\B=0.  Thus  we  have 

x-ui+lf, i\  ‘  ..-(3) 

The  equation  (3)  gives  the  position  of  the  particle  at  any 
time  r. 

The  equation  of  motion  {!)-  can  also  be  written  as 


dr.  , 
Vd~x-f 


or 


.  dv 
2v  — —  = 
dx 


=  2/- 


Integrating  it  w.r.t.  xy  we  get 
v7~2fx-hC.  But  at  O,  x=»0  and 
Hence  we  have 


v=/r;.  therefore  C=\P. 


v*=u'+2fx.  ...(4) 

Titus  in  equations  (2)/ (3)  and  <4)  we  have  obtained  the  three 
well  known  formulae  of  rectiliner  motion  with  constant  accele¬ 
ration. 

Illustrative  Fxamples 

Ex.  1 3.  A  panicle  moves  in  a  straight  line  with  constant  acce¬ 
leration  and  its  distances  from  the  origin  O  on  the  line  ( not  neces¬ 
sarily  the  position  at  timet— 0}  at  rimes  h,  r»,  ^  are  x,,  xz 
respectively .  Show  that  If  /4,  inform  an  A.  P.  whose  common 
difference  is  tl  and  x,..v„  x3  are  in  G.  P.,  then  the  acceleration  Is 

•Sol.  Let  O  be  the  origin  c 

and  D  the  point  of  start  /.<?.,  ■ — 22  T - ^ - 1JI2. - £i- 

Ihc  position  at  r=0.  °  £>  a  B  C 

Let  OD*=c.  Suppose  »  is  the  initial  velocity  und  /  the  cons¬ 
tant  acceleration.  Let  A,  B\  C  be  the  positions  of  the  particle  at 
times  ra,  ru  respectively  and  let  OA=x1%  OB^xt  and  OC—x j. 
Then 

X1— +  X-—C—  ui„-r  Iftf,  x* — tftf. 
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These  equations  give  " 

.  jc,  +.x» —  2x*  ==  i/  (/3+/,-2/*)+i/  (/,*+f3a-2r,a).  ...(!> 

But  xlf  Xj,  jfa  are-  in  G.P.,  so  that  ■Xs='Vr(;ci -^)*  Also 
fi  arc  in  A_P.  whose  common  difference  .  is  d Therefore 
tx  -h/3— 2  /;  and  tx~tx—2d.  putting  these  values  in  (1),  we  get 

*t+**~2VX*i  A)— »•  0+4/ J/, *+/*?— 2  ]* 

=lf{t*-ny^lfOd)\=*fd\ 

Hence  f=>fVx  i  —  Vx* 

Ex.  M.  Two  cars  j/or/  off  to  race  iW/fc  velocities  u  and  u  and 
travel  in  a  straight' Une  with  uniform  accelerations _  f*and f  respec¬ 
tively.  Jf  the  face  ends  in -  a  dead  heat ,  prove  that  the  length  of  the 
course  is 

(2  (u-r/)  (ur-u'/))/(/-r)\ 

SoL.  Let  s  be  the  length  of  the  course.  By  dead  heat  we 
mean  that  each  car  moves  the  distance  s  in  the  same  time,  say  /. 
Then  considering  the  motion  of  the  first  car  we  have  s—  uf+ift* ; 
and  considering  the  motion  of  the  second  car,  we  have'  *=«'/  + 
£/73.  These  equations  can  be  written  as 

|//*4-u/-*= 0,  '  —0) 

and  */'*«+ k7-*=0.  '  ***(2) 

By  the  method  of  cross  multiplication,  we  get  from  (I) 
and  (2)  - 

/-*  ‘  f  -  _L  1 


rr-s  i/i  1 4 7  « 

-s\  I-*  \r  1  1 4 r.  ««■ 

t\_‘  = 

{u  —  If)  S  i 

r.  wc  have 
-y)s 

'*-/•«)  Li 


(/M'-Z'M) 


(u—tr)  s  Is  (/—/') 

Eliminating  r.  wc  have 

(u‘~u)s  (r-r? 

i  (//'-/'»)  U  (/“*  -/»  J  ( /»' -/'«>2 

Since  ^0,  therefore  j<^{2  (m* —  u)  (//—*/' n))j(  f—f‘)z 

^(u-tocx/'-u'/Mf-r)1- 

Ex.  IS-  Tivo  particles  P  and  Q  move  in  a  straight  line  AB. 
The  particle  P  starts  from  A  in  the  direction  AB  with  velocity  tt  and 
constant  acceleration  /,  and  at  the  some  time  Q  starts  from  B  in  the 
direction  BA  with  velocity  ut  and  constant  acceleration  ft  ;  if  they 
pass  one  another  at  the  middle  point  of  AB  and  arrive  at  the.  other 
ends  of  A B  with  equal  velocities ,  prove  that 

(«+*/!>  (/—/,)= 8  {fui—Av). 

Sol.  Let. .4.8=  2.?.  Let  v  be  the  vejocity  of  either  particle  afgeihgr 
moving  the  distance  AB=>2s.  .  Then”' 

v*-u*+2f(2s)-uS+2fj  {2s). 

u*~u i*  _..r  __ 

'  ‘  '”4  (/.-/)' 

Now  let  t  be  the  time  taken  by  each  panicle  ^to  reach  the 
middle  point  of  AB.  Then  each  particle  moves  distance  y'jn  time 
t.  Therefore  . 

s=ut  +  lfr*=u1t  +  if‘it*.-  ^  •  ••(*) 

Since  ty=  0,  therefore  from  (1),  we  havc^ti-^l/fs^i/i  +  j/ix 

or  ,  r«2  C*/—w»)/( /,-/). 

Now  considering  the  motion  of  thejjpa^ticlc  P  to  cover  the 
first  half  of  the  journey  AB  and  using^tivc^  formula  jr==u/+-4 /r?» 
we  get  ‘  ^ 

2  (u— (w— “i)a 

4  ( 7.  -/ )  =u-(7^M%ArU7^7» 

or  (j/4-Wi)  {fx— f  >  —  8«  &/(«-- *i)  '  £V 

or  («4-u,)  (  A-/)=8 

or  (u+ut)  (/-/,)« 

Ex-  16.  A  train  tCq veQ^cc'd i stance  s  in  t  seconds.  Jt  starts 
from  rest  and  ends  at  rest%ffh  theirs t  port  of  journey  if  moves  with 
constant  acceleration  f  and  m  the  second  part  with  constant  retarda¬ 
tion  f.  Show  that  If  s  is  the  distance  between  the  two  stations,  then 

r«VC2r(l//+l  //')]• 

■  Sol-  Let  v  be  the  velocity  at  the  end  of  the  Atsi  part  of  the 
motion,  or  say  in  the  beginning  pf  the  second  part  of  the  motion 
and  /,  and  I*  be  the  times  for  the  two  motions  respectively.  Then 
r=/|-Wa- 

Let  x  be  the  distance  described  in  the  first  part.  Then  the 
distance  described  in  thc  second  part  is '■  s  —  x.  Considering  the 
first  part  of  the  motion  with  constant  acceleration/,  we  have 
v=0-h/>,=/fi,  \ 

and  »4=04-2/x==2/.x.J  .  '  -0) 

Again  considering  the  second  part  of  the  motion  with  cons¬ 
tant  retardation/'.  \yc  have  "  ‘ 

0®i:-y,ti7.e.lr»//a‘;;;,.,.V-;  1 

and  0«r’~2/'  (s  —  x)  ke.t  r*=2/'  {s— x).  /  ...(2) 

Front  (1)  and  (2).  we  have 


u— a»^0] 


/  vs  .‘.Vs  I’3  /  1  .  .I  \ 

<s-  x>  '-'w  'w  or  t”2A7  +rr 


-(3) 


Also  /l+/,=.1y-+-^-=v  0/+1J/T  -(4) 

Substituting  the  value  of  v  from  (3)  in  (4),  wc  get 

jy^}{T+T>-C(7*-r)} 

Ex.  17.  A  point  moving  in  a  straight  line  with  uniform  accele¬ 
ration  describes  distances  a,  b  feet  in  successive  intervals  of  r„ 
•seconds.  Prove  that  the  acceleration  is  2  (/»£ — (*>  +  /03* 

Sol.  Let  it  be  the  initial  velocity  and  /be  the  uniform  accele¬ 
ration  of  the  particle.  Then  from  s^utj-lft1,  wc  have 
a ou/j  -\--\fti* 

and  o+h=*u  (fi-F/3)+i/(^i4-/»)*- 

Subtracting  (1)  from  (2).  we  have 
b=ut*Jc  \  f  (*3*+ 

Multiplying  (3)  by  tt  and  (I)  by./*  and  subtracting,  we  have 
htx-at.^\f(t**-\- 2/,/a)  — i//i3/t 

=  i/(^i+^2'i)=*i/^^  <'=*'■>- 

r  2  (^>/i— o/tt) 

(i’t-h/s)'  .  ■ 

Ex_  18.  For  1/m  of  the  distance  hetjwcPn^avo  station train 

is  uniformly  accelerated  and  for  \  In  of jjfc^diiffQnce  it  is  uniformly 

retarded :  it  starts  front  rest  (it  one^stetiowand  conies  .to  rest  at 
the  other.  Prove  that  the  ratio  ofjtjkgtggjies't  velocity  to  its  average 

K+S)-,-  4^-  '  : 

Sol-  Let  Ox  and  O *  be^f\vo  stations  ai  a  distance  s  apart  and 
A  and  B  two  points  between'/??  and  0~  such  thbt^ 

OxA^0kl¥  and  BO,*=sfn. 

ABt^' 


-(2) 


-  »  r 


-  is 


V  ir*  * 

A  £\ 


A 

The  train,  starts  at  rest  from  Ox  and  moves  with  uniform 
aceelcraTibnj^froro  Ox  to  A.  Let  V  be  its  velocity  at  the  point  A. 
It  mo.ve%^itfi  constant  velocity  V  from  A  to  B  and  then  moves 
wiriH\ttnifoi'm  retardation/*  from  B  to  Os.-  The  velocity  «ti  the 
station?^*  .is  zero.  .  ■ 

Jtgm  r*  he  the  times  taken  to  travel  the  distances  OxA. 

'&?A’jjj*\ and  BO*  respectively.  ..  _ - 

%.,#  Now  the  greatest  velocity  of  the  train.  . 

during  its  journey  from  Ox  to  O,—  V 
and  the  average  velocity  of  Hie  train  =j/(/|-4-/3+ta>- 
.  .  ,  .  greatest  velocity  .  V 

. .  the  required  rat,o-avcmgc  .velociiy  5^+f,+5) 

•  _V  (fx+tt+t*) 

- *  ..-Cl) 

For  motion  from  Ox  to  A,  using  the  formulk  r=u+/r,  wc  have 

^=0+/rt.  '  /.  f=%- 


Now  using  the  formula 
we  have 


=M/+J//*  for  the  same  motion. 


=04-4  V 

2j 

,==*  F'lir’ 


-.(2) 


For  motion  from  A  to  B ,  AB^V.tx. 

AB  _s—s(m—sfn 

.*•  *ea - y'  y  *  ^  ...(3) 

For  motion  from  B  to  Ox.  using  the  formula  v«=w-f-/r.'  have 

0 ~y--ffts.  /'-///«- 

Using  the  formula  r=w+i//*  for  the  same  motion,  wc  have 
n  fx  2 

-W 

Substituting  from  (2).  (3)  and  (4J  in  (1).  the  required  ratio 
i  -  • 

Ex.  19.  7Vxc  greatest  possible  acceleration  of  a  train  is  1  m/,ver- 
and  the  greatest  possible  retardation  is  ?  ml  sec1.  Find  the  least 
time  taken  to  run  between  two  stations  12  km.  'appart  if  the  maxi¬ 
mum  speed  is  22  mf sec.-. 

Sol.  Let  a  train  stiirt  from  the.  station  Oiand  move  with  uni¬ 
form  acceleration  1  in/sec3  upto  A  for  time  ri  seconds.  ^ 

V  fm° 


rota 
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Let  the  velocity  of  the  train  at  A  be  K— 22  m/sce.  Then  the 
train  move*  with  constant  velocity  _y  from  A  to  B  for  time  f* 
seconds.'  In  the  last  the  train  moves  from  B  to  the  second  station 
p,  under  constant  retardation  \  m/sec.*  fpr  time  !,  seconds.  Thus 
the  least  time  to  travel  between  the  two  stations  Ox  and  Ox  Is . 
(r,  +t*+/s)  seconds. 

Also  di0»-*12"km.=*  12000  metefs. 

Now  using  the  formula  v***u+ft  for  the  parts  OxA  and  BO% 
of  the  journey*  we  have- 

K«22~(M- L  /,  so  that  t,=22; 


and 


4  33 

0=22 — ?  r3  sd  that 

5  £ 


Now  OiX*»(Average  velocity  from  "toyf)x/i 


0+22- 


x  22=242  meters. 


.  224-0  33 

and  BOt*=— X^-* 


363 

L  .2 


AB=OxO-—OvA—BOr 


=  12000-242-2® 
meters. 


,  .  AB  23153  23153  ,  . 

‘t—?=  2^22  ^~4A~  MCOnds- 


the  required  time*= 

seconds = 


K+?v) 


-  seconds 


»<*i4*'7+r3)  seconds 
-24847, 

=9  minutes  25  scconas  approximately. 

Ex.  20.  Two  points  move  in  the  same  straight  tine  starting  at 
the  same  moment  from  the  snore  point •  'in  the  same  direction. .  The 
first  moves  with  constant  velocity  u  and  the  second  with  constant 
acceleration  f  {its  initial  velocity  being  zero ).  Sho'iy  that  the 
greatest  distance  between  the  points  before  the  second  catches  first 
is  idflf  at  the  end  of  the  time  u (f from  the  first . 

Sol.  If  sL  and  s%  are  the  distances  moved  hy  the  two  particles 
in  time  r,  then 

s,*=iu  and  Sji=0A-lfr*. 

the  distance  s  between  the  two  particles  at  time  r  is  given 


by 


=sl~St^=nr—i  ft 2 


4(7'-':) 


=“//- 


-(J*% 

~v 


Now  jr  ts  greatest  if  (/—  u/f  )*=  0  i>.,  if  r 
Also  fho  greatest  value  of 

Ex.  21.  Tne  speed  of  a  train  increases  at  constant  raj.cfoifrpm 
zero  to  r,  then  remains  constant  for  an  interval  and  final/y  'dedreases 
t a  zero  at  a  constant  rate  p.  If  l  be  the  total  distance*, described, 
prove. that  the  total  time  occupied  Is  (//v)+(v/2)  (l/a^;i/y9).  Also 
find  the  least  value  of  time  when  a~p.  ^  . 

SoL  Let  /,_/a  be  the  times  taken  id'  cover-Thc  distances 
x.  y,  z  of  ihe  first,  second  and  last  phase  ;of?thc  journey.  Whole 
distance  l=.x+yU-z.  - 

Equations  for  the  first  and  Jast  part%Ct¥&  journey  are 
v**»2xri  1  1 

and  v=*r,  /  --  (*):  /  (2) 

From  (1).  on  eliminating  ^y/^Jhave  x=|  vrt;  and  from  (2), 
on  eliminating  /J,  we  have  fi> 

Also  considering  the  motitnkfiSr  the  middle  part  of  the  jour¬ 
ney,  we  have  y«=v/e. 

-  Thusx+y+i-y  iM 

ie->  (r,+/3)] 

or  z  =  {ri+r*  +  r*)-l  {tx+t3). 


the  total  time  occupied  i.e.,  /1  +  /,+/3=(//o)4-.l  (r,-|-/3) 


(HO- 
^  (H> 


[from  (1)  and  (2)] 

-  C3) 


Let  t  denote  the  total  time* occupied  when  *=p. 

Then  putting  v.  —  p  in  the  above  result  (3),  wc  have 

,1  v  dt  -  /  I 

Therefore  —  = - *+- 

ra  dv 

For  least  value  of  /,  we  have  dr[dv-.Ot  Le.  -^4  1=0 

1“  a 

/  r  ...  . 

».C.,-=-  t.C. ,  i*=  \/(/a). 

Also  then  the  time=2  ~>2V(//*)-  This  time  is 

least  because  dlt[dv*-m2llv*  which  is  positive  for  v=-v/(/«). 


Ex.  22.  A  lift  ascends  with  constant  acceleration  f,  then  with 
constant  velocity  and  finally  stops  under  constant  retardation  f.  If 
the  total  distance  ascended  Is  s  and  the  total  time  occupied  Is  /*- 
show  that  the  time  during  which  the  Ilf  is  ascending  with  constant 

velocity  Is  VO'-Vslf)}-, 

Sol.  Let  v  be  the  maximum  velocity  produced  during  the 
ascent.  Since  this  velocity  is  produced  under  a  constant  accelera* 
lion /  during  the  first  part. of  the  ascent  and  destroyed  under  the 
same  retardation  /  during  the  last  part  of  the  ascent,  therefore, 
the  distances  as  well  as  the  times  for  these  two  ascents  are  equal. 
Let  x  be  the  distance  and  the  time  for  each  of  these  tw.o  parti 
We  have  then 

v*=2 fxy  \ 

and  >.  v—ftx .  f  -(0 

’  for  the  first  and  last  part  of  the  motion.  - 

Also  considering  the  middle  part"  of  the  motion,  wc  have 
v  (r-2r3)=s-2x. 

From  (l)  and  (2),  on  eliminating  v  and  x,  we  have 


fit 


2tx)=s--j=s— 


rtf 


wv. 


f 

/.  fit*—. frtt+s^o. 

Solving  this  as  a  quadratic  in  /lf  wc  £ct1^ 


1 1=' 


This  gives  the  time  of  ascrents  wjjh.  constant  velocity. 

Ex.  23.  Prove  that  rhe^h^rles? time  from  rest  to  rest  fit  which 
a  steady  load  of  P  tons  canfi fifay Xv eight  of  W  tons  through  a  verti¬ 
cal  distance  h  feet  is  y£[(2kj.gf  Pj(P—  W)}  seconds . 

Sol.  The  time  wlljsfe' shortest  if  the  load  nets  continuously 
during  the  first  part  of  thr'ascent.  Let /be  the  acceleration  during 
the  first  part  o  Ft  licensee  nt.  Then  by  Newton’S  second  law  of 

.  \*  vA-Sj,  'iSiijr'  -•  ■ 

motion*/ is  given^hy* 

$r*  iV= ( wis)  f  —  (0 

Duringlrii^sccond  part  of  the  ascent,  P  ceases  to;act  and  W 
then  movefconly  under  gravity.  Therefore  the.  retardation  is  g. 

y  be  the.  distances  nnd  /»,  t%  the  corresponding 
tinKS^Ior^the  two  parts  in  the  nseent.  -  1 

be  the  velocity  at  the  end  of  the  first  part  of  the  ajsccnt  o» 
beginning  of  the  second  part  of  the  ascent,  wc  have  then 

[I > 

%$?  .  vx~2fx>  l 

5,'  /  ...(2) 

[Equations  for  the  first  part-  of  the  ascent] 
and  vl—2 gy  1 

v-gr~  f  ...(3) 

[Equations  for  the  second  pan  of  the  ascent) 

Also  x+y^”h  [given). 

From  (2)  and  (3),  wc  get 

V*  V* 

Tj+rrx+y 

HHh- 

Also  ^+±.„,1+,„ 

Now.  the  total  time  of  ascent 

=  ,t  +  ,,=  (^+I)V 

-AHr^hAn^)} 
-M4»V 

Ex.  24.  Prove  that  the  mean  kinetic  energy  of  a  particle  of 
mass  m  moving  under  a  constant  forcey  in  any  Interval  of  time  is 
i/n  +  «!*),  where  ir,  and  t/»  are  the  initial  and  final 

.  velocities. 

SoL  Let  the  interval  of  time  during  which  the  particle  moves 
be  -T.  If  the  particle  moves  under  a  constant  acceleration/ and  v 
be  its  velocity  at  any  time  f.  we  have  v=t/, -{-/}. 

Now  the  mean  kinetic  energy  of  the  particle  during  the  time  T 

4JI^  d'-Tr\\ 

fv  +fT  and  so  ut— 

-  im'  (u, 1  +  ut  +  t/aa). 


-(4) 

...(5) 


[froifi  (5)] 

{film.  (4)) 


£fr  )m  (1)1 
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Ex.  25.  /I  bullet  fired  into  a  target  loses  half  its  velocity 
if  ter  penetrating  3  cm.  How  much  further  will  it  penetrate  ? 

Sol.  if  u  cm./sec.  is  the  initial  velocity  of  the  bullet  then 
its  velocity  after  penetrating  3  era.  will  be’}u  cm. /sec. 

Let  / cm./sec3.  be  the  retardation  of  the  bullet. 

Then  from  v*=u1-\‘2fs>  we  have 

(u}2)x~  t/3—  2.  /.3  giving/— jF/8 ... 

If  the  bullet  penetrates  further  by  a  an,  then  from  »*=  **-!- 2/s, 
wc  have  ,  ' . .. 

.  0=(u/2)* — 2.t*r*/8).o. . . 
a=  I  cm.  ’  % 

Ex.  26.  A  load  W  Is  to  be  raised  by  a  rope^fcom  rest  to  rest , 
through  tr  freight  h ;  the  greatest  tension  which  the  rope  can  safely 
bear  is  nW.  Show  that  the  least  time  In  which  the  ascent  can  be 
made  is  [2nhJ(n—  1)  g]l,t. 

Sol.  Obviously  the  time  for  ascent  is  least  when  the  accelera¬ 
tion  of  Lh<|  load  is  greatest.  Jf  m  is  the  mass  of  the  load,  then 
W=^tng  or  m—Wfg .  Let  /be  the  greatest  acceleration  of'the 
load  in  the  upward  direction.  Since  the  rope  can  bear  the  greatest 
Tension  nlYt  therefore  when /is  the  greatest  acceleration  -  of  the 
load,  then  the  tension  T  in  the  rope  is  nW. 

by  Newton’s  second  law  of  motion  /=w/,  we  have- 
T-W~nW-W=mf  or /=(/»  —  1)  (lK/m)=(«-l ) g.  ...<!) 
Let  the  load  IF  moye  upwards  upto  the  height.At  under  the' 
acceleration  /.  After  that  the  tension  m  the  rope  ceases  to  act 
and  iherefore  above  the  height  Af  the  load  will  move. under 
gravity  which  acts  vertically  downwards.  If  the  load  .comes  to. 
rest  after  moving  through  a  subsequent'-height  h9  above. the 
height  A,,  then  according  to  the  question 

hx+h&=b.  --(2) 

if  X  is  the  maximum  velocity  of  the  load  acquired  at  the  end 
of  the  lirst  part  and  /»,  /a  are  the  times  taken  for  describing  the 
heights  hi  and  ht  respectively,  then  from  v=u4-/r,  we  have 
y^O+ft*  and  0=  V—gtv. 

:*  t^Vlf  and  /»=K/g. 

Also  from  v2=u*+ 2/s,  wc  have 

^=^0+2/A|  and  0=V3—2ght. 

y2 

"  hl^2f  and 


h  — 22‘: 

hm~28 


Nqw  from  AJ-j-/»2=A>  we  have 
V*  V* 


V*  V*  ,  V*  (\  IV  f 
_  +  or  -2r(y-+5)=A. 


K=V,r2/./(l//H-  l/?»- 

the  least  time  of  ascent 


=y{  o//-hW}-  (7 +i) 

-THf-*-#] 

r  2 ah  y/* 


ffe. 


M.% 


/£r  H- 

[substitutingr>fQr-:fe'  from  (3)] 

■  .J&0 

[substituting  for/trom  (1)} 


3.  .NewtoaV  Laws  of  M  o  tio 

TheNcwton’s  laws  of  pid$i$m''arc  as  follows. 

Xa.w  J.  Every  body  contipues^in  its  state  of  rest,  or  of  uniform, 
motion-  in  a  straight  line,  unlfss^ihis  compelled  by  some  external 
force-  or  forces  to.  chan  geHts^taTe . 

Iraw  2.  Thc  rale  of^h^gc  of  momentum  of  a  body  ispro'- 
pprt tonal  to  the  impressedfyorce,  and  iak.es  place  In  the  direction 
in  which  the  force  acts . 

Law  3.  To  every  action  there  is  an  equal  and  opposite  reac - 

t  ion. 

4-.  Equ  align  of  motion  of  a  particle  moving  In  a  straight 
line  as  deduced  from  the  New  tort*  s  second  Jaw  of  motion . 

Let  v  be  the  velocity  at  time  /  of  a  particle  of  mass  m  moving 
in  a  straight  line-under  the  action.  of  the  impressed  force  P.  Since 
from  Newton’s  second  law  of  motion  the  rate  of  change  of 
momentum  is  proportional  to  the  impressed;  force,  therefore 

?  co  jf  (mt),  [V  bv  def..  mom  entum= mass  X velocity] 

or  P=k  where  k  is  some:  constant 

dv 

or  P=knt  ~  provided  m  is  constant  ’,-* 

or  P—  kmf 1  •  ..(1) 

[V  /«=acceleration=</v/f//j. 
Let  us  supposo  that.a- unit  force  Is. that  which  produces  a 
unit  acceleration  in  a  particle  of  unit  mass.  Then 


~p-=  1 ,  .when  m—  X  and  /=  l . 
frono  (1),  wc  have  k=  1. 

Hence  wc  have,  P=mf.  which  is  the  required  equation  of 
motion  of  the  particle. 

5.  Simple  Harmonic  Motion.  (S-H.1VL).  Definltw*.  The 
kind  of  motion ,  in  which  a  particle  moves  in  a  straight  Une  in  such 
a  way  that  Us  acceleration  is  always  directed  towards  a  fixed  point 
on  the  line  ( called  the  centre  of  force)  and  varies  as  the  distance  of 
the  particle  from  the  fixed  point ,  is  ' edited  simple  Jta*nv>xic  motion. 

Let  O  be  the  centre  of  force  taken  as  origin.  Suppose  the 
particle  starts  from  rest  from  the  point  A  where  OA—d-  It  begins 
to  move  towards  the  centre  of  attraction  O .  Let  Jtbe  position 

of-the* particle  after  time  /,  where;  Qf=x.  By  the'  definition  of 
S.H.M.  the  magnitude  of  acceleration  at  P  is  proportional  to  x ; 


IsQ 
1 Kil-O 


Let  it  be  px,  where  p  is  a  constant  cantd,#lhe  intensity  of  force. 

k  •  _  _  —  —  —  ■-*-  —  ^  a  *  Z  'o' ♦  Lj*  i~>  i~  nttr>  r*i  T 1  i*v  rt 


Also  on  account  of  a  centre  of  attraction  at'O^  the  agcsffcration 
of  P  is  towards  O  i.e.,  in  the  dire c tio o &x  xlcereasrng.  Therefore 

^  V-  " 

■  -o>- 

where  the  negative  sign  has/heeji  taken.  because  the  fore*  acting 
f.e.,  .in  direct ioj 


the  equation  of  motion  of  -P  is 
<Px 


on  P  Is  towards  O 


direction  of  x  decreosing.  ■  The 


equation  (1)  gives  the  acceleration  of  the  particle  at  any  position. 
Multiplying  both.kid^qftl)  by  2 dxjdt,  we  get 
dx-dfjr^*  „  dx. 


-2^dr 


Integrating  ’’with-  jespeef  10  /,  we  get 


\dt  )  ‘ 

where  QjHia.  constant  of  integration  and  v  is  the  velocity  at  P. 

Initially^a^ the  point  A,  x —a  and  v=0;  therefore  C^pa3. 
Thus fwc, have  . 

<d* 


(a*-xa).  -(21 

The  equation  (2)  gives  the  velocity  at  any  point  P-  From  (2) 
observe  that  vz  is  maximum  when  jr2=0  or  jc»^0.  'Thus  in  o 


-We  observe  that  1 
^S.tLM-  the  velocity  maximum  at  the  centre  of  force  O.  Let 
this  maximum  velocity  be  Vi.  Then  at  O,  .r^O.  v=>  v,.  So  from 
(2)  we  get  Yxx=*pa~  or  v^^a-f  p. 

Also  from  (2). we  observe  that  v-=i0  when  xP~ d*  i  c., 

Tbas  In  a  S.H.lVf-  *he  velocity  is  zero  at  points  equidistant  from 
the -.centre  of  force. 

Now  from  (2).  on  taking,  square  root,  wc  get 
£/x/d/=»— v/ft-s/Co2  — -xr2),  where  the  —  ive  sign,  has  been'  taken  be¬ 
cause  at  P  the  particle  is  moving  in  the  direction  of  x  decreasing. 

Separating:ihe  variables,  we  get. 

1  dx 
V/* 

Integrating  both-  sides,  we  get 


=dt 


~  cos” 

Vp- 


But  initially  at  A,  x=> 
Thus  wc  have 

1  v 

~  cos'*  -=/ 
Vp  a 


r’/+Z>.  where  £>  is  a  constant. 
=.o?nd  /= 0;  therefore  X3*=0. 


or  x  =  a  cos 


...(4) 


The  equation  (4)  gives  a  relation  between  x  and  r,  where  /  is 
the  time  measured  from  A.  If  /j  be  the  time  from  A  10  O,  then  at 

0;-wc  have  /«/ 1  and  x=0.  So  from  (4),  wc  get  /,=— ^cos'1  0 
—  _L  which  is  independent  of  the  initial  displacement 

v'/i  2  2 V  p. 

a  of  the  particle.  Thus  In  a  SM.M.  the  time  rtf  descent  to  the  centre 
of  force  is  independent  of'the  initial  displacement  of  the  particle. 

Note.  The  time  ofdesccnt  ix  from  ^toO  can  also  be  found  from 

]  f°  dx  f/i 

(3)  with  the  help  of  the  definite  integrals —~^-J  J  *dt 

For  fixing  the  limits  of  integration,  wc  observe,  that  at  A,  x^a 
and  /=0  while  at  O ,  x=d  and  /==/x. 

Nature  of  Motion.  Tlie.paTticle  starts  from  rest  at  A  where  its 
acceleration  is  maximum  and  is  pa  towards  O.  It  begins  to  move 
towards  the  centre  of  attraction  O  and.asil  approaches  the  centre 
of  force  O,  its  velocity  goes  on.  increasing.  When  the  particle 
reaches  0  its  acceleration  is  zero  and  Jls  velocity  is  maximum  and 
is  ay/p  in  the  direction  0/f-.l>ue  to  this  velocity  gained  at  O  the 
particle  moves  towards  the  left. of  O.  But  on  account  of  the  centre 


MM 
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ofuttractjon  at  O  a  force  begins  to  act  upon  the  particle  against 
its  direction  of  motion.  So  its  velocity  goes  on.  decreasing  and  it 
comes  to  Instantaneous  rest  at  A’  whe're  OA[~OA.  The  rest  at  A' 
is  only  instantaneous.  Theparticle  at  once  begins  to  move  towards 
the  centre  or  attrnction  O  and  retracing  its  path  it  again  comes  to 
instantaneous  rest  at  A.  Thus  the  motion  of  the  particle  is  oscil¬ 
latory  and  it  continues  to  oscillate  between  A  and  A*.  To  start 
from  A  and  to  come  back  to  A  is  called  one  complete  oscillation . 

Few  Important  Definitions  : 

1. .  Amplitude.  Jn  a  S.U. M.  the  dlsronce  from  the  centre  of 
force  of  the  position  of  maximum  displacement  is  called  the  ampli¬ 
tude  of  the  morion.  Thus  the  amplitude  is  the  distance  of  a  posi¬ 
tion  of  instantaneous  Test  ‘from  the^emre  of  force.  In  the  for¬ 
mulae  (2)  and  (4)  of  this  article  the  amplitude  is  a. 

2.  Time -period..  .  0  In  a  S-tt.M -  the  time  taken 

to  make  one  complete  oscillation  is  called  time  period  or  periodic 
lime.  Thus  if  T  is  the  time  period  of  the  then 

'J  =4.  (time  from  A  to  0)=4.^~^=^E,  which  is  independent  of 
the  amplitude  a. 

3.  Frequency.  The  number  of  complete  oscillations  in  \one 
second  is  called  the  frequency  of  the  motion Since  the  ;timc  taken 

to  make  one  complete  oscillation  is  second s,  therefore  if  n  is 

vV 


the  frequency,  then  n.~ 


=  1  or 


^  V p. 

”W  ‘  "J2tt 

Thus  the  frequency  is  the  reciprocal  of  the  periodic  time: 

Important  Remark  J.  Jn  a  S.H.M.  if  the  centre  of  force  is 
not  at  origin  but  is  at  the  point  x then,  the  equation  of  motion 
is  tFxfdH——p  (x—b).  Similarly  d*x/dr~*~  —p  (,x-f  b)  is  the  equa¬ 
tion  of  a.  S.H.M.  in  which  the  centre  of  force  is  at  the  point 

Important  Remark  2.  In  the  above  article  when  afrer  instan¬ 
taneous  rest  ut  A'  the  particle  begins  to  move  towards  A,  we  have 


‘£-^+Vf*V{as—x-h 


from  (2) 

where  the  -five  sign,  has  been  taken,  because  the  particle  is  mov¬ 
ing  in  the  direction  of  .v  increasing.  00 

Separating  the  variables,  \vc  have 

IntcgrSting,  we  get  —  cos-*  {xja)** y/pi  +J3.  Now  the  time 
from  A  to  a*  is  w/vV-  Therefore  at  A\  wc  have  »nd 

x~ — a.  These  give  —cos'*1  (— ajia)^ Or/vV)+-ff 
or  — — tt  j-  B  or — H-;=jT-f  B  -or  £=• — 2-n.  Thus'Wc  haye^£ 
—  cos-1  (xja)  p  t — 2 tt  or  cos-1  (xfa)—2ir — rfpt  " 

cos  Or  ^=<zcos  Thus  in  S.H.M^the% 

equation  x**=a  cos  vV*  is  valid  throughout  the  entire  mot  ion  Jrom 
A  to  A’  and  back  from  A'  to  A. 

4.  Phase  and  Epoch.  From  equation  (I),  we  haye 

dt 

which  is  a  linear  dj/TeTcmial  equation  with-  constant*  coefficients  * 
and  its  general  solution  is  given,  by  ^}' 

cos  (v>/+«)*  .--(5) 

..  The  constant  c  is.. called  the  atartlBgjJbhse^qirthe  epoch  of  the 
motion,  and  the  quantity  'fp.t- f  €  is  called;,  the  argument  of  the 
morion.  % 

The  phase  at  any  time  i  of  a  the  time  that  has 

elapsed  since  the  particle  passed  throughyits  extreme  position  in  the 
.  positive  direction.  .#Sk  r 

From  (5),  x  is  maximum£&h< 
when  cos  (Vp^+«)=»  I. 

Therefore  If  /,  is-  ihe^time.  breaching  the  extreme  position 
in  the  positive  dircctiow^thc'n^'  - 

c&\ 1 

or  V  A/i-fc=0  or  tv  — - - 

V/1 

the  phase  at  time  r*=r— f|  =  M--4 — • 

.VM 

5.  Periodic  Motion.  A  point  is  said  to  have  a  periodic  motion 
when  it  moves  in  such  a  manner  that  ofter  a  certain  fixed  interval 
of  time  called  periodic  time  it  acquires  the  same  position  and  moves 
with  the  same  velocity  in  the  same  direction.  Thus  S.H.M .‘  is  a 
periodic  motion. 

6.  Geometrical  representation  of  S.H.M. 

Let  a  particle  move  with  a  uni¬ 
form  angular  velocity  round  the 
circumference  of  a  circle  of  radius  a. 

Suppose  A  A’  is  a  fixed  diameter  of 
the  circle.  IT  the  particle  starts  from 
A  and  P  is  its  positional  time  /,  then 
£.AO  P~t»r. 

Draw  PQ  perpendicular  to  the 
diumeter,^/<'. 


Icos  (VVr-4- *)  is  maximum  he.. 


~.(2) 


and 


,  If  OQ= jc,  then 

jr—acosorf.  *  ..(l) 

As  the  particle  P  moves  round .  the  circumference,  the  foot 
Q  of  the  perpendicular  on  tha  diameter  AA'  oscillates  on  AA' 
from  A  to  A'  and  from  A'  to  A  back."  Thus  the  motion  of  the 
point  Q  is  periodic; 

From  (1),  we  have 

dx  ‘  . 

dt  " 

<Px 

'-S'"  "  - ...(3) 

The  equations  (2)  and  (3)  give  the  velocity  end  acceleration, 
of  Q  at  any  time  t. 

The  equation  (3)  shows  that  Q  executes  a  simple  harmonic 
-  motion  with  centre  at  the  origin  O.  From  equation  (I),  we  see 
that  the  amplitude  of  this  S.H.M.  Is  a  because  rhe  maximum 
value  of  x  is  a: 

The  periodic  time  of  £*=  The  time  required  by  P  to  turn 
through  an  angle  2n  with  a  uniform- 
angular  velocity  « 

1  -  2«  rf* 


“—Ow1  COS  a*t— —  a 


Thus  if  a  particle  describes  a  circle??  wTfh  constant  angular 
velocity ,  the  foot  of  the  perpendicular'  from  it  on.  Vny  diameter 
executes  a  S.H.M.'  _ 

§7.  Important  results  abou^^H^M. 

We  summarize  the  importanT  relations  of  a  S.H.M.  as 

follows  :  (Remember  ihcmp%^'^r 

(i)  Referred  to  the  cerittr^as  origin  the  equation  of  S.H.M. 

is  x »  —  pxt  A& 

or  the  equation.  Jfi-—^^represehts  a  S-H.M.  with  centre  at  the 
origin.  ^  *3# 

(ii) .  The  velocity  ,v>at  a  distance  x  from  the  centre  and  the 
distance  >•  frommfeMjSntrq  at  time  /  are  respectively  given  by  ' 

-  and  x=*a  cos  Vptt 

where  a|suBej^mplitude'und  the  time  t  has  been  measured  from 
the  ext r.eme? posl t  i  o  nth  the  positive  direction. 

(iii)  J&aximuni  accelerations  pa,  (at  extreme  points) 

^(I^Maximum  velocity  =*V><3r.  (at  the'cfcntre) 

Periodic  lime  — 

#  ^§4  .  ^ 

Cv5)  Frequency 

■  7  27r 

““  Illustrative  Examples. 

Ex.  27-  The  maximum  velocity  of  a  body  moving  yvlth  S.H.M. 
is  2fr.fsec.  and  Its  period  is  J  sec.  What  is  Its  arhplitude  ? 

Sol.  Let  the  amplitude  be  <i  ft.  Then  the  maximum  velocity 
=  ft./sec.— 2  ft./sec.  (given). 

oV/iS=2.  ---(I) 

Also  the  lime  period  7'=2Tr/v/V  seconds=£  seconds  (given) 

2rr  1 

-  **  V^“5  ...(2) 

-  Multiplying  (I)  and  (2)  to  eliminate  p.,  we  have 
2  -  •  1 


Lita¬ 


s' 


1 


the  required  amplitudes*-^  ft.- 


5tt 

=  *064  ft.  nearly.  I 


Ex-  28.  At  what  dfstance  from  the  centre  the  velocity  in  a 
S.H.M.  will  be  half  of  the  maximum  7  r 

Sol.  Take  tho  centre  of  the  motion  as  origin.  Let  a  be  the 
umpliiude.  In  a  S-HJV4.,  the  velocity  v  of  the  particle  at  n  dis¬ 
tance  x  from  the  centre  is  given  by 

V*=~/m.  ...(1) 

From  (I),  v  is  max.  when  x=0.  Therefore  max  velocity  =.  V^- 
Let  x,  be  the  distance  from  the  centre  of  the  point  where  the 
velocity  is  half  of  the  maximum  i.e.,  where  the  velocity  is  JrrvV- 
Then  ptttting-.x*=JCi  and  »n  (I),  we  get 

}  rr/c«> /!.-(«*— JCi*),  or  l  a’— d*— xf 
3  cP 

or  .  x,2=^—  or  Jf,  =  ±aV3/2. 

Thus  there  arc  two  points,  each  at  a  distance  a~f3f 2  from  the 
centre,  where  the  velocity  is  half  of  the  maximum. 

Ex.  29.  .J  particle  moves  in  a  straight  line  and  its  velocity  at 
a  distance  x  from  the  origin  ls  'k-f(d* — -Xa),  where  a  and  k  are  cons- 
tants.  Prove  that  the  motion  is  simple  harmonic  and  find  the  ampli¬ 
tude  and  the  periodic  time  of  the  motion. 

Sol.  Wc  know  that  in  a  rectilinear  motion  the  expression  for 
vctocity  at  a  distance  x  from  the  origin  is  dxfdt.  So  according  to 
the  question,  we  have  '■ 
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Rectilinear  Motion 


(Dynamics}/7 


Differentiating  (I)  w.r.t.  /»  we  get 

2  ~  **_*•  f_2x— V 


2jg=— &ax,  which  is  the  equation  of  a  S.  M.  with 

centre  at  the  origin 'and  p—k*.  Hence  the  given  motion  is  simple 
harmonic. 

The  time  period  T'=2»/V/*=  22r/V 2njk. 

How  jo  find  the  amplitude  arc  to  find  the  distance  from 
the  centre  of  a  point  where  the  velocity  is  zero.  So’  putting 
dx[dii=x  0  in  (1).  we  get  0=»fc*  (o* — x?)  or  jc=±ov  ,  Since  here  the 
centre  is.at  origin,  therefore  the*amplitude— a.  .  * 

Ex;  30.  Show  that  if  the  displacement  of  a  particle  in  a 
straight  line  is  expressed  by  the  equation  x *=a  cos  nt-^b  sin  nt.  it 
describes  a  simple  harmonic  motion  whasa  amplitude  is  ■y/(ax^~bi') 
and  period Js  2 trfn.  .  ’ 

SoJ. .  Given  x»n  cos  nt+b  sin  nt.  -.-(I) 

dx(dt——dn  sin  nt+bn  cos  nt.  .--(2) 

and  d*xl<ll*—  — c/i*  cos  nt — bn *  sin  «/—  —  n*  (a  cos  nt-\-b  sin  nt') 

■*» — «*x,  from  (I). 

Now  d*xfdt3*=—  naxis  the  equation  of  a  S.  H.  M.  with  centre 
at  the  origin  and  /*=«*.  Hcncc  the  given  motion  is  simple 
harmonic. 

The  time  period  T—2nf^/p—2nl\fn*^2irfn.  Also  the  ampli¬ 
tude  is  the  distance  from  the  centre  of  a  point  where  the  velocity 
is  zero.  Since  here  the  centre  is  at  origin/therefore  the  amplitude 
is  the  value  of  x  when  dxfdt  — 0.  Putting  dx/dt^O  in  (2),  we  get 

0=  — -an  sin  nt-^htt  cos  nt  or  1  tm  nt~bfa. 

s.in  «/«=6/V(flft-f  £*)  and"  cos  nr=afy/(at-\-b3). 

Substituting  these  in  (1),  we  have 


the  amplitudccstf 


V^+A*)  'rbm  V<d£+b%)  -  JW+h*) 

~V(«aM>a)* 

Dx.  31.  The  speed  v  of  a  part  icle  moving  along  the  axis  of  x 
is  given  by  the  relation  v*=n*  (ibxr-x1— 1 2b*).  Show  that  the 
motion  is  simple  honnonlc-wlth  its  centre  at  x=4b,  and  amplitude 
—  2b. 

Sol.  Given  p*  =-(</*/<* )*—«*  (8bx-x2-12b*).  ...(1) 

DiffcrcntiatingTl)  w.r.t.  /,  we  get 
■dx  <Px  t  *  dx 

2  -V  rf7«=" 


dt'  dl* 


'  dt 


dzx  ,  .  .. 
Si=n  (4b~ 


-n*  (x— 4b).  which  is*  the  equation  d$L 


pom  t' 


oT  a  S.H.M.  with  centre  at  the  point.x— 4£™0  i.e.,  at  the 
jc=4 b.  [Note  that  centre  is  the  point  where  the  acceleration^  '' 
*  is  zero.]*  ‘  AtS^' 


d2xfdt* 


Now  v«0  where  8bx— x*— 12^=0  i.e.,  x* — Zbx^XZb^ 0 
i.e (x — 6b)  (x— 2d)=0  I.e  ,  x^6b.  or  2b.  Thus  thesp6«t^oti&  of 

=6A..Tfic;di  stance  of 


instantaneous  rest  are  given  by  x^2b  and  x=  .  _ . 
any  of  these  two  positions  from  the, centre  x«4fcjjis^fi^aJnplitude. 
Hence  the  amplitude  is  the  distance  of  the  %oint  x—6b  from 
~  the  point  x=4&.  Thus  the  amplitude=a66^^=2AT 

Ex.  32.  The  speed  v  of  the  point  P  jfifaicH+*moves  in  a  line  is 
given  by  the  relation  v*=a-f-2hx — cx“,  whejre^xjis  the  distance  of  the 
point  P  frvm  a  fixed  point  on  the  padh^^cifid  a,.k,  c  are  constants. 
Show  that  -the  motion.  Is'  simple  harmonic^  if  c  Is  positive  \ 
mine  the  A  jeriod  and  the  ampiitudoclfjljeAnotlon. 
cr^i  u...  _ _  .u_.  i^i.„ _ i 


;  deter - 


— Here  given  that,  ex*. 

Differentiating  both  £i^es#pf^I) - *  “ 


-(I) 


_ v-,  w.r.t.  x,  we  have 

{PxtT%dv  v  /  b  \ 

~dJ^dbi - - 


(2) 


Since  c  is  positive,  therefore  the  equation  (2)  represents  a 
.  H.  M.  with  the  centre  of  force  at  the  point  x=»bjc. 

Hence  the  relation  (1)  represents  a  S.  H.  M.  of  period 

T*=^r  =T—r  .  because  in  the  equation  (2).  p  —  c. 

VM  .  Vf 

To  determine  the  amplitude,  putting  r«~0  in  (1),  wc  have 
o-f-2  bx—  cx2—0 
r  ex’—  2  Ax—  a-=*0. 

*+<✓(*!+«) 


the  distances  of  the  two  positions  of  instantaneous  rest 
A  and  A’  from  the  fixed  point  O  are  given  by 

o.4=i±v :<»!+«)  ai)d  0>4.W(*-;+«) 


The  distance  of  any  of  these  two  positions  from  the  centre 
.v=(/>/r)  is  the  amplitude  of  the  motion. 


.he 


Ex.  33.  In  a  S.  H.  AT.  of  period  2ir (u>  if  the  initial  displace¬ 
ment  be  x<>  and  the  initial  velocity  tf0,  prove  that 

(0  amplitude— 

(ff)  position  at  time  r= u>t — tan-3  &»• 

and  (Hi)  time  to  the  position  bf'rest—--  tan-1  1  r 

w  \u>x0  / 

Sol.  V/e  know  that  in  a  S'.  tL  M.  the  time  period VO1)* 

~  Since  here  the  time  period  is  2tt}u>,  therefore  2nl^/(p)^=2rrfut 
■  i.e.,  p—tfi.  ’ 

Now  taking  the  centre  of  the  motion  as  origin,  the  equation 
of  the  given  S.  H.  M.  is  ' 

d*x  a 

d** — *  *; .  ...cl) 

Multiplying  (1)  by  2  ( dxjdt )  and  integrating  w.r.t.  mt\  we  get 

(dx\ 2 

J  =  — ti*2x5+^t  where  A  is  a  constant. 


But  initially  at  x=«x0»  the  velocity 


dx 


(/ta 


Therefore  A-  -  —  uDa Hr coJ.r0". 

Thus  we  have  •  *T 

/dx\7  .  u?'  ,  \ 

(*)  “  “'■*  +“°  (x“ +-^?  ■*"  )  -.(2) 

(i)  Now  the  amplitude  is^thq^istance  from  the  centre  or  a 
point  where  the  velocity  is  zcr^Siitce  here  the  centre  is  origin," 
therefore  the  amplitude  is^hpyalue  of  x  when  velocity  is  zero. 

dx  11  u  -\ 

Putting  7;=0ia  (2)^ ^jet 

Here  the  rcquiredrarnplitude  is  V 

x>.  V  \  w  / 

(ii)  Ass umi n gi^h at  the  particle  is  moving  in  the  direction  of 
X  increasing,  we^iave  from  (2) 

X  I  dx 


w  VUV-I-V'/^)-.^} 

I  /  v  V 

^V^Iitlcgrating,  - cos-1  <— — — — —  -U  B , 

(V(x*J+u\lw2)f 


where  3  is  a  constant. 

But  initially,  \vIien  /  =  0,  x=x0. 


cos- 1  /  -i.  2,  .-rW—  tan~»  (-^V 

«  \  ~  \wX0J 

t— - -  cos" 1  ^  —77 — j-r — Tf— iT  1  +  — -  tail-1 

u>  (V(-va  “uo  /fu*)  /  W  \wXo  J 

cos-1 «/  — — vj~  —  i&i/— tan-"1  \\ 

,.‘«=c°s  T — tan"1  ' 

V(x02+i/ft1/^')  L  l  ^ojJ 

=cos  (  tu/~  tan-1  -^-1 

\  wXo/ 

V(V+!£,)  'Os^/^tanr1  „.(3> 


which  gives  the  position  of  the  particle  at  time  /. 

(iii)  Substituting  the  value  of  x  from.(3)  in  (2),  wc  get 

(£)'w  ( &)}• 


rfx 


Putting  —  —  0,  we  get 


0— o.1  ^xd*4*^-9^  sin5  tan-7 

sin^  tut—  [an-1 

wt—  tan^1  (--Wo  or  /=—  tan'*  (  -^“V 

WV0/  ui  \wx0  / 

Hence  the -time  of  the  position  of  rest  —  —  ran-1 


Ex.  34.  Show  that  in  a  simple  harmonic  motion  of  amplitude 
a  and  period  ‘  T’,  the  velocity  v  at  a  distance  X  .  from  the  centre  is 
given  by  the  relation  j'2T^«4t7i  («*— x*). 

Find  the  new  amplitude,  if  the  velocity  were  doubled  when  the 
particle  is  at  a  distance  }<j from  the  centre  ;  the',  period  remaining 
unaltered. 

Sol.  Let  the  equation  of  S-'  H.  M.  with  centre  as  origin  be 
d£xjdt**=a—px. 

The  time  period  T—2-nj\/iu  ---(l) 

Let  a  be  the  amplitude.  Then  the  velocity  r  at  it  distance  x 
from  the  centre  is  given  by 

v^fe’-x*).  ...(2) 
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(DynamIcs)/8 


eg 

1 

£ 

.'3 


From  (I),  /i«=*4*r,/7~s.  Putting  .this  value  of  p  in  (2),  we  ha/c 


or  .  ^7^-4^  (u*-x*)- 


Let  be  the  velocity  at  a  distance  in  from  the  centre.  Then 
putting  x=J<7.and  v=*=r,  in  (3),  wc  get  - 

'  vtm~4n*(a'— *>)«=3ir*<7*  ...(4) 

Let  av  be  the  new  amplitude*  when  the  velocity  at  the  point 
-v^|a  is  doubled  lje.%  when  the;  velocity  at  the  point  x=*{a  is  any 
how  made  2»i.  Since  the  period  remains  unchanged,  therefore 
putting  r*=2rt,  n=aj  and  X-*!ar'irt  (3),  wc  get 
4vt*r*~4^  (*,*,- Jo*)  ^  ;  ■  ■ 

or  4x3 Tra*=4iT*  (at* — Ju*)  '  fv '  from-ff),  v»*T*«=3 n*a*] 

or  <ii*==3<i*+ £o*=  13^/4.  Hdhcc  the  new  amplitude 

Ex.  35.  Show  that  the  particle  executing  S.H.AA.  requires  one 
sixth  of  Its  period  to  more  from  the  position  of  maximum  displace¬ 
ment  to  one  in  ,  which  the  displacement  is  half  the  amplitude . 

Sol.  Let  the  equation  of  S.H.M.  with  centre  as  origin  be 
iFxfdt1^—  px. 

The  time  period  7'=2w/vV- 

Let  a  be  the  Amplitude  of  the  motion.  Then 

(dxfdty~p(r-x*y:  _  .  * 

Suppose  the  particle  is  moving  from  the  position  of  maximum 
displacement  j e=a  in  the  direction  ofx  decreasing.  Then. 


•57T*.  —  Vpy/(a*—xr)  or  dt~ 


1 


-(I) 

*a  to  . 


dr  S' —VpVio*-^) 

Let  t\  be  the  time  from- the  maximum  displacement  x. 
the  point  .t=« la.  Then  integrating  (l).,wc  get  - 

J-  r*  _£lV  • 

J.  Vi>).  VI*-.*) 

(,ime  period  n 

Ex.  36.  A  particle  Is  performing  a  simple  harmonic  motion  of 
period  T  about  d centre  O  and  It  passes  through  a  point  P  where 
OP~b  with  velocity  r  In  the  direction  Of;  prove' that  the  time  which 
elapses  before  it  rerums  to  P  Is  *  ' 

I*S-20CT7 

0vv  ■  ■  __4 

\GV"  Sol.  Let  the  equation  of  the  S.HjVl.  with  centre  O  as  ofigin% 
be  d'xtdt'—px. 

_ _ _ .  _ — ir 

A'  :  ~o  6  ‘  p  * 

;  .-  ■  4“ 

The  time  period  7'»27r/Vr/‘-  ■ 

Let  the  amplitude  be  a.  Then  (dxfdty^p.  (aT~x*y.  .**0) 
When  the  particle  passes  through  P  its  velocityds  given  to  be 
v  in  the  direction  OP.  Also  OP=b.  So  and  dxfdt==v 

in  (1),  we  get  . 

(a® — '-•(-)  ’ 
Let  A  be  anextremity^ofthe  m6tfon.l  From  P  the  particle 
comes,  to.  instantaneous  rest  at  ^ and-' then  returns  back  to  P.  In 
JS-H.M.  the  time. from  >-to  A  isr%qua^to  the  time  from  A  to  P- 
the  required  time*^^..  fimeTrom  A  to  P. 

Now  for  the  motion  fg|m$5||to  P.  we  have 

£ — 

Let  /,  be  the  time  fWfhn'yl  to  P .  Then  at  A%  t-=  O,  x^o.and 
at  P„  r=»/,  and  x=*b.  Therefore  integrating  (3),  we  get 


i?  °r 

-^[COS'1  i-COi-'  1  ]“p-,  COS"‘  -a 

2  b 

Hence  the  -required  time«2/j=-^r  eos~*  - 
[v  from  (2). 

rr1  /i  Z  — \  [V  T^TjtJVp  so  that  -y/p^2rr/T] 

\b{2ir/T^) 


2 

*2  wr 

T 


(sS-)' 


Ex.  37.  A  point  moving  in  a  straight  line  with  SJT.  A/,  has 
velocities  v,  and  vt  when  its  distances  from  .the  centre  ore  x,  and  x«. 
Show  that  the  period  of  motion  is  * 


Sol.  Let  the  equation  of  the  S:H.Mr  with. centre  O  as  oricin. 
be  tPxfdf^—px-  Then  the  time  period  T==2irfVp, . 

If  a  be  the  amplitude  ,of  the.  motion^  ..we  have 
‘  *>*=»f*  fa1— x*),  - .  - 

where  v  is  the  velocity  at  a  distance  x  from  the  centre. 

But  when  je<=*.X|,  v<=*v,  and  when  r^rt,  v—vt. 

Therefore  from  (I),  v\e  have’  ’  ■ 

..  vx%~rp. *f=p.  (a*— Ya*). 

These  give  vt*—  {(<P— x,*)—  (a*— x,*»= ft 

ix.,  >“-(?•*— 

Hence  the  time  period  T  a27r/vV=J27r  j 

Ex.  38.  A  particle  is  moving  with,  S.H.M.  and  while 
an  excursion  from  one  position  of  rest  to  the  other .  Its  distances 
from  the  middle  point  of  Its  path  at  three,  consecutive '  secSnds  are 
observed  to  be  x*,  x,? x*;  prove  that  the  time  of  a  complete  oscilla- 

-2-1  ,/*i+jr,\  5 

v  l  « 

Sol.  Take  the  middle  point  of fthe  .p^ath  as  origin/  Let  the  . 
equation  of  the  S.H.M.  be  d*xfdi*j^^fyy  Then  the  time  period 


making 


Let  a  be  the  amplitudcjrqf^the'  motion-  If  the  timer  be 
measured  from  the  po  5 1 1  io  rTof  '1  nsi  an  r  n  Tl  e  on  s  rest  x«=a,  we  have 
:  ;^=4jjc3s  vV*. 

where  x  is  the  distane^q^Ji.^pwticle  from  tile  centre  at  time  /. 

Let  .Tj,  XjT  x3  be  tberjistanccs  of  the  particle'  from  the  centre 
at  the  ends  of  aad  frx-f-2)rA  seconds.  Then  from  (0. 

— a  cos  vV^i,  *  ’  -—(2) 


xa*»fl  cos  Vp  (^i-f-2). 


-.(4) 


-  f  . 

Vpti+z os  Vp(ti  f  2)] 

1)  cos  ■fft’xalxi  cos\/fi.  [from  (3)]. 


■;  t£%CO&x/p  ii=  (x  1  rf-  X3)/2xa 


or  Vr//*r3eos- 


{(Xt-’rxjflx,):-  •’ 
2ir 


^'^s-Hcnce  the  time  period  T~-~  = - »■  —  -  ’ — -?-pr— 

Vh  '  ^  {(-Vi  +  ^OPx,} 

J/Ex.  39  (a).  At  the  ends  of  three  successive  seconds  the  distances 
%ff  a  point. moving  with  S.H.Al.  from  the  mean  position  measured 
*in  the  same  direction  are  I,  ^  and  5.  Show  *  that  the  period  of  a 
complete  oscillation  is  2-rrfQ  where  cos  5=3/5. 

SoJ.  Proceed  as  in  Ex.  38. 

Ex.  39  (b).  At  the  end  of  three  successive  seconds,  the  distances 
of  a  point  moving  with  simple  harmonic  motion  from  its  mean  posi¬ 
tion  measured  In  the  same  direction  are  1 ,  3  and  4.  Show  that  the 
period  of  complete  oscillation  is 

2 rr 

cos'1  (5/6) 

Ex.  40.  A  body  moving  in  a  straight  line  OAB  with  S.H.M - 
■  nas  zero  velocity  when  at  the  points  A  and  B  whose  distances  from 
O  are.  a  and  b  respectively >  and  has  velocity  v  when  half  way  bet¬ 
ween  them .  Show  that  the  complete  period  is  it  {b — a)\v.  I*  s- 2013 

Sol.  In  the  figure.  A  and  B  ^ - — - ^ 

arc  the  fpositi ons  .of  instanta-  -  ^  ' S. 

neous  rest  in  a  S.H.M.  Let  C  be  the  middle  point  of  AB.  Then  C 

is  the  centre  of  the  motion;  Also  it  is  given  that  OA~a,  OB—  . 

The  amplitude  of  the  motion  a  {OB—  OA)^\{b—-a). 

Now  in  a  S.H.M.  the  velocity  at  the  centre 
tude.  Since  in  this  case  the  velocity  at  the  centre  is  given  to 
be  v,  1  - 

therefore  »*=£  (b^-a).  yf  p  or  y/ p—  2vf{b  —  a). 

Hence  time  period  7'=2tt/vV— 2^  [(/>— aj/2v}=77(Z>—o)/»- 

Ex.  41.  A  point  executes  S.H.M.  such  that  in  two  of  its  posi¬ 
tions  velocities  are  1  r,  v  and  the  two  corresponding  accelerations-  ore 
a,  8;  show  that  the  distance  between  the  two  positions  is 
(„»_j r»)/(a-*-8)  and  the. amplitude  of  the  motion  is 

- 

Sol.  Let  the  equation  of  the  S,H-M.  with  centre  as  origin 

be  dix,fdt*=  —  px.  "  - 

Ifu  he  the  amplitude  of  the  motion,  wc  have 
{dxfdtf^p 

where  dxfdt  is  the  velocity  at  a  distance  x  from  the  centre. 

Let  x,  and  xE  be  the  distances  from  the  centre  of  the  two 
positions  where  u  and  v  are  the  velocities  and  *  and  0  arc  the 
accelerations  respectively.  Then 
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--(1) 

-C  2> 

(d*—x !*), 

V*— >x  (ol—  JC»2). 

-.(4) 

d  (2),  we  get  (-^i+^a). 

-(5) 

and 


Also  subtracting  (3)  from  (4),  we  get 

Vs — (xt* — (Xx — Jf>)  (*i — 

Cfrom  (5>] 

— .x^)— (v1— u*)/(a-l-£).  This  sives  the  distance  between 
the  two  positions. 

Now  to  get  the  amplitude  a  it  is  obvioiis  that  we  have  to  eli¬ 
minate  xt>  x3  and  y  from  the  equations  (I),  (2),  (3)»and'(4).  Subs¬ 
tituting  for  X\  and  X*  from  (1)  and  (2)  in  (3)  and  (4),  we  have 


a*p4 


- tPfL - <ia- 


-.-(6) 


and  y-=p.  «Va—  vV— ^2=0.  ..(7) 

By  the  method  of  cross  multiplication,  -we  have  from  (6) 
and  (7), 

_  jg 1' ^  M  ■  1 

u-^— v-V  a3*!*— nsv= 

Equating  the  two  values  of  /x*  found  from  the  above 
equations,  avc  get 

T  -  r  -jftr-tfifp  (»»-^)* 
a2  (,»■*— t«->— [o*  (v*— 1/*7  J  o2  (v2— rr*)  “(v*— «*>= 

,  (i*rv*— 0V)  <v*-ir) _ ((r*— u3)  (aV-ft2^))1'* 

♦  ‘  - —gTZpyT-  °r  (a=-^ 

-£x.  42.^  particle  rests  in  equilibrium  wider  die  attraction 
of  two  centres  of  force  which  attract  directly  as  the  distance .  z/ir/r 
//itour/rfe*  /x  and  ^  ;  the  particle  Is  displaced  slightly  to¬ 

wards  one  of  them,  show  that  the  time  of  a  small  oscillation  is 
2 7r/V(Jl+/0.  (IFoS-2009) 

Sol.  Suppose  A  and  A'  lire  the  two  centres  of  force,  their 
intensities  being  p.  and  id  res-  ■  „  — 5 — _ 

pectivdy.  “T^t  a  particle  of  — - ^ ^ - - 

mass  in  be  in  equilibrium  at 

B  under  tfye  attraction  of  these  two  centres.  If  .4i?=aand  A’B=a\ 
of  attraction  at  B  due  to  the  centres  A  anu  A'  ure  mj*a 
respectively  in  opposite  directions.  As  these  two  forces 


the  forces 
and  nip  a.' 
balance,  v'c:liavc 


niptn=>mfi.'aT. 


..(1) 


then  let  go- 
where  BP< 


Now  suppose  the  particle  is  slightly  displaced  towards  A  and 

-  Let  P  be  the  position  of  the  particle  after  tune/i'^ 

.  u  '  ■£% 

■  '  -v  XJjv 

The  attraction  at  J»duc  to  the  centre  A  \smp,AP  or 
ill  the  direction  PA  in- the  direction  of  x  increasing.  Alsplthe 
at  traction  "at  P  due  to  the  centre  A‘  is  mp.  A‘P  or  mp'jfa'-fx)  i  n 
the  direction  PA’  i.e.,  in  the  direction,  of.*  decreasing.  'Hence  by 
Newton’s  Second  law  of  motion,  the  equation  of  'motion Tof  the 
particle  at  P  is 

m  icPxfdt'y^mp  (a—xy—mp  {a'Ag —  (2> 
where  the  force  in  the  direction  of  x  increasing  Has  been  taken 
With.  4-ivc  sign  and  the  force  in  the  direc^n^oJ^e  decreasing  has 
been- taken  with  —  ivc  sign.  V 


Simplifying  the.  equation  (2),  we^get^  * . 
m  (<PxJdt*)=-M 

or  cP-xfdt*—  by  (.1),  n/;xa»=i«/xV} 

This  is  the  equation  of  a  with  centre  at  the  origin, 

Hcnoe  the- motion  of  the  pa rU^eJs^s i mple  harmonic  with  centre 
at  21 'and  its  rime  period  i p'). 

Ex-  43.  A  body  Is  oftac^eifio  one  end  of  an  Inelastic  string, 
and  the  other  end  tno ve s'lnfiVvehical  line  with  S.H.M.  of  amplitude 
a,  making  n  oscillations  per&econd.  Show  that  the  string  will  not 
remain  tight  during  the  motion  unless  n*Cg[(4n’a) 

Sol.  jsuppose  the  string  remains  tight 
during  the  motion  so  that  the  body  also 
moves  in  an  identical  S.H.M.  Lei  m  be  the 
mass  of  the  body. 

Let  the  body  move  in  S.H-M.  between 
A  and  A '  and  suppose  (?  is  the  centre  of 
the  motion,  where  OA*-a. 

Since  the  body  makes  n  oscillations  per 

,  2t7  I 


second,  therefore  its  time  period 


vs. 


This  gives /x««4wi/i'. 

At  time  r,  let  the  body  be  in  a  position 
Py  where  OP—x.  The  iinprcsscd  force  acting 
on  the  body  is  T~hig  along  OP.  Here  T  is 
the  tension  of  the  string.  By  Newton’s  liw,  the  equation  of 
motion  of  the  body  is  nfd'x/dt*)  -  7*—  mg. 

7*«ing+w  (d3xfdt*). 


f 


-f 

r>  * 


— { 


Obviously  T  is  least  when  tPxJdPi*  least.  But  the  least  value 
or  (Pxfdt*  is  —pa.  Hence  least  T— mg— m/m. 

The  string  will  remain  tight  if  this  least  .tension  is-  positive 
L<r.,-  if  mpa<jhg 

Le.,  if  mAidrda<img  [V 

l.e.,  if  7i*<g/(-4ir*a).  Hence"  the  result. 

Ex.  44.  A  horizontal  shelf  Is  moved  up  -and  down  with  S.  HrM. 
of  period  1  sec .  what  is  the  amplitude  admissible-  lit  order  that  a 
weight  placed  on  the  shelf  may  not  be  Jerked  off  ? 

Sol.  "  LcLm  be  the  mass  of  the  body 
placed  on  the  shelf.  Suppose  along  with 
*he  shelf,  the  body  moves  in  an.  identical 
S.  H.  M.  between  A  and  A'.  Let  0  be  the 
centre  of  the  motion  so  that  OA~=a  is  the 
amplitude*. 

The  time  period  2w/V7*=i;  (given) 

/X  «—  1  &TT3- 

Ixt  P  be  the  position  of  the  body 
at  time  /,  where  OP~x.  The  impressed  force  acting  on  the  body 
is  B—mg  along  OP.  Here  2t  is  the  reaction  of  the  sficlf.  By 
Newton’s  law  the  equation  of  motion  o^tberbody  is  ^ 
m(d*xfdt -  ntg.  p*' 

R^mg-^-Tn  [tPxjd&'yfizgr 

Obviously  R  is  least  when  dtxfdi^  \'£-, least  and  the  least  value 
of  dfxfdt*  is  —pa.  Hence  1  m/xo. 

The  body  will  not  be  jerk^bff*  if  this  least  value  of  B 
remains  non-negative  l.e .,  qfjiij 
l.e.t  if  m  1  On1  a  ^ mg-  j»*«16w*) 

Le.,  if  a  <  g/(16ir,)..1J?H.enoc.*lhc  greatest  admissible  value  of 
the  amplitude  a*=g/( 

Ex.  45.  A  particle \of  mass  m  Is. attached  to  a  light  wire  which 
•is  stretched  tightly,  between  two  Jixed  points  wish  a  tension  T.  If  a, 
b  be  the  distance;  off  the  particle  front  the  two  ends,  prove  that  the 
period  of  siuoll't  rails  verse  oscillation  of  mass  m  is 

7{™F  - . 

^Sol^Lct  a  light  wire  bo  stretched  tightly  between  the  fixed 
points  ^  and  B  with  a  tension  T.  Let  a  particle  of  mass  m  be 
j^^atiawched  at  ihe  point  O  of  the  wire  where  AO  = 

£,,£>  ^  Let  thejiarticlc  be  dis- 
^■%piaced  ab'ghily  perpendicular 
to. ABfLe.,  in  the  transverse 
direcfion)  and  then  lei  gu. 

Let  P  be  the  position  of  the 
particle  at  any  time  /.  where 
OP.—x.  Smcc.thc  displacement  is-  small. 


and  OB^b. 


therefore  -the  tension 
in;thestring  many,  displaced,  position  can.  betaken  as  f  which 
is  .  the.  .  t.cnsion  la  the.  string  in.  the  original1  position.  The 
equation  of  motion  of  the  panicle  is 
dJx  * 

-*■  m  ^=—(7*  cos  AOPAArT  cos  f_OPB);:‘;?-  .  ;  ... 

=~T  ) 

-?T  Ef  "  )3  :: 

— — :77  ^4-g^;  neglecting  higher  powers: ot-xfa  and  xfb 


.which  arc  very-small 


djx_ 

dtrr 


v  ab  y. 

:TJa±b) 


- ,  .—/O:,- where /x==. - 1 - .  . 

mab  -  .  ■  t-y.\  -  t?psb  . 

This  is- the  standard  equal iomof.  a  S.TL  M,  .with^.ccnlrc  at 
the  origin.;  The  lime  period 


T  (a-bb,. 


T 


Ex.  46.  If  in  a  S.  II.  M..u,  v,  w  be  the  velocities  at  distances 
0,  b,  e  from  a  fixed  point  on  the  straight  line  which  is  not  the]  centre 
of.  force,  show  that  the  period  T  Is'gtven'by  the  equation 

u-  V*  -  JV1 


4n3 

ji .  (*—b)  (*— 0  (c-a)= 


1  I  1 


SoL  "‘'.Let  0  and  O *  be  Lhc  centre  of  force  and  the 
fixed  point,  respectively  "on  the"  line  .  of  '  motion,  and  let 
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OO'—L  Let  if,  r,  w  be  the  velocities  of  the  particle  at  P„  Q ;  J? 
respectively  where 

0'P~>at  0'Q=b,  0'B=*c.  . 


—Cl) 


For  a  S.JLM.  of  amplitude  At  the  velocity  V  at  a  distance  x 
from  the  centre  of  force  is  given  by 

At  P,  x=*OP=l+ap 
at  Q,  x-OQ~!+b;  V*~v  . . 
and  at  vR,  “jr—  <?#■= /+  c*  K=» »*. 

/.  from  (1),  we  have 

.  »/*«=?/*  {X1— (i+a)*y  .  * 


z-=A?~p-d*—2al 


or  (^*ffl3)+2/‘<,+(/a“^,)=0* 

Similarly, 

and  (7 ^+^)+2/.c+(/,-.4:0-0 


(2) 


..(3) 

...(4) 


Eliminating  2/  and(/*— ^1*>  from  (2);  (3)  and  (4),  we  have 


p 

a' 

i 

p 

b 

1 

/* 

r  ' 

1 

b* 

c1 

1 

I 

1 


I 

l 

l 


a* 

5s 

c1 


or  /i  (tf—  A)  (b — c)  (c— a)c 


b 

I 


■ 

1 


%%/«£  ‘ 


-(5) 


->  ■  ■%>  J  s 

But  the  time  period  T *=■  —7*?% so’;t hat  - 

r 

Hence  from  (5), 'Wt  hayct^^ 


47T* 

7=r  C«— fr)  (£— c)(e— a)* 


-v* 

£ 

I 


1  I 


8.  Hooke’s  Law  : 

Statement.  77/e  tension  of  an  elastic  string  is  proportional  to 
the  extension  of  the  string  beyond  its  natural  length . 

If  Jr  is  the  stretched  length  ^>f  a  string  of  natural  length/,  then 

by  Hooke’s  law  the  tension  T  in  the  string  is  given  by  T=X.^j- *, 

where  A  is  called  the  modulus  of  elasticity  of  the  string.  Remember 
that  the  direction  of  the  tension  is  always  opposite  to  the 
extension. 

Theorem.  Prove  that  the  work  done  against  the  tension  hr 
stretching  a  fight  elastic  string ,  is  equal  to  the  product  of  its  exten¬ 
sion  and  the  mean  of  its  final  and  initial  tensions. 

Proof.  Let  OA~**a  be  the  natural  length  of  a  string  whose  one 
end  is  fixed  at  O.  Let  the  string  be  stretched  beyond  its  natural 


length.  Lei  B  and  C  be  the  two  positions  of  the  free  end  A  of  the 
s'tring  during  its  any  extension  and  let  OB^b  and  OC^c. 

Then  by  Hooke’s  law, 

the  tension  at  Ts —A - ; 

a  -  ...(I) 

and  the  tension  at  C=rc=A-£jp*.  J  ^ 

where  A  is  the  modulus  of  elasticity  of  the  string. 

Now  we!  find  the  work  done  against  the  tension  in  stretching 
the  string  from  B  to  Cj 

Let  P  be  any  position  of  tiie  free  end  of  the  string  during  its .  . 
extension,  from  B  to  C  and  let  OP*** X.  -• 

Then  the  tension  at  P=»7V«=A.  ~ — -• 

»  a 

.  Now  suppose  the  free  end  of  the  string  is  slightly  stselehed.. 
from  P  to  0,  where  Then  the  work  done  against  the 

tension  in  stretching  the  string  from  P  to  Q 

the  work  done  against  the  te  nsi  ongmsUc  t  ch  i  ng  the  string 
from  B  to  C  ^  -  *“ 

■  f*  A,  Vjv  vr. 

=  ±Uc-af-V-.an^0Zta)-ib-a))  «c-a)+(A-<,)}1 

(from  (1)  stnd  (2)) 


=  JCX(meai^f  the"  tension  at  B  and  Cf  .  1 

Hence,' thc£w$^?dbne  against  the  tension  in  stretching  the 
string  is  equaktoilRc" product  of  the  extension  And  the  mean  of 
the  iniiiaT  Ahd^ Imal  tensions ’’ 

No>i^We':shall discuss  a  few  simple  and  interesting  :ases  of 
simle^farrnbnic  motion. 

.  ^t^WartlcIe  attached  to  one  end  of  a  horizontal  elastic  string. 
'^fKj,art{c^e  of  mass  111  is  attached  to  one  end  of  a  horizontal 
j-y ‘'elastic  string  vcfwxe  other  end  Is  fixed  to  a  point  on  a  smooth  horl- 

table.  The  particle  is  pulled  to  any  distance  in  the  direction 
%JR/*  the  string  and  then  let  go\  to  discuss  the  motion. 

Let  a  string  OA  of  naturallength  a  lie  on  a  smooth  horizontal 
table.  The  end  O  of  the  string  is  attached  to  a  fixed  point  of  the 
table  and  a  particle  of  mass  m  is  attached  to  the  other  end  A. 
The  mass  in  is  pulled  upto  2?,  where  AB—b ,  and  then  let  go. 


2*s£cO 


Let  P  be. the  position  of  the  particle  after  time  r,  where  AP=x. 
The  table  being  smooth,  the  only  horizontal  force  acting  on  the 
particle  at  P  is  the  tension  T  in  the  string  OP.  Since  the  direction 
of  tension  is  always  opposite  to  the  extension,  therefore-,-  the 
force  T acts  in  the  direction.  PA  i.e.,  in  the  -  direction  of  x  dec¬ 
reasing.  Also,  by  Hooke’s  law  7“=A  (xfa}.  Hence  the'  equation 
of  motion  of  the  particle  at  P  is 


tPx 


Aa  °r  ~ 7mt  —(I) 

The  equation  (!)  shows  that  the  motion  of  the  particle  is 
simple  harmonic  with  centre  at  the  origin  A.  The  equation  of 
motion  (l)  holds  good  so  long  as  the  string  is  stretched.  Since 
the  string  becomes  slack  just. as  the  particle  reaches  A .  therefore 
the  equation  (l)  holds  good  for  the  motion  of  the  particle  from 
B  to  A.  - 

Multiplying  (l)  by  2  (r  Ixfdt)  and 'integrating,  we  get 

l tlx  A  „  ^  _ . 

'  (t—  I  “ - .v-  i-C,  where  C  js  a  constant-. 

\dt  /  ■  urn 

At  the  point  3,  :;~b  and  d.\‘:dr  —  0:  .‘.  C*—  (A/iu;i)  b~. 

Thu.»ch»™(^)-„£(*._.^.  (2) 

'this  equation  gives  velocity,  in  any  position  front  B  to  A. 
Putting  .v=0  in  (2).  wc  have  the  velocity  at  A— V*('V»1,,,0  h.  in  the 
direction  AO.  . 

The  time  from  B  to  A  is  X  of  the  complete  time  period  of  a 
S.H.M.  whose  equation  is  (1). 

Character  .of  the  motion.  The  motion  front  2?  to  A  is  simple 
harmonic.  When  the  particle  reaches  A,  the  siring  becomes  slack 
and  the  simple  harmonic  motion  cciTsos.  But  due  to  the  velocity 
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gained  at /f  the  particle  continues  to  move  to'  the  left  of  A.  c‘So 
long  as  the  string  is  loose  there  is  no  force  on  the  particle  to  change 
its  velocity  because  the  only  force  here  is  that  of  tension  and  the 
tension  is  zero  so  long  as  the  string  is  -  loose.  Thus  the  particle 
moves  from  A  to-  A*  with  uniform  velocity  -y/{Xjaw)  b  gained  by  it 
at  A .  Here  A‘  is  a  point  on  the  other  side  of  O  such  that  O/l'™* 

OA .  When. the  particle  passes  A’  the  string  ogam  becomes  light 
and  begins  to  extend.  The  tension  again  comes  into  picture  and 
the  particle  begins  io' move  in  S.  H:  M-  Bin  now  the  force  of 
tension  acts  against  the  direction  of  motion- of  the  particle.  So  the 
velocity  of  he  particle  starts  decreasing  and  the  particle  comes  lo 
instantaneous  rest  at  \vhcre  Af The  tim£  from  A '  10  B ' 
is  the  same  as  that  from  3  to  A.  At  3'  the  particle  at  once  begins 
to  move  to  vards  A’  because  of  the  tension  which  attracts  it  to¬ 
wards  A* l  Retracing  its  path  the  particle  again  comes  to  instanta¬ 
neous  rcst-at\B  and  thus  it  continues  to  oscillate  between  B  and  3'. 

During  one  complete  oscillation  the  particle  covers  the  dis¬ 
tance  between  A  and  B  and  also  that  between  A‘  and  3’  twice 
while  moving  in  S.  H.  M.  Also  it  covers  rhe  distance  between 
A  and  A '  twice  .with  uniform  velocity  \f(X/ain)  b .  Hence  the  total 
time  for  one  complete  oscillation 

—  the  complete  time  period  of  a  S.H.M.  whose  equation  is  (1)  . 

-f  the  time  taken  to  cover  the  distance  4a  with  uniform 
■  *  velocity  s/ (\lnni)  h 

2v  4a  )fam\  m  4a  j(ant\ 

VOlaf»)  v  V(A/a«t)  h  J\  A  }+  bj \'A  / 

-  '*(•+*)/(") 

Illustrative  Examples  : 

Ex.  47.  One  end  of  an  elastic  St  ring  (modulus  of  elasticity  A) 
whose  natural  length  is  a,  Is  fixed  to  a  point  on  a  smooth  horizontal 
fable  and  the  other  is  lied  to  a  par licfe  of  mass  m.  which  Is  lying 
on  rhe  to  ole.  The  particle  is  pulled  to  a  distance  from  the  point 
of  attachment  of  the  string  equal  to  -twice  its  natural  length  and 
thru  let  go.  Show  that  the  lime  of  a  complete  oscillation  is  ^ 

Sol.  Proceed  exactly  in  the  same  way  as  in  9.  Here,  the 
particle  is  nulled  to  a  distance  from  the  point  of  attachment  of  the 
String  equal  to  twice  its  natural  length.  Therefore  initially  the 
increase  h  in  the  length  of  the  string  is  equal  to  2a~~a  i.e.,  a. 

Mow  proceed  as  in  ”  ■  ,  _  .  ..  ^ 

Ex.  48-  A  light  elastic  string  whose  modulus  of  elasticity  U  A^ 
is  stretched  to  double  Its  length  and  Is  tied  to  two  fixed.  ptiatsjU*^ 
tans  2a  apart ;  ~A  particle  of  mass  netted  to  its  middle  point  .  - 

placedfU*  the  Una  of  the  string  through  a  distance  equal  to  hajf  -' 
Us  distance  from  the  fixed  'points  and  released.  Find  the  tbjsefof  a 
complete  oscillation  and  the  maximum  yelocUy  oc<w Irod^nghii  sub¬ 
sequent  motion.  •  ^  "*?>-■ 

.  Sol.  Let  an  clastic  string  of  natural  fength^ge  /i^etched- 
bet ween- two. .fluted  points  A  and  3  d*stant  2a  being  the 

middle  point  of  AB.  We  ha ye.  OA^OB^ay-  ^ 

’  '  ,-x  Af* 


B 


A  '  '  ‘  O  TrxP%£Z 

„ ,  .  ... ..  ; 

.  Not ujrai ‘long th'oPthe:  portions1^  and  OB  each  is  all  -  (since 
the  string  fa  sUctchbd  to  ‘  of  **»*»/* 

*  atWhed  to  the  iziiddlo  po Int^  i^dl splaoc d  towards. B  upto  a  point 
C.  .where  DC— d/2  and  then%}rTgo^  Let  P  be  the  position  of  the 
.-particle  a.fter  any  time  r,Jwhe  isf OP — x.  [Note  that  we  have  . 

O  as  origin.  Thi>  dii^ct|dn5*  OP  is  that  of  x  increasing  and  the 
directionr  BO  is  that  .of  x^tecrcaalngj.  *  At  P  there -are  .  two  hori¬ 
zontal  forces  acting  on  the? panicle  :  ' 

'  0)  The  tension  Ti  in  the  string-^  acting  in  the  direction. 
PA  i.e..  in  the  direction  of  x  decreasing: 

-  (i»>  The  'tension  7*a  in  the  string  T/*  acting  in  the  direction 

PB  I.e,,  in  the  direction  of  x  increasing.  .. 

.  [Note  that  the  string  AP  la  extended  In  the  direction  AP  .and 
so  the  tension  Tx  in  \t  acts  in  the  opposite  dircotion  P A]. 

By  Hboke’s  law.  Tx — A aru^  ■**"“*"  a/2^~' 

Hence  by  Newton's  second  law  of  motion  (P—mf),  the  equa¬ 
tion  of  motion  of  the  particle  :u  P  is 


the  string  remain  taut  and  so  the  entire  motion  of  the  particle  is 
governed  by  the  above  equation.  Thus  the  particle  makes  oscillations 
in  S.H.M.  about  O  and  the  time  period  ofone  complete  oscillation 
=»thc  time  period  of  S.H.M.  whose  equation  is  (1) 

The  amplitude  (i.e.,  the  maximum  displacement  from  the 
centre)  of  this  S.H.M.  is  a/2.  ,« 

the  maximum  velocity— CvV)*amphtude 

.  =V(4A/Am).;Cfl/2)=VW«0. 

Ex.  49.  A  particle  of  mass  m  executes  simple  harmonic  motion 
in  'the.  line  joining  the  points  * A  and  B  on. a  smooth  table  and  is 
connected  with  these  points  by  - elastic  strings  whose  tensions  in 
equilibrium  are  each  T;  show  that  the  time  of. an  oscillation  is 
2u  [miriTV+f))'*  where  L  V  are  the  extensions  of  the  strings  be - 
yond  their  natural  legrhs. 

Sol.  A  particle  of  mass  ^ 

m  rests  at  0  being  pulled  by 

-  two  horizontal  strings  AO  and  ... _ ^  — 

BO  whose  other  ends  are  %  7& 

connected  to  two  fixed  points  A  and  be  the  natural 

Icngths  of  the  strings  AO  and  30  wl^sc^cxtensioTns-  beyond  their 
natural  lengths  are  /  and  V  respeci^ly^sLet  A  and  A'  be  the  res¬ 
pective  modu)ii  of  elasticity  of  AheS^i&strings  AO  and  BO.  At  0 
the  particle  is  in  equilibrium  undeVfhe  tensions  . of  the  two  strings. 


Therefore 


A/  AT  ^ 


a*'?*** 


a 


,  T  A' 
and  -p=—i 


.-(2) 


From  (I),  wed.iavc 

Now  su^osesjhe  particle  is  slightly  pulled  towards  B  and 
then  let  go.  ^It^bci^gs  to  move  towards  O.  Let  P  be  the  position 
of  the  parti  cl  fife  r  any  time  t,  where  0P=x.  [Note  that  we  have 
token  CKas  origin.  The  direction  OP  is  that  of  x  increasing  _  and 
the  direction  TO  is  that  of  x  decreasing.) 

there  arc  two  horizontal  forces  acting  on  the  particle  : 

^  ^V'v  Die  tension  T,  in  the  string  AP  acting  in  the  direction 
,,  in  the  direction  of  .v  decreasing. 

.  (ii)  The  tension  T?  in- the  string  BP  acting  in  the  direction 

%-PB,  i.e.,  in  the  direction  of  x  increasing.  [Note  thnt  the  string 
is  extended  in  the  direction  AP  «nd  so  the  tension  Tt  in.  it  acts  m 
the  opposite  direction  PA.] 


M±*>. 


v  »•-*). 


By  Hooke’s  law,  T\  —  A  and  2==^ A' 

Hence  by  Newton’s  second  law  of  motion  (T— «*/)» thc  c£lua_ 
lion  of  motion  of  the  partiole  at  P  is 


d3x 


A'  (/'— V)  \J[±x) 
-Tx= - - L - fl 


A'x  \x  - 


— 

dt*"  m  \ay  +  fl/a  m  V  lI 


r(i±n , 

mil ' 


from  (2) 

.~(3> 
with 


d*x 


a  —  x— q/2  a  hx—a/2 


of2 


afl i 


4Ax 

“  a 


.  d*x  4A  v 

-  —CO 

Thus  the  motion  is  S.JLM.  with  centre  at  the  origin  O.  Since 
wc  have  displaced  the  particle  towards  B  only  uptc^the  point  C  »o 
that  the  portion.  BC  of  the  string  is  just  in  its  natural  length,  there¬ 
fore.  during  the  entire  motion  of  the  particle  both  the  portions  of 


showing  that  the /motion  of  the  particle  is  simple  harmonic 
centre  at  the  origin.  O.  -  .  . 

Since  wc  have  given  only  a  slight  displacement  to  t  ic  Par  1 
towards  B.  therefore  during  the  cniire  motion  of  the  particle  bow 
the  strings  remain  tan:  and  so  live  entire  motion  of  thc  partic  e  is 
governed  by  thc  equation  (3).  Thus  the  panicle  m  cs  sma 
oscillations  in  S.H.M.  about  0  and  the  time  period  of  one  com¬ 
plete  oscillation 

2tt  .  2tt 

*  -vf^vini+nimtn  .  _ 

Remark.  In  order  lhat  the  entire  motion  of  the  puTticte  shou 
remain  simple  harmonic  with  centre  at  0,  the  particle  must 
pulled  towards  3  only  upto  ihsii  dismnee  which  docs  not  ai  ow 
the  string  OB  to  become  slack. 

Ex.  50.  Two  light  elastic  strings  (ire  fastened  to  a  particle  of 

qnassm  and  their  other  ends  infixed  points  so  that  the  strings  me 

ram.  The  modulus  of  each  is  A.  the  tension  T,  and  length  a  and  b. 

Show  that  the  period  of  an  oscillation  along  the  fine  of  the  smugs 

Is 


r  mir  T,a 

r  [ni+n  J 


2W  U'/'-fAl  («/-/>)] 


IMS’ 
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Rectilinear  Motion 


(Dynamlcs)/12 


fro 


SoL  Let  the  two  light 
clastic  strings  be  fastened  to  a 
particle  of  mass  m.  at  0  and 
their  other  ends  be  attached  to 

two  fixed  points  A  and  B  so  **  v  ^ 

that  the  strings  are  taut  and. 

OA=*a,  0A=“b.  Ifi  and  V  are  the  natural  lengths  of  the  strings 


T.  frO 


UA=*a,  uzs™o.  uj  .wtwoi  >v..6 - \  .  . - ar 

OA  and  OB  respectively,  then,  in  the  position  'of  equilibrium  or 
the  particle  at  Ot 

tension  in  the  string  OA= tension  in  the  siring  0A=*T“. 
(as  given). 

Applying  Hooke's  law,  we.  havc^ 


7V-A- 


-J  _,b-V 


...(I) 


From  T=  A 


a — / 


we  have  Tl*=ha — A / 


i.e.. 


-(2) 

—(3) 


/  ( TH-A)=A<7 

a  r-FA 

tr- 

_ ,  ..  ,  a  t-fa 

Similarly  jr*=  * 

Now  suppose  the  particle  is  slightly  pulled  towards  B  and 
then  let  go.  It  begins  to  move  towards  O.  Let  P  be  the  position  of 
the  particle  after  any  time  f,  wh ctc-OP*=x.  The  direction  ■  OP  is 
that  of  X  increasing  and  the  direction  PO  is  that  of  x  decreasing. 
At  P  there  are  two  horizontal  forces  acting  on  the  particle, 
(i)  The  tension  Tt  in  thtfAtring  AP  acting  in  thV  direction  PA 
in  the  direction  of  x  decreasing,  ■  - 

(i»)  The  tension' T1*  in.  the  string  AP  acting  in  the  direction- 
PB  l.e.,  in  the  direction  of  X  increasing. 


By  Hooke’s  law,  T1=A 


a+-x—I 


7V-  A 


b-x-r 


I  •  J  —p— 

Hence  by  Newton’s  second  )a<v  of  motion  (P=>n\f),  the  equa¬ 
tion  of  motion  of  the  particle  at  P  is 

tPx  ^  ^  A  (b — x—1')  A  (o+x—  /) 


dt 


-r3— r,= 


a  a  r 

v  x  /  *T’  L  * 


-[r^h 


from  (I), - y  >  =— i - J 

[from  (2)  and  (3)] 


a  (T-A)  (a  +  b) 
aft 


(T--A)  fa-f-  b) 


m3 


ajx _ 

dt *  ~  jnah 

showing  that  the  motion  of  the  particle  is  simple  harmonlc..w.iifr 
centre  at  the  origin  O. 

Since  we  have  given  only  a  slight  displacement  to  lhe^partfcle 
towards  B .  therefore  during  the  entire  motion  of  the^particle  both 
the  strings  remain  taut  and  the  entire  motion  of^the%particle  is 
governed  by  the  equation  (4).  Thus  the  particle^  imaltes  small 
oscillations  in  S.  H.  M.  about  O  and  the  time/period"of  one  com¬ 
plete  oscillation  _ 

2fr  2n  f%Smab  T'* 

(a+t>>  J 

i  (o-j-b)  where  a  >  b 


=  V{(T+\)  Ox+b)lmab}" 

Ex.  51  .An  elastic  string  of  naturpj.^,^...  x_  ,  - - - 

and  modulus  of  elasticity  A  has  a  parti clkjOf  mass  m  attached  to  it 
at  a  distance  a  from  one  end ,  i  V7 i  tcfijis^fixed  to  a  point- A  of  a  smooth 
horizontal  plane.  The  other  end  of -the  string  is  fixed-  to  a  point  B 
so  that  the  string  is  just  i/nst/ericfued.  If  the  particle  be  held  at  B 
and  then  released,  show  thatj %ycl  1 f'osci Hate  to  and  fro  through  a 


distance  ^  iH'aSjfier iodic  time  tr  (\/u  + V'A) -\/(nr/A). 


SoL  Let  A B  be  an  clastic 
string  of  natural  length  a~-b 
attached  to  two  fixed  points 
A  and  B  distant  a-*-b  apart. 
Let  a'particle  of  mass  in  be 
attached  io  the  point  O  of 
t be  string  such  that  OA  =  a, 
OB^b  and  a  >  b. 

When  the  particle  is  held 
at  A,  the  portion  AO  of  the 
string  is  stretched  while  the 


i>oriion  OB  is  slack  and  so  when  the  particle  is  released. from  A. 
it  moves  towards  O  starting  from  rest  at  A. 

If  A  is  the  position  ofihe  particle  between  O  and  A.  |scc  fig. 
(ii)],  at  any  time  /  after  its  release  from  A  and  OP^x.  ihen  the 


tension  m  the  string  AP  is  T^*=A —acting  towards  O  and  the  ten¬ 
sion  in  the  string  PB  is  zero  because  it  is  slack. 


,  \  the  equation  of  motion  of  the  particle  at  P  is 
dfx 

d*x  A 

or  dt1  ™ :  am  '  —(0 

which  represents  a  S-  H.  M.  with  centre  at  0  and  amplitude  OB. 
If  /t'  be  the  time  from  A  to  0,  then 


Jx  time  period  of  the  S.  H.  M.  represented  by  (1) 

•••« 

Now  multiplying  both  sides  of  (1)  by  2 (dxfdt)  and  then 
integrating,  we  have 


where  A:  is  a  constant. 


But  at  the  point  A,  _v=»0Aand  dxfdt^O. 
0=-— -^-**+*  or 

I tiff 


••••  ^ 

.  If  V  is  the  velocity  of  the  particle  aut^^^here  .e»=0,  then 

from  (3),  we  hove 


am 


^  her  of  the  two  portions  of 


At  the  point  0,  the  tension 
the  string  is  zero  and  the  vcl<j£rty  o£  the  particle  is  ^to 
of  0,  due  to  which,  the  purtfe^nwes  towards  the  left  of  0.  As 
the  particle  moves  to  lh«$cft|okO,  the  string  OA  becomes  slack 
and  the  string  0A  is  s^xcfchedl 

If  Q  is  the  positioi^^lhe  panicle  between  0  and  A ,  [see  fig. 
(iiij),  at  any  time|r,  since'it  Rlaits  moving' from  O  to  the  left  or  it 

and  0<?«=.i\  ! nefeltc|icnsion  in  the  string  QB  is  7p=  act^n? 
towards 0  aiul  ^iCtenrion  in  the  string  QA~ 0  because  it  is  slack. 
.*•  joTh^e.qtiaiion  of  motion  of  the  particle  at  Q  H  l 


dez 

Tr 


\r 

"ft 


A_ 

”  bin  **  ’ 


^'Multiplying  both  sides  or  (4)  by  2  (dyfdt)  and  then  integrating, 
.‘^y^e  have 


where  D  is  a  constant. 


But  at  O.  ,=0  and 


JL.y^--A.o+o  or  &=—!>'■ 
am  bm  am 


..AS) 


If  the  particle  comes  to  instantaneous  rest  at  the  point  C 
between  O.  and  A  such  that  OC=*c,  then  At  C,  y=*c  and  dyjdt^ 0. 
from  (5),  wc  have 

—M 

From  Q^hc  particle  retraces  its  path  and  comes  to  :  instant¬ 
aneous  rest  at  A. 

distance 


The  particle  thus  oscillates  to  and  fro"  through  a 
BC-BO+OC^b  +  c-b+b  ~ 

The  equation  (4)  represents '  a  S.  H-.  M.  with  ccntr^  at  O, 
amplitude  OC  and  time  period  T'—lirj  J 
If  t*  be  the  rime  from  O  to  C,  we  have 

-  '■-* -tn-rjfflr 

Hence  the  required  periodic  time  for  making  a  complete 
oscillation  between  B  and  C 

«=»2.(time  from  A  to  Cj=*2  (/i  +  ft) 

"2ItV(^)+; rjr)]=” 

10.  Particle  suspended  by  an  clastic  string.  A  particle  of 
mass  m  is  suspended  from  a  fixed  point  by  a  light  elastic  string  of 
natural  length  a  and  modulus  of  elasticity  A.  The  particle  Is  pulled 
down  a  little  In  the  line  of  the  string  and  released-  to  discuss  the 


llaci 
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Rectilinear  Motion 


Let  one  end  of  the  string  OA  of 
-natural  length  a  be  attached  to  the 
■  fixed  point  O  and  a  particle  of  mass 
.  m  be  attached  to  the  other  end  A.  Due 
.to  the  weight  mg  of  the  particle  the 
string  OA  is  stretched  and  if  B  is  the 
position  of  equilibrium  of  the  particle 
such  that  AB=>d,  then  the  tension  Tg 
in  the  string  will  balance,  the  weight - 
of  the  particle  v 

i.e.,  >ng=*Ta. 


>ng~ 

.  A3 

mg=xoX 


« -  -••(«> 


I 


The  particle  is  pulled  down  to  a 
point  C  such  tha^  BC~=c  and  thon  .  °  | 

released.  At  the  point  C,  the  tension’  ^  Tf.  ,  ,P 

in  the  string  is  greater  th&crtbc  weight  P-  .* 

of  the  particle  and  so  the  particle  ^5 

star  is,  moving  vertically  upwards  with  **/•<?  f  c  • 

velocity  zero'  at  C.  Let  P  be  the  position  of  the  particle  at  any 
time  /,.  whjerc  BP=x.  The  tension  in  the  string  when  the  particle 

is  at  P  is  7>=A  acting  vertically  upwards.  - 

The  resultant  force  acting  oivche  particle  at  P  in  the  vertically 
upwards  dircclion^r,— 

Ax  f  xd  n 

from  (l)J* 

A'iso  the  acceleration  of  the  particle  at  P  is  (Pxfdt*  in  the 
direction  of  x  increasing,  i.e.,  fri  ‘‘the  vertically  downwards 
direction. 

by.  Newton’s  law,  the  equation  of  motion  of  P  is  given  by 

cTx  Ax  :d*x  X 

tit  ~r~- 1= - or  1 — ■  —  — x 

dt2  u  dt x  -  am  *'  ---(2) 

This  equation  holds  good  so  long  as  the  tension  operates 
i.e.,  when  tlicf string  js  extended  beyond  its  natural  length. 

Equation  (2)  is  the  standard  equation,  of  a  S.H.M.  with 
centre  at  the  origin  B  and  the  amplitude  of  the  motion  is  BC*=c. 

The  periodic  time  T  of  the  S.H.M.  represented  by  the  cqua-  4a 

..(y-*#).  ■  J? 

The  motion  of  the  particle  remains  simple  harmonic  as^  lohg' 
as  there  is  tension  in  the  string  i.e.,  as  long  the  particb^niaihs 
in  the  region  from  C  to  A.  ^ 

In  case  the  string  becomes  slack  during  thc^  rnplion  of  the 
particle,  the  particle  will  begin  10  move  freely. umlc^^ravity-  _ 

Now  there  are  two  cases.  ^ 


tion  (2)  is  given  by 

r« 


just  reaching  A.  The  whole  motion  will  be^LH.M.  with  centre  at 
B,  amplitude  iJCand  period  T  givcrtfby>^; 

Case^II.  ff  BC>  AB  I.e.,  c ^«h^lxnvth is  case  llie  particle  will 
abovd  find  (  hf  tnnl  ■  An '  imnlp  (iTtrmnnti*  A  An/I 


rise  above  A,  and  the  motion  wiU|bc£simple  harmonic  upto  A  and 
above  A  the  particle  will  mo^c^JVecly  under  gravity. 

Multiplying  both  sidcc*r^y"^'L 


^  -  sg-  by  2  {dx/dt)  and  then  integra¬ 
ting,  we  have  w^crc  *  lS  a  constant. 

But  at  C,  x^BC—c  liiid  dxjdi^ 0. 


-c*\-k 


-  -<4)  • 


Now  if  V  is  the  velocity  of  llie  particle  at  A,  where  x^—BA 
« — d,  then,  fronx{4),  wc  have 

«~=±(e.-,0  r±J[±V-*i}.  (5; 

the  direction  of  V  being  vertically  upwards. 

If  h  is  the  heigh*  19  which  the  particle  rises  above  A.  then 

2g  lining  ...(6) 

provided  /»  <  2a. . 

Also  in  this  case  the  maximum  height  attained  by  the  parti¬ 
cle  during  its  entire  motion 

‘  —CB-\lSA-\-bt 

'  *«c-l -d-\-h.~  i:  ,.,(7) 


If  h  <  2a  i.e..  if*  <  AX.  then  the  particle,  after  coming  to 
instantaneous  rest,  will  retrace  its  path  lx.,  it  will  fall  freely 
under  gravity  upto  A  and  below  A  il  will  move  in  S.H.M-  till  it 
coraes  to  instantaneous  rest  at  C. 

If  h^2d=AX,  then  the  panicle  will  just  come  to  rest  at  A * 

.  and  will  then  move  downwards,  retracing  its  path. 

In  this  case  the  maximum  height  attained  by  the  particle 

If  h>2ai.e..  if  h^AA',  then  the  particle  will  rise  above  A' 
also  and  so  the  string  will  again  become  stretched  and  the  parti¬ 
cle  will  again  begin  to  move  in  simple  harmonic  motion.  After 
coming  to  instantaneous  rest  the  particle  will  rctrace.its  path. 
Illustrative  Examples 

Ex.  52  (a).  At  1  elastic  string  without  weight  of  which-  the 
nasi  retched  length  is  /  ond  modulus  of  elasticity  is  the  weighs  of 
H  or.  fr  suspended  by  one  end  and  a  mass  m  ox.  is  attached  to  the 
other  end:  Show  shat  the  time  of  a  small  vertical  oscillation  is 
2ir^(nilfng). 

SoU  OA—l  is  the  natural  length  of  a  string  whose  one  end  is  . 
fixed  at  O.  3  is  the  position  of  equilibriumof  a  particle  of  mass 
-  nioz.  attached  to  the  other  end  of  thegSTtipg. 

Considering  the  equilibrium  of  the  partlclc^a t^, 
we  have  mijj—  the  tension  TB  in  the  stnngyCJjBfc- 

j  rt  ' 

A-O  T2-  Jh  Kf 

■  ...U) 

because  modulus  of  elasticiiy^oli^tlii:  string  is 
given  to  be  ng.  ^ 

Now  suppose  ihc  puriicle^is^pulled  slightly  ’ 

Upto  C  (so  that  £€^.42&^iiU&then  let  go.  It 
starts  moving  vcrtically^UR.nards  with  velocity 
zerontC.  Let  /*.bc 'its^j^sition at  any  point/. 
whercJI,=.v.  Tjhe  direction  BP  is  that  of  .v 
increasing  and^the?ritli  reel  ion  PB  is  that  of  -.v 
dec  teas  i  ue.  ^.V^ltlfere  arc  two  forces  acting  on 
the  part ic l^: 

(il^i^h'ft^riehi  mg  acting  vertically  dv»v\  nwards  i.e..  in  the 
dircc^^.^^Y  increasing. 

and^iitlu*  tension  Tr‘-ug  in  tltc  string  OP.  act  in-  \cri»* 

t 


*3 


w li rds  i.e..  in  the  direction  of  ,v  decreasing.. 

f  C./- /St, J  lau/  rkf  rnntiAn  t  1%. 


1  'Hence  by^Newton’s.  second  law  of  motion,  the  equation  of 

<;%7UOtion  of  the  particle  at  P  is 


d*x 

'd? 


AB±x 


AB 

- =mg—ng  -j- 


-ng  - 


— * *  r 

.  d*x 


from  (1),  /n g~ng 


t\ 


'•  dt*~~'  lm  ■  ...(2) 

which  is  the  equation  of  a  simple  harmonic  motion  with  centre 
at  the  origin  B  and  amplitude  BC. 

Since  BCCAB ,  therefore  during  the  entire  motion  bf  the 
particle  the  string  will  not  become  slack. 

‘  Thus  the  entire  motion  of  the  particle  is  governed  by  tbc 
equation  (2)  and  the  particle  will  make  oscillations  in  simple  har- 
monio  motion  about  the  centre  B. 

The  time  of  one  oscillation 

^_2ir _ 2*  ///w\ 

^"7?  V(.nglimja  *  J\ng) 

Ex.  52  (b).  A  light  elastic  string  of  natural  length  l  is  hung  by 
one  end  and  to  the  other  end  are  lied  successlvelyparticles  of  masses 
mi  ond  ntt.  If  tx  and  /,  be  the  periods  and  cl%  ct  she  statical  exten¬ 
sions  corresponding  to  these  two  weights ,  prove  that 

sr(V-f.3)=*4^(Cl-0. 

Sol.  One  cad  of  a  string  OA  of  natural  length  /  is  attached 
to  a  fixed  point  O.  Let  B  be  the  position  of 
equilibrium  of  a  panicle  of  mass  m  attached  to 
the  other  end  of  the  string.  Then  AB  is  the 
statical /extension  in  the  string  corresponding  l 

to  this  particle  of  mass  nt..  Let  AB~*d. 

In  the  equilibrium  position  of  the  particle 
of  mass  m  at  B ,  the  tension  Tg—\  ( djl )  in  .the 
string  OB  balances  the  weight  mg  of  the  par¬ 
ticle. 

Xd  X  _g 

-  w  Tn~r  . 

Now  suppose  the  particle  at  3  is  slightly, 
pulled  down  upto  C  and  then  let  go.  .  Let  P  be 
the  position  oT  the  particle  at  uny  time  /  where  3P=x.  When  the 

d-i-X 


■  • 

"I  - 


Vs 

T 

t 

*7? 


particle  is- at  P ,  the  tension  7>  in  the  string  P  is.  A 
vertically  upwards.  , 


/-  ’ 


acting 
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By  Newton’s  second  law  of  motion,  the. equation  of  motion 
of  the  particle  at  P  is. 

d*x_  A  {d+x) 
m  ~dtx  .  I  + 

[Note  that  the  weight  mg  of  the  particle  has  been 
taken  with  the  +ive  sign  because  it-  is  acting  vertically 
downwards  Le.,  in  the  direction  of  x  increasing.) 

<Px  A d  Ax,  - 

or  "lrfP=_7-7+"* 


Ax. 

“7* 


>.[’•'  7="*} 

x,  [from  (1)).* 


__A  g 

**  .  hit  d 

Hence  the  motion  of  the  particle  is  simple  harmonic  about 

the  centre  B  and  its  period  is  i  e  > 

But  according  to  the  question,  the  period  is  rx  when 
and  the  period  is  /a  when  rf=*e„ 
flC=2wV(ei/r)  and 

so  thut  /»*— (ci— «-) 

or  .?  (/»*— fs*)*=4wc  (r»— c-). 

Ex.  S3.  A  mass  m  hangs  from  a  light  spring  ant!  is  given. a 
small  vertical  displacement.  If  1  is  the  length  of  the  spring  when 
the  system  is  in  equilibrium  -and  n  the  number 
uf  oscillations  per  second,  show  that  the  natural 
length  of  the  spring  is  l—  (gf4n*n*). 

Sol.  Let  O.-i  —  a  be  the  natural  length  of 
the  spring  which  extends  to  a. length  OB  — l 
when  a  particle  of  mass  »i  hangs  in  equili¬ 
brium-  In  the  position  of  equilibrium  of  the 
particle  at  3-  the  tension  T»  in  the  spring  is 
\  and  it  balances  the  weight  mg  of 

the  particle. 

.*.  A[(/ — a)f(t\  ~  tug.  r  -  -  Cl) 

Now  suppose  the  particle  at  B  is  slightly 
pulled  down  upto  C  and  then  let  go.  It  moves 
towards  B  starting  at  rest  from  C.  Let  P  be 

the  position  of  the  particle  after  any  time  t ;  where  BP=x.  When  ^ 

^  .  .  /+.r— 

the  particle  is  at  P ,  the  tension  7>  in  the  spring  OP  JS  A  - — 

acting  vertically  upwards  r.e.,  in  the  direction  of  X  decreasing.''^ 
By  Newton’s- second  Jaw  of  motion,  the  equation  of ^motion- 
of  the  particle. at  P  is  fskfs&tf 


r°t 

mg 


l- a 


f 


d1. x  .  /+-V — a 

m  — - 

.=— [from  (I,)]. 

- -i-  *=-/-*.[  • 

tip  ant  l— a  [ 


I— a  Ax> 

=„1S._A__5. 


CV 

_vS-  '^r£? 

rfis.  ant 


■A} 


Hence  the  motion  of  the  particlc^jsTjsilinplc  harmonic  with 
-centre  at  the  origin  B  nnd  the  time  period  (/.c..  the  time  for 


one  complete  oscillation)—;^ 


- 


Since  n  is  given  to  be  l  h  ^number  of  oscillations  per  second, 
therefore  n.7'=  '  *  *  ■**- 


or  l  - 

«*-  .  Jr 


l-a> 


g 


This  gives  the  nururnl  length  a  of  the  spring. 

.  Ex.  54.  .1  heavy  particle  attached  to  a  Jixed  point  by  an 

elastic  string  hangs  free  1\\  stretching  the  string  by  a  quantity  c.  h 
is  drawn  down  by  an  additional  distance  f  and  then  let  go:  deter¬ 
mine  the  height  to  which  it  will  arise  if  f~  —  c'^Aae^e  being  the 
unstretchod  length  of  the  string. 

Sol.  Let  be  the  natural  length  of  an  elastic  string  , 

whose  one  end  is  fixed  :it  O.  Let  B  be  the  position  of  equilibrium 
of  a  particle  of  mass  m  attached  to  the  other  end  of  l  he  string.  It 
is  given  that  lyy.--*-.  In  the  position  of  equilibrium  of  the  panicle 
at  8.  the  tension  T„  in  the  siring  OB  is  Ale/")  and  it  balances  the 
weight  mg  of  the  particle. 

ntg  -^X  (cm).  ...il) 

Now  suppose  the  particle  is  pulled  down  to  :i  point  C\  such - 
ih;u  BC -  /*.  and  l hen  let  jso.  It  moves  towards  B  starting  with 


velocity  zero  at  C.  Let  P  be.  the  position  of  . 
the  particle  after  any  time  f,  where  BP^x. 
Note  that  we  have  taken  B  as  the  origin. 
When  the  particle  is  at  /Y there  are  two  forces 
acting  upon  It  : 


(i)  the  tension  7>=» A 


OP—OA' 
OA 


:A5±_* 


■my 


ftp 


7ny 


in  the  string  0P>  acting  vertically. upwards  i.e.% 
in  the  direction  of  x  decreasing,  and  (ii)  the 
weight  mg  of  the  particle  acting  vertically 
downwards In  the  direction'of  jemcreawng. 

Hence  by  Newton’s  second  law. of  motion, 
the  equation  of  motion  of  the  particle  at  P  is 

ai  a .  a  a 

=  ~,  [v  (Voiri  (O. 

••  £'—Lx—T*’  [-••  from  U).i=f]. 

Thus  the  equation  of  motion  of  the  paftlcle  is 

dlt~  e  •  w.  • 

which  is  the  equation  of  n  simple  hafjnofl^niotioii  with  centre 

at  the  origin  B  and  amplitude  jhc^uut ion  (2)  governs  the 
mol  ion  of  the  particle  so  long .,,as ri ng  does  not  become 
slack.  -  ’• 

S  i  nee  — r1^  4ac  —  -  ircrcforc  f  ;>  e  l.e*%  MC  >  AB+  So 

when  the  particle,  while  ^moving  in  simple  Iiarmonjc  motion, 
reaches  the  point  At  itsf^feelly  is  not  2ero.  But  at  A  the  string 
becomes  slack  and  so  abqvp  A  the  particle  wilt move  freely  under 
gravity.  ^  ^  ’ 

Let  us  first  findj^vdocity  at  A  for  the  S.HJvl.*  given,  by  (2). 
Multiplying  both  tfic*  of(2)  by  2  (t/x/dt)  and  integrating  w.r.i.  ’/*, 


.-(2). 


-  where  k  is  a  constant. 


we  get  ) 

(~f-)-0.  Therefore 0— 


-<3) 

The  equation  (3)  gives  the  velocity  of  the  particle  at  any  poiint 
from  C  to  A. -Let  Vj  be  the  velocity  of  the  particle  at  A .  Then  at 

A9  x==—e  and  ^^'^*c=v»a*  Therefore,  from  (3),  we  have 

(/*— e*)=~.  4oe  [V  /*— 

—Aagy  the  direction  of  vt  being  vertically  upwards. 

Above  A  the  motion  of  the  particle  is  freely  under  gravity, 
if  the  particle  rises  to  a  height  A  above  A ,  we  have 

0=r1“  — 2gA,  [using  the  formula  v*=rn,+2y>} 

=4 ag — 2g hp  [v  ■  vp"4dg].  .  J, 

2gh~4ag  or  k=*2a. 

Hence  the  total  height  to  which  the  particle  rises  above  C 
«CB+J/+/f=/+e+2fl. 

Ex.  55.  A  heavy  particle  is  attached  ta  one  point  of  a, uniform 
elastic  string.  The  ends  of  the  string  are  attaclied  to  two  polntstjn 
a  vertical  line.  Show  that  the  period  of  a  Vertical  oscillation  in 
which  the  string  remains  taut  is  2TT-y/(mh(2X)t  where  A  is  the 
coefficient  of  elasticity  of  the  string  and  it  the  harmonic  mean  of  the 
unstretched  lengths  of  the  two  parts  of  the  string. 

Sol.  Let  a  particle  of  mass  wr  be  attached  to  a 
point  O  of  a  string  whose  ends  have  been  fastened  to 
two  fixed  points  A  and  B  in  a  vertical  line..  The 
string  is  taut  and  the  partie’e  is  in  equilibrium  at  O. 

Let  0.4  —  a  und  OB^b.  Also  let  a,  and  A,  be  the 
natural  lengths  of  the  stretched  portions  OA  and  OB 
of  the  string.  ^ 

'  Considering  the  cqui’ibrium  of  the  particle  at  Oy  +A7* 

we  have  the  resultant  upward  forcc=the  resultant 


downward  force 
the  tension 


in  0.4=the  tension  in  05+thc 

weight  of  the  particle  ~ 

«v  b, 


5 

yrty 

5 


:  -‘-0) 

Now  suppose  the  particle  is  slightly  displaced  towards  B  and 
then  let  go.  During  this  slight  displacement  of  the  particle  both 
the  portions  of  the  string  remain  taut.  Let  P  be  the  po: 
the  particle  after  nny  time  r,  where  OP~-x. 
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.1 


i 
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When  the  particle  is  at  P.  there  arc  three  forces  acting  upon. 


(i)  The  tension  TV 


■ '■  in  the  string  BP  acting  in 


=»A  — —  in  the  string  AP  acting  in 

the  direction  PA  i.e.,  in  the  direction  of  x  decreasing. 

(ii)  The  tension  TV~A  s-** 

the  direction  PB  l.c.,  in  the  direction  of  x  increasing. 

(iii)  The  weight  mg.  of  the  particle  acting  vertically  down¬ 
wards  l.e.,  in  the  direction  of  x  increasing.  , 

Hence  by  Newton’s  second  law  of  motion:  the  equation  of 
motion  of  the  particle  ui  P  is 
cPx 

"*5T*  = 


-xZ+x=«+xbz*xhj+mg 

a i  Om  ' 


~—X 


a—ax  ,  .  b~bi  ,  A.v  Xx 

—  +A  +mg~~r  —  j- 

a  i  b\  a»  oV' 


lt=*-^~*-  is  the  harmonic  mean  between  ax  and  />,. 
aL  -r  A, 


=-A{^)"  [b*  0)3 

\  x .  which  is  the  equation  or  motion  of 

dr*  m  a%bi  *  - 

a  S-HJvf;-.with  centre  at  the  origin  O.  This  equation  or  motion 
holds  good  so  long  as  both  the  portions  of  the. string  remain  taut. 
But  the  initial  displacement  given  to  the  particle  below  O  being 
small,  both  the  portions  of  the  string  must  remain  taut  for  ever. 
Hence  this  equation  governs  the  entire  motion  of  the  particle. 
Thus  the  entire  motion  of  the  particle  is  simple  harmonic  about 
the  centre  O  and  the  time  period  Of  one  complete  oscillation 

where 

Ex.  56.  A  light  elastic  string  of  natural  length  l  has  one 
extremity  fixed  at  a  point  O  and  the  other  attached  to  a  stone ,  the 
weight  of  which  in  equilibrium  would  extend  the  string  to  a  length 
It.  Show  that  if  the  stone  be  dropped  from  rest  at  Or  It  will  conic 
to  instantaneous  rest  at  a  depth  -\/(A=—  F\  befow  the  equilibrium 
position . 

Sol.  OA=>l  is  the  natural  length  of  a  string  whose  one  end  is 
fixed  at  O.  B  is  the  position  of  equilibrium  of  a  stone  of  mass  jn 

attached  to  the  other  end  of  the  string  and  OB=lx.  When  t h -V 
stone  rests  at  B.  the  tension  To  of  the -string  balances  the  weight.'S^ 
the  stone.  Therefore  v  '* 

r'='— 

where  X  is  the  modulus  of  elasticity  of  the  string. 

Now  the  .stone  is  dropped  from  O.  It 
falls  the*  distance  OA  (=/>  freely  under 
gravity.  If  v,  be  the  velocity  gained  by  ‘ 
vi— \/(2 g/J  down-,A 


have 


i 

o 

# 

% 

s 

i 

A 

* 

a 

%  O 


i 


the  stone  at  A,  we 
wards. 

string  begins  to  extend  beyond  its  natural  ^ 
length  and  the  tension  begins  ■  to  operate^. 

During  the  fall  from  A  to  B.  the  forkce^of  ^ 
tension  acting  vertically  up wards^e mains 
Jess  than  the  weight  of  the  ‘sfonc^ficting 
vertically!  downwards...  The r/^re^d u  r  i  n  g 
the  fall  from  A  to  B  the  i£c|gcity  of  the 
stone  goes  on  increasing.  the  -  stone 

begins  tj>  fall  below  goes  on 

decreasing  because  no\%l^^>rce  of  tension  exceeds  the  weight  of 
the  stone.  Let  the  sionrtomc  to  instantaneous  rest  at  C  where 
BC=a. 

During  the  motion  of  the  stone  below  A .  let  P  be  its  position 
after  any|rimc  /*  where  BP^rx.  [Note  that  wC  have  taken  the  posi¬ 
tion  of  equilibrium  Bo f  the  stoiie  as  origin.  The  direction  BP  is 
that  of  x  increasing  and  the  direction  PB  is  that  of  x  decreasing). 

When  the  stone  is  at  P,  there  are  two  forces  acting  upon  it  : 


l 

A 

1,-1 

a 

tp 

p 

7 ny 


(»>  -The  tension  7>=A 


— -  in  the  string  OP  acting  in 
the  direction  OP  l.e..  in  the  direction  of.e  decreasing. 

(ii)  The  weight  tug  of  the  stone  acting  vertically  downwards 
i.e.,  in  the  direction  of.r  increasing.-  - 

Hence  by  Newton’s  second  law  of  motion  {P~mf ).  the  equa¬ 
tion  of  motion  of  the  stone  at  P.  is 


iPx 

dT> 

■Xx 
”  i  1 


,A 


Dig — X 


(/.-O 


|  from  (I)}. 


[Note  lhat  the  force  acting  in  the  direction  of  x  increasing 
has  been  taken  with-f-  ivc  sign  and  that  in  the  direction  of  x  decrea¬ 
sing  with  —  ive  sign]-  . 

...(2) 

which  is  the  equation  of  a  S.HJ4.  with... centre,  at  the  origin  B. 
Hie  equation  (2)  holds  good  so  long  as  the  string  is  stretched  i.e., 
for  the  motion  of  the  stone  between  A  and  C. 

Multiplying  (2)  by  2  (dx/dr)  and  integrating  w.r  t.  we  get 
x*-i-D,  where  D  is  a  constant. 

At  A,  x=  —  (/|  — /)  and  dx/dt~-f(2gr)  ; 


or  (/,_/)=. 


Thus,  we  have 


(£)’=- 


—  P) 


The  equation  (3)  gives  velocity  of  the  stone  at  any  point  bet¬ 
ween  A  and  C.  At  C,  x=a,  dxtd/~=0.  Therefore  (3)  gives 

°~— 7sr  2xH  75;  rt-v  p  ■  ■ 

or  °'+*>-'ri7hy  •  * 


,,-r2'  'jfiSP 

or  «*=  (/.-/)(/»  ’  - 

A 

Ex.  57.  A  light  elastj^stging  whose  natural  length  Is  a  has 
one  end  fixed  to  a  poin  PjOg^inil  to  the  other  end '■is  attached  a  weight 
which  in  equilibrium  "'Ojdd  produce  an  extension  e.  Show  that  if 
the  weight  he  let  fall  front  rest  at  0%  it  will  contc  to  stay  in¬ 
stantaneously  at^a^fjoinf  distant  rf(2ae- \-e*)  below  the  position  of 
equilibrium . 

Sol. ^P-roc^i  as  in. the  preceding  example  56*  Take  l~a, 

A — ^ e  r  a.  Then  the  required  distance-"  VT/i*" /*! 
=  Vr^5TrV>>’:^iiah-tv'f2ae-|  e~). 

d  light  elastic  string  of  natural  length  a  has  one 
’  fix  re!  at  a  point  O  and  the  other  'attached  to  a  body  of 
frn}f!sf  !u'-  The  rt/ui librium  length  of  the  string  with  the  hotly  attached— 

CIAS-2006) 

sec  9.  Show  that  if  the  body  be  dropped  from  rest  at  O  it 
fyitrWill  come  to  instantaneous  rest  at  a  depth  a  tan  9  below  the  position 
of  equilibrium. 

Sob  Proceed  as  in  Example  56.  Take  l=a  and  lk  =  a  sec  0. 
We  have  then,  the  required  depth  below  the  equilibrium  position 
=v/,(Aa  sec3  9— aV(seca  8 —  I)5”®  tan  0. 

Ex.  59.  A  heavy  particle  is  attached  to  one  end  of  an  elastic 
string ,  the  other  end  of  which  Is  fixed.  The  modulus  of  elasticity 
of  the  siring  is  equal  to  the  weight  of  the  particle.  The  string  is 
drawn  vertically  down  till  it  Is  four  times  its  natural  length  and 
then  let  go.  Show  that  the  particle  will  return  to  this  point  in  time 


]• 


where  a  is  the  natural  length  of  the  string . 


Sol.  Let  OA*=*a  be  the  natural  length  of  an 
elastic  string  whose  one  end  is  fixed  at  O.  Let 
B  be  rhe  position  of  equilibrium  of  a  particle  of 
mass.m  attached  to  the  other  end  of  the  string 
and  AB=^d.  If  Tb,  is  the  tension  in  the  string 
OBt  then  by  Hooke’s  law, 

,  OB-OA 

J  jr  = 


OA 


.xi. 


where  X  is  the  modulus  of  elasticity  of  the. string'. 
Considering  the  equilibrium  of  the  particle  at  B. 
we  have 


T» 


3 

*7 


a  - 


-mg 


i  [■■■  A= 


mg.  as  given 


P 

^3 


W-o 


Now  the  particle  is  pulled  down  to  a  point  C 
such  thatOC=4n  and  then  let  go.  It  starts  moving 
towards  B  with  velocity  zero  at  C.  Let  P  be  the . 
position  of  the  particle  at  timet,  where  BP^X.' 

[Note  lhat  we  have  taken  ih.c  position  of  equilibrium  B  as  origin. 
The  direction  BP  is  that  of  x  increasing  and  the  direction  PB  is 
that  of  x  decreasing.)  -  ■  jC  '  '  r.' 

When  the  particle  is  at  P',  there  arc  two  fop'es  acting  upon  if. 


(i)  The  tension  7>= A1 


a  -rX  nig 


(a-i-x)  in  the  string  OP  act¬ 


ing  in  the  direction  PO  i.e..  in  the  direction  of.r  decreasing. 

(ii)  The  weight  mg  of  the  particle  acting  vertically  down¬ 
wards /.c..  in  the  direction  of  i  increasing. 
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>5 


% 


Hence  by  Newton’s  second  law  of  motion  (P=*mf).  the  equa¬ 
tion  of  motion  of  the  particle  at  is 


d-x 
dt*  “ 


rhus 


...(D 


which  is  the  equation  of  a.  S.H.M..  with  Centre,  at  the  origin-  B 

and  the  amplitude  BC=*2a.  which  is  greater  than  XS— a. 

Multiplying  both  sides  qf_.(l)  by  2  (dx/dt)  and  integrating 
w.r.t,  /,  we  have 

.Ta4-Jt,.vvhcreJ:.is  a  constant. 

At  the  point  Cy  x=BC*=2a,  and  the  velocity  dx}dt**= 0  ;  — i 

■■■  .  ...a) 

Taking  square  root  of  (.2),  we  have 

. 

the  — ive  sign  lias  been  taken  because  the  particle  is  moxing  in 
the  direction  of  x  decreasing. 

Separating  the  varinbes,  we  have 
dx 

-(3) 


df= 


-JC-h 


f  v(4o*-xuy  ..  . 

If/*  be  the  time  froin  C  lo  A,  then  integrating  (3)  fj-om  C  to 
At  we  get 


“■'Si].'  . 

=/(§)  [c05'’  C-D-cos- 


Let  i',  be  the  velocity  of  the  particle  at  A.  Then  at  A 
,v  ==»  -■- a  and  {dx[dt)~  ~rxz. 

a  So  from  (2),  wc  have  v\*=~(gfa)  (4 ar—ar)  .  * 

or  the  direction  of  being  vertically  upwards. 

Thus  the  velocity  at  A  is  \/(3<r;r)  and  is  in  the  upwards  direc¬ 
tion  so  that  the  particle  rises  above  A.  .  Since  the  tension  of  the 
string  vanishes  at  A,  therefore  :i!  the  simple  harmonic  motion 
ceases  and  the  panicle  when  rising  above  A  moves  freely  under 
gravity.  THik  the  particle-  rising  from  A  with  velocity  -\/{3<7g)  - 
—moves. upwards  till  this. velocity  is  destroyed.  The  time  ft  for  this>^* 
motion  is  given  by 

0=V(3  ag)-gt~.  so  that 

Conditions  being  the  same,  the  equal  time  /.  is  take^r3^y^the 
particle  in  falling  freely  back  to  A.  From  A  to  C  the  pat£ic|e.  will 
take  the  same  time  /,  as  it  takes  from  C  to  A .  Thu^the^whoJe 
time  token  by  the  particle  to  return  to  C=2  (ft 

-Mr) 

Ex.  60.  A  heavy  particle  of  mass  m  Isfitia c/ied. tQ  one  trtd  of 
an  elastic.'  string  of  natural  length  /,  \vho£e*dthfffyCnd  is  fixed  at  O. 
The  particle  Is  then.  IctfafJ  from  rest  a^O\%Show  that,  part  of  the 
motion  Is  simple  harmonic .  and  thaf'^  lfk(j}e  greatest  depth  of  the 
particle  below  O  is  t  cot *  (0/2),  rhe^niodulus  of  elasticity  of  the 
string  Is  *mg  tan1  0. 

SoK  Let  0.4=  /  be  the  p^urS^  length  of  o.  0  ■ o*l*c 

an  clastic  string  whose  one':brid'Js|  fixed  at  O. 

Let  B  be  tire  position.*ofV,cquiIibrium  of  n 
particle  of  mass  m  attadified^tp  the  other  end 
of  the  string  and  let  ABh>d.  Inthe  equili- 
brium  position  at  B,  the  tension  T*  in  the  _  ■  lv* 

string  OB  balances  the  weight  mg  of  the  parti¬ 
cle.  Therefore, 

rWy=*wf,  „.(l; 

where  X  is  tlie  modulus  of.  elasticity  of  the 
string.  Now  the  particle  is  dropped  ar  rest 
from  O.  It  falls  the  distance  OA  freely  under  gravity.  If  r,  be 
the  velocity  gained  by  it  at  A%  wejiave  v,-»>  y/(2gl)  in  the  down¬ 
ward  direction.  When  the  particle  falls  below  A ,  the  string  begins 
to  expend  beyond  its  natural  length  and. the  tension  begins  lo  ope¬ 
rate.  During  the  fall  from  A  ro  B  the  force  of  tension  acting  verti¬ 
cally  upwards  remains  less  than  the  weight  of  the  particle  acting 
vertically  downwards.  Therefore  during  the  fall  from  A  to  B  the 
velocity  of  the  particle  goes  on  increasing.  When  the  particle  begins 
to  fall  below  B ,  its  velocity  goes  on  decreasing  because  now  the 
force  of  tension  exceeds  the  weight  of  the  particle.  Let  the  particle 
come  to  instantaneous  rest  at  XT.  where  OC*=*l  cot*  as  given. 


a 


/ 


t  During  the  motion  of  the  particle  below  A.  let  P  be  its  position 
after  any  time  /,  where  BP~x.  [Note  that  wc  have  taken  the  posi¬ 
tion  of  equilibrium  B  of  the  particle  as  origin.  The  direction  BP  is 
that  of  x  increasing  and  the  direction  ^  is  that  of  x  decreasing.) 

When  the  particle  is  at  P.  there  ate  two  forces  acting  upon  it. 

(i)  The  tension  7>=A  in  the  string  OP ,  acting  in  the 

dlreotlon  PO  In  the  direction  of  x  decreMlntf, 

(ii)  The  weight  mg  of  the  particle  acting  vertically  downwards 

i>„  in  the  direction  of  x  increasing.  j 

Hence  by  Newton’s  second’law  of  motion,  the  equation  of 
.motion  of  the  particle. at  P  is 


I 


d*x  d+x 

?P‘  n'*-x  i 

A d  Xx  A.v  .  ... 

by  (I). 

d*x  A  g  '  ■ 

x~~7ix' 


[:•:  from 


-.(2)  - 


The  equation  (2)  represents  n  S.  H.  ,M?_witH  cenrre  at  the 
point  B  and  amplitude  BC.  Hence  the  motiBn^the  particle  below 
A  is  simple  harmonic.  1 

Multiplying  (2)  by  2  ( dxjdr )  a n diTntc griiti n g  w.r.tT*/\  wc  get  . 

(j£)*«--5-.x*+D.  where  J3>i%a^#stant.'  . 

At  the  point  A%  jc=  —  d  and  ,thc*^e loci V(2^)- 

£%■-  XgfArgtL 
'^/dx\z  ■  e 

wc  hnvc.;(veloc,ty==^— J - -ij- x'+2fl+gH.  -  {3) 

The  above  equaij6^(3)^;ives  the  velocity -of  the  particle  at  any 
point  between  A  and  C.  Ar'C,  BC~*OC—  OB^l.coi3  \0_—(l+d) 
and  dxfdr x^O.  Therefore  (3)  gives 

i> - 1  r«^8&«-/)-<lI+21r/ i-rre/ 

—  \n-lfA-(P—2ld  (coi=  \9-\)\+2glA-gd 

.}•«  •-H*. 


cot-  18-IP-2XI  <=OL: 


..marz 


t 


1 

!*  /)* — 2^/jcot*  .  [v 

2/itgP  col*  ^  '2 mg  cot9 


f/coi 


•  by  (1)  • 


“(I  coP  40-/)£~  (cot2  Iff—])1 
2 mg  cot*  jfl  .  4 

“(cos8  ^  . 

.  mg.4  cos*  sin:  Ifl  .  sin9  8  t  a 

1  COS1  0  '  *  cos4]?  1 

Ex-  61-  One  end  .of  a  light  elastic  string  of  natural  length  a 
and  modulus  of  elasticity  *2mg  is  attached  to  a  fixed  point  A  and 
the  other  end  to  a  particle  of  mass  m.  The  particle  initially  Iteid 
at  rest  at  A.  is  let  fall.  Show  that  the  .  greatest  extension  of  the 
string  is  -1  a  (1  -f-  >/ 5)  during  the  motion  and  show  that  the  particle 
will  reach  back  A. again  after  a  time  (it +2— tan~x  2)  y/{2aJg).dtAS~z 009) 

Sol.  AB~*  a  is  the  natural  length  of  an  elastic  string  whose 
one  end  is  fixed  at  A.  Let  C  be  the  position  of  equilibrium  of  a 
particle  of  mass  m  attached  to  the  other  M  j ^el-o  . 

end  of  the  string  and.  let  BC—d.  In  the 
position  of- equilibrium  of  the  particle  at 

C,  the  tension  Tc.^ A  -—2 mg  -  in  the  s.tring 
a  a 

AC  balances  the  weight  mg  of  the’  particle.  - 
wry=2my  (rf/fl)  or  rf=a/2.  —  (I  J 

Now  the  particle  is  dropped  at  rest 
from  A.  It  falls  the  distance  AB  freely 
under  gravity.  If  Pi  be. the  velocity  gained 
at  Bt  w e  have  vt  =  y/(2ga)  in  -the  downward 
direction.  When  the  particle  falls  below  B. 
the  string  begins  to  extend  beyond  its 
natural  length  "Shd  the  tension  begins  to 
operate.  During  the  fall  from  filoC  the  velocity  or  the  particle 
goes  on  increasing  as  the  tension  remains  less  than  the  weight  of 
the  particle  and  when  the  particle  begins  to  fall  below  C,  its  velo¬ 
city  goes  on  decreasing  because  now  the  force  or  tension  exceeds 
the  weight  of  the  particle.  Lei  the  particle  come  to  instantaneous 
rest  at  O. 

During  thc  .motioii  of  the  particle  below  B,  let  /’be  ifs  posi¬ 
tion  after  any  time  /.  where  CP= X.  If  7>  be  the  tension  in  the 

*  ;  X  -2/ng  acting  vertically  up- 


siring  APy 
wards. 


wc  have  7V“A  - 


ma 
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By  Newton's  second  law  of  motion,  the  eouRtion  of  motion 
of  the  particle  at  P  is  ' 

d*xr  _  -  \<*+X  -  .Img 

m  ^^mg-T^mg-lmg  ——•  =» at. 

.  dPx  2g  . 

**  3T*“~a  ’  .  -  -  -  •  *.>(2) 

which  is  the  equation,  of  a  S.  H.  M.  with,  centre  at  the  point  C 
and  amplitude  CD, 

Multiplying  (2)  by  2 (dxfdt)  and  integrating  w.r.t.  *r\  .we  get 
—  ——.**+•£,  where  A:  is  a  constant- 
At  the  point  i?,-the  velocity  ■  % 

and  x=— _ 

k=2ga+k.^a+^-^- 


Wc  have 


ffi-f 


**+ 


2 

Sag' 


.  .  .  2  .  -(3)  - 

The  equation  (3)  gives  the  velocity  of  -the  particle  fi.t  any 


point  between  B  and  D.  At- Dy_x**CD  and  dxJdt—O.  So 'putting 
dxjdt *=0  in  (3).  we  have- 

5aJ 

'  4 


=  ~~  X1+^  or  »». 


X~^y/S=CD. 

the  greatest  extension  of  the  srring 

*BC+CD~\a+Xaj5™\a  (I+V5); 


Now  from  (3),  we  have 

*hC  +  ivc  siea  has  becn  lakcn 
because  the  particle  is  moving  in  the  direction  of  x  increasing. 
Separating  ihe  variables,  we  have  dt  /(%-) 

V  \2gJ  Viia*-x9} 


JT  /|  is  ihc  time  from  B  to  D>  then 

dx. 


'Z&.  ,-*• 


iin"  *) 

=m  (i+cm"  a)-7^+5-w 2) 

..  -7&) 

And  ift3  is  the  time  from  A  to  Bt  (while  falling  freelyj^undcr’ 
gravity),  then  - 

|  «r-0./,+  L  *,9* 


.  2  *"  “•  c# 

the  total  lime  to  return  back. to  /4«—  2  (tijucJV^ji)  ,4  to  D) 

=2  [-/(%) 

=7(r)  t’_,8n" 2+2Jt  XV 

This  proves  the  required  result: 

Ex..  62.  ,4  //g/u  clastic  string  AJlfifAe/jgjh  l  is  fixed  u(  A  and 

is  such  that  If  a  weight  w  be  at  lucjied^  iorBfih  c  string  will  be  stre¬ 
tched  to  a  length  21.  If  a  Weigh  ‘2i< tachg.il  to  £  and  let  fall 

from  the  level  of  A  prove  that  (i fithe  fimplitude  of  the  S.Ii./Vf.  that 
ensues  is  3//4;  (ii)  the  distan cef through  which  it  falls  is  2 1;  and  ( til) 
the  period  of  oscillation  is  *  ' 


.  .. 

Sol.  AB-*l  is  the  natural  length,  of  an  elastic  string  whose 
one  cud  is  fixed  'at  A.  Let  A  be  the  modulus  of  a 

elasticity  of  the  string.  If  a  weight  w  be  attached 
to  the  other  end  of  the  string,  it  extends  the  string 
to  a  length  71  white  hanging  in  equilibrium-  There- 

fore  ’  ...(„ 

Now  in  ihc-rrctual  problem  a  particle  of  weight 
■lw  or  ntass-.J(»v/g.)  is  attacked  to  the  free  end  of  the 
string.  Let  C  be  the  position  of  equilibrium  of 
this  weight  -Jiv.  Then  considering  the  equilibrium 
of  this  weight  at  C,  we  have.  .  / 


BQ  7  i BC 

BC=il. 


LV  by  (0.  2— .I'J 


h  r 


>*s 


Now  the  weight  is  dropped  from  A,  It  falls  the  distance 
A£(-l)  freely  under  gravity,  if  Vl  bo  the  velocity  gained  by  this 
weight  at  B„  we  have  in.  the  downward  direction. 

When  this  weight  fulls  below'  B,  the  "string  begins  to  extend 


beyond  its  natural  length  and  the  tension  begins,  to  operate,  fhc 
Velocity  of  the  weight  continues  increasing ifpto  C»  after  which  it 
starts  decreasing.  Suppose  the  weight  comes  to  instantaneous  rest 
at  D,  where  CD*=a.  > 

During  the  motion  of  the  weight  below  3,  let  P  be  its  position 
after  any  time  /,  where  CP^x^  [Not*  that  ‘we*  have  taken  Cas 
origin  and  CP  is  the  direction  of  x  increasing].  If  Tr  be  the  tension 

in  the  string  AP ,  we  have  Tr^w^~  acting  vertically  upwards. 
The  equation  of  motion  of  this  weight  w/4  at  P  5a 
lw  d*x  l  }/+*  1  l  .  JC 

4g  df*  4  l  4  4  l 

d*x '  4g 

df'=- TXp  ~(2) 

which  is  the  equation  of  a  S.H.M.  with  centre  at  the  origin  C, 
and  amplitude  CD  (=a).  The  equation  (2)  holds  good- so  long  as 
the  string  is  stretched  i.e ^  for  the  motion  of  the  Weight  from  B 
to  D. 

Multiplying  (2)  by  2 (dxfdt)  and  integrating' w.r.L  *f,  wc  get 

{^g-\  xr+k.  where  ias Realist anl. 

\di  J  l  .  4^  g* 

At  3.  x=— \l  and  dxjdt fig??' 

Thus,  wc  have 


1  n‘  dlx  x 

1 - j"4= — ,v  T  or 

4  gdr2  l 


■tTb  M 


-(3) 


D. 


(dx\*_  Jk?xh 

1*^/  .  - 
The  equation  (3)  giv.cs'vclocity  at  any  point  between*  B  and 
At  D%  x—at  .dxfdt f=Q% Ihercfore  (3)  gives 

o-r&W)<"-»- 

Hence  thcjimplitudc  a  of  the  S.H.M  -  that  ensues  is  £/. 

Also  ihc  tOthi^tlistaiice  ihroufth  which  the  weight  falls 

=AB+£C^ClMl+\l+*l-2J. 

NoW^IcrsriTbc  the  time  taken  by  the  weight  to  full  freely 
undcivgnavily  from  A  to  B. 

The  housing  [lie  formula  r*»i  i-\-ft,  wc  get 
or  z,=V(2//g ). 

4s?3vAgainTct  tt  be  the  time  taken  by  the  weight-to.  fall  fronuiMo 
?2' Awhile  moving  in  S.H.M.  From  (3),  on  taking  square  root,  we 

S-+MJ&'- 4 

where  the  +ivc  sign  haS  been  taken  because  the  weight  is  moving 
m  the  direction  of  .x  increasing.  Separating  the  variables,  we  get 

Integrating. from  £  to  D ,  we  get 


-~dt„ 


/:■  *-mz 


dx 


sin-1  I— sin”*  ( 


-»]' 


ttW  (A/*-Jca) 

=yy[^-‘v]-. 

Hence  the  total  iime*taken  to  fail</rom  A  to  Z>  =  /i4-/- 

-Mhjm  -«•->]  - 

=y(y[i-»-  i+2v/2]‘ 

Now  after  fnsiuntaneous  rest  at  D ,  the  weight  begins  to 
move  upwards.  From  D  to  B  it  moves  in  S.H.M.  whose  equation 
is  (2).  At  B  the  string  becomes  slack  and  S.H.M.  ceases.  The 
velocity  of  the  weight  at  B  is  ^/(2gl)  upwards.  Above  3  the 
weight  rises  freejy  under  gravity  and  comes  to  instantaneous  rest 
at  A.  Thus  It  oscillates  again  and  again  between  A  and  D. 

The  time  period  of  one  complete  oscillation=2.  time  from->f 

to  D=2.-(/l +  /-)«*■ j  ^+4V2+2  sin"1  i 

Ex-.  63.  A  heavy  particle  of  mass  rrt  is  attached  to  one  end  of 
an  e  las  tie  string  of  natural  length  l  ft .,  whose  modulus  of  elasticity 
is  equal  to  the  weight  of  the  particle  and  the  other  end  Is  fixed  at 
O.  The  particle  is  let  fall  from  O.  Show  that  a  . part  of  the  motion 
Is  simple  harmonic  and  that  the  greatest  depth  of  fjie  particle  below 
O  is  (2 -f  V3)  l  ft.  Show  that  this  depth  is  atlaisied  in  time 
[  V2  +tt—  cos~  1  ( 1  /ViyiVUls)  seconds. 

Sol.  Proceed  os  in  the  preceding  example. 

Ex.  64.  A  particle  of  massm  is  attached  to  one  end  of  an  elastic 
string,  of  natural  length  a  .  and  modulus  of  elasticity  2 mg,  whose 
other  end  is  fixed  atO.  The  particle  Is  let  fall  front  A%  when  A  is 


KiS3a 
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rA^vebo 

la 


vertically  above  O  and  OA^a. .  51 tow  that  its  velocity  mil  be  zero 
at  B%  where  OB*^2a. 

Calculate  also  the  time  from  A  to  3, 

,  Sol.  Let  OC=at  be  the  natural  length, 
of  an  clastic  string  suspended  from  the  fixed 
point  O.  The  modulus  of  elasticity  A  of  the 
string  is  given  to  be  equal  to  2tng+  where  m 
is  the  mass  of  the  particle  attached  to  the 
other  end' of  the  string. 

ICD  is  the  position  of  equilibrium  of  the 
particle  such  that  CD*=*b,  then  at  D  the  ten¬ 
sion  Td  in  the  string  <?£>  balances  the  weight 
of  the  particle. 


%  ™g'—Tn^ 

b^afZ. 


A 


i 

my 


Cpcl»ir 


B 

*~U) 


The  particle  -  is  let  fall  from  A  where 
OA^a.  Then  the  motion  from  A  to  C  will 
be  freely  under  gravity. 

If  V  is  the  velocity  of  the  particle  gained 
nt  the  point  C,  then 

t/^i=Ori-2g.2a  or  V=2*j(ag). 

In  the  downward  direction. 

As  the  particle  moves  below  C,  the  string  begins  to  extend 
beyond  its  natural  length  and  the  tension  begins  to  operate.  The 
velocity  of  the  particle  continues  increasing  upto  D  after  which 
ii  starts  decreasing.  Suppose  that  the  particle  comes  to  instan¬ 
taneous  *cst  ai  R.  During  the  motion  below  C,  let  P  be  the  posi¬ 
tion  of  the  particle  nt  any  lime  /,  where  D'P~*x~  If  TV  is  the  ten¬ 
sion  in-  ihe  string  OP%  we  hnvc 


TV— A  ncting  vertically  upwards. 


The  equation  of  motion  of.  the  pnriicle  at  /*  is 
il*x  ...  __  %  bi 


*»ig— A.'  ~- 


,  2tng 


tPx 
tit * 


•vO 


which  represents  a  S.  H.  M.  with  centre  at  J>  and  holds  good  =3. 
for  the  mot  i on  from  C  i o  B.  _ ' _ _ 


Multiplying  both  sides  of  (2)  by  2  ( dxldt )  and  then  Integra.-  \ 
ting,  we  have 

But  at  C.  —  DC=  —  b~  —  of!  and  (dx/dt)' 


^ ~  •x’-f-A',  -where  k  is  a  constant.  45b. 


vjm*' 


Ac 


J' 


Ac ~ 


If  the  particle  comes  to  instantaneous  rest  at  B  where  OB 
(say),  then  . 

at 


...(3) 


Rp  x=*.x,  nnd  dxfJi—  0.  Vfjierclwe  from  (3),  we  have 

°~¥.  (!  '—I  «• 


Now  OR^OC'bCD 

whiclt  proves  the  first  pari’ 'opt lie  question. 
.  To  find  the  lime  from Vt to  B. 


3  </. 


*(4) 


11  /|  is  ihe  time  from  A  io  C.  then  from  x=ut-ylft~t 

-  .  -2<r— O-f-igV-  tt^2V(o(g). 

Now*  from  (3),  we  have 

.  r.-J&)J(b'-y 

l'V‘  *'*ve  s*6n  has  been  taken  because  the  pnriiclc  is  moving  in 
ihe  direction  of  .v  increasing  m 

or  Wfe) 

integrating  from  C  to  B,  the  time  /-  from  C  to  B  is  given  by 


■all  V(5oT~-V') 


y(y  h" 

“7(b)  •  WL  '-“"-‘(--i)] 

m 


.*.  the  time  from  A  to  R^tL^lx 

-2VWg)+V(a/2g).[^/2+sin-»  (1/3)) 

-i «S(aPx)  lWi+«+2.  sin-1  (1/3)). 


Ex.  65.  Two  bodies  of  masses  M  and  A/\  are  attached  to  the 

<nlHl 


lower  end  of  an  elastic  string  whose  upper  end  Is  fixed  anil  iiang  at 
rest;  M*  falls  off)  shots  that  the  distance  of  2f  from  I he,  upper  end 
.  of  the  string  at  time  t  is  a-\  b-^c  cas  \-f{glb)  t},  where  a  Is  the  uits- 
t retched  length  of  the  string ,  b  and  c  the  distances  by  which  it  would 
be  stretched  when  supporting  Af  and  M’  respective!  v. 


Sol.  Let  OA=a  be  the  natural  length  of  -  O- 
mi  clastic  siring  suspended  from  the  fixed  point 
O .  Ifi?  is  the  position  of  equilibrium,  of  the 
particle  of  mass  M  attached  to  the  lower  end 
of  the  siring  and  AB=-b9  then 

, ;  .  ab 


-A*. 


Similarly  M'g= A  — - 
a . 

Addjjig  (I)  and  (2),  we  have 


b  Lr 


.Thus  ihe  string  will  be  strclcho#.by\llic  dis*> 


8 

TP 

P 

NS 


ta nee  A  +  r  when  supporting  bqtriiftfac|masscs  3/  and  M'\  nt  the 
lower  end.  Let  OC  be  t he  stjr|tcK%riengih  of  the  string  when 
both  the  masses  Af  and  At '  ifrc^alt ached  to  its  lower  end.i  Then 
ylC^b-i-caiK^JS^SyfC— AB—b+r-b—  c. 


Now  when  M‘  fitll?oflfVjaf  C.  the  mass  M  will  begin  io  move 
townrds  B  starring  wifiV^clocity  zero  ar  C.  Let  P  be  the  >osition 
of  the  particle  of-mass  $*at  any  time  r,  wjierc  BP**x. 


If  Tr  be  thc-tciisidn  in  the  siring  OP,  then 


v  ,  acting  vertically  upwards.  . 
.■.fSh^cquaiion  of  motion  of  the  particle  of  muss  M  ul  P  is 


at-  a 

Mg  x,  [  v  from  (I ),  Mg 


^  1  h  hx 

,,Ug-A  ----- 


=  Mg — Mg  - 


-?} 


=  “  b  V 

.  -  d*xg 

df'^~b  X'  .  -.-(3) 

which,  represenis  a  S.  H.  M.  with-contre  at  B  and  amplitude  BC . 

Multiplying  both  sides  of  (3)  by  2  (dx]dt)  and  then  inte¬ 
grating  w.r.t.  we  have 

*“~f"  x2+k»  where  k  is  a  constant. 

~  But  at  the  point  C,  BC~c  and  dxjdt~0. 

0=-(g/^)  c'+k  or  k-<£lb) 

: 


the  — ivc  sign  has  been  taken  since  the  particle  is  moving  in  the 
direction  of  x  decreasing. 


di=—  ►  separating  the  variables, 

integrating,  t=\f(b/g)  cos-1  (jc/c)4-Z),  where  D  is  a  constant. 

But  at  C,  f=0  and  jc=c;  Z)=0. 

t=y/{b!g)  cos-*  (x/c) 
or  x~BP*=c  cos  {^/(glb)  /). 

.*.  the  required  distance  of  the  particle  of  mass  M  at  lime  / 
from  the  point  O 

—  OP—OA—  A  &  +  BP  —  a—b+c  cos  W(g/b)  t). 

Ex.  66.  A  smooth  tight  pulley  is  suspended  from  a  fixed  point 
by  a  spring  of  natural  length  l  and  modulus  of  elasticity  mg.  If 
masses  m,  and  mx  hang  at  the  ends  of 'a  light  inextenslble  string 
passing  rowid  the  pulley,  show  that  the  pulley  executes  simple 
harmonic  motion  about  a  centre  whose  depth  below  the 4  point  of 
suspension  is  I  (I  ---(23'//n)/.  where  AI  is  ihe  harmonic  mean  be¬ 
tween  mx  and  mr. 
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Rectilinear  Motion 


(Dynamics)/19 
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Sol.  •  Let  a  smooth  light  pulley 
be  suspended  from  a  fixed  point  O 
by  a  spring  OA  of  natural  length  / 
and  modulus,  of  elasticity  X=n g. 

Let  B  be  the  position  of  equilibrium  |  ‘  \l 

of  the  pulley  when  masses  my  and 
m3  hang  at  the  ends  of  a  light  inex- 
tensible  string  passing  round  the 
pulley.'  Let  T  be  the  tension  in  the 
inextensibLu  string  passing  round  the 
pulley.  Let  us  first  find  the  value 
ofr. 

Letjfbe  the  common,  accelera¬ 
tion  of  tfe  particles  nty.m*  which, 
hang  at  fh  e  ends  of  a  light  inexten- 
sible  strin  5  passing  round  the  pulley.  If  then  the  equa¬ 

tions  of  motion  of  «ilt  m±  arc 

.  ,|  nhg—T=>mxf  and  T—m^m^f. 

Solving,  «c  sc.  i=Mg, 

where  harmonic  mean  between  and  m 

Now  the  pressure  on  the  pulleys 27'==  2 Mg  and  therefore  the 
pulley,  which  itself  is  light,  behaves  like  a  particle  of  mass  2 M. 

Now  the  problem  reduces  to  the  vertical  motion  of  a  mass 
2AT  attached  to  the  end  A  of  the  string  OA  whose  orher  end  is 
fixed  at  O .  If  B  is  the  equilibrium  position  of  the  mass  2A/  and 
AB=d,  then  the  tension  Tfl  in  the  spring  OB  is  A(r/,7).  acting  ver¬ 
tically  upwards. 

For  equilibrium  of  the  pulley  of  mass  2Af  at  the  point  if. 


we  have 


2Mg=T.=\'L=w± 


n  :  ...(I) 

Now  let  the  particle  of  mass  2A/.  be  slightly  pulled  down  and 
then  let  go.  If  P  is  the  position  of  this  particle  -at  tyne  t  such 
that  BP=x,  then  the  tension  in  the  spring  O P 


d+x 


d\-x 


acting  vertically  upwards. 


Phc  equation  of  motion  of  the  pulley  is  given  by 


-~2Mg—ng 


d*x 

(it 

et-hx 


.  2A/g-  T r,-.' 


v 


i. 

^#•>1 


d*x  _ 

•;  t/7-"  2  mi  • 

which  represents  a  simple  harmonic  motion  abouCthc^ccntre  B. 

Hence  the  pulley  execute*  simple  har mqiiic%mo lion  with 
centre  at  the  point  B  whose  depth  below  thefpoimvof  suspension 
OJs  given  bv  A ’xjSjf 

1  OB=OA^AB=l+J^^ 

n .  4v  > 

II.  Motion  under  inverse  »qnjarc|law. 

A  particle  moves  in  a  straighfdinQ under  an  attraction  towards 
a  Jixcd  point  on  the  line,  wide fif varies  .inversely  as  the  square  of  the 
distance  f bont  the  fixed  poihl^f^Jfatlic  par  tide  was  initially  at  rest, 
to  investigate  the  niotlon&gS^? 

Let  a  purticlc  start  frdm  rest  from  a  point  A  such  that  OA~a. 
where  O  is  the  fixed  point  ( l.e the  centre  of  force)  on  tile  .tine 
and  is  taken  ns  origin.  Let  P .be  the  position  of  the  part:clc  at 
anytime  y,  such -that  OP==. x.  Then  the  acceleration  at  P  :<  /va . 
towards  O .  where  p  is  n  constant 


^  ,,/A-  ^ 

the  equation  of  motion  of  the  particle  at./*  is 
if’x  __p_ 

*  di~r^  Xs’  ...(») 

ive  sign  has  been  taken  be c ausc  dSxfdf -  is  positive  in  the 
direction  of  .v  increasing  while  here  acts  in  the  direction  of  a* 
decreasing).  *’  V  r  '■ 

Multi  ply  in  g' froth  sides  of  (I)  by  2  (tlxfdt)  and  then  integra¬ 
ting  w.r.t.  •/*.  we  have  a  a.  •  where  A  is  constant  of 

intcurarion. 


But  at  Ay  .t=  OA=a  and  dxfdt =0. 

...  0=— -f-/<  or  A—&- 

•••  (£)>(B)- 

which  gives  the  velocity  of  the  particle  at  any  distance  x  from  the 
centre  of  force  O. 

.  From  (2);  we  have  on  taking  square  root  ' 

[Here  —ive  sign  is  taken  since  the  particle  is  moving  in  the 
direction  of  x  decreasing].' 

Separating  the  variables,  we  get 


-  jyj/fc) 


where  B 


Integrating, 

consrant  of  integration. 

Putting  a'— coss  0 .  so  that  dx=  —  2a  cgs  0  sin  0  dO.  we  have 

^-yfe) jyt-“ =«*  «)•-“’  s^0§'a-B  ■  - 

<~a -J  2  cos”  ft  dO  (|-j-cos  20)  'dO-\-fr 

M  *  2“  )  0  cos  0)J-  R 


-VO 


-Cos^jy^cos  S]  t -B. 


But  mx=a  cos*  6  mean^cos  and  0—  cos-*^ *i/(x'a), 

But  initially  r=  0  and  x-~OA-=a. 

0=ni^^|?CP"vO]-;-2/  or  B  —  0. 

which^givcs^th'c  lime  from  the  initial  position  A  to  any  point  dis- 
lanu _r(fr;pmvihe  centre  of  force. 

/viiRgtfing  x—O  in  (3).  the  time  f\  taken  by  the  particle  from  .-1 

jr'tb^jp^b; "given  hv 


-13) 


a.  ' 


-7(£)  •&«]■!• 


-C4i 

.  Putting  x=0  in. (2),  we  sec  that  the  velocity  at  O  is  infinite 
and  thereTore  the  particle  moves  to  the  left  of  O.  But  the  accele¬ 
ration.  on  the  particle  is  towards  O,  so  the  particle  moves  to  the 
left  of  O  under  retardation  which  is  inversely  proportidrral  to  the 
square  of  the  distance  from  O.  The  pnrticle  will  conic  to  instan¬ 
taneous  rest  at  A',  where  OAV-=^OA^ay  and  then  retrace  its- path. 
Tims,  the  particle  will  oscillate  between  A  and  A'A 

Time  of  one  complete  oscillation  =  4x  (lime  from  A  to  O) 
-*4fti=2?V(a3I2ii). 

12.  Motion  of  a  particle  under  the  attraction  of  the  earth. 

Newton’s  law  of  gravitation.  When  a  panicle  moves  “under  the 
attraction  of  the  earth,  the  acceleration  acting  on  it  tov.ards  the 
centre  of  the  earth  wjl]  bc.as  foltovvs  : 

1 .  When,  the  particle  moves  (upwards  or.  down  wards)  out¬ 
side  the  surface  of  the  earth,  the  acceleration  varies  in¬ 
versely  as  the  squarc.of  the  distance  of Ihe  particle  from 
the  centre  of  the  earth. 

2.  When  the  particle  moves  inside  the  earth  through  a  bole 
made  in  the  earth,  the  acceleration  varies  directly  as  flic 
distance  of  the  particle  from  the  centre  of  the. earth. 

3.  The  value  of  the  acceleration  at  the  surface  of  the  earth 
is  g. 

Illustrative  Examples  : 

Ex.  67.  Show  that  the  time  occupied  hy  a  body ,  under  the  acce¬ 
leration  Kjxz  towards  the  origin,  to  fail  from  rest  at  distance  a  to 
distance  x  from  the  attracting  centre  can  be  put  in.  the' form 

Prove  also  that  the  time  occupied  from  .v*=3tf/4  to  «/ 4  is  one- 
third  of  the  whole  time  of  descent  from  a  to  0. 

Sol.  For  the  first  part  see  equation  (3)  of* S  1  i. (Deduce  this 
equation  here). 

Thus  the  lime  /  measured  from  the  initial  position  -v='o  w» 
any  point  at  a  distance1  ,v  from  ihc  centre  O  is  given  by 


‘  Note  that  here 


...0) 

AJ. 


HOTS 
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Rectilinear  Motion 


(Dynamlcs))20 


I  Let  f,  be  the  whole  tfme  of  descent  from  x-*a  to  X=0.  Then 
!  af.  oy  jc=0,  !=»/,.  Putting  these  values  in  thcrelation  (1)  connec¬ 
ting  x  aiid  f,  wc  have 

Now  let  /t  be  the  time  from  x*=/r  to  x~3 a/4.  Then  putting 
_x=3aJ4  and  rf  in  (*)•  we  8ct-* 

Again  let  /a  be  the  time  from  x=<?  to  x=o/4.  Then  putting 
„r==a/4  and  /=/,  in  (I),  've  get 

'>“./(&)[ co"1  [?+t]' 

Therefore  if/*  be  the  time  from  jr=3a/4  to  x=d/ 4,  we  have 


'-W(s}[i-5R/&) 
-*  &/&)]- 


Integrating,  we  get 


V 


(zff=~+C-  At 


.  2a'g 

‘•“-‘i+A 


=**.  Then 


=$" /i.  from  (2). 

Hence  the  time,  from  jr— 3^/4  to  x^afA  is  one-third  of  the 
whole  time  of  descent  from  X~*o  to  X*fl.' 

Note.  To  find  the  time  from  _c=3ff/4;to  x*=aJ4,  we  have  first 
found  the  times  from  x*=a  to.x=3o/4  and  from  x*=o  teLr=*-a/4 
because  in  the  relation  (I)  connecting  jc  and  /  the  time  /  has  been 
measured  from  the  point  x*=a. 

Ex.  68.-  Show  that  the. time  of  descent  to  the/  centre  of  force* 
varying  inversely  as  the  square  of  tfte  distance  from  I  the  centre , 
through  first  half  of  Its  initial  distance  Is  to  that  through  tire  last  . 
half  as  (ir  +  2)-:  (tt — 2). 

Sol.  Let  the  particle  start  from  rest  from  the’  ppint  4ata 
distances  from  the  centre  of  force  O.  '  Ifx  is  the  distance  of  the 
particle  from  the  centre  of  force  at  time/,  then  the  equation  of 
motion  of  the  particle  at  time  /  is 
'  d%x 

d~t*~n  x-' 

Now  proceeding  ns  in  §  1 1,  page  126,  we  find  that  the  time  / 
measured  from  the  initial  position  x—  a  io  any  point  distant  x 
from  the  centre  O  is  given  by  the  equation 

[Clive  the  complete  proof  for  deducing  this  equation  here]. 

Now  let'/?' be  the  middle*  point  of  OA.  Then  at  By  x=*a{ 2.  1 

Lei  tt  be  the  time  from  A  to  B  l.e.,  the  time  to  cover  the  fijrsfey.; 
half  of  the  initial  displacement.  Then,  at  B,  x^af2  and'  e~ti.  > 
putting  x«=tf/2  and  /=*•/>  in  (I),  we  get  .  ^ 

.  "-y(£)h-a)«]-ye)t;+*^ 

Again  let  /*  be  the  time  from  A  to  O.  Then  at^/7,  X=^=0  and 
^/a.  So  putting  x~0  and  in  (1),  we -get 


-2 b  cos  0  sin  9  dO. 

>  cos  9  sin  9  dO 


I 


■'-M)  [*r* 0+0  W(0jr%y 

Now-if  /„  be  the  lime  from  B  to  O  (/.e.yJthe  t  jmc  t< 


^  to  cover  the 

last  half  of  the  initial  displacement),  t 

■---Myii- ■ 

/  -t  - 1  _  1  Jr  -L  ^ 

We  have  ~  *=* f— XJ «=  whicreprbvcs  the  required  result. 

'»  «?-*.. 

Ex..  69.  If  the  earth’s  attract  ion"7  vary  Inversely  as  the  square 
of  the  distance  from  Its  centre^andlg  We  its  magnitude -at  the  surface , 
the  time  of falling  from  cl  hefghtt^hTabove  the  surface  to  the  surface 

the- earth. 

Sol.  Let  O  be  the  centre  orthc  earth  taken  as  origin.  Let 
OB  be  ih<r  vertical  Ime  through  O  which  meets  the  su/face  of  the 
earth  at  A  and  let  AB^rhi.  OA^a  is  the  radius  of  the  earth. 

A  particle  fall*  from  rest  from  B  towards  Tfl  j  *W=o 

the  surface  of  the  earth.  Let  P  be  the  position 
of  the'  -particle  at  any  time  /.  where  OP—X. 

CNoto.  that  O  is  the  origin  and  C 7P  is  the  direc¬ 
tion  ,oFjc  increasing).  According  to  the  Ncw- 
ton’slav/  of  gravitation'the  acceleration  of  the 
particle  at  P  is  ptf. x*  directed  towards  O  Le.t  in 
the  direction  of>  decreasing.  Hence  the  equa¬ 
tion  of  motion  of  the  particle  at  P  is 
d* x 

71 r5*"  .xs  ....(I): 

The  equation  (1)  holds  good  for  the  motion 
of  the  particle  from  B  to  A .  At  A  (/>.,  on  the  surface  of  the  earth 
x~*a  and  d^xfdf*^  —g.  •  Therefore  —g~ — /*/a’  or  /t  —  a*g-  Thus 
the  equation  (I)  becomes 


Thus,  we  have 

/rfxV_2a»jr_2a=i_  .  n__L_V 

I  S')  ~x~.  S+*-2ogU  «+*) 

For  the  sake  of  convenience  Jet  ns  put  <r+A*= 

The  equation  (2)  gives  velocity  at  any  pomt  from  B  to  A. 

From  (2)  on  raking  square  root,  we  get 

where  the  negative  sign,  has  been  taken  because  the;  particle  is 
moving  in  the  direction  of  x  decreasing. 

A--y(yy(ii-5i)'x» ..  -<3> 

Let  /,  be  the  time  from  B  to  A.  Theh^i^g rating  (3)  from  B 
to  A*  wc  get  -  -  ^  ■ 

.  tirrWSLjRU)*.' 

— iy(s)j:y^- ' 

Put  x=b  cos*  9;  so 

'  .  ,  _  •  IPX  cos  •  2b 

=y(y  1 WMb)  2  e°i*  *  m 

«s#  -yia^i*— Hr 
S^yfe)5[~-y@*y©y('-s)] 

^=■7 ■ 

[replacing  b  by  a+h ] 

■  .Ex.  70.  A  particle  falls  towards  'the  earth  form  Infinity ;  show 
that  its-veloclty  on  reaching  the  surface  of  the  earth  Is  the  same  as 
that  which  in  would  have  acquired  In  falling  with  constant accelera¬ 
tion  g  through  a  distance  equal  to  the  earth’s  radius. 

Sol.  Let  a  be  the  radius  of  the  earth  and  O  be  the  :cntrc  of 
the  earth  taken  as  origin.  Let  the  vertical  line  through  O  meet  the 
earth’s  surface  at  A.  [Draw  figure  as  [n  Ex.  69). 

A  particle. fulls  from  rest  from  infinity  _Io wards  the  eirth.  Let 
P  beTlit  position  of  ,thc  particle  at  any  time  /,  where  OP=x. 
[Note  that  O  is  theoTigin  and  OP  is  the 'direction  of  x  increasing.] 
According  to  Newton’s  law  of  gravitation  the  acceleration  of  the 
particle  nt  P  is  /i/x*  towards  O  i.e.,  in  the  direction  of  X  decreasing. 
Hence  the"  equation  of  motion  of  the  particle  at  P  i$ 
d‘x_  _  r_  _ 

dt 1  x4  -'■(!) 

The  equaticrrr(l )  holds  good  for  the  motion-  of  the  .particle 
upto  A .  At  A  {.i.e..  on  the  surface  of  the  earth), 
cPx 


x  —  a  and 


Thus  the  equation  (1)  becomes 


— g=. — i*ln-  or  tit=o7g. 

<Px  a-g' 

dtz~  X*  '  ■ 

Multiplying'  both  sides  by  2  ( dxfdt )  and  integrating  w.r.t.  */  , 


ItlxX*  2  a*g 

wcgcl 

Sul  initially  when  x=o: ,  the  velocity  dx{tlt  —  0.  Therefore 


C= 0. 
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_2^g  '  '  • 

kdt/  Je  — C2) 

Putting  x=a  in  (2),  the  velocity  V  at  the  earth’s  surface  is 
given  "by 

V* — la'gfa = Jag  or  K=V(2*g).  -.(3) 

IF  v,  is  the  velocity  acquired  by  the  partible  in  falling  a  dis¬ 
tance  equal  to  the  earth’s  radius  <r  with  constant  acceleration  g,  then 
Pl*=0+2 ag.  or  v,— ag):  -*-(4) 

From  (3)  and  (4),  we  hive  F=vi,  whjch  proves  the  required 
result. 

Ex.  71i  -  J/h  be  the  height  dfte  to  the  velocity  v  at  the  earth's 
Surface  supposing  its  attraction  constant  and  H  the  corresponding 
height  when  the  variation  of  gravity  is  taken  mtr  account,  prove 

that  - — 4-— “»  where  r  is  the  radius  of  the  earth, 
h  Jfc  r 

Sol.-  If  A  is  the  height  oTThe  particle  due  to  the  velocity  vat 
the  earth’s  surface,- supposing  iu  attraction  constant— -(i.e.,  taking 
the  acceleration  due  to  gravity  a*  constant  and  equal  to  g),  then 
from  the  formula  v*=u»-)-2/j.  wc  have 

0*=v*— 2gA. 

.*.  v*=2gA.  — (i) 

When  flic  variation  of  gravity  is  taken 
into  account,  let  P  be  the  position  of  the  par¬ 
ticle  at  any  time  t  measured  from  the  instant 
the  particle  is  projected  vertically  upwards 
from  the  earth’s  surface  with. velocity  v,  and  ■ 
let  OP=-x. 

The  acceleration  of  the  particle  at  P  is 
pfx2  directed  towards  O. 

the  equation  of  motion  of  the. particle 

at  P  is 

dr-  -  ** . 

[Here  the  — ivc  sign  is  taken  since  the  acceleration -acts  in“tfie : 
direction  of  x  decreasing-] 

Bur  at  A  i.e ..  on  the  surface  oi  the  earth, 
dzx  ■ 

x~0A  —  r.and  ^  =  —*£. 

==--= — from  (2),  wc  have  —g=*  —pfr*  or  p^gr*. 

Substituting  in  (2),  wc  have  -  ^ 

gr~  vi-  .f£ 

..  ..  dr-~^' 

Multiplying  both  sides  of  (3)  by  2(dxfdt)  and  then  integrating-^ 

/rM3'  2vr*  ‘  ^ 

w-t.t-  V,  we  have  I^J  ^  H- A,  where  A  is  a  constaiVt^gt^intc- 

gration. 


But- at  jhe  point  A,  * 
velocity  of.  projection  at  A. 

-  '  2*7* 

w~~~A~A  or 
2 gr~ 


OA^r  aud  dxjdt=,v^  which  is  the 


-2gr, 


A3 

=0. 


Suppose  the  particle  in  this  case^mse^upto  the  point  2?, 
i//.  Then  at  jhc  point  13,  Xs^d B%OA  -y  A  3^  r-i  //  and 


&L  -abi  ^ 

^5» 

from  (4),  wc  have  v*-^2gr 

Equating  the  values  dfSjjTTrora  O)  and  (5),  wc  have 

■.  "  _ 

i  i 


...(5) 


-  7=^ 

A  rH 

A  °r  Ti  H^r'' 


Ex-  72.  A  particle  is  shot  upwards  from  the  earth's  surface 
with  a  velocity  of  one  utile  per  second.  Considering  variations  in 
gravity,  find  roughly  in  miles  the  greatest  height  attained . 

Sol.  [Refer  fig.  of  Ex.  71  J. 

Ler  r  be  the  radius  of  .tlic  earth.  Suppose  the  particle  is  pro¬ 
jected  vertically. upwards  from  the  surface  of  the  earth  with  velo¬ 
city  u  and  it  rises  to  a  height  H  above,  the  surface  of  ilic.  earth. 
Let  P  be  the  position  of.  the  particle  at  any  time  /  and  x  the  dis¬ 
tance  of  P  from- the  centre  of  the  earth.  Since  P  is  outside  the 
surface  of  the  earth,  therefore  the  equation  of  motion  of  P  is 

p  v  ‘  f  v  -■  '  ; 

d/*““  x2 

But  ou  the  surface  of  the  eurlii,  x—r  aud  d-xfdt2—  ~  g.  There- 
fore  —  g=-— {pjrx)  or  fL=gr-.  - 


the  couation  of  motion,  of  P  becomes 
<Px  grz, 

-**  =  "*-  -(I) 

Multiplying  both  sides  or(i>  by  2 {dxfdt)  and  integrating  w.r.t. 
we  get  where  C  is  constant  of  integration. 

When'x=r,  dxjdt—u.  Therefore  u*=2gr-i~C  or  C—  2gr. 


2gr~ 


■■■  <ST-sr— r-  -» 

-  Since  the  particle  rises  xo  a  height  H  above.the  surface  of  the 
earth,  therefore  dxfdt— 0  when  x^r+Jf.  • 

Putting  these  values  in  (2),  wc  get. 

or  ii^Tgr'+u*  (r-r-JI)—2gr  (r+H) 

or  iPr-PtdH-'  2grJf=*0 

or  H  (2gr—id)=uxr. 

//= 

Osr-u-) 

But  according  to  the  question,  u—  J  milc/sccond.  Also  r~thc 
radius  of  the  cartH=4000  miles,  and  - 
32 


^•=32  fr./second3= 

„  „  4000 

Hence,  H~  2x32x400_ 
3x1760' 


■  rhiles/scc;. 


'  l 

165  4000 


miles 


165 

2 


appr°xim:,tt,y- 

[expanding  by .  binomial  ^theorem  and  neglecting  higher  powers] 

+  mites^S2-5  miles-hl'5  miles  nearly 

=84  miles  approximately. 

Remark.  IfLhc^ par t i c ie  is  projected  from  the  surface  ol  the 
earth  with  a^yelociiy”  1  kilometre  per  second,  then  for  the  calcula¬ 
tion  worlcfw c|sha If  take  r=**6380  km.  and  £»■»  9  "8  mctrc/scc- 
=  I0-s^^^3tm-/secs.  The  answer  in  this  case  is  51*43  km  appro- 
ximateJyNs^.  v  ... 

A  particle  is  projected  vertically  upwards  from  the 
surfacepof  earth  with  a  velocity  just  sufficient  to  carry  it  to  the  in- 
g>Jinjiy.  prove  that  the  time  it 'takes  to  reach  a  height  h  Is 


W 

b  where  a  is  the  radius  of  the  earth. 


yC-HKr-*} 


Sol;  [Refer  fig.  of  Ex.  71] 

Let  O  be  the  centre  of  the  earth  and  A  the  point  of  projection 
on  the  earth's  surface. 

If  Pis  the  position  of  the  particle  at  any  time  l,  such  that 
OP^x,  then  the  acceleration  ai  /’=>t/x2  directed  towards  O. 
the  equation  of  motion  of  the  particle  at  P  is 
d*x  p 

dT  --(«) 

But  at  the  point  A,  oh  the  surface  of  the  earth,  x—u  and 
(Px[dr=  —g. 

pin*  or  p=a~g. 
tP x  trg 

***  dt*^—x*" 

Multiplying  by  2  ( dxfdt )  and  intergatiug  w.r.t.  'i\  we  get 
'  _2 a*g 


-+C,  where  C  is  a  constant. 
C=  0. 

2cPg  or  dx  aV£g) 
dt  ^  -y/x 


Buc  when  x->-oo,  dxfdt-*- 0. 

"  (dr)  ^  X  dt 3=1  -y/x  ...(2) 

[Here  H-ivo  sign  is  taken  because  the  particle  is  moving  in  the 
direction  of  x  increasing.] 

Separating  the  variables,  we  have 

J,=^7(2F)  s/(x}  tix’ 

lmegrating  between  the  iimits  x=a  to  x*=a  +  h.  the  required 
Time  /  to  reach,  a  height  h  is  given  by 

,=-7fie)/.  V(J>  '‘—a-Jo,,  [l-'J. 

Ex.  74.  Calculate  in  miles  per  second  the  least  velocity  which 
will  carry  the  particle  from  earth's  surface  to  infinity. 

Sol.  The  least  velocity  of  projection  from  the  earth’s,  surface 
to  carry  the  particle  to  iahnity  is  that  for  .  which  the  velocity  of 
the  particle  tends  to  zero  as  the  distance  of  the  particle  from  the 
earth’s  surface  tends  to  infinity-  Now  proceed  an  inHx.  73. 
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The  velocity  at. a  distance  x  from  the  centre  of  the  earth  is 
.  fdx\*  2axg 

8'««by^j=—  • 

*  . .  putting  x— at  the  least  velocity  K  at  the  earth's  surface 

whioh  -will  carry  the  particle  to  infinity  is  given  by  y—*y/(2ag). 
But  a— <000  mlles^  4000  x  3  x  1 760  ft.  and  g=32  ft/scc*. 
r=xV[2x4000x3x  1760x32]  fl./scc. 

=~  8  X 200  X 4 V(33)  ft./scc. 

_ 8x200x4x^33  m.lM/5ec 

*=7  mile  s/sec.  hpprqxima  tel  y . 

Ex.  75.  Assuming  that  g  particle  falling  freely  under  gravity 
ctm  penetrpte  the  earth  without  meeting  any  resistance,  shot r  that 
a  particle  falling  from  rest  at  a  distance  b  (b>a)  front  the  centre  of 
the  earth  would  on  reaching  the  centre  acquire  a  velocity 
y/[ga  {2b~2dyfb\  and  the  time  to  travel  from  the  surface  to  the 

centre  of  the  earth  Is  ~  *  J\^  Jib— 2a]  J  *  ’ivflerc  a  l^v 

radius  of  the  earth  and  g  is  the  acceleration  due  to  gravity  on  the 
earth's  snrfdtt: 

Sol.  JLel  the  particle  Tall  from  rest  from  the  points  such 
that  OB<=bt  where  O  is  the  centre  of  the  earth.  Let  P  be  the 
position  of  the  particle  at  any  time  t  measured 
from  the  instant  it  starts  railing  from  B-  mid 
let  OP^x.  .  •  * 

Acceleration  at  P^y/x'  -towards  O.  The 
equation  of  motion  of  P  is 
‘  iPx  y 

lit* X  X*’ 

wliicli  holds  good  for  the  motion  from  if  to  A 
i.r.,  outside  the  surface  of  the  earth. 

But  at  the  point  A  (on  one  earth's  surface} 
x=*tr  and  dlxf*U*^  —  g. 

— g=. — yfet2  or  y—tfg. 

tfix  irg 
"  dt*=l~x?' 

Multiplying  both  sides  of  (1)  by  2(r/x,i//)  and  then  integrating 
•  »  .  fdx\ a  2d*g 

w.r.t.  /  .  we  have  I  where  A  is  a  constant. 

But  at  Bt  x**>OB±=b  and  dxfdt— 0. 

2a*g 

b  ~  V  ‘ 


...(I) 


/.  o=~H^or/(- 

-  * 

If  V  is  the  velocity  of  the  particle  at  the  point 
x=0/I=fl  and  (rfx/</r)4«  I". 


v£"v_  ’ 


y-***$-l )• 


A.  thei\?at’iM, 

-v 

V- 

-.-(3) 

Now  the  particle  starts  moving  through  a  lioleyfrom  A  to  O 
with  velocity  V  at  A.  _  .  .Jf  ^ 

Let  X,  (x<<z),  be  the  distance  of  the.psLrt  jcl^  from  the  centre 
of  the  earth  at  any  time  t  measured  from  the,  instant  the  particle 
starts  penetrating  the  earth  at  TKe^aCceicrnt i on  at  this  point 
will  be  Ax  towards  O,  where  A  is  a^constariL 

'fiw.  dz\  -  "  .  ' 

The  equation  of  motion  (rriside^thc  earth)  is—*  — — Ax,  which 

holds  good  for  the  motion  fronfe^to  O.  ° 

At  A,  x  —  a  and  (Px/dif^—gi  A=^g/a. 

d*x  ^g\f^_ 

■■  dr *“  ^ 

Multiplying  both  side?,  by  2{dsjdr)  and  then  integrating  w.r.t. 
*/’,  we  have 

fdx\2 


(~V  “ — -  x*+B.  where. B  is  a  constant. 
df  /  a  ~ 

But  at  At  x—OA^a  and  ~ 2ii*g  0 

-a'H  or  (- V2“) 

Substituting  the  value  of  B  in  (4),  wc  have 
(dx\-  fib— 2a  \  g  - 


..  (4) 
from  (3). 


\ 

Putting  a*— 0  in  (5).  wc  get  the  velocity 
centre  of  the  earth  as  y/[ga  {3b—2a)fb]. 

Again  from  (5),  wc  have 

1. 

——  (c3— x3),  where  c2  =  ^-  {3b  —  2a). 


-T5) 
reaching  the 


-V-),  the  — ive  sign  being  taken 

because  the  particle  ts  moving  in  the  direction  of  x 
.  decreasing  \ 

or  <//**  -m-  •  separatingthe  variables. 

Integrating  from to  O,  the  required  time  l  is  given  by 

Jig)  sin_1  [aV{(34-2 a)//.};  ]’ 

substi^p ting  for  c 

5  13.  A  particle  moves  under .  an  acceleration  varying  as  the 
distance  and  directed  away  from  d  fixed  point ,  to  Investigate  the 
motion.  -  .  ’ 

Sol.  Let  0  be  the.  lixed.  point  and  x*the  distance  of  the 
particle  from  O ,  at  any  .  time.  /.  Then  ^&dj£acce!c ration  of  the 
particle  nt  this  point  is  px  in  the  direeffom  Otoe  increasing. 

_  '  '  -  -x  . 

q—  -  ^  ^  A-X  ' 


d*X 

the  equation  of  mot/oigo^fhc  particle  is 

where  the  -t-ivc  sign  ha^Sec%^k6n  since  the  acceleration  acts  ip.. 
i  he  direction  of  x  increasing^''.  .  ‘  . 

Multiplying  both^.djes^  (I)  by  ‘2(dx[dt)  and- then  integrating 
w.r.t.  */%  we  have  5s^:- 

{dx[dtf*=s p2T ri'A.  where  A  is  u  constaut.  1 
Suppose  t^c^mrttcle  starts  from  rest  at  a  distance  a  from  O, 
iu?.t  dxjdt=^fat&p?a.  Then  O=»/xiJ14-/f>  or 

■■ihSSr  ••  -(2j 

w hidvg^e^iKe  velocity  at  aiiy. distance  x  from  O. 

^hronn^l),  on  extracting  square  root,  we  have. 
dxfdt  ^  VfV  (x-  --  a~) 

[-hive  sign  being  taken  because  the  particle  moves  in  the 

direction  of  X  increasing^. 

??  ,  1  dx 

~>,or  dt=~—  .—^4 


_  dx  .  . 

'  1  V1  " 

Integrating,  cosh-*  — 

Vn  a 

But  when  /=j0,  x»*=o.  .*.  ^x=>0- 

I 


-—p  cosh-1  ^ 

Vp 


«(3) 


x=o'cosh  (v'/ir), 
which  gives  the  position  of  the  particle  at  time  .r. 

Lx.  ^6  //*  a  particle  Is  projected  towards  the  centre  of  repul¬ 

sion,  varying  as  the ■  distance  from  the  centre ,  from  a  'distance  a 
from  It  with  a  velocity  a«ffx-  prove-  that  the.  particle  will  approach 
the  centre  hut  wilt  never  reach  It. 

Sol.  Let  the  particle  be  projected .  from  the  poi/it  A  with 
velocity  ay/ n  towards  the  centre  of  repulsion  O  and  let  OA-^a. 


*  .<r  ..  *  * 

If  P  is  tiie  position  of  the  particle  at  lime  t  suAh  that  OP^x, 
Mien  at  P,  the  acceleration  on  the  particle  is  yx  in  the  direction 

the  equation  pf  motion  of  the  particle  is 

t/-.\ 

fp  ^us.  sign  is  taken  because  thq  acceleration  is 

in  MiS:  direct  toil  of  a  increasing),' 

Muliiplying  by  g.  *  dxfdt)  and  integrating  w.r.tf.  ’t\  wc  have 
{dxfdt  f  =*  jtx*  +  C.  w  here  C  is  a  constant. 

But  at  A,  x~~a  unu  {dxfdt)* /.  C=>p. 

.'.  {dxfdt y; x1  .  or  dxfdt—  —y/yx.  ...()) 

[ — ivc  sign  is  taken  bccuuse  the  particle  is  dioving  in 
the  drfcclion  of  .v  decreasing).  I 

The  equation  (!  )  shows  that  the  velocity  of  the  particle  win. 
bo  zero  when,.T:-0  and  not  before  it  and  so  the  particle  will 
uppronch  the  centre  O . 

l-"rom  (I),  wc  have  dt=- - <~- 

Vp* 

Integrating  between  the  limits  .v- 
/I  lo  O  is  given  by 

h=~vS  ['OE  X1  (,OE  a-Xos  0> 

—  oo.  [V  log  0“ — co] 


~a  to.v=0.  the  time  r,  from 
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Hence  the  particle  will  take  an  infinite  time  to  reach  the 
centre  O  or  in  other  words  it  will  never  reach  the  centre  O. 

14.  A  panicle  moves  in  such  a  n  ay  that  its  acceleration 
varies  inversely  as  the  cube  of  the  distance  from  a  fixed  pornt  and  Is 
directed  towards  the  fixed  point;  discuss  the  motion. 

Let  O  be  the  fixed  point  and  x  the  distance  or  the  particle 
from  O ,  at  anytime  l.  Then  the  equation,  of  motion  of  the  particle 

d?X  p  .  .  -J 

,s  N_.. 

[The  —ive  sign  has  been  taken  becausc.thc  force  is  given 
to.be  attractive.]  -  * 

Multiplying  both’  sides  of  (1)  by  2 (dxfdt)  and  then  integrating 
w.r.t.  V,  we  have 


Suppose  the  particle  starts  from  rest  at  a  distance  a  from  O , 
dxfdi^Q  at  x~a. 

Then  or  A—~ 

...  ■  ...0) 
which  gives  the  velocity  at  any*  distance  x  from  the  centre  or 
force  0%  ' 

From  (2).  we  have  £ 

■.  dt  a  x 

[the  —  ive  sign  has  been  taken  since  the  particle  is  mov- 
-■  mg  in- the  direction  of  jc.  decreasing.] 

or  separating  the  variables 

(.*-**■'*  l-lx) 'lx. 

Integrating,  t=~;-f(a-— j5H-  Jl. 

But  initially  when  r^O,’ .<=«. 

V /* 

-  whiqh  gives  I  he  position  of  the  particle  nr  any  time  /. 

Ex.  77.  A  particle  mores  in  a  straight  line  r awards  a  centre 
if  force  jl}  (distance)*  start  in  ft  from  rest  at  a  distance  a  fromjthc 

centre  of  force;  show  diar  the  rime  of  reaching  a  point  distant  J>% 
from  the  centre  of  farce  is  a  that ' its  velocity 

*s  a/T/*  C'7*  b~))fob.  Also  show  that  the  time  to  reach  the  centre  isi* 

tfivp.  ■- 

Sf>l.  Let  (he  particle  start  at  rest  from  A  and  at' Timc^et  it 
be  at  /',  where  . OP-.v;  O  being  the  centre  of  force/  '%f? 

Given  that  the  acceleration,  at  P  is  /x/.r3  towards*©',  wc  have 


<Px 

dt'~ 


Ik  % 


-Mi 


Multiplying  both  sidey  of  (I)  bv  2j/^f/)^and  integrating 

"chavc  (r)*-S*c-'  <CS~ 

x=a,  dxfdt e*s o,  so  that 


•/*.  vyc  have  (£)'-§*  C.  . 

Whcn^a,  dxfdt— 13,  so  that  fg^&Sfd*:  ' 

"•“W- 

/  _ vrpfoa — 

'  ...<2) 
t  e  negative  sign  bcing^^jfkeiv^  cause  the  particle  is  moving 
towards  x  decreasing. 

Piitli  ig  x=fr  in  (2 Vihc'v cl ocii y  at  is  \/(/*(r/a-A-)]M. 

*m  magnitude.  This  proves  the  second  result. 

If  ti  is- tlic  time  from  x=a  to  x=b.  then  integrating  [2)  after 
sepemting,  the  variables,  we  get 

f*  _ _ x-.  t  **•  f*  —  2_v 

;  V/*Jw  V(^~.yii.</v^2v'jJa  </(a:~xf  ‘/X 

Tins  .proves  the.  first  result. 

And  if  7bc  the  time  to  reach  the  centre  O.  where  .v=0,  then 

r~20;Jc 1  --j-,; 

Motiun  under  miscellaneous  laws  of  forces. 

Now  wc  shall [  give  a  few  examples  in  which  the  particle 
moves  under. different  laws  of  acceleration.-- 

tx*  7*-  A  whose  mass  is  m  is  actid  upon  by  a  force 

/"'1  [-v  “vja-  J  towards  origin-,  if  it  starts  front  rest  at  a  distance  a. 
show  that. it  will  arrive  at  origin  in  lime  v/(4v>).  (L<s-2b06.  Jojz) 


SoL  Given  ^=-M  [*+•£]. 


•(») 

.the  —ive  sign  being  taken  because  the  force  is  attractive. 

Integrating  it  after  multiplying  throughout  by  2{dxfdt ),  we  gc 

(£M-'+sy 

When  x—at  dxfd/^0,  so  that'C^O. 


-My 


dx  _ 

dt  "*  ~  x  *.  3 

the  —  ivc  sign  Is  taken  because  the  particle  is  moving  in  the 
direction  of  x  decreasing..  ' 

Jf/t  be  the  time  taken  to  reach  the  origin',  then  integrating 
(2),  wc  get 

,  • _ L  x.  _  1  f°  r  dx  ' 

1  VmJ«  V(a'—X*)  o 

Put  _x*—  a1  sin  9  so  that  Zxdx^iP  cos  9  dd.  When  -«=-0,  t?™ 0 
and  when  x=tf,  0=™* 2. 

•  *  fwr*  I-^3  cos  9  d0  I  f,«^  j  r  iw.i 

'~VpJ0  cos  B‘  °  J« 

i  w  »-■  Jr 

~2-fp’  2m\-fp 

Ex.  79.  A  particle  moves  in line  with  an  accelera¬ 
tion  towards  a  fixed  point  in  d^stra^ht  line,  which  is  equal  to. 
pIz'—Vx*  at  a  distance  xfron^hr  given  point ;  l he  particle  starts 
from  rest  at  a  distance  a:  shfl^^qpTr  oscillates  between  this  distance 

and  the  distance  pJ-~ — v -J^dUlfe  periodic  Time  is 

(2/1  (2xjp~\yi2 

Sol.  Lei  O  be  th'es^Tx^d  point  taken  na  origin  and  A  the  star¬ 
ting  point  such  t hq^  OA^d.  At  any  time  /  let  P  be  the  position  of 
the  particle.  wlu^^*x  Equation  of  motion  of  the  panicle  is 

.  I—  -  . 


tygog&c  SC. 

.rwiicjl- .V r^n .  SO  thfll  C-=n —  — 

%vv  ■&''  dt  a  .  ■  cr 

'  ff'fdx  \- 


-.(Ij 


*sa5EB-G-a-.>&-y 

y  -e-9(v44) 

- -e-sK^-v) 

The  particle  comes  to  rest  where  dx{dt=Q,  /.«•..  where 

_ 

One  solution  of  this  equation  is  -—-=0  i.c..  .v---<7,  #  which 
gives  the  initial  position.  Another  solution  is  f-e- 


"(lap—X) 


Avhich  gives  the  other  position  of  instantaneous  rest. 


Hence  the  particle  oscillates  between  and  x,=  (2 * 

—  ha  r 

This  proves  one  result.  To  prove  the  other  result,  put  ^ o. 
30  that  the  equation  (2)  becomes 

tf-<  V  ,  (1  l\/l  V\  A  (a-x)  C-v-b) 

\dt  J  ■""  \a“o/ V/T“-v  *  '  A3 

flUc  — ive  sign  is  taken  because  me  particle  is  moving 
in  the  direction  of  x  decreasing.] 

•'  «--■/(?> 

Integrating  between  the  limits  to  .v  -/»,  the  time  /»  from 
one  position  of  rest  to  the  other  position  of  rest  is  given  by 

'■ — J{x) J.  vl^rf^y: 

__  ](tfb\  [a  X  dx 

~\}\X  /  Jb  V[—ab  — -{ Jv3  —  ] 

I(*fb\  (**  '  __  ' _ X  dx  _ .  . 

j(ob\  [«-''>-*  [i  (c  l  dy 

U  }  r-i^nz  vif  to-'- w -y~r 

putting  .T—i  (n-h*)»7.r  so  that  dx=~dy 


vJ-5 
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Rectilinear  Motion 


(DynamIcs)/24 


-  Kab\  (<rb'n  *  <g+*>  dv 

-J  {IT)  J  ^_>yn  d> 


+mz 

=27(r)-ifa+A)l! 


-dy 


3— a)/3  y 

the  second  integral  vanishes  because  the  integrand  is 
an  .odd  function  of  y 

^+A)y(r)[s:n“  |r  £=*)}]!  ’ 

(n+‘>)J{r)[*n~l  {a+b)J(jr)- 

the  periodic  time  of  one  complete  oscillation 


(»+afe)y{r 


lap 


2trti 


n. 


TxrpCl* 


=  *pL 


"  (2^m-A)'  V(2^— A) 

Remark.  To  evaluate  the  integral  giving  the  time  /t, 
also  moke  the  substitution  x=d  cos*  $j-b  sin3  0,  so  that 
Ar»*  —2 (a— a)  sin  0  cos  0  d&.  Also  9=0  when  x=a  and  6^ 

when  x *=> b. 

Ex.  80.  A  particle  moves  In  a  straight  line  under  a  force  to  a 
point  In  it%  varying  as  {distance)-**3.  Show  that  the  velocity  in 
falling  from  rest  at  Infinity  to  a  distance  a  Is  equal  to  that  acquired . 
in  falling  from  rest  at  a  distance  a  to  a  distance  of  3. 

Sol.  If  x  is  the  distance  df  the  particle  from  the  fixed  point 
at  time  /,  then  the  equation  of  motion  of  the  particle  is 

d*x  _ 

JTS -*■- .M*—'3- 


37*  .  —(I) 

Multiplying  both  sides  of  (I)  by  2 (dxfdt)  and  then  inte  gra¬ 
ting  w.r.f.  r,  we  have 

If  the  particle  falls  from  rest  at  infinity,  /.e..  dxfdt =0 
.ri=oo;  wc  have  from  (2}.  A  *-0. 

(dxfdt)*=-6tii a-1  a. 

If  r,  is  the  velocity  of  the  particle  nt  .v«n.  then 
v,*~6,<fa'*. 


...(2) 

when 


-.(3) 


Again  if  the  particle  falls- from  re$t  nt  a  distance  a.  i.e., 
dxfdt  —  0  when  x=ai  we  have,  from  (2) 


if 


or 


a1'* 


■■■  „*3P‘- 

If  in  this  case  v%  »s  the  velocity  of  the  particle  at  x«b/8,vttien 


Nip 

From  (3)  and  (4),  wc  observe  that  r,  =  v*p  which1  ;=provcs  the 
required  result.  ^ 

EX-.81.  Find  the  rime  of  descent  to  the  ^entrc'of force,  when 
the  force  varies  as  {distance)-*'3,  and  showAhbLljhe  velocity  at  the 
centre  is  infinite.  ^ 

Sol.  Let  O  be  the  centre  of  force  takcn=^as^the  origin.  Suppose 
a  particle  starts  at  rest  from  A,  wh cre^&Ag*a.  The  particle  moves 
towards  O  on  account  of  a  ccntfc^pf  'attraction  at  O.  Let  P  be  the 
positron  of  the  particle  nt  any  t.rme^j^whcrc  OP*=x.  The  accelera¬ 
tion  of  the  particle  at  P  is  /och£'*  directed-  towards  O.  Therefore 
the  equation  of  motion  of  th^pTaqiiCti-nt  P  is 

. «) 

Multiplying  both  sidds>. of  (I)  by  2  {dxfdt)  and  integrating 
w:r.t.  /.  wc  have 


(dxX3-  7p.xrV3  ,  3u 

—  —  H2J3'  +^'  —  ^73+^.  where  k  »s  a  constant. 

0.  so  that  r3j*/aa'a)+X-=0 


At  Ay  x=a  and  dxfdt 
k  =»  —  3pfa3/3. 

■  -lit 

\dt )  cP'Z 


3/*  (qZ,Z_x2;>} 


which  gives  the  velocity  of  tbe  particle  at  any  distance  x  from  the 
centre  of  force  0.  Putting  .r=0  in  (2).  wc  sec  that  at  Oy  ( dxfdt J2 
=  co.  Therefore  the  velocity  of 'the  particle  at  the  centre  is 
infinite. 

Taking  square  root  of  (2).  we  get 

— VQp)  j •  where  the  —  ive  sign  has  boon 

taken  because  the  particle  is  moving  in  the  direction  of  x  decrea¬ 
sing. 

Separating  the  variables,  wc  gtt 

Gi/s  xit* 


V(.V)  V(o^~.x3-3)  ' 


(3) 


#  Let  /,  be  the  time  from  A  to  O.  Then  at  A,  t—  0  and  x=a 
while  nt  O,  /«=/f  and  x™(X  So  integrating  (3)  from  A  to.O,  we 
f/,  „ _  «*/*  p  X'*  ,T 


have 


"  Wp) 

a1-'3  [m_x'/*dx 

Putting  x=a  sin3  &9  so  that  dx—3a  sin*  $  cos  $  dd.  When  x — 0, 
tf=0  and  when  x*=  a,  "0==  Vr/2.  -  J  - 

01/*  f1*/3  o'/3  sin  0  _  .  .  .  . 

•  t.=  —  -ttt: — — „  3 a  sin*  0  cos  0 

VC 3/*)  J  a  tfl*  a.*COS  0 

y&l*  fIT-'2  .:,  A  3aifi-  2  _  2a4/3 


v'(V)j"I  s!n’  * aa-?W)'3.i-v&ri 

Kenc#.  fhe  time  of  descent  to  the  centre  of  force  is  2ol/,j  VOy). 
£*;  82.  A  particle  starts  from  rest  at  a  distance  a  from  the 
centre  of  force  which  attracts  inversely  ax  the  distance.  Prove  that 
the  time  of  arriving  at  the  centre  is^7^/(n[2vl. 


Sol.  If  ar  is  the  distance  of  the  particle  from  the  centre  of  ..j 
force  at  lime  r,  then  the- equation  of  morion  is 
tPx ' _ p- 

Muhiplying  both  sides  by  2{dxfdt)  an^feij  Integrating  w.r.t. 

we  have  (dxfdt)-— — 2^i  log  x-r  A*  a  constant. 

But  initially  at  x=*a,  dxfdt*=Q. 

0=— 2^  log  a-x-A  or 

.-.  (dx!dty^2fL  (log  a— IOg^)^^iog  (afx) 

or  dxfdt  Ax f  (Z^y^f.logTW'T)},  . 

where  the  —ive  sign  has  been^t^ccjt  since  the  particle  i*  moving 
in  the  direction  of  x  decrees fng-^ 

Separating  the  varjfJblcsV  we  have 

MSz‘-  dx 

at—..  £/n 


f^OpWJToz  {afx)Y 
Integrating  fijc>.m,x=o  to  .r=0,  the  required  time  h  to  reach 
the-  centre  is  ipven'w  ' 

I  f"  dx 
V(2p)J--yi>og(n/.r):* 

k..JW„,  „  .....  x—ae  .  so  that  Ax—  —2 ae  n  dtt . 

%  " 


\  , . 

Put^loM  —  j  =  w  J.e. 


^^^hein  i/=0  and  when  X-+0,  u-^eo. 

.  2  f20  „  „  f-V  —  V 


dtt.  But 


r/ir 


(Reinemter) 


/l=“7P 


2  a  V  71 

vt^T  t 

Ex.  83.  A  particle  moves  In  a  straight  line,  its  acceleration 
directed  towards  a  fixed  point  O  in  the  line  and  Is  always  equal  to 
/*  (asfx*)t/3  when  it  is  at  a  distance  x  from  O.  If  it  starts  from 
rest  ota  distance  a  from  O,  show  that'  it  will  arrive  at  O  with  a 

velocity  ery/(6/x)  after  rime 


hM> 


Sol.  Take  the  centre  of  force  O  as  origin.  Suppose  a  particle 
starts  from  rest  at  Ay  where  OA=a.  It- moves  towards  O  because 
of  a  centre  of  attraction  at  O.  Let  P  be  the  position  of  the  parti¬ 
cle  after  any  time  /.-where  OP=x.  The  acceleration  of  the  parti¬ 
cle. at  P  is  fio3/3  x~i,s  directed  towards  O.  Therefore  the  equation 
of. motion  of  the  particle  is 

Multiplying  both  sides  of(l)  by  2 (dxfdt)  and  integrating 
w.r.t.  wc  have  o  .  ’  r 

where  Arisa  constant. 


At  A,  x  —  a  and  dxfdt— §,  so  that 

.  —6pa*l3  a%t3+k— 0  or  k-—6tta~. 

:.  (dxfdry^  —  Gpa3*3  (a'l3-xX13).  .  ...(2) 

which  gives  the  velocity  ofthe  particle  at  nny  distance  .v  from  the 
centre  of  force.  Suppose  the  particle  arrives  at  O  with  the  velocity 
i’i.  Then  at  O,  jc=0  and  (dxfdt)z=rt*.  So  from  (2),  we  have 
i’i *  —  6na*-,i  (a1*3 — Q)^6ftat  or  *'i=oV(^f1)- 
Now  taking  square  root  oT  (2),  we  get 
dxfth=?  —  V(<^'*)  V(<*'  /a) . 

where  the  —ive  sign  has  been  taken  because  the  particle  moves 
in  the  direction  of  x  decreasing. 

Separating  the  variables,  we  get 
I  dx 

-<3> 


dt= - 


‘  V(6^s-f)  -  V{oi,3-x:*  >)  ' 

Let  /,  he  the  lime  from  A  to  O.  Then  integrating  (3)  from 
A  to  0.  we  have  . 

I  p>  dx  [ 


J>- 

I. 


V(a'rJ— 


_ _ _  _  f"  <1* 

V(^o-vs)  J0  V(«,/a— -» 


mm 
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Rectilinear  Motion 


(Dynam1cs}/25 


=6usin°  0  cos  9  dB.  Whe'n  x==0. 


Put  n=£J  Stn0:J,  sotliat  t/x= 

0=0  and  when  " 

1  f*/*  sin5  9  cos  Bdd 

/x“V(6^*).J0  cos  0 

-y©r“"."'-J)'ra-we> 

Ex.  84.  vl  particle  starts  with  a  given  velocity  v  and  moves  . 
under  a  retardation  equal  Jo  k ■  times  the  space  described .  Show  that 
the  distance  traversed  before  it  comes'lo  rest  is  vf-Jk. 

X  _  •  "  - .. 


Sol-  Suppose  the  particle  starts  from  O  with  velocity  v  and 
moves  in  the  straight  line  OA.  LtFP  be  the  position  of  the  particle 
after  any. time  /,  where  OP=x.  Then  the  retardation,  of  the  parti¬ 
cle  at  P  is  kx'f.e.,  the  acceleration  of  the  particle  at  Pis  kx  and  is 
directed  towards  O  i.e in  the  direction  of  x  decreasing.  There¬ 
fore  the  equation  of  motion  of  the  particle  at  P  is 

daxjdtj—  —kx.  ...(1) 

Multiplying  both  sides  of  (1)  by  2{dxfdt)  and  integrating 
w.r.t.  /,  we  have  (dxfdty=—kx*+Ct  where  C  is  a  constant. 

At  0T  x=0-and  dxfdt=-v%  so  that  v*=C. 

...  (dxldr?~v*-kx*,  ...(2> 

which gives  the  velocity  of  the  particle  at  a  distance  x  front  O. 
From  (2),  dxfdt—  0  when  v=— A'X^O  i.e when  x=yf\lk. 
Hence  the  distance  traversed  before  -the  particle  comes  to 

reslisv/V". 

Ex.  85.  Assuming  that  at  a  distance  x  from  a  centre  of  force, 
the  speed  v  of  a  particle,  . moving  in  a  straight,  line  is  given  by  the 

fry * 

equation  x—ae  ,  where  a  and  b  are  constants.  ’  -Find  the  law  and 
the  nature  'of  the'  force. 


Sol.  -Given,  x=^ae^v  .  Therefore  e**  — xju 


..-(I) 


hvJ=log  (x/«)=  log  x — log  a. 

Differentiating  both  sides  of  (I)  w.r.t.  x.  \vc  get 

...  dr  I  dv  J.  { 

2bv  “r  —  -  or  v-j-——  — 
dx  X  dx  2b  x 

the  equation  of  motion  of  the  particle  is 

dPx  11  Tk,  .  .  dv  — 

T\—vrr-  —  Note  that  v 

dtx  2b  x  l  dx  dtl  J 

Hence  the  acceleration  varies  inversely  as  the  distance  of  thc-% 
particle  from  the  centre  of  force.  Also  ,  the  force  .is  repulsive „-pi3>£? 
attractive  According  as  b  is  positive  or  negative. 

Ex.  8<j.  A  particle  of  m as*  m  moving  In  a  straight  line  fs'dcjqd^ 
upon  by  om  attractive  force  which  Is .  expressed  by  the^fqrniufa 
nifuP  jx*  foA  values  of  x  ^  a,  and  by  the  formula  mji xfasfg&tttygt  a, 
where  x  .is  the.  distance  from  a  fixed  origin  in  the  line.JJf  tfiefparti clc 
starts  at 'a  distance  2a  from  the  origin ,  prove  that  it%cifl  reach  the 
origin  wit  [^velocity  {2pd)xdm  Prove  further  that,  flia^f hie  token  to 
reach  the  origin  is  (1  Hb^JvTWfO- 


\ 

-  Sol.  Let  O  be  the  origin  apd^^t’liChV{poin.t  from  which  the 
particle  starts..  .V»(c  have  OA — 2a±a nd'r  1  ct  OB^-ci,  so  that  If  is  the 
middle  point  of  OA9* 

Motion  . from  A  to  11.  TJi'c  picticle. starts  Irom  rest  at  A  :md 
it  moves  towards  3.  Let-?^bc^i|^  position  at  any  time  /,  where 
&P—x.  According  to  th^questibn  the  acceleration  of  P  is  perfx * 
and  is  directed  towardsj^LcT  in  the  direction  or  x  deereasing, 
i  hcrcforc  the  equation  ofjjriotion  of  P  is  _ 

d3x__  fio * 

dTz  x*“  ...(I) 

Multiplying  (l)  by  2 (dxfdt)  and  integrating  w.r.t.  f,  \vc  have 


2^.0* 


+  Ot 


/When  x=2 a,  dxfdt =0,  so  that  C~  — 2pa-f2u. 

.  /  r/xV' 2  pa-  2 par  fl  11  2a— .v 

W*7  x~  ~2  a~u>L.v  2aJ'~*K  x~’  ,..(2j 

which  givts  the  velocity  or  the  particle  at  any  position  between  A 
and  B.  Suppose  the  particle  reaches  B  with  the  velocity  rL.  Then 
at  3y  x—a  and  {dxfdt y—  vf.  So  from  (2),  wc  get 


i-  «  2a— a 

1 1  —up.  — - — *=ap  or 


■\t{op)t  its  direction  being  towards 

the  origin  O. 

Now  taking  square  root  or  (2),  wc  get 

di~  ~~  V(aff) vvhcrc  (he  — ive  sign  has  been  in  ken 
because  the  particle  is  moving  in  the  direction  ofx  decreasing-^ 


Separating  the  variables,  wc  get 


dt=- 


1 


V< *r)J[2i-x)Jx' 

Let  ti  be  the. time  from  A  to  3.  Then  at  A f  x=2n  and  x=0, 
while  &L'3t  x*=a  and  t=t\.  So  integrating  (3)  from  A  to  3,  we  get 

/:■  d*- 
Put  x*~2a  cosa-0,-  so.'  that  dx=—4a  cos  0  sin  9  dlf.  V/hen 
x-=2a.  0=0  and  when  x=a,  d=n\ 4.  - 

•••  •  — vw  JT  til  l:*-4*  cos  9  sin  *>  M 

=  M  JT 2  cos* 9  m  IT (i+cos  2o)  do 

Motion  from  I)  to  O.  Now  the  particle  starts  from  3  towards 
O  with  velocity  -y/(ap.)  gained  b  it  during  its  motion  from  A  to 
3.  Let  Q  be  its  position  after  time  /  since  it  starts  from  3  and  let 
OQ^xf  Now  according  to  the  question  the  acceleration  of  Q  is 
/c.v/tf  directed  towards  O.  Therefore  the  equation  of  motion  of  Q  is 

.  •“ 

dtx  a  --(4j 

Multiplying  both  sides  of  (4)J^y'^(dLv/J/)  and  integrating 
w.r.t.  r,  we  have  .  %  ' 

\dtt  ^ 

Al’B^x—a  and  (dx}ilt)^=  so  that  tip.—  —  up.-,-  D 

D=2afc. 

% 


(tt)  =— ^ -  {2xp— x*)y 


which  gives  the  velocifyj.pf  the  particle  at  any  position  between  3 
and  O.  Ler  r,  bc  'the  yelocity  of  the  particle  at  O .  Then  putting 
x*=0  and  \dx(di!£g=y£?i n  (5),  wc  get 

«Ta> 

{2a3—  0)=2ap.  or  »’»«vr(2^0- 

He.uc^tjirc^pariicle  reaches  the  origin  with  the  velocity  Vt 2op). 

Notv^taking  square  root  of  (5).  wc  cct 

y/i-a* — -v3)»  where  the  —  ivc  sign  has  been 
^  taken  because- the  particle  is  moving  in  the  direction  of 
x  dect'casing — —  —  - - - 

Separating  the  variables,  we  have 

dt “ ~J C“)  V(2^ -**) '  -..(6; 

Let  /*  be.the  lime  from  3  to  O.  Then,  at  By  /*=» 0  and  x=a 
while  at  O ,  x— 0.  and  t=tt..  So  integrating  (6)  from  B  to  0„  wc  get 

dx 


i.e.,  ' 


i'  j,~ 

■-ye)  i 


■ ,  -ye)[i-5]-y©i 

Hence  the  whole  time  taken,  to  reach  the  origin  0=t\ -Ms 

-ye)(;-]-yo;-y©[f-] 

■Ex-  87:  Ajparticle  moves  along  the  axis  of  x  starting  from  rest 
at  x*»a.  For  an  interval  tx  front  the -beginning  of  the  motion  the 
acceleration  is  -/a,  for  a  subsequent  time  r,  the  acceleration  Is  pXr 
and  at  the  end  of  this  interval  the  particle  Is  at  the  origin ;  prove  that 
tan  (V/a/i).  tank  1. 

Sol.  Let  the  particle  moving  along  the  axis  of  x  start  from 
rest  at  A  such  that  OA—a. 

Let  -7 j*x  be  the  acceleration  for  an  interval  it  from  J  to  it 
and  px  that  for  an  interval  from  3  to  O ,  where  OB^b. 


IZS — 

i**-L*\r 


For  motion  from  A  to  B,  the  equation  of  motion  is 

dax 

**”  -?*:  .  ...  .  ...d> 

Multiplying  both  sides  by  2  {dxfdt)  and  then  integrating 
w.r.t. '/*,  wc  hayc  * 

{dxfdt -  />-x3nr  A,  where  A  is  a  constant. 

But  ul  x=-ay  dxfdt=0.  Qz^—fisP+A  or  A^pa-. 

,{dxfds)-=.p  {<F—xP)  ...(2) 


rKres 
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Rectilinear  Motion 
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dxfdt  ^  1°* — ■**)  • 

[the  —We  sign  is  taken  because  the  particle  is  moving 
in  the  direction  of  x  decreasing.] 


dx 


[separating  the  variables]. 

Integrating  between  the  limits  x=a  to  x=/>,  the  time  h  from 
to  B  is  given  by 

i  .  .  * 

Vm.‘ 

cos  and  sin  (v>n)“V(l  —cos2  (v>/i)J 


_ _ f  p  4*  ,.4-r«-«ir  = 


%/(' 


~?r 


Dividing,  tan  (VKi)  ==*^7^—^-' 

If  V  is  the  velocity  at  B  where  x=b,  then  from  (2), 

V~=lx.  (a-—b*),  .  —(4) 

For  motion  from.  B  to  O,  the  velocity  at  B  is  V  and  the  particle 
moves  towards  O  under  the  acceleration  px. 

cPjc 

the  equation  of  motion  is 

Integrating,  (r/x/r//)3-— /or'-f-  D.  where  Bis  a  constant. 

But  at  the  point  B,  x***b  and  {dxfdt  fp=*V*^p  ( cr--b~ ). 
fi  (a* -&)=>*&—£  or  B—p  {c?-2b-f 

A  (;£)*“P  [x*+(*‘-  ~  2**)]  or  - vWt**-r  <«3  -26*]] 


.(3) 


-45) 


Integrating  between  thc  limils  x«~£  to  ,v— it.  the  time  /-  from 


I 


tlx 


B  to  O  is  given  by 

_ !_  r  _ 

**"*  V/»  Jx-bV lx5,-Ktfl— S/r*)! 


(lx 


Vh.  [smIir'  v(n3-2/>2j]>  “7A  sinh  '  7<«=-^)' 

K 

sinh  (Vp's)—  - 


-rr  so  that 


V[^'-2b~) 
cosh  W/d-)=*V{1  -i-sinli=  {Vpfs)l 

-yo^o-y&s-) 

Dividing,  ianiriVMhJ  = 


6 

~  V(n=—  *2)' 


46; 

, 


Multiplying  Q)  and  {6).  we  have 

tan  (Vf»ri).tanh  (y/p/t) 

Ex.  8R.  A  particle  starts. from  rest  at  a  distance  b  frond.ka'% 
fixed  point ,  under  the  action  of  a  force  through  the  fixed  poitTf^Jlifhr 

late  of  which  at  a  distance  x  Is  p  j^I — ^  J  towards  the  po/ntn.wfica 
x>a  but  p  from  the  sante  point  when  xCa  iproveshat  par¬ 


ticle  it?///  oscillate  through  a  space 


ra- 


Sol.  Let  the  particle  start  from  nest  ai^fl^w litre  OB^b,  and 
move  towards  ihc  cenirc  of  force.  Let  oj 

%.  *»eZ- o 


4  2T~ 


Motion  from  B  to  A  /.r.,  wheip3t>'fl. 

Since , the  Inw  of  force,  is /*  (I — a(x)  towards  O, 

therefore  the  equation  of  mdtfBffcis'- 

Multiplying  both  sides  2  (dxfdt)  and  integrating  iv.r.l.  */\ 
we  have  **>—2p(x — <7log.v)-hC,  where  C  is  a  constant. 

But  at  B,  x=OB=sb  and  dxfdt = 0.  C=2p  (/>— a  log  b). 

***  Hi)  ,0«  A“'  x+<s  !oS  x).  (1) 

If  is  the  velocity  at  the  point  A  where x-^OA—a,  then  from 
(  I  ).  we  have  (h-t^-a  log  b-\-a  log  a ).  ...(2) 

Motion  from  A  towards  O  t.e when  x«7. 

The  velocity  of  the  particle  at  A  is  V  and  it  moves  towards  O 
under  the  law  of  force  p  at  the  distance  x  from  the  fixed 

point  O. 

the  equation  of  motion  -J- 

Multiplying  both  sides  by  2  ( dxfdt )  and  integrating,  we  have 

[dxY*  .  /  fi*  \ 

\i/t/  "-l*  ^  — l°S  x  1  +  A.  where  f>  is  a  constant. 

But  at  the  point  A%. 

x**tt  and  ( dxfdt )*•“  (Jb — c  •  u  Jog  b a  log  a). 


'  (/>-a-dlog64-alog  d>-r2/*  (fl+fl  Jogfl) 

«2/+  {b—a  log  £+2/1,  log  a)«2/i  {6+d  log 

"  (S)‘*=-2'*  [t+a  loe  x)+2^  H10*  (r)}  -.(3) 

If  the  particle  comes  to  rest  at  the  point  C,  ^vhere  jc^c.  then 
putting  x=c  and  dx/di** 0  in  (3),  \vc  get 

(^t«  lofi  c  )=2fi  {i+fl  log 


-  +«  log  1°S 

V.  c^a?Jb  z.£.,  0C"C^lb. 

Since  ^and  C  art  the  positions  ofinstantaneous  rest  of  the 
panicle,  therefore  the  particle  oscillates  through  the  space  MC 

We  have  BC=OB-OC~b-\  * 

b  D* 

which  proves  the  required  result. 


4^ 

.vrr 

^  s. 

^  "ii.  -P‘ 


LA.  . 


•K  V 
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(Dynamics)/! 


CONSTRAINED  MOTION 


SET-II 


•  ■■  - " .  .  ■<  ,  . -  ■]-  [  y  ■*  .**;  v.  ‘  "• 

.  ..  i!l.  I lUroiduct ion.W . : j Tiicf:jnpt r.i 
•_•_ .  j r  :>£.v, n «;;>;/  v»/,  -Yi m w  vrlAlt c  ia  '.  riven .  curve,  or.  . 


Lct-oi  ^  cnd  pf •  ^  string;  of 
1 em»t  h:  a  be;  a i'l  ached  '  t  o  the 
fixed  -point  0 •  and-. . )$:■ partide; 
of',  mass  »i  ;:bc  a  [{ached  authc  ■ 

.other cnd  U.:-:  Let  r;Q!/i:;:bc  i  they  :‘;  - 
vertical-  pps  it  io n  o f  equj libri urn;  \2 
of  ilic.ii  ring,  Let  :  the  particle:"'  ■ 
be  projected  horizontally  .frbni: 

>/  with  velocity ;.*/.  Since. the 

.■string  is  inextensib’e  the  parti-, 
cic.  starls  moving  in  a  circle 
whose  ceil C re  is  0  and  radius 
a:  \  If  P-  is;  the  position  of  the 
particle  at  time  /.  such  That 

arc  AP=*s*  the  forces  acting  on  the  particle  at  1* 

ate-;  ■ 

(i)  weight  ntg  of.thc  particle  acting  vertically  downwards, 
and- CIO  '.tension-  £  in  the  string  acting  along  PO. 

-  ;lf  v -be. the  velocity  of  the  particle  at  /*,  the  tangential  and 
normal  .accelerations  of  7?  are  . 


'“e.(in  the  direction  of  s  increasing; 


v/ 


and 


—  (along  inwards  drawn  annual  at  P). 
P 


-£ 


tile  equations 
nnd  norm  it  are 

tl*s 


of  motion  of  the  particle  along  the  tang^T.4; 

..  -'V-ksfi 


where.  V4  is' constant  ji>f%l'cgrtiion.5- 
But  ihitially  at  fail. 

.•f«s=n* — 2f?.e  co s  0=1/*  —  2fJ.c- 
»■*■=  ir — 2ngXr2ag  cos  8. 

Now  for  a  circle />™<7  (radius); 
from  (2),  ;we  have 

T-rr  ~  rVj-m/r  cos  cos:5): 

Substituting  the  value  of v\from  (4),  ::we  have 

If  the.  velocity  r=»0 :.af  flw j?,  then  froin^),  we  liavc 
— 2a.<r4-2£/jar  cos  O’j 
or 

;  -  '2 agj\  •  ‘.:2  ..  '  .  ••  .... 

If  /ii  is  thc  height  from 'the  lowest  point  A  of  the  point" where 

the. velocity: vanishes;  then 


:-w> 


:V,(5) 


--C6): 


//,  —  'OX — a  cos  /),  r»a  —  a.  — -,l~ 

■  2ag 

.•*,=2-.  < 

-  ■  -  ”” 


.  -  -y;<7V 


Again  if  the  tension  7*=0,  at  0—0*.  then  from  (5),  we  have  ■ 
0— 2ag+3ox  cos  P~. 
a  -2 «jr— »r 

-  cose‘—jS5-  ...(R) 

If  //*  is  i lie  height  from  the  lowest  point  s  of.thc  point  where 
the  tension  vanishes,  then 

2ag-’ir 


tu—OA~  a  cos  Q-—a — a. 


W- 


_ir-\-ax 
3gf 

Now -the-follo wing  cases  may  -arise  -here.. 

Case  J;:  ’1  he  \clotity:  V.. vanishes  before  the  tension  7. 
Til  is  isf  poss ib le "  if  sin d  On  ly  i f  :  X  '  . 


...rn 


trX  I7J3T 


or  3iVf<C2-'Cu*+«’") 


2.e :  ^  3j7 

or  trClap  or  i 

.  But  Avhen  u<V’(-«.c).  we  have  from  (6).  coS-tf,V=  .i  ive 
•  is  an  acute  angle.  ‘  /  -  ’ 

:  -  Pints .  if  the  particle  is.  projected  ^'i^-^r^eloci/y  itfZ.  v7(  2tig). . 
then  it  will  oscillate  ahoiit  A  and  u-ilLjtoi'^jise.  Mplo  tile  horizontal 

Mouidcr  through  O.  . 

•  •  - 

-Cast'll.  The  vclocilv  v  and-thcytciVsIon .  7*  vanish  simvltant— 

•  ■ 

This  is  possible  if  ami  v^n  1  ;/i i  —  A r 


r^- 


,-\/l2ag). 


Also  when  //--- have  from  (f»)  ond  (8).  Q\——j 
Thus  if  the  pur  ticle&j? projected  with  the  velocity  zt~~- 
then  it  wifi  rise ^upto^tfie  level  of  the  horizontal  tlio/itcu  r  through  O 

anti  will  osr iM Oidahmit  A  in  the  \oini-crrcitJar  arc  UA  /)." 

.  .  . 

Case  in:*'  Opiidition  for  (leScribinc  (he  complete  circle. 

.  'I*.  W 

Al^tihc^fhulicsi  point  C .  we  have  0^-^.  Therefore  from  (4) 
ir  —  Jr/.!!’ 


andT^.^Vq;  have  at  C. 


=  —  fir  —  >ag). 


'0^1  f  i.e.,  if  i/^>  \y(?ag)%  then  neither  the  velocity  v  nor. 

I^T|ie^tc»ision  7' is  v:ero  at  the  hiehcM  point  <2.  and  so  the  particle 
,^r»ll  go  on  describing  the  ct'tnpleic  circle. 

-  .  And.if  i<?“» 5og  I.e.,  if'jr— •V^(5n5');  then  .at  the  highest:  point  C 
the  lcnsion  7"  vanishcs  whereas; Xthc  ;velociiy-rr. does .  not.  .vnnish . 
Hence \m rthis- cus e  tli e rS tri ni^; wili  bccdmc  momcntnrily  slac k  n  t  C 
and  iHcJpar  on  describin g."  the  complete: circle. 

’^i.'^'^y.'d^Xt^f?^.lfiPn'J!PF/j^c.j9ri^l.OS\-:'dic\jron'tpletc_  ■  circle  by  die 

■  partfclejiftlwl;ifX^.^i5agf.^ 

projection.;  ror:dcscribiiijj  th»:-;complcte  circle  is  j/(5»vO. 


parabolic,  pat hwhilc  movjng  frccly.  'undcr  grayiiy. 

fhus-  if the',  particle  is  projected:  \  el  fir:  th  c  -  ryl oci  ty  n  such  din/ 
V( 2 ogXiKy/CSog ) .  then  jfwiU  lein-e.  thc  'clrcular  path  at „  a  point 
rsotu'ewhere  befwecrt  B  and-C  and  traccr  out  a.paraholic- nath.- 

3.  A  particle  is  projected  -  idnngjlic  htsidc  of  a  smooth ■  fixed 
hollow  sphere  (or  circle)  ; feo/it?  is..  =  lowest point'.-  to  discuss  the 
.  .mot ion...  ’  '  "  1  - 

'  -Th c  discussio n  is  c x actlv; i ivesn m c  yas  iTi  §  ;2;:.w i th't hed i tie r-  . 
cnee  -1  hat  i n . t h is  ense  the  tension  77  is- replaced  by  the  reaction  R 
between  the  particle  and  t he  splicr t  (pr  circlc);  V, 

.  .Ti  Somc  lmporla nt  .re^ii]ts:'4i.f  ihe  motronvlpf  ^..-  projectile  lo 
■  be ; u sed  i n; this  cha p ter jSup pose;  a‘-p artic  1  c< dl ’-inais  iti  is:projcct e d 
in  vaccuiTi.  in  n  ve n ica l  -p|rine;  ihrou g h  ; l.hc. -  point  of  .projection, 
wiifiy  velocity  :{u.  in  a  dirccn(-ii  t.niui-mg;  :.Ti  angle  x  with  the 
,  horizontal;.;  Then  the  pa  t  hi  bflhe  project  ilc  is  a  pa r»bo  1  a . 

■  The- following  results  abo_ut  thc  niotion.  of  .thc  projectile  to 
.  he  iiscd.jih  this:  chapter  slipuid^be:TCin.cmbcrcd.  * 
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Constrained  Motion 


(DynamIcs)/2 


| 


& 

5$ 


Take  the  point  .  ;6r:  '  yjy 
,  projection  Oris  ;t  he or i pi ru  , : 7  .1^ 
r  the  horizontal''  li.rib'-*  lOiXi, ..pL 
in  the  planeof  projection 
*  as  the;  i-axii.  nnd:  :  r.t| 

vertical,  line.  6  Y  ris  the;} 
y-nxis.  Then  the  initial:-/.^ 
horizontal  velocity  :of  tfccr 1 : 
projectile  is  1/  cos  ar  ,  arid‘^-  - 
the  initial  verIicaI-7:;Velo^s';.':V^. 
city  i*  k  sin  a.  V; 


D/f?£CTjRfX‘:- 


. 

-  v  if-"!1  ’  -.j:  /./■-  -<■' ■//  1  •  _  •'  *  *  •  -  /_•*  -  -•  .  , 

TS^Irn  ofK  nf  j  K/*-;  1  in  tiV^rinrYii irxr'T'iS Ziiiri E-’t  h  C  •:  above  TXlril  DOJI< 


path  i 

.-u*  cost a  ^^(horiztfiitaKrciocity)*. ' 

.'.  8:  ■■■■>.  ‘  '  Vf v 

1  f  7Ms  the  max i mumuheieh t;i^f|>yttaihcd  by  the  projectile 
above  iht  p'aijxV:  of  ;:proj  ect  iOnfO};?  ;then  i’comid  c  ri  »  g  t  he -vertical 
motion  from  O  10:  A  a nU'rusing;-:th’e}f "formula- 
have.  '  •  "  V:.-' 

()=7/asin-:x—2^// 

or  H  \  in?:-y;r-r- 

'  Thus  the  [maximum  height  of  lltc.v  projectile  above  ihe  point 

-  ;us  sins  of-  ‘ 


of  projection  Is  '- 


2e 


Also  remember  that  thc.:velociiy;pf;a::projccrnc  at  any  point 
P  of  its  path  is  .! lia  1  do clo  a  failTrom  the.  .directrix  to  that 
point.  .  =  ‘  '■  '  ' 

.  Illustrative"  Examples 

Ex;  I .  Ah  covr.part  icicof?\\fi$hr;  Wx  a  if  ached  to  a  fixed: point '] 
.  hy  a.  light  htex  feasible  siring,  desert be  S  o  c i rc/e  In  a  vertical  plane , 
The  tension  in  the  string  has; the  -.values',  m W  end  n IV  respectively 


when  ihe  particle  Is  at  the  highest  and  lowest  point  i 
Show  that  n^- /h-i-6. 

Sol.  Lei  M  be  the  mass  of  the  panicle.  Then 
W^Mg  he..  .A/WJF/g.  . 


the  path. 

■  '  *% 


m 


■s%, ' 


posit 


Proceeding  as'  in  $  -2,'  the  tension  -  T  in  the  .st ring;' ny 
it  ion:  is  given  by  :  ^  '.' 


(,/*—  2og\^ag  cos  ay 


fSec.ve'q'n:  (^)  of  §  2 

r>;"'v.y‘%-  ■-  ... 

.aiidi deduce  it:  herej 


7*w~  (/r— 2«e-f-3og  cos  0).  ' 


-rr<l> 

Now.- »fH*  is- given  10  be'-  the  jensibn.  iiT  the  string  at  the 
highest point  and  h\V  that  ai.  the  I o wc\ifp%oi n t .  There fore:  m W 

when  Y7~ n  and  7  =  /*  W  when  t/^O^Sd^from  ( I ),  we  have 

///II'--—  (11* — 2 ag  -f -  3 /rir ■  cos^ir )%i ^n'g tit = — (1  P—Sag)  :..(2) 

°*  '  '  r  :ry  1 

and  n (ip  -2n^-r  3«7j^ccis5f>)  giving  it——  Or ■+ °£)-  :  -  --P) 

a*  .  -  -■  ■■:'  ■ '  ■  -  '  ■ ' 

Sublfacting  (2)  frrsrit‘(^)^-«,c  Jiavc. 

»— Ww.'fi  or  '  ft. 

Exv  2(a).  .1  heavy  particle  hanging,  vertically  from  a  point  by 

a  light  Jnextrnsib/e  string  of  length  !  is  started  so  ns  to  make  a 
complete,  revolution  in.a  vertical  plane.'  Prove  that  the  sum  of  the 
tensions  at  the  end  of  any.  diameter  is  constant. 

Sol.  Proceeding  us  in  $  2.  the  tension  T  in  the  string  >n  any 
position  is  given  by  * 

T^—f  (tr  —  2/g  -r-yig  cos  fl). 
where  0 'is  the  angle  which  the  string  makes  with  0.4.' 

Now  lakeany  dianjct’er  of  the  circle.  If  at  one  ^end  of  this 
diametcr.W'hnvc  then-  . at  the  .diher  end  ^e  shall  ,  have 

Let  7*,  and  7%  be  the  tensions  ar  these  ends  ic. .  T~*T^ 
when  /?=ra.and  T°~TZ  xv|?en>«-*r-r- *-  Then  from  (I )i  we  have 


...(2) 


7  V 


-  2/if  •  Mg  cos  1st-'.  »)] 


Ad d t ng  ( 2); !a h d'(3)i.we  ha vciy  *  - :  J \  . 

,/ >’■  ;V  • 

vhichi  is  constant,  as  it .is.ind^chdent  of  *.^  > 

•  -v  H cnc c;t  h esu rh  o f  - 1 h^Tcnsrqns.  n t:  t he . c nd sl;or  ftny:  -dia  meter 

•is.constnhU  v  J ;■ 


.  '  LcTi/  be  t  he  v  clo  ci  t  y  o  f  pro  j  cc  l  i  o  n  n  f  t  h  e  Id  vvesi  pt>i  rit  i  For 


,,;o) 


and  • .. ^ 

if  w  he  the  -angular  vctbclfyr  bf  the  pnrticl c  at  time  /.  then 
,,.,~df>jdt;  So  fro ni  (.1  jU^^sfe  .  ;  '  V  -  v-  ' 

•  .  J  .  ‘  •••(-*) 

-From  the  cqti.atid n  (3)^ .we  obse rye  that  the  angular  velocity 


NowTroVrJifi).  we  have 

I.  ~  cos-0)  «=.  A  [2  n~ —Jog  (I ;  — ^  cos  ^jj 
j  :(l  :-^  cos  0]  !;  :  (  *;*  , f rotn;.  (4 ).  4ng--  ir— /rr..r;:l 

•  (  I  ^cbs  d>'r (1  -~'eos  n)] 

-:-cos  Oyi-tfw-c  tl -:*ebs:«ji]  .  — *  . 

, r . n  +  c os:.  9)4 V^TS; ( 1'^ dos  ^)3 :  [  V  from  (4)’.  i/*«=»W} 
lla'un*  cosV^-Fio1^  siri*;^i(?):i:-'  •' 

^  cosa sin?  J0 

or"  -4i„ii=y,[tol,cbs?}ff->«*;='sin*i^l.-.- 

From- the  equation  (2j  •  w'ef!!- observe that  .  the  reaction  R  is 
-greatest-whc.n-.cos  d==  I  l.e. ,  0  ==0  and  is  least  when  cos  0-^--  .1 

i.e.,. 0=--.T7-V:.:So  putting  8 = 0,  R  ==  Rf  &nd  6=ja,  R “ Ji?  in.  (2).  wc  get 
if?,  =  (/7//a)  (»,-Kog)  nnd  R^ {mjay  ^dy- Sag}.  '  --(5) 

.  };No\y  from  (2),  we  have  ; 

(titjo)  [}P'~-2ag -j- 3irrg Costfl'i:  . 

^  {inlay  (2*^—  4ag.+  6tfg  .cbs  ^]  . 

.  v—  \  :(in  ja)  [ (/ f “  ag)  ( 1  -f  c ostf )  |-  ( u *  —  5 ag-)  (  I  — cos  d)] 

[J?t  ( 1  +  cos  0)  +V?2  ( 1  -cos:  0)j  .  :>:-lFrom-t5)j  -  - 
¥i  [27?!  cos fl!4- 2J?a  sin*  503—  7?,  ^cos*  50-l^a'sin3  40- ' 

Ex.3;  A  heavy  par  ilcicUangsfroma  fixed  point  0.,;>y  .a  string. 

of  lengrn  a.  It  is  ptdjfctcd, ■.  horizontal ly  -■  n»V t it  -  t  t ? velocity 
:y»=  (2  j-V3)  ag;  sliow  ihoffh&:strLng  ^c6tne^  w tien  it  has- 

described  an  angfeco  i/v^3  ).■  '■'*  f  f;  t  - 

4  •  Soi;  .  Refer  fig.  of  §,2,' page  156..--'  .  L- 

The  equations  of  motion.br.the  particle  arc 

ifis  '  .  a 

in  -— —mg  sin  8 
dr * 


-(I) 


and 


—  (2) 

•P) 


»i - ^T—mgeos  fl. 

a 

Also  -  x*=a0. 

From  (  I )  and  (3),  we  have  «  g-sin  0. 

Multiplying  both  sides  bv  2o  iddfdt)  and  then  integrating 
\v;r.l.  f,  we  have.  r~=^  a  ~2 ag  cos  0-~-  Ar. 

where  /I  s  the  constant  of  integration.. 

Hufiniiiaily  ai  /I.  fl-0  and  Vs*=  (2  [\.y/2ya'gj . 

/.  (2-r-\/3j  or»2f/jt  cos  0  ;-/l,  giving  A‘--“y/lag- 

r-«=  2r7.tr  cos  0-‘-r\/pag.:'\  .  . 

Substituting  this  value  of  r=  in  (2).  we. hayc?  '  :  # 


•  [3 \f  i/g  --  3 ag  cos  t'l- 


-(4) 


MS' 
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Constrained  Motion 


-  v 


S£ 


I 

S3 

Sbs 


n 

ft 


[Dynamics)/3 


:  The  siring  becomes  sl.^ck  when  7=1). 
fir  urn  (4)*  we  have 

0=~.  ly/3<Tg-r3gg  cos.0} 
or  jcosfl=—]/V3  orfl'-cos-^—J/vO),  . 

fix.  4.j  A  particle  inside  and  at- tlie^  loivest  ■  point  'of  tt  fixed 
smooth  hollow-sphere. of  radios  a  is  projected:- horizontally  with  velo¬ 
city  VilaX)-  Show  dial  it  uiU  jeave  the  sphere  at  'ja.  heigh  t  fa  above 
the  lowest  point  and  its  suhscqncntpath '  bieels  the  sphere  again  at 
the.  point  of  projection...  Y';" 

Sol.  A:;  particle  is.;  pro-  Y.  ■.-■■  '  ^  if 

jee  ted- from.*  thcYiovvcit  point  '  ,  -  * 

Y/ofi.  a  sphere  with  ye  Jbeil  v  \'y'j 

it \/(Z dy)tO- move  along  the  f.  ^>  / — A* 

inside  of  thc’Spiierej  Y.LcLrVY.bc  ' 
the  position  of  the  particle  at- 
nny  linic  /  where  ireAPi-  s 
and  f  If  r  be  the 

velocity  of  the  pari  iclc  . at  /'. 
the  equations  of  motion  along- 
i  he  tangent  and  normal,  a  re 


fitpcaitr 


and 


AUo 

From Ifl )  a 


d:s 

m  <77=  ~  ”WW  sin  If 

i*  . 

w  — *-=>/?  «i,e-cos  o. 
u 

S-~aO. 


-..(I) 

...(2) 

-0) 


I. ami  C3j.  we  have  a  — ==— sin  0. 

dO 


Multiplying  both  sides  by  and  then  integrating,  we  have 
ffr)  =t2««  COS  0  \  A 

Hut  at  the  point  A%0~0  and  i  ~; ^\/(:n.e). 

A**  lag—  2r/^»|ojr.. 

A  f7^iagTr2ax  cos  0.  -.(-I) 

Now  from  (3)  and  (4).  we  have 

~~  l»“  '*■  aU  cos  0  J  J^~  ay  J-  2oy  cos  fi-'r  og  cos  | 

■*‘3#»yf  (.1  i  cos-.r/).  | 

.-If.*  ho  par  tie!  c  leave  s  the  s  phcrcatthc' point  Q,  wl\crc0^-Oji,J 
t h c n  O cos  0t)f o r ■  co s  Y  '■  -7  7 

if  fCOQ— a. J  lhcn  ct--.Tr— 0lv-'.  .  .YvY  '  ;  ... 

cos  a— cos  (tt— ^)^_cos^-=J. 


•  [  cos.a=>^  and  ,sb 

siri5"v' ( |  —  cos*.«>=</372.  Thus  ta n 

or  '  ‘V 

From,  the  figure,  for  the  point  A ^x^  (?L^a  sin 

and  :  ;  ■  M  .  .. 

If.  we  pul.A'=a\/3/2jn  the  cqua(iott'|[6),!wc  jet' ■’ ' 1 

;:;;:YYSlYSI^^iSA4J|l 

Thus  the  cojordjna t es  o l\ the  poi n l  74  Ysai iSfyt h c : equal i bn  (lb). 
Heneg.  the  particle,  after  Jeuv-ing^thc  ispheri. Yat.  Q,  describbsa 
pa rubol ic  pa thwhicii-  Tncct  s  ihc  ^sphcrc  Yagnin  at  thc;’ point  of 
.projection  A.\  \  \  ■  .  -  -V  ..  .  -  .:  . 

Ex.  5.  Find  the  velocity  witl^wlddi  f  particle  must  be  project 
ted  along  the;  interior  of  a  smooth  .vertical hoop of -  radius  a  frotnyfic/: 
lowest  point  in  order-  thafifinay  _  / eaye-  the  ;  hoop  at : :  an  -  angular  , 
di stance  q/"3Q°  front  the  . vertical.  Sho i»*  [that  if  wilt  strike  the  lwop  . 
again  at  ancxirenniy  of  the  UortzQntfildioniaicr 


.Sot.  Let  a  particle  ;pf; 
mass  -ft.  .be;,  projected  with 
velocity  w  from  •  .tlic  lowest 
point; yt  of  a  smooth  circular 
hoop  pf. radius  a  along  ;thc 
Tnterlbrof'the  hoop.  Jf.jP-is 
its  position  at  any  time:  /.  ' 
shchYthWt and  arc  v 
AP—s, fiiicii  the-  equations' . 
of  iriotion  along  the  tangent  .  - 
and  horina]  are 


y 

X  "/■ 

Q 

■: 

(X  M 

Su/so* 

\c 

l 

^7jxfcai0 

-  ■  .  i 

-;  Mu Itiplyi  ng  hot h;^ aid.es- 


have 


-Li’—2ag~ 


TagcosBjp*^ 

-;But  at  the  pQi  nt  /f ,  6==0 : A 
;  2a^?iag,cps  0. 

.  -FrQin  (2)  and  (4).:>^  ■ 

Y'Y':  "  7  • 

Y'  /• 

;|F live  piirtie7W.cWcs:thc  cfrculhr'hobp.  at;: tlic  point  C1  -where 

r%f^'  '■"■  .■ : 

:  : O'-**- :  O'* — 2ag+3ag  cog:  150“): 

U  "  \ 

0—  w3—  2ag—^^  ag. 

:;u=* [ i ag  (4 + y 

;VHcncc  the  particle  will. leave  the  circular  hoop  at  an  angular 
v^dista nee  of  30*'  from,  the  ..vertical  ;  if  .  the  initial  velocily  of 
%■  projection: is.  .  li aS  (4+  3\7 3)]1/*.  - 

•  cos  30°«b(v^3/2)  and  QL^OQ  sin  30°-a/2. 

.  If  vrls.  the  velocity  of  the  particle  at.  the  point  Qt  then  v— v, 
\'  hcn  $^  1 50^.  Therefore  from  (4)?  wc  havc 

-7 Vv  =  i  eg  {A  -7 3:v<3)  —.2 ag-b  2ag  cos  1 50^ \agV3 
sotliit  ... ; v,^{4bga/3),fV-;:.;7l.'.-;  .-VY— -■•  -A.. 

T  Thus  ihe  particle  I eav eVl h e'e i rcu! ar  hoop:-  ait  th«:  point  Q 
with  yclociiy  i v.= (j  V^3d^)*/i;a.tVanYaii'g^  4 o  ;  the ;  ihorizonta  1 

nndYsubsequcntJy  iL  describcs.a-parabolic.paili.  ; 

V  .  ::Thc.equ  ation  p  ft  h  cYpa  rabb  I  ic:  tra jec  tory  w :  r .  t :  QX:  and  QY 
rY.as;Xp^ordihate.: axes  is-'-iPy  :}SC-  ;  . .  .::.V  . 


.y .  .  ,  ^  -^.v- ..w  ...  _  -gX*  ’ 


.  --4xi _ j||i.  . 

:y  ; ; ---c5) 

YFbir-thc  point;  D  whfc h  i s :tl l c.exircmi ly io f , the  horizbntul  .dia- 
ineter  Cf>,  wc  liave  ;  :1-Y;-*--7:-:,;Y  >;•■.'  .'V' 

-GlcarlyihccoK>rdinaic5  0fthcpomr;2?-sattsfyThccquacioR 
(5).  >j cnee  i lie  particle  aftcrlcuyin g  the;: circular:  hoop  at  (fcsi ri kes 
the  hoop  again  at  an  c  xi  reVnf tyo  ft  K  el  io  r  i  z  o  nt  a  Id  i  arnc  t  cr . 

Ex.  .6.-  A  particle  is  -projected:  alongith&jniter  side  of  a  smooth 
yCrticaVcJrcie  of  radius  a,  the  vel ociiy  at  the  lowest  point  being  u. 
Show  jhat :  if  lga <ir< 5ogt  the  particle  j iv II  leaye  the  .circle  before 
arrivihg  al  the  highest  point .<  and  Ii7/ A  if escribe  -O  parabola ■:  whose 
lotus  rectum  is  Y.  Y‘-  7-.  '  •  '  -  -  ias-zoos 

2  (rf-ios)* ;; '  -  '“S.  '  .  7  ’  ’ , 

.27 argSJ  -  ■■■-  .' 

Sol.  For  figure. refer  [Ex.  5.  Proceeding  as  .  in  Ex.  3,  the  velo¬ 
city,  r.  and  the  react ion  ^ut,  nny-  time  /  arc  given  by.  , 

■  v-  ==n2 — 2agAr2ag  cos  0/-'  V  •  ;  Y 

and  ^~ir  (Mt-~2og+3ag  cos  tfj. 

Jf  the  particle  leaves  the  circle  al  u  here  21^0^ lien, 
from  (2);  we  have  .  :'  7  .  .  '  -*■ 

(ur -2agf  iagcos  Oi). 


•  d) 
.  -(2) 


ns 
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Constrained  Motion 


(Dynamlcs)/4 


epj 


cos  t/t 


,  .jdgsy 


highest  point*  ■  I particle at. t lie  point  (?. 
then  p— whicH:{?_«^  wc  hayc 

v, * ^ u7 — 2as~f  2ag: cos  pii ???:£-? 


“  (f**r 
itjPBOQ 


2ag 


-jv  ••  ’ 

Ex-  7.  A  heavy  pdrticfefs]di^tu^^i<>\ajixett-pphd  byyaftnc 
rtrlnv  .nr  Tenelii  a-  tlie.Dd rt  icle'is  braiectcd :  V  hbrfzoii/alfv  ■■■  f min-rlic 


string  of  length  ay  thi::  pdrilcle  :H  f  fi 
lowest  point,  with  /.l^/pc* 

j/rirtg.  would  jirst  hecoineisfacj^^hei Puifiltied,  to  theiiipward  vertical 
at  an  angle  of.2Q7j  w/U  become  jigli ta&ifvvrhcn  horizontal:-  ■  :0; 


Sol.  Rbfer  figure  of  feci  5  page  l  66.  Tak r-(hr.,  the 
tension  in  the  string)*  the  cqum  j  odso  f?  m  o  t  i  o  n  oft  he  pa  r  ue  l  c,  a  rc 

■■■  (Fs  :  ■  :  .i  V 

;  jp- -«s  :  •- ,  ;  („ 


und 


«r — •  =*7*— //df-ci»s  0 
a  0 

Also  f  jr  — 

From  (1):  and  (3),  \vc  have  a  ~- y+-+'i'  sin  0. 

ito 


/Fi) 


Multiplying  both,  sides  by  2a ~  aiid  integrating.  \vc;hiivc 
dO  V- 


^  a  J  *=  2«j:  cos  tf -i-  A . 


But  at  ihe  point  Af  0=0  and  1 
ag  (2+3  V:3/2)~=  2 ag+  A 

r*  =  ag  (2  OOS-: 

From  (2) : und  (4),  we  have 


=Vr«S-(2  +  3V3/2)J. 

or  .  A==i\/3og.  . 


•  ....  .  ;  ■  -  ■  1:-^ssT 

7’™  ^  (v*  +  og  cos  f^ag  f  2;cos  d+:5V3)+ag..c6s'.d^[|^';. 

0  -,*•'.■•■  .  L  -  -"■■■■ . 

~tnfO  cos 

If  the  siring  becomes  slack  at  the  point  Q%  where* 0-=tfifi hen. 
at  Q,  7'=0=mjj  (3-  cos  0irr%\£3) .  i.  "  - 

giving  cds;fl,=  —  V’3/2  :  i.e.,  :  ^,*=150^.  ' 


Hence  the  st ringL becomes  slack  w I ic nine! i ncd/> t o  t i  1C  upward 
vertical  at'an  angle  'o.f.i  80/+1 50“  ;.  '. 

lf  vv  is  the . \c I oc i tyqf they  part icic  r,a'tv^(2^%t hen;  r=rty.w:licn:;. 
O—  150.-./  .  Therefore  from  (4  j,v:we,?  h^ 

Hcncc'the  p  a  rt  i  c  j  cl  e  d  ve  stj  1  e  c  ire  U I  a  rYr  path  ,ai.:  tlie  point \Q 
with  velocity  r,  3)^-  ■ii^dn-|ahgl^6f  '30<>  to  the-  hori/.otilal 

and  subsequen tly  it  dese ribcsid  parnboll ic  path  :  /  '  =  ' 

The  equation  oFihe  parabolit  traject ory  : w;r.v.  (7X  und  Q  Y 
as  coordinate  axes  is  . 

r- rT.n3av  j**" 

>  •  -  2»,ra@*.v  v 3  ~ x.T virsivUTf 

x  4.r> 

°r  +3"3'v/3'a:  .  . 


,*(«3 

The  co-ordinates  of  the.  point  O,’ whicli  is  an  extremity  of  the 
horizontal  diameter  CD%  arc  given  by 

■t"  (?/-  -  OU^ia-h  a=t  3a{l  and  r«*  ~LO^~n^/3l2. 

Clearly  the  co-ordinates  of  ihe  point. D  satisfy  ihe  equation 
(61  showing  lhat  the  parabolic  trajectory,  meets  the  circle  again 
at  O.  When  ihe  pnriic!e  is. ni  D .  the;stri»iig  again  becomes  tight 
because  O  l>~o~^  tlie  length  of  ihc'siringJ 

Hence  the.  string  becomes  slack  when  inclined  to  the  upward 
vertical  at  an  angle  of  3t)“  and  .  becomes  tight  :  again  when 
horizontal.  '  " 

8.  A  lu’itvy  parttvle  hanging  vertically  from  a  fixed  point 
ay  a  light  inextensible  cord  of  length  l  is  struck  by  a  horizontal 
blow  which  imparts  it  a  velocity  2\/(gl),  prove  that  the  cord 
becomes  slack  when  the  particle  has  risen:  to.  a  height.  \!  above .  the 
fixed  point,  .  - 


-Also  find  the  licigIit<ir^^'th^fiJgfiesh^pbitt£iyj^.i':ehtYfparabaia. 

•  subsequently  described."  '  *"  ‘  ■ 

.  v.  SoL  Refer  figure,  of  Ex.  4,  the: 

tension  in  thestriiig;.  ;-  -^-rr?  V-  y  ; 

.  Let  a  particle; tied  to  a  co rd  <9/1  of: ^  iength:  f  bc  struck  by  a 
horizontal  blow  whichNmparts-i^  the 

position  of  tlie  particle 1  at  timc^-mcii^ 0, ;  ilicn  .  the 
equat  i^o  n s  o f  mo t io n?a re  "  -  .r  :  ^  "  V  :  Yy'  \ 

t — me  3 ih;0f  1  X r  ‘  " 


and 


.  lliil  at  tlie  xioim  Ay  O— d>'  and;. - .  '■■.v^‘;2y' (xl) 

1  — 2 so  ih :U  vf = 2^/..^  ^ fir  viJ-i-’- 


!  From,  f 2j  art d  (4 ) ,  wc  ha vc; 


•_v  I f  the  cord  becpmc-s  skick  wlicrc  0<=ii/,,  iJien 

from  CS),. we  have  t-.  a 

V-Vi^v.  ;7  +9-//^  (3:cbs  i/l^2j^v;; ;  1  -  . !  .  . 


Now 


’■ofet  Sqs.x^-j/V^riN.i;  :r  ‘ 


Tl.iiis :  i he.  paTric|csJc aves  the. circular  j?a ihvat  the  point’ .Q- at  si- 
1 1  c i g h t  2// 3 ^ ahoy e’vthe' li x e dpo i nt  O  ; w i  1  h  velocity  ri*^y/(2/gi2)  at 
an  a  nglc  a  _lo‘?thc'‘Jibr izon  I  at  and  .  subsequently?  11  describes  ii  para- 
boiicp^Kf^^"  ;;  .:^v  , 

Max/liei^fi t  //  o f  the  piiriicjc  above 

=-S53^—  “TCV'  COi  ^=2?  l  fjT57 


"2^ 


Height  of  the  highest  . point  of  thc  parabolic  path.aboyc 
2 


JI>c.  fixed  poiot  o~oL  rii^  f^v 


£x.,9. '  A  henyy.  pa rt Icie  h ang.iby.ydnl dnextensib! e.  string  of 
length  a  front  a  fixed  point  and  is  xheti  projected  hortzonfall^y'it  ft  a 

velocity.  xf(?gh).  //  —  >■  It  >  dt  prove  that,  they  circular:  motion 

ceases'  when  the  particle  lias,  reached  the,  height (a  +  2hj.  Prove 
also  that  rite  greatest  height  1  ever  ■  readied .by\ tlie  •particle,  above  the 


point 


'?•  -  .  -  .  ■’  (4a  —  h)  (o-l-2hy- 

ml  of  project  1  onjs  — -  ~rj(p  — ■ 


.  .■■:7-Sbl.-.i<Lct?  a-  part  iclcof/ .  - 

■.  in assV;m  bd •, at t a£hc d ;  to  .0  n c : v  '  :  & 

cn d  iof.a  strin g  df  IlcnfeHi'n  ■: 

'v hqsgi.oli licr end- is%vfixe d'r;.a t  -".-.x j-;. 


,  j  part  ic  Ic..  i  sc  proj  cc--  - 

'.  t  c d  r:-  '?  jV6rizontdUy  .  . i- wit li [:%$'  '  :;f 

■velocity.' !• «« y(2gA}+  from  l? 

A.  -  Jf  >  is  the  positibn'i-of 
t  he~  part icle  at  t ijnc  ,t  s.ucii. 
that  -  Z  AOP^O/  and  arc  : 

AP^s,  then  the  equations  . 
of  motion  of  the  particle  arc 
tf*s 

■—mg  S111  (J 


ft Kpc&is 


ami 


dP 

m  —  —  T — mg  cos  U 
a 

st=a0. 

From  (l)and  (3);- we  have/#  —£==.— g -'siip'tf; 

...do 


-(i) 


Also 


<P0 


—12) 

-(3) 


M ultiplying. both  sides. by:2«  — f  and  intcgratiiig,  w'-c- hjivc 
y,=(  "  lit)  *=2tts  Q°Y 0-\-A. 


Hut  a  1  ihc'poihl  /< ,  —  0 .  a n if  u  —  \/(2gh) . 

A=2gh—  2ag. 


>W 


H.O.:  1 05-106,  Top  Floor,  Mukherjee  Tower,  Dr.  Mukherjee  Nagar,  D©lhI-9.  B.O.:  25/8,  Old  Rajendor  Nagar  Market,  Delhi-60  ’ 
Phr.  011-45629987,  09999329111,  09999197625  ||  Email:  Im841ms2010@gmall.com,  www.lms4maths.com 


https :  / /t .  me/upsc_pdf 


https : //upsepdf .  com 


https :  / /t  .me/upsc_pdf 


:TZ 

•1 

\-3 

•$ 


s 

© 

& 

X 

© 

t- 

3 


& 

4* 


I 

i 


S3 


Join  Telegram for  More  Update  s  -  https; / /.t,me/upsc -pdf . 


Constrained  Motion 


(Dynamics}/5 


v3  »  2ag  c  os-  0+ 2,?ft — lag. 
From  (2>  and  (4),  wc  have 


•~(4>: 


thcnfrpm- 


witJi: 

to  the 


=-?  (i-5)=;s  (A -«i). 

Jf  £_l~OQ==i'  then cc=ir— i-#,. 

*  cos  Z^COS  {».-;<?,)=  —COS  e^^!ly-a).  . 

Thus  tlie  part iclc.lcivcs  t hccircul  ar  path  itthc  point  Q 
velocity  »‘j  ”  ah.angie  aj^cor^:  [2  \h-^a$)3a]-  tc 

ho rizo  n  t  al  an d  w i  If  $ ubsequ cn ilydescr  ibc  a  parabolic  path. 

MaximuiK  hcjght  pf  tlTe  particle  aboyc  ihe  point  g 

Greatest  height  cverrea  died  by:  t  hep  art  icl  c  above;.tlve£}f 
point,  of:  projection,^  '•..-v  vV"'  '  . 

...•'.  r-  .  i  •;!«*  .•  •-  -  •'  •'  #W"% 

a  -FT/"  5’  {a4r  1h)-\r (h— <7>  (o- £2/< }(Sa— 2 ft)  •’ 

"  v“ **’■ '  ■ 


*4lii  k+26>Ph’ ’fSh~0) 

I 


.  rVrcfe;^  cr  /■  A  Lr 

Jjxf?  front '}l*s. fowesifppm/f \yfil^^.^^itffJquoito.Uuit<Uie 

Jo  Jailing,  freely  down  the  ilie  sphere . :  Show  that, 

thcpartlcly  wfllleovstlit1  spfer^aiid^j^tdnvnrds-.pnssycri  ica  llyoYer 
ihepoint  of  'projection ijat  a  disiqnce^eqiial  iof^pfjhe  dianieier. 

reaction).  ; V-'?  . 

Here  the  Axlc^ity 

i.r._  the  particle  Is  p r o jccj.cch  f r o m  t h c  l o wc st  p obit  ^  Avi r  hy  c  16  c  it  y 
Me’2V(«rt  i»sidc  a  sntooth  :  sphere  of  rad«us:dr.  Jf  .Pis  the  posir 
tion.cf  the  particle  at  lime  / suchTnat  ZyAOP^ 0;'  then  the  .equa¬ 
tions  of  ni  iriohfarc 
.  d7s. 


m  , 


tin  t) 

a,lcI  ;*'* —  — /* — /n£  cos  ft.  (2) 

Also.  ..  ..  •  s=a0.  ~  .  .-■  *  ; >:•  • ;  - 

From  (!)  and  (3),  wc  have  <i  ~=. — g'-sitvfL,- 

■  dt  -  ■*  -'-  - 

Multiplying  both  sides  by  2<f  .^  and  integrating.  \vc  have  > 
a  if^^2(tg  cas  O+-A: 

Hut  at.  the  lowest  point  A.  0*r '0  and  ya=2v'(<1£)- 


A***Aag  v-  2  ■ 

2t7.tr;  cps6---2tjy. 


.•  J$S$& 


From  (2)  and '  (4).  wc  have  .i 

{fig  COS 

—  —  (3 ag  cos:  &-±-2ag)vy .  ..  . 


...(5) 


sphere  at;  ^  angle  where' ;'•  ■  -  .  y  Zy*  •  .  -.  • 

-  ■  .7  lrvt.  t  K(*.  «nii'rrc''fttithc:-:  DOint  'ft  AyhCfC-  0^ 


r*  .  , 

JJcinicit .! he  p a  1 1  iclc . ! c  siye ST; ilic- s^ertat!  )^P:" p.9 ,Tlt "  Q'  vc 

.city  at  un  to  thC:,hor,z*>ntnl  and 

subsequently  it:  describes  n'parabQljjtTPHl.l*';.  T  -.- 

Eqiaiion  of  l lie  triijcclon’  d^prittd  by^lic  particle  nficr  Icav. 

ine  thc  sj.hsxi.il  Q  w.r.fr<?0nd^^W^din”'«  ***  n 
■  Uy^x  lttn  .  ' 

or  r=^.“T  . 

[v  Cfis'^t  sin  a=V(.l  -co^  *W5/3 

and  fan  x«4 sin.  ?-/ cos  a  —  a/5/2] 


- 

2  ^0*46*  .  .  ;  . 


■-(«) 


ir  the  panicle  passes  vcrticDHy  ovcr  the; point  of  projection  >4 
at:  the  :poini ^A'/.%hcn  thC  A-co-ordinate  of  AS  is.  given  y 
s~QL==a  sin  xg:W^/5/3:  Let  the  r-ccorclinate  of.Af  be  )V 
The  ppfut^  i.r.*  foV5/3.  :r.)  lies  on  the  trajectory  (f»). 

V5  :  27  .  55.. 

"  y  '  3  .  W  I6av  y;  6  :  l6  4R 

^^thc  .coordinate  qt- M :1s  negative,  therefore,,  the  point 
//r%^jow  the  .Y-axis  QX-  .  .  .  - 

required  height.-^ >i A/ =r  AOArOL-r .V,=a<7  t7  cos  -*•:•.>  1 

\£%r  ■;  L2:.  25ti;;  25;  _ 

jy  ..  .  ”  "'h  3-.^ pr- js;. r32-<^- 

Hence  the  required  height  .is  cquiil  to  js  or  the  diameter  of 
-the. spheres 

Ex.  II ,  A  particle  is  projected  from'  fhe:  lowest  point  inside  a 
sinooth  circle  of  radius  n  with  <1 velocity  due .tA  a.  height  h  above  the 
centre.  ‘  Find,  the  point  uiicrc.  / t  jcm’csjhc  ci rclc  and  show  /hot  it 
will  ‘afterwords  pass  rhrOfigh  .  !  ; 

.  -  :  \(d)  the-ce nirc.  if  h  —  i(o\/5)L  ; , 
arid  (b)  the)  lowest. poin  t.  if&fc?? _3«/4>  1 .  " 

:  Soli  /Re fc r  ft g u r c  o r\Ex7; 9.;pn'  - page  17V.  Take  -T==  fl  ( /-<?.. 
.■reactton)if^. ^sv;-.’  ■  sf  V-.:  v  ;■ 

j.  ;  'Hcre^thc:yet6ciiy  o f  proj ccliqn.  itis .. equal  to  tluii  due  to  a 
height  hi  above  1  he  centre  1 .  e d  uetonhc  i  g  ht  (ft  et)  above  the 
lowest  point.  A.  , 

•  -■  •  :  Vi.2g  {h  fo)].  . . .  ;•  --  . 

-Let  .the  particle  be  projected. Ttoni:.lhc  .lowest. -  point /f  with 
velocity  ii. along  the  inside  qf  n  smobth  circlc  oFradius  a.  If  P  is 
its  position  at;  time  /  sucli;  th|it,*^/d/=.ft  and  rare  AP=™s,  then 
the  equations  of  motion  along. the; inngcnt. iihd  normal  lire 


— <■> 


and 


.(2) 

...(3) 


m  -- 'R  —  nrc  cos  fl., 

a 

Also '  S'—<ih, 

.  .  dl0  .  .. 

From  (1)  and  (3).  wc  have  a  -jji=^~g  sin  8. 

Multiplying  both  sides  by  2a(d0}(lt) ^  and.lnicgrntinc. .uc  have 
»~  =  ^  a  ~  J  =*2ag  cos  0+A. 

Bulat- the  point  «  0;  and  ;if  *1?^  2j  (/i:!-  fl):. 

,  A ~ 2g(h + 0)  -  . 

r- =  2ag  cos  0  -- 2gft.  ...("I) 

From  (2),  wc  have 

(»=  —rrg.cos  f») 


i  M -fcr 
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Constrained  Motion 


(Dynamics}/6 


rf.thc  particle.- leave*  tli e. ci rcl c :  atthe  po i n t  Q,  where  .0--9i, 
then  froniC5)ij>vc‘liaye;:  -  V  :vckf;  1 


giving  cos.  .0(==  — . 


,v=c.v  ian  «- --ry---- v..  . 
-  -  .  2i*ia  xpss* -■  .(  •  -  ;  * 


~x  ta  h  /x-.T- 


3.T-' 


•4Mcos:  *  ;  •'■ 


V; v..:«) -• 


fa): 
co-ordinate 


):  The  co-ordinrites  bfihc  cciitrc'O  w.r.t:  Q X  -an d  .  ;(/>/■  :is. 

irtatc  axes. arc.giycnib^ 

x  <=(?/.--- a.sih  xJand  .rM^.Q tf  cos -  ■  ;'V 
If  the  panicle  passes  through' ihcUc'ciit re  ■  O  *\ri-  ..  th.c./.pohil . 
(«  sin  a. .  — n  cos  a),  t  lion  t  he- point  ' O.' will /fie  on  the  .curve  :t6). . 


3«  sin*  *  ■  stn” -'a-., 

,y—  ,  *=. - !;.cos  « 

4//  cos- a  cos  v. 

3a  sin*  st«»4/i.  cos 

3a  ( I  —  cos*  ’x.)--  4  A.  cos  ,y. 


...4/i  cos2  a, 

»-}-co's=- x-i.  - 1 .  ■ 
-:  ;  Cos  r  -  '.  .  co  s  y: 


[>)  The:  co- o rd I  natesof  t hc?J6\vcst  p oi  n  t .  A '■  w.r. t^QX^and} 
:  co-ordinate  a xes  are  g iven- QZSp* a  sin;*,  ... 


h*.=ia*. 

0>) 

QYas 

and  y~—fA^ 

*■»  —(a  co S  K^ay^^aicfyi^^}.  .  ^ 

If  t b e  p ftr t i cl c ;a fie rl ca vi ng! th e •  circle  a (  ^^pas?cs.  through 
the  lowest  point:  A-[a  sin  Vif^/(cos: «§••!)],' ;thc!^^t^^!nt.0IC\vlll' 
lie  on  (<5).  .  |g  •  ,  .‘.V  ‘ 

(cos- «  -4-1  V.  ji' ':• -y . 

~Ah  cos*-  a ”  cos :  •  ''/{>■'!■•  -  :' • . 

sin* ■- «-h'c6s5» .'Hf’CbsV or  -  1  -ncos .. . .  :>V /  . 

-  •  '  ••;  •'  ™;-'' v; •  c.‘  v  cos-;* •'• V 

or  3 a  sin*  a.*^*4h  cos  a^( !  ?j\cos;afji : 

Or  °  3a  (I — cos*  { I ^'CO S  <r.) 

°r  3o  (1  —cos  «) '^|^^^i)«'4/jFcps:«t 

or  3a  ( |  —cos  a)fe^4^cos.a- :  .■ l  +cos  x^O]:  \  ' 

-  “(’-g)^'  ¥■  — if 

or  3a  (3a— 2/0^8/r*  or.9n*— 6a//— g/;*— 0  ' 

or  (3n+2//)  (3a— 4//)— 0.  '  ’  ‘ 

3a— 4 A i^O.  .  {V  ?a+2//v^0) 

or  /;™»3a/4. 

Ex.  12  -  A  particle  fx  projected  along,  the  in  side, of  a  smooth 
vertical  circle  of  radius  a.  front  the  lowest  point .  Show  that  the" 
velocity  of  projection  required  ht  order  thatjpf ter  tearing  the  circle, 
the  particle  may  pass  tliroitgh  the  centred*  y/(\ og).( y^34-T). 

Sot,  Let  the  particle  be  projecicdTrom  the  lowest  point  A 
along  the  inside  of  b  smooth  vertical,  circle  of  radius  with. vclo^ 
city  j/.  \{  p  is  the  position  of  the  particle  at  lime  ir  such  .  that 
JielOP^O  and  arc  AP^-s,  the  equations  of  motion  of  the  particle 
along  the  tangent  nnd  riormal  are  ...  - 

•;  >:■: 


d*s  .. 

/  —  /«*  sin  n . 


■  ***  ■  '  -I  \ '  ’’  ‘‘  *.  4.  :,J  ,'j1.  ■  ■ 

'  '  -,  ’:- 

:  lhit  at  thc  lowest  poinl-^;^^^  4—ir3— 2rt?.' 

' ■■' -v-'er.  fag  COS  tr.yff^gtrCf  -  "  C'4l 

.  y  rroiii-  pland: 

.  .-■  n _ ,lt  /.Jt  '-'  'COS  (7 


fr<l 


;  :  //r— 2ngYi  '  '  •  ■•  •  :  '  ' 

r  ,;  •  »>■.  ■  - 

JS*ihc..vcIwit\^at;.^;\t  hen  putt  nig  r-  r|.  V?“-U  an  d  <>, 

in i.(C2)ii;wi^ha ve  .  ,  -V  -' ' '.  y ’ 

.'  a".CiV  -*>,—  -  osf  cos  Is;  •,  x)r-ojr  cos,  *, 

i^Thus  t lib:!  particle  leaves,  the  circle;.  '  ah.;  Q  >vith:  yielocity 
(ogfpj-Iyyy  angle  z ^co s~.f:  ^ ~  horizontal. 


.K 

....’ ."..-J;:  "I-?*?;  .  ■■ . V,*«=. ag  COS  a] - 

: ihe  coordiinuje^oft (ic^cciit re  ^  (^lind^  Q )'  as  cbor- 


'ly2'-cosrt'  v-  •.COS.*:  ■- :  ' y : L : ;  C OS : > : v- ■  :•  cps ■  ;  '  .-;  - 

on;  i.sin!:*=t2'p(M*  * ,lr .  or^’ ,;.J  ^cosy* ^2;qos’  *.:  or  :3  cosm  ic ■*=  1 : 


Or  :.';co.sJ  x=  l73.  or  cbs  k~*  1/^3 .V  .j  f-.;' 

•..  -  -  .:m-— 2og  -':'  l  ;‘  >v  ’7  ■ :  -.  1  - 

'■  >:  v “3?^y: ^>1; •* ; > : :  vl?' c "r y*?*^  -.. 

or  ."•  y  //2.y-.3bjf=^3//jj>  .  ;.;■  |y-"  .i'l  .  -  -  t  iv  /j  ;..;-  '  ..  ‘  '  ;:  - 

or';  ,v  ;■  < 2 ™  ^  ^ ' ' ' 

Thus,  t  he  ..particle  Avill  paW  th  roo'gh'  t  lie  eeiitre  if 't "lie  -  velocity 
of  projection  at  Hie. lowest  point  is  y  ( Ioy)  (-\/3 4-1 ). 

En.  13  particle  tied  ro  o  st  ring  of  tengiti  a  js  project cdfroni 
j/s-  lowest  point  jsa.T'iO/  after.  Icin' ini'  the  cireitlaffppihefr describe* 
u  free  path  passing  through  fhe/m  icst  pbh -  {/*  fortieth  at  ••;/ lie^. ye  loci t\  * 
of  projection  i.t  ( J  i^.cl  -  ;  :  •  '  ;  "  •  ■  .  . 

-$ol.  Refer  figure  of  Ex:  12r  jvi ^c  J  7S. ; la kc'  /?=-T the 
tension.- in  the  string). :  . 

.  ..  Let;  a  pan icjc  or.njass.oi  be'  a 1 1 ache d  t o  one  -end  .  sV  ;.of.  the 
string  OA  w hose  <Vt .1  ver^.e n d  ;is:.  ’ tVved  ^Eet  j  jhc^'-.paiJi.cie;  .I>e.;: 

projeevcit :  froiii  the :  lowest  pbirii  A  i  1  li .  velocity.1 lit-  I  ft  lie  particle 


ITOgi 
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Constrained  Motion 


(Dynamics)/7 


1  c aves  ihc  c ircular  p  a  t  h  at  Q  >wj Lh  vcloci  l  y an  ,  anjgU:.  a.  to  '  the; 

;horizontel^tJi^.ipfoMyd£aVtn^x.*X£ji.oi^et! lj ,77  •”  7 ;j . ’ ’ 

7  .  a.]£  ^an<ix  *; . . 


-  ; '  '  '  ;  V-  ’  *  -  7  .  :  S. :  ^777 C?S  ^ 

"  T  ’>■«  ■  /4  2  n  «  ih  A  f  t  W  1  A  Ik  r  ^  n  A  »  VI  ’  il  -  IV  w  V  llfii.O  11  rl  .  rl  C 


ihVae^.1  •:.: isirfr  :£- yl? %*. ;  -^*-7  .  '■'■ 

pA .  y  #  V,.',  -•  ■ 


6r 

or 

or 

or 

or 

or 


:.'  ( I  .—  cos?  a)  =  2  COS*  a'!  C  l  rj-cos  i^  ; ! .' A'--'-' 

. (;1  — CO$;a)  (  F.-fr  cos  iij =  C£>i:^c);.  V;  ••"•  : 

'.  I'r-'cos  ^W2--cos*  * ;  '{*.*  Vi,rK5Wv*5^0]X  ' 

2  cos?.;x‘4- cos;a—  i; «=~0  o r'.( 2  cos;  a'7  I!) "fdos  x -4- 1 ) = 0 
2jcos  x—.  i=6  C V-V  .coV  x-f-1  .^.6]  V  y- ; 

..  COS-X—-V  -■■  -r':/--  -  V-  : "t  $;}  l,- 

-  u2—2ag:  ..  ;:F7'7V  '  /r.  ir^'2iojpT^v ' 

tog  “2  7;  ;  V^:COS*“  j 

'.  7  *7 


Ex.  l4:  S/iow  that  !//r ir: r c-.s-r^icr r £■-  -7 /r>i>rr^/i  .  which  a  person 
.  can  oscil ia  le  an :  a  ■  jfirirtjjv;  the.  ropes’  of'whicli  -can  <  support  twice- the 
person'sweighf  arrest  is;\20°  77  y  ... 

']/  the  ropes,  are  si  rong .  enough  und  Heh/can  swing  ;  through  :}  SO" u 
—  and-ifnr^krrspeed  at  any  point  j  prove 'tlidV  the  tension  in  the  rop e.^h 
.  2>mP  •  7'V  -~77'  •  '  :'7‘- ; 

at  that  .point  where  mijthentdssof.the\  'person  and:Mhe%& 

length- of.  the  rope.-..  . 


of  the\  person  and  M67% 

-  '-.  -  ;v 
.  J 


The  n/from .  (2),  we-  ha  vc 

•  . v.-'J.''  "-.f  v.  •  •_ 

(u^2tep&:  COsjj>r  <••  ■■•y.'.:  .. 

..  -•■•■  •  ■•  •  ■  -  -  .- 

or  -^gt^tP—y^y/gr:-  •  or . 

'  No w: Jro m:(  1),  we  have  y  .-  -,-y  _■ 

-  ^:^lS~2Jg-y'2Jg\cos.  'O.^ilg^cos^^lg^f  lg-i.2-  vot'd  — .1  ji*'-’.*  • 

-  if  .v=0;at:fl=^;  then  y  --  0=^(2^:^—!)" 

•  °r  ■  ‘  ■:;T^5x;cfore''^r^5:&: 

i  hbs.  Ihc  person  can  sw ing  throug^an  Vmgic  of  60u  fr6oi  thc  V 
vertical  on  one  side  of  the  lowest  pOiiV#  Jfchcc7hc  personlcnn 
oscillale  through  an  angle  of  ^^^^^j/p0. 

Second  part,  jf  thc  ropc  isstrong  enough  and  ihe  person  can 
swing  thrpugh  an  a nglc  of  1 80°  f.e, ,* i hrough. an :  aogl c  of  90°  on 

one  side,  of  the  lowest  point,;  then-  v=?6,  at  ^=» 90" 

from  (l),\vc  Jiavc  .  -  77  ^"7  . 

04=7-2/g+'2/g'cos  90° 

ThuLjft 


if.thc  person's  velocity  at  tlic  lowest  '  point  is  V{2Jg),i 
fheii  he  can  .s\ying  iJirough.  an  angle  of  180° 

.  Jhc^i  fyom  O).  wc  have  v3—2ig—2/g±2lg  cos  ,8 


; :cpsO^—,  ;;y. y- 
y{-;iy:y:2/g 


at  an  an^uiar 


Therefore  from  (2).  the  tension  in  lhe  ropc 
distance  9  where  the  velocity,  js.vi  isVgiveni  by  ... 

£xJ  15-  [qn'a-.smqo'tlt-ve^ 


^^^^ffitnent}tp;-caryy^it:io^th^Mti}C^if^p^taKip}S^^.-iJiat;jhc-reuC'‘ 
-:i'  '  '-V.t-  nftrtr'-h  LAS-200A 


:is^t lye  ? yp.gis .» f  ibn^t  of  - s 
^e7particle:|aLti 
rfsucii.'.tli'kt.  ^  y7ia>=#dh^--;  ^ 
VarcviJ^^-r,  then- . the. ycgjia-r.*:-- 


lions  of  motion  of  the  pert- 

'iclti  fliiohgytlie '  tarigen t.yand7  ^  ^ 

-  horrrial  are  W  y 


dir 


and 


—  ^R—nigrfps-^p  ■, 

■  a  a-.  .  a7t.  ~  . 


V-U) 


:-(3) 


Also  *  . 

,  From  ( 1 )  and  (3),  \v5yl1avc  /  . 

-  y  Multi  p  1  y ih&^Sth^ides  b^ia-X^^)^d..int<:gratiiig;-  we  have 

7:- 

B.uC^  -Recording  lo  ihe  cjucstion  v'— .0  at  -ihc;.  highest  ..point  /•’. 
"whet<J^^7  -'.  :.  or  A±2ttg.  . 

(fiSy'  ^rorn  f2)  and  (4),  we.hjive 

n  m.'  ...  -  .  in 

“" r  R—  —  cos  B)  =—_  (2ag-{-3ag  cos  0). 


--(4> 


..-(5) 


-  Ff  the  react ion  J?=0  at '.the.  point  Q  where.  d==0lV  then  from 
(5),  we^have}:, 


' :  ■  ■• '  >  0;=.— ; (2agr^3ag cos-Bj 

‘or;.-;  -.  cos;5,r=— 2/3lr;  y' 

From  (4),-'\yc‘have.  /. 


.~(6) 


before 


.  f  *f  \(Pdd\ 

t  =  V  (o/x  )|i  og(scc.  i  {I  -Mun-i  y) 


-(7) 


BS3 

>XO! 


n^R| 


or  / = V(«/^)  log,  (sec  ^j  -f-  ran  i 

From:(6)>  we  have 

.2  cos2  ^0,— l  =  — 2  : 
or  2  cos=  =  I  — 

•or;  cos*  iPi*=.£  ■  or  ..  see*  \0i~- 6; 

see  l0t  —  \/6 

and  .  tan  ]d,  =  VCscc?  !^i7'lWV(6-“.I)=v'5.  , 

Substituting  in  (7),  the  required-:  time  is  given: hy 
■  / = V(afg.)  log  <  76  -i-75).  ' 

'Ex.  16.  A  heavy  bead  - slides  on  a  smooth  circular  wire  of 
rudiits-  a.  .  ft  is  projectedfroni  the.  lowest  pq.uifwirhM  yelqcUy  just 
sufficient  to  carry  it  to  itie/heighestfpoint ,  prqyef  that  the  radius 
through  the  bead  in  t hue  JjmlVtum  through  ah  angler  .. 

2  tan  - 1  lsinh\t^(glaj#;.  7;  ’yV^yy'-’ 

owe/  //i«r  r/ie  hear/  will  take:  aif.  infinite  time  to  .  reach  the  highest 
point.  ■•■O.v.. y -f  y  7/  • 

Sol.  Refer  figure  01  ::txx.  :15‘ pajgeU 82.  4 -.  '7:77-.i7 
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Constrained  Motion 


■  The  equationsofmotibh  orihc  bcad  arc 
</*r. 


and 


-  y*  '  . 


mg^casu. 


■  Also  ••  s=a 


~ -^v?-  r. 


>■  y*<0 


Fronvfe  and  C3)j;wc  ■■  ^  /!:  "-  •;  /  '  ; 

*•■•  .  V*.  7iri'hnvc  '' 


(Dynamlcs)/8 

X" 


:  ;;  ;/  •  ~J[(scos  7 

•-'  .  >/  ■;.  -  =*V\/ fi —si h*  b  -fi sin*# j 0)f 


from 


•  J  <K  ■  -•  .... 

=1  V(tffe)*2  [iog  ttan  :  /  .-■• 

~4/{afg)  tloR  (ti^ii«r*od4'^fes  U  :  -‘iX  •.  -  /  . 

=  V  (afg)  -flog  ;  i  >r  . ,  ’ 

•’"‘S/falffb riinfirV >  ;V,  <  -  '  *': 

■  '  -  pV  sihl^1:  l  ogf  .v-i  tVC  l  ;1  .*■)>] 

/V^te/a>“S*«ih-»  (taiv  £?)  1  •:.. :  ■.=  *  ‘ 

tan  }0— sin h  {/-/(£/?))-  "-V  -  .;  •.. 

0—2  tan-1  [slnh  {(V,(Zla)}V  _  :  -.f  f 

Again  the  li nic  to  reach  t hc  hi ghest-popU  B  wli ilc  .  starim g 

n  A  •  '■  .  '■ 

.  =  IV(«,W.  j”..o  j  •. 

=  iV(ote)-2  [  log  S»-r.sec  }«)  J?  - 

-V(ff/?)-llo8  (van  in>3cc  ^X-Jog%(ta.vO-rScc  O>] 

=V(«fcMl°g  00— 1 'bs  I]= 

Therefore  the  head- takes  an  mftniteftunc  to  reach -the  highest 
point.  •  ■ 

Ex.  17  A  porfic/e  attached  to.  a  fixed  peg  O  by:  o  :-  string# 

length  Ip  is  lifted  up  .  with  the  string  h orizontal  and  th en.  let  gO^ 
that,  when  the  string  makes  an  angle  9  .  with  the  iiorizont^bfiz^horr 

resultant  acceleration  Is  g  -f3  sin}'6). 

*■  ^ 

Sol.  Let  a  particle  of 
mass  wi  be  aitached  to  a 
string  of. length /  whose  other 
end  ishattachcd  to,  it  fixed  peg. 

.  O.  ,.’  J  nitial iy.;itei:  i lie: ; st ri lig ; ;be.: 

•  u  '  ”1T ^  J 


horizonfai  ln  the  pcsilibnT?v4 

such  t bat :. . <?&=  I-  -  The .  par ti die ;  V 
s t art s:  f rorh  A  nnd  ----- — 

;t  circle  whose  cciiire 


slarts  .frorh  yf  nnd  ihbvcs  ii\  '  V/j^ykgci^ 


isO  and  rkdiiis  -;Lct  P  be;: thp  posil  io n  . 
of  the  particic.at- any  time  ;  su cbthnt^^yi OP-==  undv  aii  X R—  s . 
The  fo rccs  act i ng  on. the  purtfcljc^'at'^i?  are::.(i)  its  welgf^///^ acting 
vertically  downwards  and  (ii^tfvc":  tens  ion  Tin  thestring  along  P  O. 

the  equations  ot'mption  oif  the  particle  along  tlic.itangcht 
and  normal  at  7>  arc  'XX 


Also 


d's 

■jp,^/ng  cos  l 


s=W . 


--(0 

-(2) 

-(3) 


;  -  As  ihCfpar tide  reach t he'rc;ii|^kyiV.thc,  «ri  hb.an d  the 
impiilsiycftcrision  in  ihc  strinj?  ■  dcstrovS'Tiie  comDOncn  .of  the 


\  ;  br  ( he.  lignrdwfil^/J.a l. (lie  -pnd ;  of^  l li ^  horizontal 

radius.tJirough  O],  -  .  ":r.  i 1 

' -  -■  iX  Ais  ihe  positib’/l^^  ■],  f  :  siicli  that 


i- 


(i) 


& •;  i--: ' 

-  -  ~.(3) 

.  tf-A  ■ , 

vC'"'ni  (j)  nnd  (3),  we  have  I . — -  -  *•  -  ' 


g  cos  ;/>. 


%^jMuiUpyling  both  sides  by  2r(/r/.t/f//)  aivd  intcgrating*-^ve  havc 

fev--.  " ^ j|  =2/gsiri.^+/4.  -  ^  ■ 

’  7  JjButVut  the  point  j9,.^^=5  and  r^Kcosff.  .  . 


,  d3t) . 


From  (I)  and  (3).  wc  liavc^/  ^~^=jrc<>S'dl 
Multiplying  both  sides  by  2/(r/0/r/i)  and  integrating*  \yc .  have 
*=2fff  siK 

But  initially  at  the  point  A,  <1  =  0,  i‘=0.  /.  ^ 

v*=2/<gsin>:  ’  .-.(4) 

The  resultant  acceleration  of  the.  particle  at  P 

-=v'li^anScnl'a*  ft’cccL)* -i-( Normal.  accel.)2J 

=7[(^).+  (r)T 


its^csrpaini:in'order}l Imr  .Yx 

■  itimhi/ic  nail  without  tlte:sii^ng^^d^n^^<^.  .  :.^.  7.  ^-.  .  :  . ;  . 

.  -  -.'Spii-  Let  a  particle  of-  nvass.  ;//V^  :-, 
hang  from  a  fixed  pomtOby  nveiihs  "  .  ^ 
of  a  si ring  O/l.  of  len gth  a.  ' \  Let  ;  O';  7. 
bc  a  nn.il  in  the  same  horizontal. -line 
with  out  a  distance  OO'^b  (<Za). 

Lef  the  partiefe  be  projected  from  A-  ^ 
with  veiocity  if.-  lt  moves  in-;  :a  circle 
with  centre!  at  O  :*nd  radius  as  a.  If 
Ajs  the  position  of  the  .  particle  til 
any  time  /  such,  that  Z-  AOPpf0:  and  -  -  _  ,  . 

arc  AP-Sp  then  the  equations  of  motion  of  the  particlc  along  the 
tangent  and  normal  arc  .  ’  . 

<Fs 


*JrtfC04ff 


and 


/Jf  =  — mg  sin  Up 

'■  »•*''  .  —i "  - 

«/  —  =  T  —my  cos  0. 
a 

s=a&. 

(P$ 


-.41) 

v-{2) 


From  (I)  and  (3.;;  wc  have  o  — -0«-g  sin  A 
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Constrained  Motion 


(Dynamics)/9 


Wr.: 

v'thcnfrom 


y.im -7  vf- M.  ...  ■•-- 


panicle  circle  starting: 

.  / row  tisfalfliefiigliestipginf; ; Sfjjt.  disCrifs Pjrfiginorjahs:  . 

-  Let  a ->artjc!^;'<if/ma^s^  ;-'7:  '• 


m  slide:  down  -the  outside  '  '  ■-■ 

of  n  smoptli  verticaV  circle'  .;  .  v* 
whose  centre':  is  /  O  and  >  /y 
radius'a^starii.ng  frorarcst  r 
atihe -highest  point  M:  'jrLci? 

T'bc I  hc  .Rpsii  ipiv  -  of  Ji  ho;  -  r  h ; 
jp;a‘  rncle-  aitfany;:  t j  m  c:‘/;vsucK:'  ’ 


ig ii  a  se!;  s » n.^>- 

.'V ~,y*' re'etf :q r / Jhcreasfhg) .-. _ 


and ; 


1,1  -■: :,; 


[Not ctb at  jry c q ua t Lo h^'2^  n  with r.ive..' sign 

because; Jt  i s  iri-t h i rCc ii on  of  ouiwax.dsvdravvn  normals  and : 
;,,£  cos  O  wit h  4- iye.  sigiVbccau se  i t  ;.is  i n’  i h e  direction  of  . 

: : «n>yafa^:<^wni;:jnd^ii)il5^'. >  .7^/ -  -  T  /V-  • 

Also  ’  \  :;s*=a0.f  :  \  :  '  .  .•••(3):; 

From  (;n:a»<l  C?)*  'vc' have  V7  ~^=r:  sin  (?. 

.  at.  ;-  ’  . 

■  i  ■■ '-.  -  .  ■.  .  ..=,  -t 

Multiplying  botlv  sides  by  2rV  and  integrating.  wc  have 

y*'~  (a  *9*  6+ A- 

But  ini tihHy  a t  9= 0:a n d f-.-y.  ==  O/y/. :  -:  A=2a g. 

r?  =  2 «jr—.2ag  co  2  ag( f  —  cps.0) .  .,.(4> 

From  (2)>and  (4)r  wc. have  -."V 

“  £  3  dg;  cos  0  —  2og  J 

(3  cos  0 -^2>.  7 


If  the  particle  leaves  the;  circle  at .{?  where  j£_AOQ*=9x>  then 
K==0 -when  0=dj..  Therefore  Troni  (5);  we: have  .;  . 

n/g  (3  cos  or.:  ;  .cos  tfj  =*i.: . 

Vcrtical  dcpth  of  ihepo.int.(?bcI6w.  A 
=ALr-*0 A^Ol.—  a-^-a  costfi^a— a/3;..: 

Hence  if  a  particle' siidcsJdoiyu  the  put  side.-  of.  a  smooth  vertical 
circle^  srari  ing:  front  rest  vi  rile; highest]  point ,  it  will  leore  the  circle 
after  descending  vertically  ■  a'' distance'  equal*  to  tine  third  of  the 
radius ofUhe  circle.  ... 

tr  y,  is  the  y c  I  oci  t  y  of  the  particle;  at-'t?;,  tJi^^r==.»,i'whc,n.ff==0*. 
from'  (4).-.  we-liaVc 


iycXoc»ty^|=^(|^g')>:^aking^n^a^ 

^hpTO9n^al|irrtc^.flir,ougig\^^\;fi^i^|Ipayingy;^^  the 

?PSj^jcVc|>yill^pye-‘f^  Ftgvill  describe:  a 

pa rabol ie  pa t li.  .  ’-.''.^'1^*1'  -fr-:  \  "■ 

....  t  .--f.  V.  V^'  l-1  . 

-  .A!)«^tr»tjyc;Exjm 


^  ^  uirticlc  slides  down  on  the  outside  of  the  arc  of  n 

:s hi o oYh>>.'ci:t i caf  c i rc  1  c. r* f  r; j di starting  from  rest  at  a  poinr  B 
sucl^i Hhtj’y:'  AO B~ af.  Lct  /J  be  the.  position  of  the  |x»rl tele  :n  any 
here  arc.-47*--.r  atid'.f.  P.OA  '  The;  forces  acting  on  the 


=  ^rp£tiipJc  at  I*  arc  :.  (i^'wcighi//;^  acting  Vert  icaUy.dosvnwurds  and 
,%H)  the  reaot  ion  B  along,  the  outwards' drawn  normal O  A 
^  /f  vbetho  velocity jo'F 'the  panicle- ; at  i’,  the;  equations  of 
•motion:  of.'tHc. particle. along  the  tangent  and  normal  arc 


. 

ni  w^wg  Sin  fl. 


■  -/ ' -^-.'7  -  A  [so:  .  ■•  s=*o8^-^-'.  -■  ‘  7» 

;  :  ’  -:From;  f7l:^and  :7f3):'.vy  .7  : 


...ri) 

-(3) 

..,(3) 


have 


...<4) 


lag  coi '  ayt-;  3  o  <r'cb  s  0) 

—  ,Viy(—3"cosa4;:T^^^  -  -.  ;.  —(5) 

.  At  t he. poi nt  _  w  he rcr t hcparticlc  III cs  off  ;1  be  circle;  we  have 

' .  ;7?=»o/.  '  •  _  ';.5  '• ■  ,.V. 

•  J'y.j.frofn  (5)>'-wc  havevc.// ‘  . 

;  .  O^/ng  {  —  2  cos  a  ^T  cosih)  .  or  cos  0^  5  cos  a. 

.  ]  Kx.Tl.  A  poritcle  yi'f  :prpjcne<l  horiroiUally  .  \\’iih  a  velocity 

■y/(ag/2y  from  the  highest  point  df  ■■  the.  outsiric  of  afxed  sincnth 
sphere  af  radius  a.  Shfp0iia^Jk}eil/:ieqye^  the  sphere  at  the  point 
whose  vertical  distance  belong /lie  poinpof  prpjectlou  is  a,f6. 

S6l;;  Refer  figure  pf  ji  S  o.n  pngc:  I B9: 


t hail^/iop  0 .and  arc^^'^7.i.l»ch -'-:i ^::;c<iuafit>ns- -"pf  motion 
n  lo  rig;  tliet  an  gen  t  a  ad :  n  ornuvFar  c^/  •V;  ■  ;-‘7'  i V 

■w-yvvy-.ih-:';*  ^-ov: 
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(Dynamics)/!  0 


r.'i 


*4 


and  m  ~-=mg  cos  . 

;a '  ...  ‘  .  V  ,v.;v>--;V  ^  :-f- '  • 

Here  v  is  the  velocity  bfth  c/par  t i cl e  n t  P. 
Also 

r .  From 


-■(2) 

-C3) 


PU.SO  .  j«=ratr. ...  .  =.  .»  .  ...•  ...Ul 

V....  "  ;v '  '  1  *'  £  V  - 

Prom 

Multiplying  both  sides in tegrating,  .We!  .have. 

_  /  doy  S,'- •  •  X  •  '  -•  v?- ■*■ " 

»•»—  I  ar~j  1 

n .. .  it,,  j  j  - 


then  putting- J^0v7.anaT.c&=^^ 

Vertical  depth  of  thc  poiht^heipA^'^  ihl^oi^pfojcctioii  A' 
^=A '. 

Ex.‘  22.  A  part  tele  jnb\re& undehigrovi  >  r  -  in_  <7  :fcrti catcin  !e 
sliding  down  the -convex  sidcnfthdfriibotlf'clrciiIbr-nrF'ff  the 
initial  velocity  Is  that  due  to  afciVjo  thes }0rt  ( „g  point  front  .a  "height. 
If  above  the  , centre,  show  diet  it  will  flyoffthe  circle  \yhniufd  height 
$  ft  above  the  centre^.  •  ■  ;  .  - •••;  j  :v  •  ’  ‘ 


Sol  Let- a- particle  starf  !,-' 
from  the.  point  B  of  a.  ~ 
smooth  vertical  circle,  where 
f_AO  B±?v..  The  depth  or 
the  point  /?,  from  the  point 
which  is  at  a  heiglit  li 
above  the  centre  O .  is 
h— a  c Os  a.. 

Therefore  the  'initial  velo¬ 
city  of  the  pnrticle  at  B 
=*tr***f{2g  {h—a  cos  r)\. 


WPS 


mpA4#0 


If  p  is  the  position  of  . the  particle  at  time  /.  such  . that 
s_AOP=0  and  arc AP—s,.  the: equations  of  motion  along  thc% 
tangent  and  normal  arc  . , 


d*s  .  _ 

t  -rffi— mX  5,n  6- 

v* 

i  — —nig  cos  0— 


Al^o 


d*0 


,4y 
..  %> 


fy 


From  (M  and  (3),  we  have -rt  -j-i— ir  sin  17. 

.  ..  •  ^ 

Multiplying  both  sides  by  2a.  (dfffdr)  andJntc’granng,  we; have. 

•  •-2f*  . 

But  initially  at  Br,0=<x  ...and  v=^f\2itfh : —  o  cos  a)}. 

2g  ( h—a  cos  *)—  ~2og. cQS^H^jjjw'or  A  —  2gh. 
v5  =  —  2a g  cos  8+ 2gh.  (4)  , 

From  (2)  and  (4),  w.c  havc1'-'^  'V1 


R  —  —  (ni r  cos  f3e^  cos  0— 2.tf/j). 


The  particle  will  I e liy (?|t he. s p h e r c ,  > v he r c  P= 0  f.c.,  where 
—  cos  0— 2g/i)=*0.  or  cos  fl=2/i/3/7. 

Now  the  height  of  the  point  where  the  particle  flies  olf  the 
circle,  above  the  centre  0*=OZ.=tf  cos  #?=2A|3: 

K\.  23.  A  particle  is  placed  at  the  highest  point  of  a  smooth 
vertical  circle  of  radius  a  and  \s. allowed,  to  slide  down  storting-  with 
a  negligible  velocity .  Prove  that  it  will  leave  the  circle  after 
describing  vertically  a  distance  efUaf  to  one  third  of  the  radius .  Find 
the  position  of  the  directrix  and  the  focus  of  the  parabola  suhsequen-. 
fly  described  and  show  that  its  lotus  rectum  Is  a. 

Sol.  For  the  lirst  part  sec  §  5  on  :  page-UW. 

Fromij  5,  the  particle  leaves  the  sphere  at  the  point  Q 
where  /^AOQ=0X  and  cos  ffj  =  ^..The  velocity  Vi.at  the  point  Q  is 
V(2rf£/3):  its  direction  is  along  the  tangent  To  the  circ’e  at  Q. 
After  leaving  ilic  circle  at  the  point  Q ;  the.  particle  describes  a 
parabolic  path  with  the  velocity  of  projection  v}-=-y/(2ogf3)  making 
an  angle  ^7,  =  cos-,  (2/3)  below  the  horizontal  line  through  Q. 


L atus  rectu  jn .  of  t  he  parabola  s  u  b s equcht  ly  desc^.ibcd 
*  -  _2*y%  cos?  By  — 2 y&f. 

~  S-  -  X  3:;9-27aVv. 

.  • .  ..•  c’-:/..:  ;  ^  ‘V  'V.  - ^  • ' 


/  The  re  fore;!  irAis  the  he  i  gh  fo  fithe-’dlrcrtTjxabo  tfc 

ve  1  o ci t  y  nequi red  m  fal I i ng  a;  d  ista nee  A^hdet^Vavit y=\/ (2gh). 


or:  .A  =  fl/3;i.e.v  t hc  h eight  of  the  d  { oye; wi/3 - 

.•  Hence  the  ^direct  the-h^  through  -jltefughest 

polntbfthc  circle.'.^  >;.•  j 

,  be. the  perpend icu1^Trprn:  0. On  t he"d irectrix. .and  £?/V 

the  tangent  *r  o:-  ■ 

described. 

and. .  • 

This  gives  t  he^posjt-iem  o f  the;  focus  ^  o f  t hc  parfiboln.  . 

Ex.  24.  '  Adh  eavvApdriicIc:;  if,  nJIowedfbsUde  doyenfi  smooth 
'vertical  circle^of^dpis  21  remise stlat  t he fngliest  pohtti  Show' 
that.  bviJeayl^tfii&ireTe:ft"mbvc&frii,o/h'ardbbta-ofifaru$:ie'ciurn  1 6ar 

■ ;  vi.7- ' 

Sol;%. Lep u s  t a kcTJtc  radio s;b f  t he  circle  equal  to  i  .so  that 
proceed  as  :miE^  23.  ' .  We  get. 

rectum^:  ^T27V,>^  1  6,r.  ; 

'Q.  ,'%;Ex:  25v  A  partible  siidcs  down  the  arc  of  .a  -  smooth  ' vertical 
^4circle  of  radius  a.  belng  slightly  displacVd  fronj  rest  at  the:  liighest 
^frPpintr-.  Find  where  ii  wilLfcave  \  the  :  circle  fahd  prove  that  it  will 
>  ;t  strike  d  horizontal  plane  through  .the  iowest  point  of  the  .  circle  at:  . a  • 
distance  Vtyajfoni  jhc  vertical  diameter:,: 

a  .Sol.  Proceedi ng  hs  i a  .  ^  f 

5,:  tKe^ Tparticleyle’aVes^ihe. :  v/ 

’circie:  at'  the.vpoint  -Q  -  :-yt  he  re .  '•  ^  _ .  {h 

[i/pAOQ^e,  a. 

The  veiocity  v,  of'..the  parti-..;  , 

_S  -  -  _  "*  ■  i  ■  A- Z=  -2~  ~ 


;r:Afte rricaying  t he  circl e;at!  t he 
,  point  \/Q'  :thc..  motion  of;  it  he- f 

particle  is  t hat  of .av project ilc  .  _ 

and,  s 6  i t  d cscrib cf  a  jin rabo  1  ic ^-  v 

pat h. >vjt h' i he  ve  1  b ci ty' ■  df. p rjpjccti O.ny,  =%*^"(2 bg(3). male ingiin  angle 

:.y^'cos^V(2^)-.bcloW.!the.-h^rizS|i]^^;lfn‘gjtfirbtigh':.’©;  . 

"'.':No,w  the  e^ationCbf^the.’pat&^i^lij^pat^.df'th^pan-i^'evv'.F^t. 
t he -horizontal  ahd  vertical  .lincsQ^nnd  OYiaf  t he  .  coordinate 
•axes;  fs;-  "  ;’.’•  "••  i-t  ’  .  • 

'  :  Trx^  i'  ■'  • 

r^x  tau  ( ~ - 0j)  —  -  - 1  '  .  /»  v:  [*-r-  for.thc  motion 

^  y: i  2i-i*wsf(  —0t)  .  ,  . 

of  t  he  projectile*-  the  angle  bf  prbjecti6ni==  -  (?i} 


p=—.r  tan  17,  — 


21-,-  cos1  ft i . 


2 .\ag.% 

si  n  £,  -  -  \/(  1  — - 


V5  27  7 

-  - X  _ _ V7 

-2  )6u  ' 


|  V  cos  0\—  §  gives'- 
T-V5/J  and  ,tan  .i?,  — V5/2] 

•  -  0) 
."Let  the  particle  strike  the  horizcntal  pjune  through  the  lowest 
point  B  nt  A'..  If  (x, .■•;»,).  are  the:  coordinates  of  the  point  TV,  them 
:W;Y  and  r,  ^  —  QAf—  —  J-Bii.  ^{LO  \-OJ5y 

---  —(a  cbs;0,'i-«j—  —  (*n-:V7)--.:r-5m/3i.  . 
The  puinl  -V  (.t,  .  i,)  lies  nnThe;lr:iic'ctory  (I).  - 


IMRl 


RO.:  105-106,  Top  Floor,  Mukherjee  Tower,  Dr.  Mukhetjee  Nagar,  Delhl-9.  B.O.:  25/8,  Old  Rajender  Nagar  Market,  DeJW-60.^ 
Ph:.  011-46629987,  09999329111,  09999137625  ||  Email:  lm84lmB2010@gmfln.com,  www.lms4maths.com 


https  ://t.me/upsc_pdf 


https : //upsepdf .  com 


https :  / /t.me/upsc_pdf 


& 

m 

S3 

m 


;/$ 

■I 


o 

o 

•5 

8* 

CC 

3 


w  ■ 


Join  Telegram fer-More  Update-: — ht^st//fc«ie/-wpse^;pdf' 


Constrained  Motion 


(Dynamics)/!  1 


V  V  "J -V-  :K  “'-•■■  ':- 


Sol;.  ,  ■'Let.  '  ^^^  body  vvbe-,  r.:;^  -* A”^rJ  v -.?’  '-v.-;,.y:.  : :  "/!- 

;proj<xtcd ' TiTong; t Uc/  butsiddlof^  ! i i-:;'xZ-,; '  *  *-  -■■ ; 

a  s  moo  lh.7  vertical,  ,  c»rclc>.qf  ; 

.radius  '-.a-,  .ifrom:'  r:.thC' =  higlicst.-. 
point  A  .  vvirh^  vclociiy  ‘Jl&(pg)y-  'L 

•If:-/5  Is  V  ;  I  h  e  . :  p  os  it  i  ph  :,o  i‘;  l  he.. ' 
body.  :»j  ..any  >  t  ime.VfJ  .t  lie n;\:i  Jyi ;  ;:/ 

■  equal io.nsj  bf  inolion  -  “.of  ^jt hc';.;.  '| 

: . .  -j-j  . 

body  arc 

. ,,,  ..  .  ,.r 

’.and-  .  m  >~F?)ngcQii)  ~  /?.-  ;  ..  V: 

"  -v>.-.:.  -  :>  -  •  .  •  2) 

Also;  .  -  .  .  .  .  y 

From: (l),arvci  ^3),;wc  have  ; 

'  ...  7  <I;0  7  :'-  ..•  ‘V 

;.  .  ,  "  .  v  • 

.  Multiplying  both  sides  by. 2 a.{ddfdt)  and  integrating,  we  have 
v*=f'(;_« :“• ■“7'.2qg--,cos.ff.;ff^: 

But  initially  at  /lv  5  — 0  and  v=Va/ (<*£■)■ 

’..  iagy='—  2ag-)r  A-r;oxyA=.\ag+ 2ag=p^ag. 

... 

From(^ 

J? — “-teg'  cos  w*)^ —.V  Ooff:  cos  .  %:£ 

.;  ;  •' ■  ,..(5) 


> 


% 

tv 


t  b  ro  u gh  •  (3  ,*.  un d.  s  ub$e  pa  ra P&Jw '  The 

.cquaiion  of  'thc  paraboric’tt^l^pry  bf  the  body  .  w.r.h  the  hori¬ 
zontal  and.  vertical:  lin^^j^r^id  ^.r  thro.ugh:  £7  as  ihc  coordinate 
axes  is-  ■•;  ■-  •  ■;:  ■  •""  ■•  ■  : ‘  '  ■'  "' 

JH— a-  tan  ( — ,9i) — ~ 
v  J  2v,*.cos'  (— flj) 

or  >•— —  x.  tan  g|— ■_  , 

2vt“cos,lgL 


V7 


gxj  1 


3 


.  I.V  cos  gj  =  J  gives 


V7  32  .  . 


sin  —  —  iV}— a/7/4  and  taji  x/7/3j 


■  (6) 


Let  rhe  particle  strike  the  horizontal  plane  through  the  centre - 
O  at  N.  If  (a*,,  yx )  arc  the  coordinates  of  the  point  JV,  then 
xt  =»  AiM..  and  j»,  =  —  QAf=  .—  ZJO==  —  r/  cos  g,— —  **/. 

The  point  N  (je,»  yx)  lies  on  the  trajectory  (6): 
a/7  33  . 

•  :  — .  ~5~*'~rnrx' 

or  :=3Sji .■>:*• 

4  .  '3  1  27a  '  ... 

or  128l1r-|-36v'7ajrl_81al=0.  ... 


-36\/?<7r~:  a/(36  ;c,36  x:7cr-4-4'x- 128  /  8  lrr) 


•2x  128 


_ “3$  a/7^-k36v/(3:>)« 

”  rs'6~ .  .. 


[neglecting  the  — jvtf  sign 


■  because  jr,  cannot  be  negative) 

.64  . .  -  . 

the  r cqu ired  d [stance^  O N^=OM-± MN~  LQ+M ;V 
sin.  0t.'f..^yV‘  V  V.  :  -  ; 

.  VV,  l? Ta/39^a^7J al  J 

■  “”4-  +  7 r' W%77Tg(3^+^7  j  ■ 


rhyshejiyppinl}.}yUf?:re[oc\tyffi.(0i^  ' 

[circle!  Prove  'tliai  :wffen!  //rr/Ae-: ue;i/  i>Vo>rb^ .//id’  vertical 
component  of  ryic  ncceleration  is'm^  [lie  pressure  on  the  curve 

sis  equal  ioCtivi.ee  the.  ir -c/gA7  ofjhdpuriicle. .  . ,  - 


-7.  -  Sol.’;  Let  .../^  be-;  live;  - 
poshioit  of  thc  purticlc 

.  at  any  .  lime  r  .  such.  that7 
Z_AOP=9 ^  and  arc  AP=S. 

The  forces;  acting  on... 
the  particle  ai  JJ  arc 

.(i).  weight  wig-  aciing^ 
vertically  downwards  and^.^ . 
(ii)  the  reaction  R  aloiig%vl^ 

ro. 

the  .equations 
motion  of  the  partfclc  arc." 

-drP^7 

hr^|~  sin.  t/,, 

"■ 

aPd  .  ~7^r*r ntg  eos  0. 

-  A'fSOWrL  =  . 


>nd  (3 ; . -■wejiav^d; ^f-gsin 'u. 

^-  ^Multiplying  both  sid^s^by^^(t/d^^^nd-i.nte£ratinE,  we  have— 

;.;y -'...--V'..: 

-  *  But^i nTtially  aV  A,  =0  -ami!  y==-\/ (2off)’-  ,-••  -  ; . 

>I.^2r^;2^g='4dg-'  .  -■  '  “  ■  ’  '  '  - : 

‘  •/.  .'7r=^4cg—'2^g.cos^:  ,  :  -..(4) 

'  Froih  (;2)  ;an'd  (4),  Avc;havi;," 


-»(0 

(2) 

..C3j 


.or 


-..(5) 


V;  Rating-. (4 r-r B^OSCfl)/  ..... 

r'-  •  •.  yl  -  ■  4*  t  Tf  •  .  ‘  1  .1“.  •’  *4  > .  .  ‘  . 

^NoWi-^rand.*^  .f:acceicra;tioiis..:at .  ..the  point. P  along 

a  sysy-y  -:  ;  \  "  ■■■'■■■ 

.  ;T  he  tangent  >nd  inward |.-dra:wn\:nor^naLiat:  ^.;  Lct -f  be  the;  vc  rtica  I 
^c6 m  po neVt t  o F zee e  1  c r a l i‘onr  nt.;7*.r:  Xhch;-- 

-  '  •  drs:>\  ■■  j  -'v* :/=■-• ,  '■  *  .'.  •• 

-  :/f=^.s,n  £?-4r^. ; cos. d. -;:■>  •• 

Substiluting  front  (i5':ahd;'(4)f;.  wc.  have  “ 

-  /=g'sin-  cos  Q)  cos  0 

.  .*=g  (sin?  cos  0^-2  cos*  8).  . 

-  ^—g  (2  sin  .<?;<MS7dr^4  sih  * 


;  and 


=  2g  sin  0  (3  cos  0y—.2)_  : 

[6  (coi*;  0^sin5  dj;— 4'cosldj 


...  _  -  =g  [6  (2..COS*  0— ;I  )>^.4;Cds.  0Jy  .  /  •  ■ ; 

For  a  max  imum  or/a  mini  mum;ofi/i;  ;Wc  have  ' 

dfjde==Q  :  t.e’.y';  2^  s)n  0  {3  cos/0 — 2) = 0. 

/.  either  sin  0—0  giying  (?===0  \  - 
-dr  3  cos  0—2—0  giying.cos  0=T- 

Bui  0—0  Corresponds  to  the  initialvposjliqiyy'i; 

-  When  cos  -ffs=  - ' vc* 

L\;.^,is  maximumAvhcnvcofc;fl=~f.  -  v  :'v!7-.‘;.  .  ... 

Putting  cds  0=2/3  iii.<5)  ihcprcssurcon  the  curvc  is  given  by 
\R=~nxg  (4~3:i)«2>J»gr’-=i.  (wciglit.of  the  particle). 


rargi 
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Constrained  Motion 


(Dynamlcs)/12 


Cycloidal  :M;otion 

6.  Cycloid.  .  A  cycloid  i s  a  curve  which  is  traced -.  out  by  a 
pylnt  on  the  circumference  of  aycirctc  '-as:  .  the  circle  rolls  along  a 
[fixed  straight  Uric.  :-  '  -Y ■*"  cvY/ 


;,";x 

p'pf  '  • 

,  ■01 '0a.  Tr.  A  y 

r  .  '  fiaA: 

In  the  adjoining  figure  wc  htavcishown  ‘  an  inverted  cycle 
:  point  O  is  called  t he  v^tcxlo F  tlVcj cycloid.  The.  points  >f  y 


cloid. 

The  point  O  is  called  t he. v^tex! o f  t he.  cycloicl;  The.  ,  points  -A  and 
A’  are  the  cusps  and  •stra»gliTTin>iO'XMS-!  ;thc  axis  of  the  cycloid. 
The  line  AA’  is  callcdthe  ;basc!of:tKe'(^cloid.  -Yr\  : ; 

Let  P  (x,  y) - bc  lh c-coordrh.ates';::.pf ^  po i  nt  :flnt : i t he-  cy c  1  o  i d 
w.r.t.  O  Af  ■  a  n  d  C>  K  -is .  coord l nfafe  .hxciviin'cf  t  h  e  .  a  ftg j  cO'w ii  ic  h  the 
tangent  at  /*  makes' ‘  \viih  Then-  -  remember,  t he  following 

results:  '■  l,  :  ..s\. 

(i)  Parametric  cqiiatibnsiqf  the  eycloid  arc  given  by 

x^afOy  siri;  Oy^y^  d(  l:^cos^), 
where  8  is  the  pa  r  a  m  e  t  era  nd;\vc.  have/?  =2  i/f .  t-.y 

(ii)  '  ■  The'  intrihsic'eqdatioiy^f  :cycioid;  is  / 

s = 4<x  sin  ’>/> ,  where  a  jc  OP=  s.  ■ 

(iii)  Arc  OA=*4a  a  ndt  he'  he ig  I  uof  the  cycloidi^O  A/-1  2u. 

At  the  pomt  O,:^  =  0  und  j=  O  whtlc  at.  the  cusp  A,  *b  =--vn 

and  s=4a,  '  7 ;  -;  y;. 

(vi)  For  the  above  cycloid;  ;thc  rclatioiv  between  .v  and  1  is 

j*— toy.  -•>  - 

7  -  Motion  on  a  cycloid.  A  part  idle- .slides-  down  the  are  of  a 
smooth  cycloid  vhose'axis  ir.  ycriicaTfand  vertex  downwards.  To 
determine  the- motion. 


Let  O  be  the  vertex:  of  a  smooth  cyclo-Id  an d.  O.M  its  axis. 
Suppose  a. particle. of:  mass  m  slides,  down  the  arc  of  th.c  cycloid 
starting  at  rest  from  point .j&  \vhcre-:arc-pjff=^ A.  Let  ,/*  be  the 
position  of  the  particle  at  any  tiinV: /  where  arc  and  ./,  be 

the  angle  which  the-tangent  at  P  to ‘‘the-  cycloid..  makes  with  the 


A 

y 

M-[\. 

.  A 

/Nv^ 

/4(.V 

Ajsgk 

s/\ 

•  .  /  1 

ny+in  ?  r  .  \ 

At  % 


•  •  "  ' 

•  *?  ■  '  ;* 

tangent  at  the  vertex  O.  The  forces  acting  on,?flfe^5jirt ielc.  at  P 

aye  :  (i)  the  weight  mg  acting  vertically  downward?  and  (»i)  live 
normal  reaction  acting  hlohg. the: inwards^drawh"  normal  at  1 \ 
Resolving  these forces  along v’.tlie  tiingci^fe  :md'i‘normal,:tt. P,  the 
rangcntial  and  normal  equations  of  niotipn^pf  V  arc 
tFs 


jr- 


-  mg  sin 


■m  ~L- 
% 


and 


t- 

■  *>**%■'*■■ 


ixcj;p'arliclc.  .af  1*  and. 


..(0 

-.(2) 

is  along  the. 


Here  r  is  the  velocity  y>\ 
tangent  at  /*. 

[Note  tltnt  the  exg^rSsibnjtor  the  tangential  acceleration  is 
it-s-di -  and  it  is  posit  tvc^n^lhC-di  feet  ion'  d'j  increasing.  In  the 
equat  ion  (1)  negative  sig&'htis  been  taken -  because  wg  sin  V»  nets 
in  the  direction  of  s  decreasing.  Again  the  expression  for  normal 
acceleration  is  r/p  and  it  is  positive  jn  the  direction  of  inwards 
draw  n  normal.  In, the  equation  (2). '  lye  : have  taken  U  w  ilh  :  ivc 
sign  because  it  is  in  the  direction  of  inwards  drawn  normal  while 
negative  sign  has  been  lixed  before  mg  cos  because  it  is  in  the 
direction  of  outwards  . drawn  normal]. 

Now  the  intrinsic  equation  oft  lie  cycloid  i> 
s=~4 a  sin 

from  (l)  and  (3),  we  have 

j 

dt 7  4  a  * 

which  is  the  equation  of  a  simple  harmonic  motion 
at  the  points  j-H) />..  at '*1  he  point  O.  Thus  the 
oscillate  in  S.J-I.M.  about  the  centre  O.  The  time  period  ’/'of  this 
S.H.M.  is  given  by 


(3) 


..|4) 
it  tv  centre 
particle  will- 


7's=i 


=  -  VKajgu 


vixi**o 

which  is  independent  Of  the  amplitude  (i  f 


,  the  initial  displace¬ 


ment  H).  Thus,  front  whdtcyer  po'mt'the  particle  may  be  allowed. to 
slid/e  down  the  ore  of  a  smooth  cycloid,  thet  ime  period- -remains,  the 

SttmcA  Such  a  motion  is  called  isdcJirbhoiis:rhoiibAi.\ .  .•  ' 

•  ; Mult iply i ri g  both  s id e s .  of : (4): py  ^TX^sjdT)  and-; t hei vrnf egrat iiig 
w.rit-j  ‘f.V  wc  get  -  •  -  : 

: ■  :J>:  - 

-•  But  iiiitiaily;nt:lhc;p6fnt  ^;  i=pfahd\i>:«0^  . 

Therefore  b  ^tif  lf^r  A  :  •’  of  '  . ^M=. ' 


AVHcrc';;tlic\ 

m'oying  in  firi  c.  ci^ i  rcctrptr.bf^ ^^Tdccie’asi  ng  ?/■  K} '  A\. ' 

' . Sc parating  the; :variables:,  w  .-j  - 

ids' 


ntc  g  rating,  .wq-rhaye^-'. . 

Uut  initially  ait  :  aiitlo 

or-  C=0.:;-'  . 

°r  ~  ;  s—b^Tos${gi4tty 

Avhjclv; gives  a- relation  betvyden^s  undr; 

.  I  f  t~i  be  the '  tim  e  fronl^35ifb  Oy  the  n  r  n  tcgrati  h 
0\  we  have  *  '  .. 


"  •  ‘  -  V-,- ;  ’ 

l^br'Thcrcfore  cos~*  |  ^6-f-  C 


(6)  from  B  to 


i  ._  r  //e\  fit  •  * 

-  Y-  (  J  ■.)  q  fj  \4trj  ...  [Note  that  at  Mt  s=b 

?  ^;>-aitd-.-/5a®.-W.hilc--a-t  Q.  s=*-0.. ’and'  /=»/, J 

'  ■■■ 

0x^0^*' /(*)  ■ 

: 2  v.w 

'  Y  A 

time  /,  is  indcpciidenl  bf  thc  .  init jaf;  displacement  A  pi 
^thc  particle.  Thus  on  a.'smooih-.  cyciblidyt  hc\t  ime,  of.  descent  to  the 
>  »'<r  rtex  is\  l  ndependent  of  ihelnit  ial  displace  iiichi  off  he  .panicle. 

1 F 7*  *4  time,  period- oif  the  '[.particle  fr&zffcT":  Is  '1  li'e::  .time  Tor 

:  rbiie  complete. osciliation^v^^^r^; A 

.  '  r~4  Xtimc  frpm- B . t Cl  Oi==  4/{A4-rrf/.^l fg).  . 

.  Illus  tra  t  ivc!  Ex  a  nip  ic  ji;i  .  *■ 

Kx.  2H.  A  particle  slid f s'. 'downier  snioptWxycloid}  whose  axis  is 
vc*fierfi  land  vert  ex  do  wii  wards  fsiratihg.  fjfofifrcSfiiP ;  ti ic:_c  usp .  Find 
-the '  Velocity  oft/ tc  part / c/eYcr/if/-  //j'<»'  /'dir>er/h//’; tjti-iFtri1  ci rivsnoint  of.  t/ic. 


.  .  TJie-'cqujit j ons^bf  -iiSbnpi^:b’K  t Iit^^jVsi'rticici^rl'ici i-"t tin gc n.t 

..'and. normal  arc-;-  .’  iy :  .. 

:-,v-  ^ - '"Ksini  7  -7  '-  ;  '  .  7.(0 

and  ~  ~  Jl—  tng.cqs  .f^.  :.'  '  "  .'.  Vv  '  ^ 

.  .  Fp r  t he  ey clo i d;  jt=J 4a  'sin- :  ?  .  .  ..(3) 

From:(|).and. (3).  \vc.hiivc.  V L  4'*-‘ 

Q  ___s_  , 

dt-“^  4a  '  Y 

Multi  plying  both. sides  by  n  di  n  tegr  a  t  i  i  i  g,: ' v  eh  a  v  e 

But  initially  at  the  cusp  ;.4,'.vi=4ir  and  r—-0;. 

A . (4er)=  =  4«^; . 

'**■-  '  *“■  —y(t  +  -\a  {4u  s\n  .!,y  ^4ag  . 

—  4ag  (I  —sin*  >p). 

or  :  ),,=4i7g' cos2  *.•(**/ 

F>incrcnir.»t»rig  (3), /i^r/.r///y!»=.4ci  cos  *//": 

Substituting  for>2  and  p  in  (2)i,:w:c:have 

h=m  —  +m.e  cos  «A  -  m.  _j.  ,„g;coa  •}> 

P.  4q:cos;^  .-  .v-  7 

or  R  — 2 /it g  eos  >p.  --.{$) 
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when  it  Iras  fallen  tlifaughhaif.  the  -  dlsfanceimcasuredalong^  the  arc 
to  the  rcrteXi  r  worth irdsofthd  l im e  -offd except  will,  have .elapsed!::/ 


Sol.  Refer  figure  of  5.7  ’o r£.page>2d  lv  .  f  •:?  -  ■ 

T  »•  J a Vr-’ vf r'oirn i'li et;  friMi* 1 ^ ’rii'e'h  jf  .-fil 


-V  "  ...{4) 

or  dsfclt—  —  ’  \f(x[ay.  yS(Y6(/Z:-s*), 

the. —  iyc. sigii  is  takcn  becnusc  thi:  particle; is  moving  in  the 
dfrcctionof  s  decreasing.  .  ;-V 

Separating ‘the  variables,  \vc;hnve  ;;  -■■-  •. 

N'.;/  - ;  •■<*) 

if  r,  is  the  t  i  me  from  thceusp  .s~  4^)  tot  he  vcrl  cxO ' 

(f.c.%  j=0),  then ^integratiiig  X;^V'  .  .. 

Again  if  /2  is  the  time  taken  to  move  from  the  cusp  A  (/.r. 

.*  An)  to  half  the  distance  along  the  arc  to  the  vertex  i .e. „  U>v^ 
s  -2u,  then  integrating  (5) 

h-  -  VWJO  V(16«7T  — .t-)  *  "C&S* 

™2VC«/«).  [«»-££ 

i~cos-'  «/*MW3)=sC2/3)  7tfT 

fjii7 

f'.x.  34.  a  particle  slides  down  the  arc  of  ffi&pwpth  cycloid 
■i/irt.u'  axis  is  vertical  and  vertex  loves.',  starting  pLrest  from  the 
cusp.  Prove  that  the  tune  occupied  in  fallingfdnwn  Ifie  first  half  of 
the  vertical  height  is  equal  to  the  time  of  fall ihgjflo i ert  the  second 
half.  ^  "*  xxs-zoio 

'^-;r 

■■■fr  J \- 

S«»l.  Let  a  particle  Mart  from  'rest  from  the  cusp  A  of  the 
cycloid.  Proceeding  as  in  t hc  ^fp s i^ex rim p I e  [he  velocity  v  of  the 
particle  ill  any  point  P .  at -time  v^given  by 

6n2'—s-) .  .(Refer  equation  (4)  oT  the 

Kat> 

last  example] 
vc  sign  is  taken  because 


- 

% 

*  —  K.e/«>  V(l6a~— s*).  the 


ihc  particle  is  moving  in  the  direction  of  x  decreasing. 

•  ...o) 

The  vertical  height  of  the  cycloid  is  2a.  At  the  point  where  * 
the  particle  has  fallen  down  thff  first  half  of  the  veriicnl  height  of 
the  cvchiid.  we  have.r=in.  Putting  r— a  in  the  equation  sa=8ay, 
v\c  get  or  s—2y/2a. 

integrating  (1)  from  .r— 4n  to  s 2\/2a.  the  time  r,  taken 
in  falling  down  the  first  half  of  the  vertical  height  oT  the  cycloid  »s 
given  by 

[cos-  •" 

-  - 2y/ (a!g)  ^cos-*  ^r<<  ■  cos-1  1  j  —  2\/{pig\  £cos“*  -y^—  cos-1  1 J 
v'Cd/jtr)  []w— 0J«1st' 


y  Aga  in  i n.t  egrat  5  h  g(l)  from  rrt^/t  Takcn 

in-:-  : if: cr  Wf-vir^r. th  ft :  - 


taken-  because .  the  finTtjcl^  rnovih c.'  i ri  t  he  -  d iirect ion 

^ "  • 1  :r:r  c  f;- "; . 7 ■ . . :  -r  ■’  >• ; • .  r* f 


’  7|- .  -; 

vt(4o/^>  sry  * 

^^^.'.Jlntegrnting.  the  time  ft  from  the  cusp  A  to  the.  vertex  0  is 

;v  given  by*  .  -  '  :  „ 

;  »•  :  -j  f  - ' 


2V(«y)‘  •' 

:  We  have  r-4-)t.  ;  V 


.  cos 

.o 

:  -  tan  47 


s=y(i-sin’  fiyttw)  ■ 


.  sin  g  [  2  V( a%)  \t  ^V(4flg);  - 

1a^sre~\  yy  '  ~y 

or  Bh tanr*  t 

.V  from  (4).  the  time  of  rcaching  thc. vertex  is  . 

:^2^/{alg)Aa.r\-x \V\*<*!t)!Vy. 

Ex>  36(a).  I  fa  particleStarisfrom  rcstara  given  point  hfa 
eycloiil  wSfh  iis  axis  vcrrico{  and  yerrex  down>ccrds,  prove  :  thai  it 
falls  } {n  of  the  vertical  distance  to  the  lowest  point  in' f  ime\ 

2^/(a{g).sin~l0lf/jiy* 
where  a  is  thc  radius  of  the  generating  circle. 


IMS” 
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Constrained  Motion 
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1" 

s 
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a 
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i  the  reaction 


■The  equations  (4)  and  (5>givc  the  velocity. and 

at  any  poinj  oiT.tlic- cycloid.  , ''  ■  .».y 

■Ex.  29*....  .pafiicle  oscillates  front  :ctispridf'cuspbf._a  smooth; 
cycloid  whqsC  axii::^  lonyst.S/ioiv  that  the.; 

velocity. vat.  anypothtyP/  is  egucdlothefesoived-parr  of  the  velocity 
V  at.  the  vertex  dlongihe-tgngciit  at  Pi.e^vy^Ycosifr.  \  " 


Sol.  Proceed  a.s:in:Exi  :2y  .  . 


Iroin  rest’  hlftluf> cusp~: 

l?f aye  / hptjhcmagnit  ud^pf/lie.  acceleration \l:is_  'equal,  -  to :g.  at-  e  very  --? 
point  of  the  'jjarhandy -^thel^jrrfssidref^heir-  the  .particle  arrives  at-tliep 
vertex  fs  eaualto  twice  the  '.svbiseht  oft  he  particle..  . 


Soli  \R'clpr-’ft^urc  qf'§  ;ii7-‘;qn''i)hj5C^20ri.^ 

Here  the  particle  star i s  a t  r cs t  f ro m  t he  c usj>  A. 
Tlic;  cquaiionso  i*jfriot  i  o  ij  1  Jf  the;  partidearc. 

■  APS  '  "  '  X  "- .  ••  •' 


-my  s\nfji: 


f'orlhecycJpid, 

M  idtiplyingibprt^idt.s;  by,  2  (ds/o 

:  '  BfSraiS#1 ; 


>"t!) 

-.(3). 


(ds/dt)  and, iiiicgr.il  iiii*,  we  have' 


But  in  i  I ia II y 'ai:i h ecus p-A ,  x ^Au  andr-O. 


A  —  Aug. 


1  ~\fc/ r~ : “  ^.-(4tf.  sin  tf>)~  -T,  4q''—4uy  (I  -  s.'iv*  .fry 

vjr=  4qg.  cpsiy«. 


.  :Diircrc.niiatinS;:(-3) ..  .v:.-  . 

-  /  ‘  ~  p=ds[d’fr—4(t  cos  *fr\  . 

V.^^P'Wat^ic  :  pbi  n ti/>T;.t angc nl ia 1  in epe  ]  cral  i  on: 

V •••  ?trrom;tl)V:v  : 

dh<j  "normal  .  acceleration ~  =e?cbs  d>. 


*as3&'' 


v:v4<7.;.c  p.}>: . '  ;>>  •  ■  -%f  i  J  •  ■ 

I >  f.  ‘  A  ‘  1  -  :T  /  L  V*  A 


awr/ 


Starting  frony  ilie  cusp  pf^a  .shiootfi^^^oi tl  u  hose  yiertex  is  '  lowest i 
.  the ,  veriical  yc  f deity  i  f  n  taxhnu0^\} 


yertictil  heigh  t. 


:jn{lieh.  {it-. /rn.v,‘  described  half,  the 


7T(gC0-dp' 


•Sol.  :Let  aparticlc  of:  :m:iss;.,»i  slide  down  the  arc  of  .. a 
cycloid  s  tarring  at  res  t  fro  in !  the  cusj>  ^>f.  If  P.  lia  -.  the  p osi l  ion  o  f 
the  particle  af; any.  t i me  7 tlicn  t hc!--;e'cjuat io ns  of  motion  of  the 
particle  nionig  the;. fttngcht  pnd.  normal  arc. 


and 


'  .■  ■  .  .  -  ■ '  .  -  ‘  ,:■ 

~  =  COS.  0.V-'- 

•  p.  -y  -  •••  ■  •  ••■■ 

For  the  cycloid ,yr=4<i 'sih'V'' 

Fr orn  (  1;)  a  nd(3)  ,;  \yc ,  h  avc  ^  -v  • 


-•(!) 

...(2) 


Multipl  ing  both  sides  by  2-(f/.v/r//)  :uid  integrating,,  wc  have 

But;  initially  at  the  cusp,  and  v=0.  J=-4ftg. 

/.  vi^4ag~~  sz=~4trf—^  (4<i  sin  ^>*=4^  (1—  sin* 

*  '  •:  —4ay  cos*  «A  '  ■  ;•  • 

.or  ,  .  cos  i/.,  g iv ing  thc  vclpcity •of  thc  particle  at 

the  point  P  its  direct  ionbe  ing/alongthc  tan  gent  at;  P.  Let  V  be 

•  I  •  r'  aT.  1 a%rV»l  ik-  n  Y  fhr  nnmt'  P- 


rj4. 


'  .’Puitihg  s=f2\/2ti  i.iV ^t h‘c;-rpliili6n;; >r have 
{ly/  2n)~  ~%ay;  .or-  y=8a“/S!n^=rjr. 

Tlius  at  tlic  point  where  the  :vc pi cal.'i velocity  .M  maximum. 
wc.lins*c_v~r/.  The  vcrlieal  dcp'ih  fallen  this  point 

=f  (l  he  r-coo rd  i na'.c  of  A)  -  a~  2a—ay=  a=^^f2a)_ 

^slialf  ihc  vertical  height  of  the  cycloi/K. 

t^x.  32.  A. panicle  osci If  at  es  •cihi'd  under  gravity,  the 

amplitude  of  the  motion  being  f^tfu^Pperiod-  bi’iitg  f.  Shoic  that 
its  velocity  tit  any  time  t  meaXufedffKni) >  a  position  ••/..  rest  lx 
’  2 nh  .  (2*t\  . 

r  SIM  (t)' 

Sol.  Refer  5  7  o^Rag02'O().-. 

The  equations  oHmoi ^bn  of  the  phrticle  are 

.  .  •  :  •  • 

■d .v^ 

and  ■ 


.-(O 


-,/F.v  • 
■'4//-'" 


.v 

-In' 


-.(3) 

...(3) 

...(4) 


w.,  4f.. 

F b  r^lte^'-dVo id ,  s- *-■  4«  si n;  i//. 

F^TpnfcfJ )  and  .(2):"wc  hn\ 

^^cjr’r^prescixtS  a  S.  Tr.  Nf,-. 

e  .ii me  pe r  >>■» d .  7'  of  the..phn  icte  -i^  given  by  7*  -  2n'yt/ (yAtt) 

T==4it.  yAWgpys  -y  .  -•  —  (5)  . 

^tuys-v- '■: 

:^vU  Miiltiplying  both  sides  bT  p4)^by'2^--and.  integrating,  wc  have 

■'  rtf.-Hiff'  tin  nrlnri  lie/,'  'Co  thr:'  a  rftinl' d  IS  t  a  flCC 


■-(7) 


’ ■  (:—  iv e; sign  i slake n  because  tIVeparticle-'is  moving  ih  the  direction 
Ofvrydecrcasing).; 
a  of: 


:dx. 


\i  nteg  rating,'  t  **=2  iY  lf  ^{hy.fr:  K:r. 

B uf  'r==6>\yhc n  s^b.2:j,r[-0-^i}... .  :  .  ■ 

^or  :  ' 

Substituting  this^alueTpFsrm. (7)7  >vc/h^v_c- , 

'^hb3  . 

or  v f.e/rt); VCyf^l |- 

Fronv(5).  Yist/a ■ .... ;  :■  ;.7f  \  :  - 

."  the'vcrociiy  'oFilie  paftjcic^ ; at- anytime  r\ measured  from 
the-posilion  of  rest  is  civeiKby.. 

■  b  An  %  -  iffAnY  (ixit  :\ : 

*'"‘2  :  t 

Fx.  33.  A  parti cle  starts  from  resl  at  the1;: cusp  of  a  smooth 
*  Cycloid  whose.. axis  is  vertica  l-  end;  ,  yerte.x. .  downwards^  'Prove  that' 
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Constrained  Motion 


(Dynamics)/!  5 


:So|.  Lei |a  particle  start  fromrcsl  al  a  given  ppint/J  ofa. 
^cJoid  with  iis  axis  v c rlic a l  and  vertex  dowmvk ids.  Ilet/i  bethc 
Ycrticalheiglit  of  t  he  point  Babove  thcivertcxrQ. 

■  if  arc:  <P.2?h=  si,  then  from; j*?=8rrjvwc  have  s^^Zab. 

•  If  />  is.  the  position  of  the  particle-" at  timeC/  such  that;,  the  ., 
tangent  at  >;  is.  inclined  ;  at .  an  angle. £t°-  t he:\ hori zo nt al  a rida re 
0/»=x.  then!  the.  cquatio.ns  of-inotion:aloTig:th<;  ‘tangent  and  nor-!”. 
mal.a.t  .7*  are  ,  1  .' .V  \\i- V  ;  r-=  ‘.--if:"- ■-  ‘ 

-vH:: •- v .-  v 


have;, 


Multi plyi n s'b o t li  sidcs  by-  2  (dsfdt) :  a  n  d;  j  n  tc  g  rat » n  g ,  we 

Bueat. the  point;  .'..and  :  :  i-=0. 

”  o— or.vl^f-,,’. 

’  •••  ; 
or  r 

(nCgativc  sigiV  )s  tnkcii-  sjncc:ihe;pp;r|icle  jsmoving  m;t  he,/ direc¬ 
tion-  oirjdeercasirig)  V  :  .  •'  • 

or  : ■> 

in tcgratii>g,': \vc;-;havc r  '  - 

(a!xyci>s-fXs/sty-b  A . 

.  Bui  at.. the  point- ’and  ";./ ==(). 

/.  .  p=2‘Vrfd/i)  COST1  1  or  :;yf  =  0.:  :,  .  LV  .  cos"*  1  =».0J 

t^2Via/g) co&-l(sJsjy 


S/  -";  Iv^oJ; 

f=> 2^/{a(g )  cos~ 1  VO'/*)-  ...(5) 

LcuC.bc  the  point  uiavcrtical  depth  /t/st  below  the  point  2?; 
Then  the  height  of  C  above  :a«OA/«/r--  (A/>i)*=  A  (I  _  lAjj.  Thus 
for  thb  point  C,;>ve  have  ' 

v  V*.  j 


or  %  ds/<f r=  -  W&!aY <{&$<?- *f)  . 

^ _ ive  sign  is  taken  because  the  particle  is  movmg.in  the  direction 

of  i  decreasing) 

or  (,T^  tefgi  v<  le^^y 9 . 

Integrating,  T—IV^JS)  cos-*.  (^a)^7  ^  ’ 

But-  atthccusp  A ,  T=Q.s^4d.  ;  >*£' :.  -B=0.: 


But-  at  the  cusp  . 

. ,  r^2V  f ff/jr)  coir1- (jr/4tf)  , 
;  c  6s~l  (  j/4<ojr=»4  7{\/  (gfa)  .  . 


V--U) 


. si.ici.-: ?1  •  -•  ......  . .  . . 4l- 

fr-  ... ^x*  36(b).-  Ap  article  'slldesdown,  the  arc  of  a  smooiffcycloi  d 
fil i>Jzpse  axis  is  vert  ica  I  niitl  vprf/»v  ’7/«,.<» r#  .  _ 


;  ThuS  if  a  particlc  sta rts  at  rest-  frora  tlic  cusp  the  equation 

(1)  givesthc'arcurai  distance  (/.e.,  distance  mcasured  along  the  -A 
arc)  of  :the  particle  from  the  vcrtcx  O.  at  any;,  time  T  measured 
from  thevinstaht  the  paxticic  starrs  from  the  cusp  A. 

X^et  tlic  two  particlcs  mcct  aftcr  time  fL  measured  from,  the 
instant  the  first  particle  w asi.dr opped i;;  Sincc  thc  twd.  particj.cs  arc 

_  ■'  1  .*  -  •*  J:'"j  t--»-  1  ~  *  W*'  «-A/>Afirl  T*iirMrlr 

dropped  al 
will  be 

time  rt  measured  from,  the  ins l a nt  jt^jaTTs^from  t he  cusp  >t  and  sp 
that  of  the  sccond  particic  at  timd^^i^casurcd  ifrom  the.  ins¬ 
tant- it  ^wtsTrom'-thc-cusp/^j^Tii^^frd.m-O);  we  have 

j1—4ti,  cos|l/v  V  (g/a))<^fe^4a  cos  [i  0i — O  VC^/V)]. 

But  Ji  =  bci n g  t h(^cbndi_i ion  for  the  two  particles,  to  meet. 

4a  cos  [t/i.^p/«J=4a:  coslT(/1— /)y  (y/«)l 
or  cos.,il/>V.(5/o>]^=:c&  fi  (:/i— tyh/XgfaYl 
,or  J. (/i- 0 V(y/a) iV(Ar/^) :  iv  cus  .(>-a)«Cos  *] 

or  or  2w-v/(fl/^)+  lf- 

E'xv  starls  frohi  rest  at  any  poiut  l*  in  the  arc 

of  a  snioothvyci&h  s== Aa.  sin  ff  whose  axis  is  vertical  and  vertex  A 
dowiiwa rdi'^groyc  thcl  the  \  l ime  of  descent  to  i lie  vertex  is  tt^/{als). 

■  $jf^.:tlfhtifihe  particle  i/s.  projected  from  P  downwards  along 
tSie  cuo  eArhh  velocity  equal  to  that  with-  whick.it  reaches  A  when 
sia^iin&ffom  rest  at  P,  it  wilfnow. reach  A  in  half  the  time  taken  m 
^flte^preccdiiig  case. 

^  Sol.  A  parLicle  starts 
^tOiu- rest  at  any  po j  nt  P  '\\) 

1  lie  a  re  o  f  a  s  mooth  cycloid 
whose  vertex,  is  A.  Let 
:irc  AP  —  b. 

Let  Q  be  the  position 
|  of -the  particle  at  any  time 
/where  ore  AQ^s  and  let 
</•  be  the  angle  which  the;tangcni  at  Q  to  the  cycloid  malccs  with 
The  tangent  at-thc  vert  ex... >1;  The.  tangential  equation  of  motion 
of  the  particle  at  Q  is. 

• .  d  -s : . 

"'  _,"s  s,n  *■  ...{!) 
But  for  the  cycloid,. j=.4<2  sinT/'.. 

\j.\-  lhc,.equaU‘oa(l)T  becomes  ■  o 

Multiplying  both  sidtsjbyi:2-(ds/dt)  and:  integrating  w.rU.  */*, 

->v;c-havc  ;  -  -  _.  . 


Solr;  the.  .figure^  of^'^oni-'pa'gc.  261*. 

-  > Suppose -a;  part  i c  1  c  s  taris  aL  ^tf  s I  f r o m  ^;t  hic^usp.  A.  At  any 


f'is®  tbe. equal  ion  of  niotioa  6f;thc  particle aloiig  thc-  tanheni^ 
■js  gh^n  by  .  ■  .  ;.  ^ 

d-s  '  '  .  '•/- 

:  -.  :z  >  • 
Forthc.cyeloid,  .  jc=4usin  ^.>;’  * 

.  -■■  •-  == 

; ;  dT*  f 

M tilt iplyi n g- both  sidcsby2  (//s/</T)  and  i ntegroting,  we  have 

is  v 

.  _The  p|r.liclc  i s  d ropped  from  thc  cus p.  Thcrefo re  v ^ 0  when 


But -initially  at  the  point  P,.  we  have  s*-b  and >«^0. 


-  b2~i~  A  -  or 


--(2) 


-.(3) 


Taking  square  root  of  (3^,.  we  get 
ds}tli=*  —  i^/  ig(a)^/  (b^T—sz)t 

where  the —ive.  sign  has  been  taken  because  the -particle  is 
moving  in  the  direction  of. v  decreasing. 

Let  /j  be  the  time  taken  by  the  purticlc  to, reach  the  vertex  A 
where  j-^0.  Then,  integrating  (4)  from  /*  loVf^  wc.  have 

J'1  ,*= - 

-.V  .  t,^  2^/(a/i')  [cos-  y  tn.  2y( j  | co i“ *: U ^cos-* ’  II 

"2\/(er/x)  [i^—0] “"A/Ciu/g),  which  proves  thc  first: result.  . 
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hamlcsl/IS 


If  is  the  velocity  with  which  the  particle  reaches  the  vertex 
A,  then  at  A,  vs=vx  jtnd  $=*0.  So  froni  (3),  we  have  _ 

(4.-0.,  V|->. 

i  Second  case.  Now  suppose  the  particle  starts  from/'  with 
velocity  vi  where  r***(g/4a)  6a.  Then  applying  the  initial  condi¬ 
tion  s—b  and  v=svx  in  (2),  wc  have 

v^-{b)  *+'• 

or  (fc)  *’=&)  *x  -|b)  Hb 4’- 

For  this  new*  value  of  A,  (2)  becomes 


L  „  _  WigffOV  (2  hl-  i5) 


^-2vW:,T 


ds 


V(^-V)V  -t5) 

Let  /,  be  the  time  taken  by  the  particle  to  reach  the  vertex  A 
in  rhis  case.  Then  integrating  (5)  from  /  to  A .  we  have 

«2V(«/JT)  Icos-'  0-cos-1  (i/y2)3=2:/(n/g)  L4"~;M 
— 2V(°/Vr3-i*r,=i-J=,A/(a/^>— which  proves  the  second  result. 

§  3.  Morion  on  the  outside  of  a  sfciOoth  cycloid  with  its  axis 
vertical  and  vertex  upwards.  A  particle  Is  placed  r ere  close,  to  the 
vertex  of  a  smooth  cycloid  whose  axis  is  vertical  and.  vertex  upwards 
and  (X  allowed* to  run  down  the  curve,  to  discuss  the  motion. 


PS? 


A ' 


Af 


A  *4 


Let  a  particle  of  mass  m,  starting  from  rest  at  O .  slide  down 
the  arc  of  a  smooth  cycloid  whose  axis  Ot\f  is  vertical  and  vertex‘?« 
O  is  upwards.  Let  P  be  the  positwn-oMItc-partTde  ut  time  t  sucfi%£ 
that  arc  OP^s  and  tire  tangent  at  P  to  the  cycloid  makes  an  angle  ' 
f  with  (he  tangent  at  rhe  vertex  O.  The  forces  acting  pr?^?ttie^ 
particle  at  P  arc  :  (/)  weight  n\g  acting  vertically  downdards '%tmf 
(ii)  the  reaction  R  acting  ulong  the  outwards  drawn  normaj£%S> 

.\  The  equations  of  motion  along  the  tangent  and  normal  arc 


M  fji  sin  / 


tn  — =*mg  cos  dt~ 
P 


F  '  T?v 


-.-(I) 


A. Iso  for  the  cycloid,  r*= 


*4t r  sin 


j£%f 


...(2) 

...(3) 


From  (I)  one!  (3),  we  have 

‘  dl  &*%.  F 

Multiplying  both  sides  by  2( dsffr^yivd  integrating,  we  have 


_4L  , 

4  a  ' 


A^O. 


'+Ai 

Jgtr 

Initially  at  O,  s—  0  iind^rSjt)^ 

’■’“fs  sin*  *• 

From  (2)  and  (4),  wcvhavc 
R~tng  cos  </■ —  /,M 

p  ■ 

m.4ag  sin-  if> 

4a  cos  f> 


™nrg  cos  <f>- 


tne  , 

"coT*  (cosW'-sin*  <£). 


...15) 


The  equation  (4;  gives  (he* velocity  of  the  panicle  at  any  posi¬ 
tion  and  the  equation  (5;  gives  the  reaction  of  the  cycloid  on  the 
particle  at  any  position.  The  pressure  of  the  particle  on  the  curve 
is  equal  and  opposite  to  the  reaction  of  the  curve  on  the  particle. 

When  the  particle  leaves  the  cycloid,  we  have  7?  =  0 


ft  ig 

« ,7  0  <COS’  *)“«> 


-I 


COS  tft 

i.c.,  sin5  /<»cos’  Ji  i.e.,  tan*  $  = 

*-e.,  tan  <£— 1  i.c.,  ,/,r ~45'. 

/  fence  the  part  tele  will  leave  the  curve  when  it  is  moving 
direction  making  an  angle  45w  downwards  with  the  horizontal. 


"  *  lUustratlve  KxaTnpleH 

■  '  Ex.  59.  ifa  pariLciesldrfsfrom .  rhevertex  yof  a  cycloid  whose 
axis fs vertical  ahd<  r velocUyl  iai  any 
point  varies  ■■as. the  distan 'ce  oi  t h a  i  'point  front  \  rite:  vertex:  measured 
aiongthe'arc.  ..‘.'.-FV. 

5>ol  P rocecd  ns  ihlf&F  Frbm" tlfe  c quat  io  i\  (4)v  Vthc  veld 


.arc;.^;^  j  /£.i- 

. ;  Ex.'  J 0-;  •  cycioidij^.p iacetiwt fit  i ts  axis) ‘ivirril crif  and-,  vertex 

iipwardsfttnd  ■ajtcavyparticlct^  ciispytpfhe  con - 

ctfrestdct  dir  the :  curve  wlth'^Velocii  v? 2bf/i  V?  prove  that..-  ih  c  Inins 


ts  iff  the: genera  ting 


1 V: 

.  > 

*J7 

Soli  Let  a  particle  of  . i>t?v. project cd :  av itfii- .velocity 

. r/mii  riwn^\r,nn^yt^Vi\ciive  side ;ftf  the:  evcioid.  If  1* 


yf(2glty  from/ the :cnsp'>-/  u^tlt^cohcttvc  side  of  the  cycloid.  If  P 
is  thc  posit ioh;of  thc>parfijc|c%ftcr;any  tirnc  /  such  that  arc  OP—s, 
the  eqiiiitioiis  of  mbjiol^Um^ the  tangent  and,,  normal  are 

and  . m  (Ajp}%zmJlAnng  cos  ^  —(2) 

■  LN.oVc  t i he  curve.'  acts:  along  the 
i nw ar ds  d ra wtv^n 3 rfnlt.Vand ^_tl \e :  lap gc nt i ill  componcm  ofm^  acts  in 
l]\c.dircCtf^^*^^^icreiisingO?;.  -  '  '  ■ 

3  For  thcjCyolojd .  .  s— 4a  sin;<^ 

•^ytjiflf‘ipiyihg  both  sides;  by:2.(dsfdi)  and  then  integrating,  we 
ir==^  {dsfdty:^(gftti)  :F"'  a. 


Feity  .vy^(^A)Xi'hcYfnCd;^featf'anifd^ 

.  :/Sufcscquifct*^^  ;  .  :  F;  '  ' 

/  ^  The  I ct ua > rCctaiTvib rtKd^pahiS^Ii o  p&t h  jdeBCriSba d; af te r.^ 

*-  C2/e>(sbuaVc.drVhe;hcrizonteSi  vcloc»tyot.(2V- 


§*£?  run  down  the  curve.,  Prove f  hatAt' will: fe^e  flte/currc  when  It.  has 


^  fi&K  the-centrc  of  /lie  jiase;  o  being  she  radius'  of. 
^j^eeaitn^ circle,  •  v  -F  '■  ;='F';  r  -  '  1  .  ■- 


mm 
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■  Sol.  -Let  ap  art  i  cl  co  fmass  in ,  sta  rt  i  nglYo  mrcst  at  O,  slide 
-down  the  -arc  o f  ii m do t  hey  c  I  q  id  whos  caxiS  O Ml. i s  vertical  and 
vertex. O  is: upw  ards:  Let/*  be  t i  1  c  p osi lion  .  oflh  c  pa r t i cle  at  any 
time  /suchthal  arc:0  7’™  j.  -vir  ih'c  :angcni  at  P  makes -an  angle A 
with  the :  horizontal^  thcnllhccguations  of  motion  of -the  particle ' 
alo ng  the .  tangent  and  "nor nial  at  P. arc;  :  -  .■  - 


vy.'\ 

- . =  i..:- 

V:/ 

>;.V 

:V' 

h 

1'  .  ■  s';" •— v 

vf;-;-: 

•'  -  ig  .cos ;  »/*'r7  : : 

Alio  rpr  iliejcycioid  ,:.;Y:",j.==''4a  siiV-0X  /  -  ■  .  --(3) 

From  (l)  arid  (3),  Avc 

Multi  dying  b.o*. h'  sides  by^2" (rfr/r//).:  a ndi n t c g rat > ng,  we  have 
'  I niiiaUy!;at  =»' Hv  - a nd.:  ;Lr=^0;‘  .....  :-V- 

-  - — ^  (4i7  :'sj 4f/>r-s i -  - 


•  Fro ih(2).apd (4  Jj .:;wc;  Kaye:. .-4  b / ^  '  :y  ';  j..  ;  ' 

■  ■  ;  mi*  !-.••*,  ■:  ,V  \  •c$egtSiiifc4i 

-  .  :  1  ■■  .''/»'«=="</, sj 4  a  cos- #)> 

■1C  the p  :rt idle  leaves. the. cycloid  at  the  point  Q.  then  at-  (7, 
Froin  /?,===  Q.  jwe  havc: 

i  Vcos^'A-iihV^j^O 
:  cos  \J>  ..  ‘  . 

or  -  rsia"  0=co.s!?  y« .  or  tai 

or!.  :.  -.  laiiV'—  1 '  .!or  .  -$.—'4 5'. .  "  . 


I# hcrpan|C:lciileav e s  the  cycloj dat'l he  pbi nt:  Q.iwhch  it  'hius  ^fallen? 
thtough  h aU'  thc”ve r t ica I  hei  ght  of  ihc  cyclpid.  ;  ■  ; ’ 


^^•Cs:V^{i^’]L^^^!rcjpituniv6n.i[li(^pj^raJ^^a^^fe€qiien'fly';\'described':'.js! 


y~x  tan 


W  (-'—45") ?  INole  -.h*.  here 
^  ;t  h  c  angl  e-6f  project  ion  -  for.  the  mol  ion 
V  of  the  projectile  js  —  45°} 

■  xxs  ...  ■'■  -■  ...  •  . 


r.-;  *  .■;.  i  -  ■  ■  *■■■.■■"■ 

■,v* 

v  .■  *  .7  ...(f) 

-  Suppose;  aft .e  r  I  caving  ’  the  cycloid  at  Q  t  lie  particle  strikes , the 
base  o f  [ he  cyc loid  at  t  he.  ppini  TV.  Let  (.x,,  ^iyibe  the  coordinates 
.  of  T  with  reject  to  and  av.the  coordfriate  axes.  Then  ' 

'  .  :  .V| ?fNY-  nnd :  - Qbf\=~a. : 

But  ihc  ppinl  T  (j:,,  -— «)  lies  on  the  curve  fS). 

‘  '  I';'-.:’:.  '  ■  2a  ' - 

;  or  ^.^*-2^—  2d=^0.  r;  ’  'v  \  ^  . 

■  ^  _  —  2r7r!r  Vf4^,—4  ;  l  .  f— 

>•  ".  — ~  •  . 

1  ^ScK^ccliMj;  the  — -ivc  sigii  because  Xi  cannot  be  ncjnlivc,  .VC 

^;vUa«.  ,v7-> •  -tt-f-av^! ■'  •  r 


The  parametric  equations  of  the  cycloid  w.r.t; 
as  the. coordinate  axes  are 

3c=flt .(^F-stn  0)t  y=~a  (I !  —  cos  9), 

-.where  I9;is.th.e  parameter' iand’  0=2^. 

At  :thc:;point  Ot;whcrc  0=j7r,  we  have 
X=  LQ  =;«  (2'A/Tsi h  20)  =  o  [Z i ^  +  sin  (Z itr)]= 
.  .the: horizontal. distance  or  the  jjoint  T  from 
of  the;  base;  of  the  cycl  bi  d 

'  ^MT-=MN+NT==LQ+NT 
==Y>  ifiw4-P  ffrhn^/3l5=-fiW+  V3)  n. 


OA'  and  OF 


=  o  (j’r-'r  !)♦ 
the  centre  M 


'  ■€-- 


w 


& 


,£b. 

'A? 
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CENTRAL  ORBITS 


SET-HI 


:.§’ t.  Definitions. 

L  Central  . 
through  af&edj 
as  the  cent!  e/of 

.  2*.  jCti  . 

rnovmg  und  t theactton  ofacen tralfopciifVti&:  motion  o£aV]>Ia ne{;abbut 

.{he  stirr  is  '  'V  -  '-- 

, . :  Ttieor«jm::  -  jf  caitral-orbteis-whvt^fa-p7art'&eurve.  ./■;■  -  V.  > 

.  Proof-]  Takelhe^ccmre  oi  force"Q^ %'^lhe /origin  qfvectoii.  Let 
P tie  the- position  of a ;  panicle; moving ]:yv 
va  central  orbit.  ^at  .any.Vtime  *and>lety 

,£>,P='ivThfen e^ri^idn;^oc.'';  =_V  i  ‘ '  '  v 

■  ihe  accelerationvector  of  thejparride.ai#''^  , 

ihp  pomt  •  ?■ Since  the  ypartidyancw^  ~r~;X  ‘ 

under,  the  action  .of  a  -  ce n t  ral ;  fo roe?  wilife  :y- ^=:  -/  :/=;  -i 


centre  at  (?,  thejefor  e  t  he  on  $  fp  rj^'^ 

•theTin'e: OPar, PO.  .Sri  the  arr-plprat irih "  vrrrrir>rif^  rallp-1  zVri'df  h  #»*- 


■  5  ^::^,M^njE7V<«6r:=?  Kj  say/.:, \  ;i(i  ).V 

Tata'ngfdot  product  of  box  hsides  oF( l%virjth;the;vector  r,  we  get : 


iBut'  thei left" ha od:  nt  eroberr  is  -  a  s.(3laV_rtripie|  jnroduci:.!  nvolving :  two? 
equal  vectors,-  and:  so  it  vanishes.  ‘  ■S.-c-  « •?■: -■-'*. . "  -  ■  :  •■ 


•/  .  '  ■.  •  -■  ■;  -V  r  •  h  ==:jOjV  '  \  y:  .- 

which- shows  jhat-r  ls  always  perpendicular  io  a  constant  vector  h. .  < 

Thus,  ihe  radius  vccinr'QP  is  alv^ys  .  perpendicular  ,  to:  a  fixed%: 
direction  and-  hencc.  lics  in  a  plane., Therefore  the  paih  of is  a  plane# 
curve; "  •  -.  '•  .  ■-  - ; '  ..  ■  •  y^  ^ 


§'2.  Differential  equation;  of  a  central  orbit--. 

A  particle  moves,  ina-  plane  with  an  acceleration  -  which^TSbal0ays- 

;directcdfoafb:^pomt;OMjhcpian^;t6^dimthesdiff^^ial^^ioti: 

of  the  path.  -  ?.  :  ■  ji 

Lc t  a  ;  par u'clc  '.move  i n :  a ;  planc;  \vit h  a n  acceletiSSn;  P.  which  .  is- 
always  directed  -t c'a  fixed  point-1#’ in •./  .  . 

the  planch  iTakc,  the  cchtreiof  lb rex:  ,  .  ’  '•■ 

O  as  the  pol  c.  Lc  ( yOAT-  Bc  Vhe  iniital .  :  .  '  .  \',.. 

line  and  (r,'0)  -thc.. polhr  co- ordii\aies  P 

:  of-  the'  positloii. the-^ ptovihg: . 

-  parti&e’:afc..a.n^  l? 

Since'  ^^leiation 

’ .  Darticle  is-alwavs  direeV r n\Va rH«^r  t  :  v " 


nr.toy 


patfiae.fs^a^i^dirccCeiigtoWaijfe^  v T.  . .  , , 

pole  th#:ciifr#.the; 

t ra ns\'e rse> com pon c n  t  .of  ih^^^ql^c^tYori  of  the  panicle  is  always  -zero. 
So  (h6-‘equatip^'of^tn6tion^^h^^tti#c'ac:Vhc:pqlift'-F:arc 

the. radial  acceleration  i^^~~~r  --O)  ' 

(thc-K>c  sign,  has  been  taken  because  the  radiaT acceleration  P  is  in  ' 
the  direction  of  r  decreasing)- 

and  the  transverse  acceleration  i.e.,-  —  |r2  — I  =  0 
.  r  d/  \  dt )  '  * 

From  (2).  wc  have  =  a" 


.-(2  y 


Integrating’  wc  get  r2  — 
dt 


constuiit  =•  h,  suy. 

Let  .  '.  ri:i/u. 

New  from  (3).  wc  have 

dOUIi-h/r .2  =  hu2. 

1  !  dit 


-..(3) 


A.  llr 

Also  — 

dt 


d^r 


_ _ _ _ ]_du  2 

dt",:-  u-  d&' dt  u2  da h  = 


dHi  \de.:  .d^xi 


h  dQ 


dt 2 


Substit.u i in^lji  (J),wc  have 


de a 


.  tidf  u  1 .  .  . 


d*u  _  P 
d^2‘  “  h^u1* 


-(4) 


which  is  the  differential  equation  of  a  central  orbit  in  polar  form 
referred  to  the  centre  of  force  as  the  pole. 

Pedal  form.  If  p  is  the  length  of  the  perpendicular  drawn  from 
the  origin  upon  the  tangent  at  the  point  P%  we  have 


p2  r*  T*[d6) 


r4  [ dQ) 


Jfdr 
r2  dQ 


(«) 


...(5) 


Differentiating  both  sides  of  (5)  w.r.t.  ‘9\  we  have 

_4r^  =  2U^  +  2^.-^.  =  2^i  L  +-^1 

da  d&  da2  dQr\  dd2\ 


_ 1  dp  _  du_  P 

P*d9  ~  de'h^u2 


du  d^u  ^ydu^  (  tP-u\ 

da' da?  ddJU  ddA 


[From'(4.)j’^3 

i** 


_ L  —  f _ 1  -  -  J  .  .  dw _ 1_  tfr] 

p^' dr' da  (  r2  da }  I  -  d9  ~  r2  dd\ 


pi  dr 


r2  h-hp-  jhmy^h2 
.fZp^dr* 


-(6) 


0* 

which  is  the  d iffere ntia ^equation  of  a  central  orbit  in  pedal  form. 

Angular  momentum, or  moment  of  momentum.  The  expression 
"( [dOJdt )  is  callcd^ihe  angular  momentum  or  the  moment  of 


momentum  abOut^jhc'Cpolc  O  of  a  panicle  of  unit  mass  moving  in  a 

. . _ _ _ _ _ .  _  _ , _ 


plane  cun.'e.,Sincej|rv‘'  a  central  orbit  r 2(dO/dt )  ^constant*  therefore  in 


central  orbir  jhe  angular  momentum  is  conserved . 


S  3.  ^Rut^tpf  description  of  the  sectorial  area. 

sfk-  cenlra!  orbit,  the  sectorial  area  traced  oct  by  the  radius  vector* 

(•''tfcfs.ccjitrc  of  force  increases'  uniformly  per  anil  of  time,  and  the  linear 
varies  inversely  as  the  perpendicular  from  the  centre  upon  the 
f  JphKfiu  to  the  path. 


Take  the  centre  of  force  O  as  the  pole  and  OX  as  the  initial 


e^llne.Lct  P(r,  0)  and  Q(r  ■+-  dr.  0  4-  <30)  be,  the  positions  of  a  panicle 
moving  in  a  central  orbit  at  times  rand  r.+  dt  respectively. 

Sectorial  area  OPC?  described  by  the  particle  in  lime  <5/ 

=  area  of.  the  6.0PQ  . 


Q(r  +  Sr,  6  +  be): 


Jv  the  point  Q  is  very  close:  to  and  ultimately  >;c  have  to  take 
limit  as  Q  +  P) 

.  —  \  OP.OQ  sin  Z.  POQ  4  r(jr  +  6r)  sin  66. 

rate  of  description  of  the  sectorial  area 


..  sectorial  area  OPQ  -  . 

=  lim - t - — ^  =  Iun 


1  (r  +  <ir)sin  6B 


dr 


dt 


i  ,  ,  ...sin  6B  66  ,  ,J0  ,, 

=  lim  4r(r  +  <5r) - — —  *—  =  \r2—  =  lh. 

it- o  •  .  69  dt  ~  dt 


.-(1) 


[V  r2{d6!dty~  A] 


Thus  the  rate  of  description  of  the  sectorial  area  is  constant  and 
is  equal  to  A/2  . 

The  rate  of  description  of  the  sectorial  area  is  also  called  th c  areal 
velocity  of  the  particle  about  the  fixed  point  O. 


Again  for  a  centra]  orbit,  we  have  r2^  —  h. 


-jddds  -ydO 

--  r2---r  =  h  or  r2— — v 
ds  dt  ds 


h.  -.(2) 

|y  dsidi  v  (/.c,,  lhc  linear  velocity)] 


JUKI 
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Central  Orbits 


(Dynamlcs)/2 


But  from  (UfrercnUal  calculu^we  hayc/^:  =»  sin  ^wherc^.lsrthje „ 

ancle  bctSwccn  the  radltiSvveaorTandjthe;tjtogent*  V  v 

:  ■  -v;-J  vi :•  >•: t  - 


~(3) 


drawn  from- 1 
Putting  r 

■  or 

•  v  *  up  v->t 

V.a,  the  llnearfvd6di^:at{^va^^^ers^ ^f^t.papmdicular.  py^tn  the. 
fited  point' upon- ihe.iangin^t^0^pd1^i^yfr‘^’’' .}  '.;  ;  ’  1  . 

,.-j'.;-  V'  i  •4w'Jfch2?V^*,-v ' 
_Fromrp),.we*haye^^'^^;K;-  r££f*  '  ' 

t i«i %  /, 

: '  ;■ -x4* 

The  equation  (4);  gives  the  linear  yeio|city  at  any  point,  ofthepath 
of  a  central  orbit.  '  'V  ’  •-•  ,  .  : 

tj'4.  Elii ptic  orblt.  (Focu s  as;  :hwtx).  .  ..  '  '  ^  :  j 

A  particle  moves  in  -an  ellipse-uric! etf:S^crce.  svhich  is  al *vdys;directed 
towards  its  focus:  to  find-  '-.;j ' .’ '.  -'--7'  '' 

(i)  the  law-of  force,  '•  -.  : 

(iij  .  the  velocity  "at  '  :  : 

and  (Hi)  the  periodic  time.  ;  -  :- 

Wc  know  that  xhc  polar.equation.of  ahi'cilipseTeferred  to  itsfocus 

.S:  as  pole  b 


.  / 


1+  ecos  9 


X, 


..  nr  .  Tku  y  +  y  COS0,;  . v”:; r:;4 1- 

where  ti:  “  v.;_-"  .  1 

Differentiating,  -wc  have 

^^-fsinoahd^^roso.  .  >4^^;. 

(i).  Law  of  force-  Wc  know  that  the  differential  equalion  of  a 
cent  nil  orbit  referred  to  the  centre  offorccaspulc  Is  /  ’  7 

P  _ 

h*ui~“  ae* 

where  P  is  the  central  acceleration  assumed  to  be  attractive. 

d*u\ 

■ dB 2 


Now  here  P  =  h^u2 

=  /.V 


3 

l.  • 


4  +  TCOS^ 


where 


aV_ 

/ 

w  =  A2// 


A2// 


substituting  for.riran&’d^u/dS2 

-4  :  "  -P) 

r 2  i.v.  ^r;  • 

h2=M  ..*  ■%;? 

1 


p  «-v 


.".Cf 

f  -  •  ^ 

Hence  the.  acceleration  varies  inversely ^asd/ieisqunre  of  the  distance 

of  the  particle  front  rhefocus,  Also  ihcToiccjis  attractive  because  the 


value  of  P  is  positive. 


given  by 


(ii)  ‘Velocity.:  Wc  know  t ha^  the^veloci ty  i n  o  central  orbit  ,  is-' 


, .  3s? 


here. 


l-2  =  A2 
r2  =  A2 
=  A2 


|f'?7“s0)  +  (-7sin®)  ] 

(w— ?)]  [from  (1)  and  (3)] 


/2 
1  +  e2 


Tf  2aand2A  arc  the  lengths  of  the  major  and  the  minor  axes  of 
the  ellipse,  wc  have 

.*j  =  °1V-d).=a  Q-'*y. 

a  a 

>  -j  •■•  v’-=/'(7-i)- 

which  gives  the  velocity  of  the.  particle  at  any  point  of  its  path. 

Equation  (4).  that  the  magnitude  of  the  velocity  at  any  point 

of  the  path  depends  only  on  the  distance  from  the  focus  and  that  it  is 
independent  of  the  direction  of  the  motion.  Also  v2  <  2ujr. 


1  =  the  semi  lotus  rectum  1 
1  -  e2  1 


...(4) 


f;  ;.  (iii).PeHodic  tinie; :  We  kncn\*  that . in?  a  centrai  orb it  th e, ra te  of 
■ji&i*ip,tioniof  the  sectorial 

1  Wi  int*rin»t-:  fnr'nn/*  oft»nn!pi>  r  f*vh!  1  it  inn  iie . .  M  he  time  taVfJ  bv. 


/irfuitf'lndescdbinglhcwhblea^ 

^the  ciii^e-  ;  '  '^ '  \  :  h" :  <  r4  '-.  ?  T  :V  V  '  ' " 

.:  -’:;  c  ;.V>  J'  (A/2y. ^:  the-whbie?area  btthe  ellipse.  ^ 


the  whole 


4.;.X(A/2)^:the 

■  ■  :  -  ;  .  "  •  :'. V,27rflh:  -  7  •  ■ 

>■•  ••'  r~* 

mi  -::  -.7*—  .-V. 


[V  A2i^/) 
^  ”:l-0/  =  h7/n\ 


^•^^^^bfit^pmtxiJpij-on^complete^r^hiupniisYpfoporifonal'to-i^ya 
h/dng  Semi^ndjor  oris*  ;  ‘  f  •  .v  V  V  -  '  . 

57:  ll>-ptrbullc  nnd  Iparabbiic.or bi ts.  ‘•A- 
;  ‘ (Centre  of^ ^force^ ^  telng  the  fbens). 

’  (i>:  Hyperbolic :  brbit.  r  Ih/thc;  case7  of  hyperbola,  wt  havc/C  >  I; 

:  <7  -a  ■  .V-/-  <=:•  ■  .  . 

-I' ■.'•■..  Proceeding,  as  m  §.  4,  ‘yve  have  P  =  pjr  2,  W here  A 2  =  /t7. . 

rt#  .  n/st  /I  m%4w*f±'wZP'*  Vi#»‘  «Wf  ikA  'y 


7 1  Nine .  that? this  ;res ult:  does ; ndt^’ppeii^iii peif^thc  va  1  uc  of  ej. 

-  -  7  '  Ajso  procecding:  ^  tn  ^tabUshfng  th.Cjesult^(4);  of  §  4.:  we  have 


■  I:.:. 

orbit.  Vrln  this  case  e  =  1. 


that  here  v2  >  2pir.\ 


.  Proceeding  as.  in  §:^0\yc!firayc  here  P  —  p/rz  antl  i'2  =  Trttir. 

'  Velocity  from  infinity5! 

!v  .  4(»  cqhneciionjWiihVthc  central; Orbits  by  the  phrase  4 velocity  from 
;  inlijiity.  til.anyjtgim^S^mcap.  the  velocity  that, :a  particle  would  acquire 
at-. infinity. in. a  straight7 line  to  that  point  under 
tiu' .:K:iiiyn^f1vnrnttractivc  force  in  accordance  with  the  law  associated 

-  whiy^h^rblt^-  .' 

a  particle  falls  from  rest  from  infinity  in  a  straight  line 


^8 


‘hj^^^lhV’hciion  of  a  central  alintclivc  acceleration  P  directed  towards 
force  O. 


^  Eet  (>  be  the  position  of  the  particle  at  any  . time  |r,  where 

•■- , .  •;■■  ;  .  '  .  '  •-  . 

^  Suppose  v  b  the  vclodty  of  the  particle  at  Q.  The  expression  for 
acceleration  at.  the  point  Q  b^ y  idv/dr)^ 

The  equation  of  motion  of  the  particle  at  the  point-Q.  b 

v~  =  —  P,  j-ive  sign  has  been  taken  because  the  acceleration  P 
■  '  '  Is  in  the  direction  of  r  decreasing] 

or  v.dv  «  —  Pdr:  —  0) 

.'.-Ec't  V  be  the  velocity  acquired,  in  failing  from  rest  at  Infinity  to  a 
point  distant  a  from;  the  centre  of  force  O.  Then  Integrating  (  J)'  from 
infinIty;to~thc  point  7^.5=  n;Svc-gct  .  .  ' 


:iv2-- 


-  j?'- '  P  dr  -  ot '  ■  Pdr\ . 

.which- gives  the  vel  6  cityTro  myrifin  it^;h  1  nid  is  tan  cen ;  from:'the*,cehlrc 
of  jorcc' while  moving  u rider,  the  centra l ;  aoDejcroti t> ri  P  associated  'with 
the  orbit. I  '  \  -v\- 

8  7.’  Velocity  In.  a  circle.1 

The  phrase  'velocity  in  a  circle'  ut  any  poin  l  of  a  cent  nil  orbit  means 
the  velocity  necessary  to. describe  a  circle,.  j 

passing  ihrough  that -point  and  with  centre  -  w  ^  ..  . 

at  thc.ccnirc  of  forcc, ,  wh lie  moving  unde r 
the  action  of  the  -prescribed  force' 
associated  with  the  orbiu-^. 

Take  the  centre  of  force  D  as  the 
pole.  Let  P  be  the  central  accclcratfoni 
directed  towords  O,  at  any  point  P  of  the 
'orbit .  where  OP  *=  r.  Supposc  -  v  Ls  thc.  . 

velocity  In  a  circle  at. P:  Then  v  is  the  velocity  at:  the  point  P  of  a  particle 
which -.moves,  .  6ndcr  - the- same,  centra!  acceleration  P,  In  a  circle  with 
centre  al  O.  But  for  a. circle  with  ccnire  at  the  pole  O,  the  radius  vector 
OPisalso  normal  to  the  circle  z\P.  ThcVefore,  .  '  . 

-tbe  cchiral  radial,  acceleration  7* 

=  the  inward  normal  acceleration  »-2//> 
.  />,  P~~  v2/r.  [v  for  the  circle,^*  =  r] 

I-2  =si  rP. 
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Thus  while  moving  "under  a -central  aitraciive  acceleration /*,  the 
velocity  V in  a  dreleat  a  distance  a  from  the  cemre  of  force  is  given. 

by  '  '  '  .  '  =  '  . 

i .  •  v  •. 

.§  8..  Given  the" central  orbit,  toifind’ the:. liiw.^pforofc..  . 

Cnse  T  Theequation  of  .the  orbit  bririg'igivcnih  'the.  polar  form 

;M>/.  V, 

\Vc7  know,  ihaV-'rcferred.  'io;  •:ihe^iimrc>'or'v  force'  as  pole,-  the  ■ 

'  differential  cquaii6n;of.ac£rifr^  \  ‘  . 


:  :  P 

'  dfi .  az«?;'. 


-0) 


wher t.P  is- the  central  'acceleration  assuincd_to  bcautactivc. 

From* :the  ■  given  equation';- of  the  ' orbir.we  can  easily  calculate 
r.ii  ancf  (l ^/rffl^  pnd^subsi Itulingj  thcir  yai ues;  in  (J) : we  can  determine - 
p_  Thus.\ve.‘findihc  law  of  force: 'If  the  value  !df/*  is  .positive,  the  force - 
*S  attractive  and  if  :he:value  of  J°  is  negative,  thc  Torcc  is  repulsive. 

Case  II.  TheK  equation  ofthc- orpiibtdng  given  in .  th  c  pedaVform. 

(P*r\  '  T-  :  '7.  ■  !  ^ 


The  differenuaf 'equation  of  a  central  orbit  in  (pt  r)  .form  is 

-  '  \  pt  drfT^  ■  ■ 


...a> 


From  the;  giveni-  equation  !of;thc  orbit : ini  (/»§>)  form,  we  can  find 
.out  dp/dr  and  then  substituting  its:  value  in  (2)  we  can  determine  P. 

Solved  "Examples 

Ex.  IV  'Find- the  law  of  force  towards,  the  polciindcr  which  die  . 
following  curves  are  described]:- \  ‘  -  .  -  '  :  •  >  ":- 

(/)  an  -  end  .  and  (/7)  r=pc8coia.'  ■  ; 

Sol.  (i)'  We  have  :  '  au  =*  e'^-.  f -f  ■  -  .1.(1)! 


Differentiating  w.ir.t.  ‘fl‘1  >vc;havc 
du  n  .  <A/ 

__  _  _  gitu  _  mt  and  — - 
dO  a  .  .  dQz 


du 

=  n  -r—  =  n  .  nu  =  >t  -a> 


Referred  to  Uic  centre  of  force  as  pole,  the  differential,  equation- 
of  a  central  orbit  is  - 

P  -  <Pu 

h2u2.  U  A02  .  * 

where  Fir  the  central  acceleration.  assumed  to  be  aimicrivc. 


P  = liht -  {.«  +  =  h*u'2(n  +  »?»<)  =  /i~  (F  +-  n4)  ii?.:/\ 

 h 2  (1.-+-  n2) 


[  v.  n  =  l/r]^ 

J 


distance  I 
force  i 

(»i)  We  havc.- 

1 


or 


and 


U  —  —  e  ~  C9I  *V  - 

-.  a  :  •  •  -  .  -  .  -  - 

Differentiating  w.r.t.  'S'.  wc  have  .1  ,  ■ 

• :  §  =  _^'V-  »coi.«  =  VVe^ 

ait  ci-  •; 

.  </?»  du'  ■  i  •  '--‘.v 

,  «  =  —  u  cpicr)^r&:™  w  coi*'a - 

The  differential; ^equaii^n'of^tti^  *.  - 


^  -  %  lI*n  hQ  +y  (sec 2  nO)  .  n 

=  u  tan  nB .  la nn$  >  un  sec2  n9  .f*.1  Au/dQ  =  u  tan  n0] 

=»  u  tan?  nQ  +  pn ^sec2  hQ.  —(2) 

The  differential  equal lon.of  the  ccniral  orbit  is!  ■ 

P  =..~  '=  -=  \  - 

/l^2  '  d&- 

p  —  liht1  -  Ipu2  (u  +  u  tan2  n&  +  un  see2  nO) 

.  [putting  the  value ^Vd^u/dQ-  from  (2)| 
=  h\P  (see2 nB  +  n  set PnS)  =  /i2u3  (1  +  n)  see2 nO 

=  /j2  (1  +  n)u>  .{of ip)2 

L±2i. 

“  ..  -  .  ^2rt+3 

.%  -P-  «  i /r, 2,1+3 /.c.,  the.  force  v-arics  . inversely  as  the  (2/r+3)ih 
power  of  the  distance  from  the- pple;,'. 

Second  part.  Putting  n  — - 1/2  inithe  equation  of  the  path,  we  get 
r1/2  =  oI/2cos!~0 . 

'  “r  ■  '  ’iS* 

or  r ~a  cos2 1  -  ' 

or  r  =  -1  a  .  2  cos2  ±0  =  \a  f t  +  cos  6)f  which?  is^the  equation  of  a 

cm**  .  -  ■  ■  •  >y- 

Now  putting  «  *=  4  in  the  valt^/ogj^jye  gel 

_  i  '  .  .  •' 

^“7*^3  **• 

Ex.  3.  particle  descgihcslitljeicttrvti  r^  =  a2 cos  23  under  a  force 
to  the  pole.  Find  the  law  opjorcq^*’ 

Soil.  The  equation^^b^turve  is  r2  —  a2  cos23. 

Proceed  as  in  Ex.  2rRcpladng  n  by  2  in  the  preceding  exercise  2. 
we  have  ^  '  ’ 

Therefore  P  «  — 

i.'e.,  the  forcewuncs'inveisely  as-thc .seventh  power  of  the  distance  from 
the  polc^^ 

Ex!  <i'&Kpind  the  law  of  force  towards  the  pole  under  which  the  curve 
rJi  c os*ng$i£;an  is  described !  . 

The  equation  of  the  curve  is  r"  cosnO  =  n“. 
placing  r  by  1/w,  w'c  have 

.icos««^5*  T 

-  cos  n0.  ...(1) 

Taking  logarithm  of  both:.sides  or  (1),  we  have 

.  ri  log  a  +  n  logit  —  log  cos  n9. 

Differentiating  w.r.t.  '^  wc  have 

ndu  .1.  .  ,. 

— —  = - tt.  *  (-7T  sin  nB ) 

u  d&  cos  nB  .  > 

-  w  ta;n/ja,.  ‘  .  -  -(2) 

Differentiating  again  w.r!L;  ‘S’v-we  havc  . 

■  ~  ^  ! Qrt  sec2 nB 


-  d& 
-  The',  d  i  ffe rential 


•  V  .,/d2u  ' 
■A2!/2  -  -de2^ 


P.  =  A2!!2  [u  -f 

.  ,  U 

A2  cosec2'ot - 


^%ti-.cb[2!a)  =  /j2.(  1  +  ooi2;<r)u3 


-  r3.N%.r  ;  .  .  - 

*-  Psc  \/i3ije.,  the  force  Varies;  inversely  ay  the  cube  ofthc. 
distance  from  the  pole.  Also  the  positive.. value  of  /*  indicates  that  the 
force  is  attractive. 

2~  pnritcle  describes  the  curve.  rn.'=  a**  cos  nB  under  a  force 
tu  the  pole.  Find  the  law  of  force * 

Hencte  obtain  the  law  of  force  under  which  a  enrdioid  can  be 
described.  I  ”  :  . 

Sol.  I- The  equation  of  the  curve  is  r/'  =  cos  n&. 

Pulling  /-  =  )/u,  we  haye  ~ 

.  :  ;  —  an  cos  it 6  or.  sec  n0. 

.  .  y  -7,/  ;  A‘"‘ 

Taki  >g  logarithm  jbf  both  sideslpf  (j):  we  have 

"  n  logfl  4-  n  log  u  =  log  sec  n9. 

Differentiating  w.r.t.  €8**\ we  have  ! 

-  1  _  -  du 

u  dO  T  sec  nO  r 

Differentiating  again  w.r.t..  ‘0*,  we  have. 


~(l) 


.  •  ■  :  ^ LSubstjtuiing  ior  du/dB  from  (2)] 

iia.1  cquaiion  of  fhe-  ccntnil  orbit  is  - 

p-  :  ; ;  ’ ' '  ■  ■  ■ 

7; 

Pes'lihi*.-  ^u  'M-.^^^vhi^[(u+  tt\'sn2.nd  —  un'sz&n&) 

•  =  A?u3  (sec2  hQ  -  n  see2  nB)  =  h 3 u3  (1  ■  —  n )  see2 hQ 

-■JW  (.-«).  f-5-12  -  -  *. 

J  u  2/»  -3  a  2/* 

../»  ex  r2"  _3/.e..,the  force  iis  proportional  to  the  (2 n  —  3)n* 
power  of  the  distance  from,  the  pple. 

Ex.  S..  A  particle  describes  the  curve  r.n  —  A  cos  nQ  +  B  sin  nB  under 
a  force  to  the  pole.  Find  the.  law  of  force. 

Sol.  Here  i*"  =>4  coS;n0.+ B  sin./i0. 

Let  A  =  k  cos  a  and  Jksih  a; ''where  k  and  a  are  constants. 
Replacing  r  by  1/u,  wc  havc-  ■ 

r"  =  u~n  =  kcos.  («0.  V  a)-  -(1) 

---  —  n.log  ii.=  log  k-  4-.log  cos(nQ  —  a):  ' 

Differentiating  txjth'sidcs  w/rx^d’.  we  havei:;.!'.-.^. 

—  n  du  "  du  r:  r  ;7  *’  ; 

~~d&  ~  ’  "  tun  (/1°  -;“)  or ;  u  lan,(*0  -  .«)■ 

"  =  ^  ’ luh  t;  +  “w  scc2  (nfl  ~ 

=  t/.tan2  (n0  t- a)  4:  t/h  sccl!(n0  -  a); 

The  differential  cquatipn- of  the:  path  is 
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Central  Orbits 


(Dynamfcs)/4 


/> 

^2* 


d d2  ■ 


.  .  P  -  tihf2  [«■■+  u  tan2  (/t0  —  a)  +:  u^  sec2  (d0.-  a)) 
=  /j2u^  [scc2  (n0  -  +  Scc2(n0--  ix)J 

=  0  +«)'AV?7iec2 


-  (i  +n)  A^(J fdtfj2  ..  :  p:-  fr6iTtXl),  Sec(/i0- a)  =  Ar‘u«} 

. ■>> =  l’*-’ ~=w. •:.  :-"= .  / • :  ••*  /  • 


Thus:  P 


r  2/i+3 

1-- 


*  iScfl^^^^ni^y^-piroportip^ii  to :  the 

(2/t  +  3)t>,po^n.6rihCj'(ii«Wioeitrpm'3[&:j]^lefe  : .  '/  .•  ■-.  :-.. 

Exi.6-  - '^P^icltiidescnb^w^^Vt^^ifpnfts'cii^mfarencc^urider'- 

a  force  P  to  the. pole.  Find  iticiidwyqfiforce/. '  ■*:  '  * 

Or . 


A  panicle  describes  the  curve  ,  r  =  2a  cos  6  itndcr  the  force  P  to' the 
/to/e.  Find  the  law' of  force.  :  r r  -  T 


Sol.  Let  a  be  t  hc-radiusof;  the  circle.  If  we  take  pole  on  the 
circumference  of  the  drde  and  the  diameter  through,  the.  pole  as  the 
initial  line,  the  equation  of  the  -circle^ is  ".:*,  L'  j  ■.  • 
r  —  2a'cosv&:' 
or  \/u  =  2a  cos0r 

—  log  u  .  =  log  (2d)  -H  log;  COS  a. 

Differentiating  wj-L;  *5^  we.  have :  -  -.-.r 
du 


.  -0) 


1  dll  .  iiu  ••. 

- 2ri  ~  ~  tan  9  -  or  *—  = 

u  d0  d0 


^  =  .nvse^S;+^tan>- 


=  M  sec2  0-f  it  tain  0  -  lan  d  * 
The  dlfferentiai  equation  of  the;  path  is 
P  .  dtit 


u  sec2  0+tr  tan2  9. 


P  **  h  2 u2  [u  +  u  see2  8  +  it  tan2  6].  ='h2u3  [(i  V  tan2  9)  +  sec2  Q] 

=  TdihP  scc2.0. 

~  2tiLu3  (2mr)2 

r5 

^  «  l/r5i.ff..  the  force  varies  inversely  as  the  fifth  power  of 
ihc  distance  from  the  pole.  .Also  the  .positive  value  of  P  indicates  that 


i he  force  is  attractive. 


Ex.  7-  Find  the  law  of  force  towards  the  poie  under,  which  the 
following  curves  are  described.  .  .  j> 

(/)  a  —  rcosh.n9  and  (#7)  a  =  r  tanh  (0/V2). 

Sol.  (I)  The:  equation -of  the  curve' is. 

a  =  r  cosh  nO  —  (1/u)  cosh  nd  '% 

u  *  (l/d>cosh  n&: 


Differentiating, 


du 


dQ 


—  sinhn9  and; 


tfhi 


d9 2 


The  tlifferential  equation  of  the  central  orbit  is 


ft*  r  w  “ 

—  cosh  nd.“4;;-'% ' 


_P_ 

h^u2 


eflu 


dO 2 


r  -  *V  ;  0]  ,=  *5“2  (■' +  *V-<**«H 

-**•(1  +  n2)  „3  = 

P .«  the  force  .yapc^ihvcrscly  as  the  cube  of.  .the 

distance  from  the  pole.  ..  V  \  •-  V ..  .. 

(11)  The  cquatxon  .of  ihp^l^w;'  is-.::.  -t  -  .  •  .'  .  v 

or  „  =  (l/d)yah?(0^/2).;  :  :V..'  '  ^.(1). 


Differentiating.  “  =  ^^scch2:(0/vr2) 


d2!, 

dffi 


=  -  2  scch  (d/v/2)  :  —  scch  (0/V2)  tanh  (8/V2)  J 


«  -  -  scch2  (0/^2)  tanh  (9/V 2)  «  -  u  sech2  (0/^2)- 


Thc  differential  equation  of  the  central  orbit  is 


*t/  i- 


d2^ 


d02 


P 

hki2 

=»  h2u2  {u  —  u  scch2  (0/vf2)J  =  h2u3  [1  —  scch2  (0/\f2)J 
=  h2u3  tanh2  (0/^/2)  [  V  scch2  0=1—  tanh2  0] 

“A2if3(ni/)2  -  [from  (1)] 


A2n2 


P  «  1/r5  /.e.,  the  force  varies  inversely  as  the  5th  power  of  the 
distance  from  the  pole. 


Ex.  8.  A  particle  describes  .the.  curve  r  =*  a  sin  nd  under1:  a- force  P 
to. the pole  Find  the  taw  of > forte. .: 

Sot  -  The  cquatton  of  thc  cnfve  is. .  ; 

■  '  r  =  a.  sin  nd  - : .  *>"'=; * . .  ~  .v.  ■ 


U  =  ~=“'COSCC>t0,>  ‘  I-'- 

...r-  .  a-.i-  -.  •.  '  ...... 

•  Wi> 


.~a> 


:  r-  ,*v.  ~  hht2  coscc2>70  +  d2^;: OTt2rtj0.'V^;: 

-  differential  equation ,oritie:;c^  .-  ..v:-t  .. 

V,.  •  -  ^-VV 


.  ‘tint2  d02^ 


P  =  A2^2  !«■+  A2ti*  (u  ?4- coscc2n0  +  «2u  cot2nd) 


=  /i2*!3  [1  +  >i2coscc2n0.'rf  d2-(cbsec2iid.'—  1)] 
.  -titit3  [Ta^coscc2 nd  —  (n2-— /!)]  ";  j  ’ 

"  =}flit3\2n2  (n«)2  -|  (n2  ^  l)j;;  .  ‘ 


"  =.'/l2  {rt?y  :i)  tl3]>: 

-  -4/r?  -  ■/  ‘ 

1 r5 


Ex.  9.  ,/7ru/.;fte-/a»y.^^/<xnft^i>w<ireb'.  the- pole  under  which  the 


following  curves  are  described- 

(0  r2=2apt  (iif^g^Par  and  J(;/7)  62/p2  =  (2a /r)  —  1. 
Sol.  ,(i)  The_equai|orf-Of  ihe  curvc  is  r2  —  2np,. 

1  ■  '  T_  =  4n2 

'PfiprV'  n2 


-(») 


Diffcrcntlaiingrw.r.t;  wc  have 
=&v^k.  %  '2  dp  I6n2 

dr~~  —  ' 

’  ti^_  d^  Ra2h2  - 

P3  dr  ~  r*>  . 

j^Now.  from  the  pedal  equation  of  a  central  orbit. we  have 

l#^%V  h2dp  .Sa2h2---  ■ 

[%?>.  =  =  Ifrpm-O)!' 

•’>  P  «  l/r5/.c.,:  the  force  varies  inversely  as  the  fifth  power  of. 
^ '’  the  distance  from  the  pole: 

(ii)  The  equation  of  the  curve  is  p2.  =  or,  which  is  the  pedal 
equation  of  a  parabola  . referred’ to  the' ^focusias  the  pole. 

^  i-i .  •  "  ...  . 

;*•*  ’  p2.  ■  a  r  \  ' 

•  Differentiating  w.r.u  V,  we  get;: ; 

2_  <fp_  •_  1  1,. 

•'.•  ”>3  dr  T:'v;:o-^’'  >(  V-  • 

..  /f2  dp  _  h2  1  : 

p3  dr  2 a.r2: 


-(i) 


-Fronvdhc  pedal  equattqn^of? aLcend^.L6'rbitV:w.c\hayc'.  ' 

•  •••-•'  -  •  •;  D  ti2  dp, -•"hl-h&ti-Sl:-:'"-.  i>-  -  '  '  ' 

..  ’  F - • 

l/r2  i>.,  t he;#brce;y^  .squ  a're  -.of ' 

"distanejedrom  the  pole.--.’  -  f  j:  v*'^"  • 


the 


:;  (>»);'  The  equation  of ^ the -given  ;  . .  ... 

■ ' t '■  •"(1)  • 

(i)isthe  pedal  equation  or  an  ellipse  referred  to  the  focus  as  pole. 
Differentiating  both  sides  of  (l)  w.r.t.  V;:  wc  get 
“  2/>2  dP  2o  tif  . 

p3  dr  : 


r  2*.  .-OI--p3 .dr.-  b2:r2 


P  _  dP  ah2;  \  ’  ■ 
p*  dr  ”  62.  r2* 


Thus  P  a  1/r2  /.c.,  the.  acceleration,  yaries  inversely  as.the  square 
of.  the  distance  from  the  focus  of  the  ...ellipse;  ....  I 

Ex.  10.  /4  particle  describcs  the  curve  r2  =  o2c<7J20  4^h2r^20 
under  an  attraction  to  the  origin,  prove  that  the  attraction  at  a  distance  s 


hi1  [2  (a2  +  b2)  r1  -  3a2b2}  .  r  ~  7. 
SoL  The  equation  oft  he  given  curve  is 
A  —  n2  cos2  0  +  £>2  sin2  0 

+  c°s20)  +y  (1  -COS20) 


or  y  =  i  (q2  +  b2)  +  \  (o2  —  b2)  cos  20. 


-0) 


IMS' 


H.O.:  105*106,  Top  Poor,  Mukheqee  Tower,  Dr.  Mukher]ee  Nagar,  Delhi-9.  B.O.*.  25/8,  Old  Rajersder  Nagar  Market,  Delhi-60  ” 
Ph:.  011-45829987,  09999329111,  09999197625  ||  Email:  Ima4lms20l0@gmall.com,  www.Ima4maths.com 


https://t.me/upsc_pdf  https://upscpdf.com 


https :  / /t.me/upsc_pdf 


f? 


3 


Central  Orbits 


(Dynamlcs)/5 


© 

© 

«h4h 

& 

© 

Eh 

sj 


JBi 


;  Differentiating  w.r.u  ‘6?\  we  have 

-M=^-*>s,d2* 

•  “  ~  (a2  —  b?j'  u3  sin2&  ,>■-  ,•■  ;- 


D i fTcr  c n  l  ia  t  i  n  gaga  i  n  w_r. t.\‘0’;:  we  have 

=^(a2  —  b}yy^y~-sifi  2fl-K(a2  —  k?.c©S  29 
l  (a2  ~  b2)  «2  :  4;  (fl2  —  ^2)  ^3  sinr29^  sin  20  .  fa2.—  b2)u3  cos  29' 


Now  from  (1 ),  (rt2  —  b?)cos  2B- **  —'—:  (Vi2  V  b2f  -.' 

^  H  «5  ("2  ~62)T~f"5:[^“("2  +  62)j+  U3  -|^-iC‘32.+  fe2)| 

-  ^  “5  C"2  ~  b2)2 .—  i  U5  |^  —  ~  (p2  +'  b2)  -}-  (<72  +  A2)2| 

;  +  2tr  -  +  A?)u3  . 

■=  A  r/5  (n2  —  b2)2  —  3u  4-  3p3(n?  +  b2)  —  7  p5  (a2  +  b2)2 

"  -.-..-  . . '  -  ■+ 2u  —. •.  (a2  +  ft.2)  *i3. 

“  ~b5t(rt2—V>.2)2  44  (a2  +  ^)2}.4-  2w3 (a^  +  jb2)  -  u  - 

=>  2  (a2  +  IT2)  w,  —  3o':b2u5  :  ...  ■  ... 

The differential  equation  pf.ihc  central  orbit,  is  ^ 

P  .'<Pu  :  -  '  '  ' 

h2!^  d& 2- 

H  “  h2u2  |(/  +  -  h2^2  [u  +  2  (o?  +  b2y  i iy  —  Ja^u5  —  ii] 

—  h*~u2  |2  (fl.‘..+  £>-)  r2  —  3a2b2\  —  h2r~l  [2. (a2  +  b2)r2  —  3a2b2\ . 
Ex.,  1 1.  Show.  that  the  only.  taw. fpr  a  central  attraction  for.  which 
die  velocity  in  a  circle  at  any  distance  is  equal  to.' the  velocity  acquired  in.  - 
falling  from  infinity  to  the.  distance  is.  that.  df.  inverse  cube. 

Sul.  Let  the  central  acceleration  H  he  given  by 

?  =•/**  (r>-  .  ....  .-(I) 

The  equation  of  motion  of  the  particle  falling  from  infinity. under.; 
the  cental  acceleration  eiven  hv.  fn  is  •  ’■  . 

;;V  ;.  V 

.  [Rcfer§  6  of.  this  chapter  on  page  8p^ 
or  2vdv  =  2f'  (r)  df:;'  . 

InBjniint-  v-  =  -  2  ff*  (r)  hrl±A , ...  .  -  . 

•.  where  vl  is- constant  of  intcgrarlon!^ 

or  ■  !>? .V Ii-  ■ 

Thus  the  velocity  v  ai  a  distance  rr  acquired; in  falling  frpm^inflnity 
Ls  given  by  (2).  Agai n  -  let  K  be  the  velocity  of-  thc  partfcle  irnaylng  i  n  a 
circle  under  the  same  central  acccicratipn  /’..at'  a  dista'ncer  from  the 

Tf'nir/'  rtf'  I  h/1  l-i  r/*lrt  JTrt r  o : ivtif  K  «Um  fi k ^  1 « 


centre  of  ihc  circle.  For  a  circlc  wiih  ccmic/^i  ihc  cejTtirc^ot force  oblc* 
we  have  ..\y~  - 

the  central  radial  uttraciive  acceleration^ P  ^'iib^pw^^Tnonnaf  v 

'  v/j^.'^^.^a'ccclcratit^n'  V2/p. 

~V2/r'  f '  for:.thc:circlC^:^r  f 

:  -  :  r- :  - '  :• 

r*f,,irrlir>« ,-l/i  *  r  Ur*'  r*  r ir\n.  : 1  ’ 


;  t 

But  ac 


cording- .id  ithc  qucsiionr- 

Vy=  v  .  ..  ..  .'‘ori:^ ':"v 


*r-<n 


p 

w‘  .  : ;  -  . 

Integrating  both  stdcs^\yT.t.  ‘r\  \vc  havc  ■_ 

rZ/ (0-=*  +  if,  where  5  is  a  constant 

or  /(r).-4+i- 

2  ...  r" 

Differentiating  both  .sides  w.r.i.  V’,  we  have 

Miha'  />=_“.  f:V  ip  =/;.(,)! 

P  «  A/r3  /.e.,  ihc  Jaw.  of  force  is  lhai  of  iriveisc  cube. 

I*ju  12.  In  a  central  Orbit  described  under  a  force  to  a  cenrre,  the 
velocity  at  any  poin  t,  is  inversely j}ropqniqnal  to  the  distance  of  the  point 
from  die  centre  of  force.  Show  that  the  pathis.ah  equiangular  spiral 

Sol..  If  v  is  the  velocity  of  the  particle  at- any  point  at  a  distance 
r  from- the  centre  of  force,. then  according  to  the  question 
.  .  .  ..  7  .  :  5  ' 


where  Je  is  a.  constant. 

it  central  orbit 


-  h/p. 


-0) 

...C2> 


Mtcre  p  is,. the  length  of  the  perpendicular  from  the  pole  on  the  tangent 
itVniiypOtntoflhc  path.  .  't  ' 

Frt>m  (1)  .and  (2),  we  have 

V?;.  '  or'  .  P.T'Tr 

-•  r  p.  - 

rijr- />  —  /zr.  whcrc  a  ~'h/k  »  □  consiant. 

Tills; is.  the  pedal  equation  of  an  equiangular  spiraL  Hence  the 
pajULs:  nn:.cquiangular  spiral:  - .... 1 

Ex.'  13.;  The  vela  dry '  at  any’  pdiniof  a  crnrral  orbit  is  ( l/n)th  of 
vjdfat  il  wouid  be  for  a  circular  orbif;.atchesamedis^  Show  that  the 

r^U.  •.<iW«  >■»  — ? - ~  and -.-that,  the  equation-  of  the  orbit  * s 


/.be  the  velocities 

vv _ _ _  _ _  _  jp._  ccntrail^orbit  and  the 

ClVc u la r  orb ft;  respe c t ivc iy .  The h  according,  ip  the  question,  we  have 

v/n  :  _  "  •  v.;.  ••  ■ 


I 

from  (1)  and  (2),  we  have 


!Bui’ 


V2/r  = 
V2  = 


P 

pr-p/u. 


-k  °r  - 


-(2) 

-P) 


[*.*  for-a  oentril  brblfe  {u2  -fc  (iftt/ dO)2}  ]. 

DifTcrcntiaiing  botb  siU«  of  have 

t,  r  dll  du.d^uX  tin  4P3r  .  p  du\ 

^^|2u  do  ~<i9.  «2 

-  #  _  _P_  ^ul 

rip  |^u  du  d0  xi2 

■y  du  r  d  khr^du  n  dP_  />T 

2  d&  \u  de2 de  U du  u2\ " 

L  L  J 

Dividing  uut  bv  du/dG'^vc  gei  ... 


[l  dp 

fv- 

^  d2u~\ 
«».  u  -1 - —  1 

1 u  du  " 

1  h*-u2 

d0  \ 

ok =  \'-df  - 4],  or  (2n2  «)  4  = 

u“  |_u  du  “2J  *  u~  l*  du 

T  Afv.  -V 


L  "V 


f  =  (2„2+l ),%■  - — 

Integrating,  log  P  =  (2n2 +  1)  Aogu  +  logA. 

•••  J>=^“2"l+,  =  ^rt- ■  ;  ' 

p  a  —4 — -.  which  proves  the  Hrsi  result. 

r2n-  +  i  r 

Substituting  P  =  l  in.(3),  we  have 

,  '  ...  I  du  ■■  .  1  dr 

Hutting  u  -  —  so  that  —  >-  — 7r.—rv  we  have 

r  clo  r-do 

!+  Li^f  x 

r-  (  r.iiaej 


r2«“  —  2  +  r  2/j-  - 

i  2 

2,r~A  r 


W  n-h- 

2/1-  -  4  /2«;  -  2 

or  (f--2)2 

setting  A/n2h 2  =  o2"'  “  2  to.  get  the  required  form  of  the-  answer. 
>/{^2/r-2^r2«--2j 


dr 

= 


-v/'J(a«=-.)2_  (r«?-')2j 


Putting  r”‘  ~  1  =  2  so  .  that,  (/t?  —  l)r"r._-2rfr  =  dz.  we  have 
^  iO. 


>/{(<’ ”’“  *)2“22} 


rota 
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Central  Orbits 


(DynamIcs)/6 


I 


integrating,  sin 


.•hen-  9  =  0,  let  r:=  ^.  T^cn;if  ^sin"  1 1=  jr/2. 


Initially when 


...  ~^—r  =  sin  {(/i2  -  l)  9  +  Iji}  =  cos  (n2  —1)  6 

cP~  “  -  • 

.  ,r  r":  “  1  =  fl  (r  *)  COS  (/72  r-  1)  £  : 

•.vlitch  is  the  required  cquationrof.thcorbif:  ;  ' ' 

fix.  14.  /I  particle  movesP"with a  central  acceleration 
{ilfctiMce}2;  it  is  projected  with,  velocity  V.  at  in  distance  R.  Show: that 
sty  path  is  a  rectangular  hyperbola  if  :thc  angle  of  projection  is  jp^^oto 


VR 


Sol.  If  the  particle  describes  ;a..  hyperho]a  under  the  central 
:n  ivk:ration  ///(distance)2,  thcn-  ihc  velocity  v  of  the  particle  at  a 
distance  r  from  the  centre  of  force  is  given  by 


0) 


where  2 tt  is  the  transverse  axis  of  the.  hyperbola. 

Since  the  panicle  is  projected  with  velocity  V  at  a  distance  Rt 
therefore  from  (1),  we  have  ..  " 

.  {->  it  2  tt 

V2="(^^J  or^  =  v2-x-  -® 

.  If  a  Is  the  required  angle  of  projection  to.  describe  a  rectangular 
hyperbola,  then  at  the  point  of  projection  from  the  relation  h  —  vpt  we 
have 

h  =  Vp  =  VR  sin  a  ...(3) 

|v  p  =rsin^  and  initially  r  —  R,  f>  =  a] 
Also  h  =»  V(n/)  =  V{ii  •  (b2/n)}  V(//n).  ...(4) 

|v  h  —  a  for  a  rectangular  hyperbola] 

From  (3)  and  (4).  we  have 

VR  sin  a  =  /(//rt) 

m  sin  a  -  JtSiL. 


VR  ~  VRy/p  PK  VO  /fl) 

*  Substituting  for  p/a  from  (2),  we  have 
sin  a  =  p  I  {VR  V(F2  -  2 p  /R )) 

or  a  wsfn-  1  [f*/{ VR V(K2'  —  2 p/R) }  |.  ^  ’ 

which  Is  the  required  angle  of  projection. 

Ex.  15.  A  particle  of  unit:  mass  describes  an  equian^iw^spjrdl  of 
angle  or,  under  a  force  which  is.  always  in '  the  direction  perpendicular  to 
the  straight  line  joining  the  particle  to  .  the  pole  of  the  spiral; {show  that  the 
force  is  p  r2,ec5®  -  3  and  that  the  rate  of  description  ofsect bricifarea  about 
r he  pole  is  ..  •  "  •  "  ^  ■ 

~V  (p  sin  ex  cos  a) >  r a.  / 

Sol.  Here  the  particle  is  moving  undCT^aifqi%e  which  is  always  in 
the  direction  perpendicular  to  the  strafght^jine' joining  the  particle  to 
the  pole  or  the  spiral.. 

.*.  the  central  radial: acecleratfeii^^r:—  rb2  =  0  ..  .-.(1) 

If  jF‘is:.thc'  forte; on‘‘ihc paoiy^o^nitimass,  perpendicular  to  the 
line  joining  the  particle  to  ihe^pole^then:.  -• 

F  —■  irattsy^ts^^^leraiio ri/ .  ■ 

_  Id  •; 

ie’ 

The  equation  of  the  dcpjiahgular  spiral  is 
r=.ae9col“' 

Differentiating  (3)  w.r.tJ  V,  wc  have 
r  «  ae  9c<31  a  9  cot  a  ~  rd  cot  a 

or  d  =  ^taner.  —(4) 

from  (1)  and  ^4),  wc  have 
r  =  r  ^  tan  cr  j  * 

or  r-  =  -  tan2  a . 

r  r 

Integrating,  we#have 

log  r  =  (tan2  a)  log r  +  logyt , 
where  A  is  a  constant  of  integration  = 
or  log  f  «  lo£  (a  r  •*?*" 

or  r^Ar1*"1*.  —(5; 

-  Substituting  the  value  of  r  from  (5)  . in  (4),  wc  have 

d  =  —  tan  a  .  A  rian2flt 


..(2) 

..(3) 


d  ~A  tan a-.f*.ani'“-r  1 

from  (2).  we  have  . 

F  **=  “ ~jj.  (f2y4  tan«^lin2ff  ~1j  ;c 

; .  A  tan'  a  d  /  .^t„\  ,  A  tan;a.  . .  ^ 

=  —rsi  (r  :  sec2 


-(6) 


-£(rn*°W 

triec?a-.t;- 


r.  \ 

=>.A  tan  a  scc2a  ~  2  .  Ar**,^a  ; 

:  =  A2  lane*  set? a  2.+|iiwj « ;  . 

=  aricc2“ -2  +  ~3,:  whcre7/  =/42tart£rscc2a..  ■  ^.(7) 

.  ;  .,-TIius  T  =  /rr2^^a~/;\yhic^  tKcfirstpart. 

.  1  Second  Part.  The  rate  of  dcsCTintion  of  th e  sectori al  arca 

,i#2r2d. .  -.i.,;- V*  ffgj: ‘  •’ 

.=  -4.r2y4  tan  o  r1*1’2?  t,1 
k  :  . .  -  =  2>j.tan  a  r2  +^ tnir.ft— 

=  2 V(// cot  a  cos2  aj. tan  a  -  • 

[substituting  y4  =  V(/i  cot  o  cos2ft)l  from.  (7)] 
=  \^{p  cot  <r  cos2  or  tan2^ a} r***2  a  '=  ±  '/(p  sin  a  O os  a)  nlcc3  “ 

{*  .?>:.  Apse  and  Apsidul  distanced  . ; 

t.  Apse.  Definition.  An  apse  is,  a  poijip  on  the  central,  orbit  at 
n  /i/r/f  {fur  radius  vector  from  -  the  cenire  of Af presto  the  p  tint  has  d 
niflvimum  or.  minim  uni:  va  lue.  -£  y&ljfr  ■  £&  .  1. 

■  ;  i';Apsldai  dlst»nce.  -  77ie  lehgTh'.^^^rp’diits  yeAbr  at  an  apse  is 
•  ■  ■  allcd  ari  apsidat  distance.  ’  '  -  :  -  ' 


3.  Apsidal  angle.  The  angftyjbeTr/cen  two  consecutive  apsidat 
distances  is  called  an  apsidal  ari^A^%y. .  - 

eorem.^  At  an  aps e^%e^rhdnts:  vector  Is  perpendicular  to  the 
Le,  at  tin  apse  thefparttclc.  moves  af  right  angles  to  the  radius 


Theorem. 
tangent 
*'«r/or. 


From  the  definitioh-tf^an  apse,  r.  is  maximum  or  minfrnum  at : 
i  i.e.,u  =  \/r  i^miniiirmin" or  maxtinum  at: an  a ose. 

i’ 


.aiise  /.e.,  u  =  l/r  i^mmimiinf  or  maximum  at: an  apse, 
v.  at  Sn  ap$cf^cfit/d9.  =  0. 

i .  •  :: 

Bot  wc  Icnovy''that!~  =  »2  + 

'  P  . 

■  .‘i^hm’apse,  4r  =  u2  =  —■ 

•  P2  /z. 

'‘r.A,  p  =  r-  or  rsln  ep  =  r 


.  sin  <j>  =  1  or  <p 90®. 

'^/This  proves  that  at  an  apse  the  radius  vector  is : perpendicular  to 
%yhe^tangcnt  or  in  other  wtirds  at  an  apse  the  particle,  moves  at  right 
5^  angles  to  the  radius  vector.. 

Remember.  At  an^ apse  dr/dd ^6;  du/d9  »  0,  ep  =  90*,p  =  r  and 
the  direction  of  motion  is  at  right  angles  to  the  radius, vcaor. 

§  10.  Property  of  the  apse-llne.;  lheorem.:; 

If  the  central  acceleration  Pis  a  singlevalued  function  of  the  distance, 
every  apse-line  divides  the.  orbit  into,  equal  and  symmetrical  portions,  and 
thus  there  can- only  be  two  apsidal  distances.  - 

■■  Proof.  Since  the  central  acceleration  P  is  a  single  valued  function 
of  r,  therefore  the  acceleration  of;ihe.  particle  is  the  same  at  the  same 
distance  r.  '  V  '  *•  . 

The  differentia]  equation  of  a  central  orbit  Is* 

'■  d^u  ' «.-■  -  •  •  •  .  r  .  r,  3 

:  5P+* 

Multiplying  both  sides  bv  2.(dt//rf0)  and  integrating  w.r.t.  'd\  v>c 


equation  of  ja.  central  orbtl  Is* 

+ v .  ...f_ w  A?  iil  =  4/ 

h2  u7- ,  \  :\d9z  -  T  .  u2  •, 


have 


=*2[@^”2] 


v2  —  C  —2fPdr.- . 


f 


The  equation  (1)  shows  that  It  P  is  a  single  valued  function  of  the 
distance  r,  then  the  velocity ,-of:  the  panicle,  is  the  same  at  the  same 
distance  r  and  is-  independent  of  the  direction  of  motion* 

Thus  we  observe  that  both  velocity  and  acceleration  are  the  same 
at  the  same  distance  from  the  centre.  Therefore  if  at  an*  apse  the 
direction  of  velocity  is  reversed,  the  particle -will  describe  symmetrical 
orbit  on  both  sides  of  the  apse-line. 

Now  when  the  panicle  comes  to  a  second  . apse,  the  path  for  the 
same  reasons,  is  symmetrical  about  this  second,  apsidal  distance  also. 
But  this  is  possible  oniy .when  the  next  (third)  apsidal  distance  is  equal 
to  the  one  (first)  before  it  and  the  angle  between;  the  first  and  the 
second  apsidal  distances  is  the  same  as  the  angle,  between,  the  second 
and  the.  third  apsidal  distances.  Therefore  if  the  central  acceleration  is 
a  single  valued  function  of  the  distance  r,  there  arc  only- two  different 
apsidal  distances.  Also  the  angle  between  any  two  consecutive  apsidal 
distances  always  remains  the  same  and  is  called  the  apsidal  angle. 


ITOfcf 
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Central  Orbits 


(Dynamics)/7 


:  §  1 1.  To  prove  analytically  that  when  the  central  acceleration  varies 

«.<  some  integral  power  of  (he  distance,  ' there  are  at  most  two  apsidal 
instances. 

Lctthc  ccnlral.dccclcrauon.Pbc  given  by  .  . 

P  =  where  /iisan  integer. 

Thus  P  =  pit~n  becausc>=  T/u  — i  :  . 

.  ~t  h  c:  d;  ffc  rent  ia  Icq  u  a  tio  no  fthc  p  aUTls;- : 

% hf 

Multiplying  both  sides.by  2  Uicn  integrating,  wc  have 

But  atari  apse du/dd  =  .0.  So  pulling  du/dd  =  0  in  (1).  wc  have 
h2u2  =»  -  jtfT'X'1  t.-P  +  A 

■'»>  r" >  +  W*2  =r.a;. 

Whateycrbe  thcwulues ; of n  or A;lhis  equation  cannot  have  more 
i  haii.iwo  clia  nges  .of  sign.  Thereto  re  by .  pjescarle's  ..r  ule  of. signs  it  cannot. 

-  ha  vcmorcthantwopositive  roots.  Hcncc  iherc  are  at  most  two  positive 
values  of  r filial  most;  two.  a^idaf  distancav  .  , 

5  AT. '  Given  the  law  oriqrce^to^ ^  Gnd  lhe^ orbiL 

This  Vrpblcm  is  converse  to  that  giycn  m  §’8  on  page  9.  For  solving 
Mich,  a  p  oblcm  wc  substitute^  the  given  expression  for  P  in  the” 
■  differential  equation 

*2 


-0) 

h2dP..:  D 

p 2  dr  ~P' 

..(2) 

whichever  is  convenient.  in  case  the  force. is  repulsive,  wc  take  the  value 
•  ifP  with  negative  sign. 

Then  integrating  the  resulting  differential  equation  of  the  central., 
orbit  with  the  help  of  the  given  initial  conditions,  wc  get  the 
\r,0)  or  (p,r)  equation  of  the  orbit. 

Illustrative  Examples 

ICx.  16  (a).  A  particle  moyes  ivith  a  central  acceleration 
(r+  being  projected  from  an  apse  at  a  distance  a’  with  a  velocity 

***  'Jp  ■  Prove. that  it  describes  the  ciir\’e  r2  (2  +  cos  =»  Tin2  ■  .-'i-  •;-: 

‘  '  '■  IFoS-2009 

SoL  Here,  the  central  acceleration. 


V^UULIV/ll  I  1IIW  40  . 

**t'*®j**K*^j 


P  =»  )i  (r  +  a*/r 3)  *=p  {(Y/u)  +  ir4ii?)V  where  u  —  1/r. 
ihc  differential  equation  of  the  path  is  .  -  yw 

"%* . 

Multiplying  both  sidcs  by.  2.(du/c/0);an(l  integrating-w.r.i.  '6\  wc 

hi,vc  .  ;  "I.':. 

j  ■  . 


or  -v2~=  ,  —0) 

wherc/l  Wa^cYmstani.  !•  ii  '  .:  ' 


Nowlinitiairy  ■  the^pan  an , apse-  (say,  (' 

the  point  Af.  a  i 'a  d i s l ancc  a:  ;w ifi’^velgeity; 2jf  aa'. i-'-Jh ere fo rc. w h e n 

'  from  (1);  \.vc/hkve-5^^^^'  . ’  ' 'V. ■ ;  :':’r 
O’)  (>>)  V  ^  (iii) 

From  (j)  and  (ii),  wc  have  hr=  4uaJ  and  from  (i)  and  (iii),  we 


have 


4«n2  =  0  -h  A  i.e.,  .A—  \ua2.  ■ 

Substituting,  the  values  of  hr  and;>4  in  (I),  we  have 

i“°J  +  (^)  ]  =>’  (-  uj  ":n‘"2)  +J“fl2 

(^|  =  —  4 rt4tr? — ~  +  a4iiz  +  4a2 


{ df)} 

4<7'1"2  =  (-  1  -  3<74tv4  +  4r7?w2) 

2a2tt  ~  =  V[—  1-  3r/V  +‘ii%i2f  . 
ao _ '  '  2f/2«  du 


...(2) 


[taking  square  root] 


,/f-  I  -  3/r‘i/4  +  4r/2j<2| . 

■  la^t  du 

V? . ./[  —  .l.-r'  (a  V1 \  tAt2) j 


ftPadu  . 


or  y/3d&  = 


^3  .  («2u2  _  |y2  +  i  j 

_ la2!!  du 

1  ^3.y(©2-(fl,2u2-|)2] 

la^u  du 


AO2  -  (a2*2 -  j)2] 


Substituting  o^1  ~  =  =s i ,,so  that  2a2«  du  =»  r/z,  wc  have 

^“  vupNr  , 

Integrating,  V38  +  B  =-sfn~  1  (3z)  where  8.  is.  a  constant  -1 "  : 

i»r  V35  +  Basin'1  (3&^u2  —  2).'  .  „'(3) 

Now-  take  the  aspc-linc  ,OA  as.  the' initial! we;  Then  initially 
r  —  a,u  =  t/a  and  .0  =  0. 

from  (3),  0  =  sih”  V  I  or  3  =  !jt . 

Putting  B-—  in  (3);  we  have 

^30 -t-  i  x  sin7'--l  (3a2u?:— 2).  - 

or  3n^u2  —  2  =  sin  (4jt  4- ^30):=  cas  (,/30) 

3a2  ’  .  —  . 

*>r  —  2  =  cos  (V30)  or  3fl^^,2r2'=  r2  cos(-/30). 

3<a2  =  r2  [2 +  cosV(-/30)|- .  ■  *" 

which  is  the  equation  of  the  required  jCurvxit^- 

Remarks.  We  know  that  a  centK^d^Jii  is  symmeirical  about  an 
npsc-t  line-.  So  if  vyc  lake  an  a ps c^Ii^.as-'^ [ h c  initial  line,  then  while 
extracting  the  square  root  of  ih#^i^tioii  (2)  we  can  keep  cither  the 
positive  sign  or  the  ncgaiive^tgn^Iipboih  the  cases  we  shall  get  ihc 
«nnc  result.  The  students^airyprYfy  ii  by  solving  the  above  problem 
while  keeping  the  ncgaiiyi^slgn.. on  extracting  the  square  root  of  (2). 

After  extracting  thc^quarc  root  or  the  equation  (2)  and  then 
separating  the  variablcs^wc^should  first  try  to  integrate  with  respect  to 
u .  If  wc  find  any  difficuliy^in  . integrating  w.r.l.  Vi*,  we  should  change 
u  to  r  by  puttingi^r 

Kx.  Y6  particle  subject,  to  the  central  acceleration 

(jt/r2)  4-  f  isjprojected  from  an  apse  at  a  distance  ‘a’  with  the  velocity 
du/a ;  prayeJfiaU' at  any  subsequent  time,  t,  r  =  a  -  4  ft2. 

Sol^-^Hcfc  the  central  acceleration 

\pfP'  =  4  +  f  =  u iP  where  —  = 

.  -  <k%.  %  r 

lhc  differential  equation  of  the  path  is 

S 


*2[“+0]  =^=^if‘u3+t) 


1,2  [“ +^] 


Multiplying  both  sides  by -2  (du/dej  and  integrating,  wc  have 

^ = ;’2  [“2  +(^)]  =  ~¥+a-  -tn 

where  v4  is  a  constant. 

Bui  initially  when  r  =  a  ..  i.e..  u  —  if  a,  du/dQ  —  0  (at  on  apse)  and 
v  =  y/ft/a . 

-  front  (1).  we  have  ^  ==  A2  f-ri  ~A:~  2fa  +  A. 

:  a-~.v  \\{P):  a* 

;h2  ~/t  and': A  ==}-2fa: 

Substituting  the  values  of:/i2  andyi:vin  (1),  wc-hayc 

°r  -ra 

Now  u  =  l/r,  so  that  ^  =  —  -V“ts  •  Tit ereforc.- from  (2),  wc  have 
at/  .  . -r*  at) 

(  1  dr\ 2 

=2^~^T^rr). ' 

°r  (S).  =  ^r<a  -  r)--  .  or  .  H  =  -  v(2 />:«). r2  /(«  -  r). 

>  d&  dr_  \ 
dr .  dr 

■/.,  t~:U-  .,<!L 

V  \2f)  r*V(.a  -r)  d, 

.  [substituting  for  h  and  dr/dff] 

d' = vpT) ; ("  ~rr 

Integrating.  r  =  ‘/y~  -  2  (a  -  r)x/P  +  Bj  '  - ' 


h  -  r2— *  - 
tf/ 


"  A  2f) 

But  initially  when  t  =  0,r  -  « ; 
■*.  r  =  / (2//)  .  (n  —  r) l/z 
or  :/2  =  (2//)(n->). 

«  —  r  =•  i/i.2 


.  where  B  is  a  constant. 
B  —  0. 


~  =  a  ~  I//2 


RO.:  105-106,  Top  Floor,  Mukherjee  Tower,  Dr.  Mukherjee  Nagar,  Delhi-9.  B.O.:  25/8,  Old  Rajender  Nagar  Market.  Delhi-60 
Ph:.  011-46623987,  09999329111,  09999197625  {|  Email:  Im84lm8201p@gmall.com,  www.lms4maths.com 


https://t.me/upsc_pdf 


https : //upsepdf .  com 


https  ://t.me/upsc_pdf 


-  Join  Telegram TorTVIo're  Update :  -"https : /7t.  me /upsc_pdf 


2ft 


Q 


55 

3fl 

cs 


KS 

I 


1 


g 

M 


§ 


cl 

li 


:i 

:S 


I  ■  J 

I  \  -T 


ei 

a 


v 

oo.: 

On 

3: 


•  * 

OS 

On 

■Me 

■Ml 

J3 


Central  Orbits 


(Dynamics}/8 


Kx. .  17.  A  panicle  moves  under,  a.  force. 

mp.  (3auA  —  2  (a2  —  b2Jxr?).<a>  & 

/.v  projected  from  an  apse- -at  a  distance  (a  +  b)  with  velocity 
dp/ (a  +  b).  Show  that  the  equation  of  its  path:  is  r  =  a  +  b  cos  9. 

I  IAS-200B 

Sot.  Here  the  central;  acceleration:;  ! 

P  =  p  {3«u4  —  2  (a1  —7>2)u5}.. 
the  differential  equation  of  the  path,  is 


«  .+  (a1  -  62)  «3K  • .  • 

Multiplying  Doth  sidcs  by  2  integrating,  we  have 

..r  .w2 -h2 |u2  +  ^j: :J.=y( — (*)  • 

where  A  is  a  constant,  ■  >'  - 

But  initially  at  an  apse,  r  -a  +  bt  u-  =  \/(a  +  bf du/ dQ  -  0 
and  v  =  ////(«+  b). 


r  1  1 

r  ■'■25  («2-b2j] 

l(a  +  '>)2] 

1  H 

^(a  +  D)3.  (a  +  b)4  J 

c a  +  by 

/i2  =  m  and  A  —  0. 

Substituting  the  values  of  /r2and  A  in. (I),  we  have 

•**  [“:+ \$y] =-"'iw_ 

=  -  //2  +  2«//3  -  (rr-  -  b2)  i/J. 


4-  >1. 


-(2) 


1  .  du  l  dr 

—  •  SO  that  —  — - T'TTT  ‘ 

r  d9  r*  dd 


But 

Substituting  in  (2),  wc  have 

/  _1_  rfr\?  _  .  1  2a  (a1  —  b1) 

\  r2dd)  r2  r3  r4 

;MSf=^i-^+2nr~(‘,2~,,2)| 

=  —  r2  +  Jar  —  a 2  +  b2  =  b2  ~  (r2  —  2/rr  +-  «2)  ■ 
=  $2  _  (r  _  „)2 

=  v'fb2  —  (/■  —  n)2)  or  t/fl  =  - 


~^[b2  —  (r  —  <t)2)  ^ 

Integrating,  e  +  D  =  sin~  1 

„  l  *  I  A  - 

Bur  initially  when  r  =  «  +  />.  let  us  take  0  =  0.  Then  frdm%3^ 
=sin“l  (J)  =  rc/2. 

Substituting  in  (3),  we  have  Jr 

9  +  T-f  “  sin-  1  {-  or  .  r  -  a  -  hsjtf(£/r&  G) 

or  r  -  +  ft  cos  5,.  which  .-is  =  the .  r  e  q  u  i rcth eq u nrio n  of  the  path. 

Lx.  18.  A  particle  moves .  under  a frejiulsiifesfozce  mu/ (distance)* 
and  is  projected  from  an  apse  aid  distance  di^fit^Aiyelciciiy  V;  show  that 
the  equation  to  the- path  is  r  cospG:-=±  a ‘y  arjd'ih nriih eanglc  9  described  in 
rime  /  is  (\Sp)  tan~ ^  (pVt /a),  where  . 

*-*  +  **>*&*& 

„£ir‘  'v’ 

Sol.  Since  the  ..panicle  mov’cS^undcr  a  repulsive  force 
put  _  *  ■ 

(distanc^^g^  “'a'  ■  .  ■ 

ihe  central  accdlcratioff  P  = — .=  —jiu3. 

‘  r3 

the  differential  equation  of  the-paih  is 

hi\uz  +  £A=£.^_=_lul' 

l  c182j  k2  u2  H 

Multiplying  both  sides  by  2  ( du/dO )  and  integrating,  wc  have 

'~  =  l' 2  ["2  +  ilw)  1  =  “ fJ"2  +  A  ■  -C) 

where  A  is  a  constant.  , 

But  initially  at  .in  apse,  r  =  a,  it  =  1  /a, du/dO  =  0  and  r‘=  K 
from  (I),  wc  ha\'c 


1'2 

h2-  =  a2V2-  :md  a  —  y2  +  (u/a2). 
Substituting  the  values  of  It 2  and>l  in  (1),  wc  have 

"V2hfe)2]:=-"u2^2+^ 

^y=-<a^+M)u,+t^ 


...(2) 


•ir .  . .. 

•ir  ■  or  • 

Integrating,  p8.+;B  =  sin^  where  Btsaj  constant. 

'  Buf-inii tally. when'  ir  =  ly^leira^i-O^iltCTfiB’  =szn“  1 1 

.  :  +  : 

;'i»r_  ait  ='sin  ^jc  ■  ■■.  ' 

;  or  ,  .  \  q/f  =-  cos p9:<{ ,r;.j  -. ; 

or..  :  .'■••'"rtps ^  '  ^ -  --(3) 

whichlvihc  equal  ionpf  thcpathV  :^ 

Second  pnrt;  .  Wc  have  vr'  \  V  •  ■ 

(K  :  j,tl9  : 

h  =  r2-p-  . 

•  .... .  ;  -  dt..  ..  -•.■■- 

a,’  J  ^d9: 

or  .  flf'— fl-scczy?0— 3  ; 

or  di  =  (n/y)  see  2p9d9S:-.\  ^ 

Integrating. ;;  •  it  ■’  /:  ■+  C  =  -~  tan 


Bufinilially  /  — :  0.! andr.  0.  ==  0. ; 


-itiv 


t  —  —  tan or  :tan/?^=^T<fi^tf. 

which,  ghxs  the  angle  d  dcscribc2^n,jfime/. 

Ex.  19.  A  particle  movi&ufide? a  central  force 
mX  .Qet^u^.  %8nju2). "  V 

It  is  projected  from  an  tipsc^ai'Tf  distance  a  front  the  centre  of  force  with 
velocity  V(1CU).  Shoyv  that  iftc  second  apsiddt  distance  is  half  of  the  first 
and  that  the  cquation%tq , the  path  is  ■ 

-  +  scch  (6/V5)\‘ 

SoL  Hcf^  /fie  particle,  mov-cs  -  under  .the  central  force 
niA  Qahj4  +,ppj2jf  Therefore  the  central  acceleration  P  is  given  by 
P  =  X  (3f73K4  +  &7tf2). 

^.jh^-diffcreniiid  equation  of  the  path  is  : 


. h2  [“ + 0] = ^ = jio?*  *  **•*) , 

A2  p  + =  A  (3c3!/2  +  8n). 

?'■  Multiplying  bot  h  sides  by  2  (du/dO)  arid  integrating,  w 

hi  [2  >JI  +  [lie)  '•  ]  4  2/1  *  («^3  +  *aa)  +  a 

or  v-  =  A2  j^u2  +  |^-j  •=  A  (2n3u3.+’16nu):+  A , 

where  A  is:a  constant.'. 

But  initially,  at  an  apse;  r  =  0,1/  =  \/a,du/dQ  =  l)  and  v  =  V(lttt). 
from  (1),  we  have  ... 

10A  =  h2  f4rl  =  A  |2n3.4r  +  Ifiriv.*?*].  +A. 

[a2]  ..  V  -  n3  « J- 


_.(1) 


h 2  =  IOtim 


and . 


A  =-  im  — .  I  SA;  = 


-8A. 


Substitming  the  values  6f;/i2  and>l.in  (.l);  wc  hiivc 

jo«2a  |u2  ^ -^t2^3 '?  'to'*- ** 
2  :=r.2n3/V3  -d0^2i>2,+-  160u  -  8  .  ' 

5n?  =  fr73u3  —  5n2u2  +  8rt«  —  .4|  . 


=  «2ti2  (du  —  J)  4nt/;(r«/  —  1) .  +  4  (au  —  1) 

=  (au  —  Vlfahi2  —  4flu+.  4) 

~  (au-  I)  (on  -  2)2.  ..  -~(2) 

To  find  the  second  apsidai  distance.  At  an  apse,  we  has"e 
du/dd  =  0. 

from  (2).  0  =  (au  —  1)  (au  —  2)2 . 

or  u  =  I  /a  and  2/n .  or  r  =  n  and  a/2.. 

Bui  r  =  a  is  the  first,  apsidiil  distance.  Therefore  the  second  apsldal 
distance  is  a/2  which  is  half  of  the  first.-  .  -  ^ 

To  find  the  equation  of  the  path.- From  equation  (2).  wc  have 

V5a  ~  —  (ait  —  2)  v(au  -  1). 

do 


d& 


-  a  du 


V5  (ait  —  2)V  au  —1 

Substituting  au  — '  1  —  z2,  so  thut  adu  ^  2 z  dz%  wc  have 
dO  ,  -2 zdz. 

V5  (22-1)z 
.  .  c/6  _  v/f 

2^5  “  1  -z2‘ 
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Central  Orbits 


(Dynamics)/9 


/ 

fc2| 

[  rf«2J 

■ 

t>r 

.  "I 

[-S] 

'  in i canning.  ^yj.+  fi  ~  tanh- 1  z,  where  B  is.  a  constant 
or.  \  r^~  +B  =  tanh“  W(m/.-l).  -(3) 

■'  Hut  initially,  wfcenu,=  ;I/a,0  =  0. 

■=;■ ■.  from;  (3),  fl  ^.  O..  .-  ’  .  .  .  •  .  . 

'.-sriiitlng.^  s=:0:in^ ^(3)F  wc  &ei  : 

/ =■ ■tanh'”' 1  7(ait  ~ l)/-' 

i>r.  -  's  :  ^anh  (2^)  ^ ik ;  •  >. . 


.  ..  1  4-tanh2>l  ,,,  ..  ....  - 

Mow  cash  2/4  =' : - = — '(Remember) 

1.—  ianh?>t  :.v 

■sh  (A)  _  i  +  tanh2(0/2VS)  ^  1  +  frm-l);  < 

i  tysj  l-  -  tanh2  (0/2^5)  .1  -  (flu  -  1)  "  2  - 


CtljSh:  | 

"2  j-  ou  =  au  scch‘(0//5)  . 

It  .•  -.A  /flA/<M _ 


i>r  2  =.au  [1  +'-sech  (0/>/5)j  =».(a/r)  [1 ,+  scch  (0/-/S)) 

;»»!■.  -  2r  =  a  }1 +-scch  (0/7S)]r. 

Avliicii  is  the  . required  equation  of  the  path.-  V 

!  ICx.  20:  A- particle  subject  to.  a  central  force;  per  unit  of  mass  equal 
n»  p  (2  {a1  +  b2y.u^^':3a2b2U7}  is  projected  at  the.  distance  a  with  velocity 
yji/u  in  a  direction  at  right  angles  to  the  initial  distance:  show  that  the 
pritly  is  the? curye.  :  >  -  -  ’  *  • 

r  2  =  a?  cos2  8  +  b2sin2B. 

.Sol:  Here,  the  central  acceleration 

P  ~p  {2  (a*  +  b2)^  -  3a2b2ii1):: 
the  differential  equation  of  the  path,  is 


f  {2  (a2  +•  b~)  u3  —  3^2*2u5}.: 

Multiplying  both  sides  by.  2  ( du/dB )  and  integrating,  we  have 

v2  =  A2  [u2+- |-j“j  J  =  p. {(a2  +  b2)  u 4  -  a2bihit)  +  A,  ...(1) . 

where  A  is  a  constant.. 

.  Now  2(1  the  point  of  projection  the  direction  of  velocity  is 
perpendicular  to  the  radius  vector. -So  the  point  of  projection  is  an- 
apse.  Therefore  initially  when  r  =  nt  u ■=  1/a,  du/dd  =  0  and 
V  —  V/t/a.  - 

from  (l),  \vc  have 

h2=p  and  .  A-=  0/  :  M 


Substituting  the  values  of  h2  and  ,4  in  (1),  wc  have 
\2 


ti  ju2-+  j  =//  {(a2  +;b2)it4—  AVu<?> 
or  (c/©)  =  ~  +  (°2  +  h2)  j/*4  —  (i^-b'hf*.:  ^ 


•  d0  ‘ 


-  -  ,_»:\vcbaye'^. 
-r~  dB 


fr'.  -. 

t  -  Jr-  3 

•  rivrh^V?)2  Cq2/+  A2))2] 


dr 

~dO 

dQ  — 


r2<m 

i--' 


~jo  ~  ~  7  y  [l<°2  ~  *;>2  -  jr2  -  3  («2 1  A2)>21 


A2)2  —  {r2  '—  1  (fl2  +  h2))2j  ‘ 

Putting  r2  4  (a2  +  b2)  ==  2 ;  so  that  2r<^r  =  Jz ,  we  have 
—  .4  rfz 

-  _  -2  ■•  -  :  . 

V[i  («2.-  h2)2  -  22] 

integrating;  we  ger 


6>  4*  5  =  J 


.fr2_I^2+.d2) 

.  =.4  cos  -  1  i— rf- - — — 


1st*2 -*^j  I  U^--h2> 

ant.  . 
r  =  a,0  =  0. 

/'  ..  »2)  )  1 


where  5  is  a  consiani. 

Initially  when  r  =  a,  0  as  0. 


i(d2-A2) 

=  4  CDS'  J  1=0. 


J  lcncc  B  =  4  cos-  1 


20  =  cos-  * 

cos  20 


[r2  —  i.(^2  +  A2)] 

}  jP^W)  { 


r 2  —  4(«24-62) 


Ua2.-^^2). 
r2-l(a2+h^ 


4  (fl2  ~>2)  "...-•  .  '  .  ; 

.  *>r  r2  —  -  (n2  +  A2).— -4  (A2.-*  A^-.oqs'20  .  - 

:u>  r2  =  4  («2  + +'4(<J2*-h2)cqS20 

=  4«2  (1  .+  cos1 20)'  +.i  h2  (1  —  cos  20) 

rt  1  r2  =  o2  cos20  4-  A?  sin2  0,  * 

ivIiilTi  Ls  the  required  equation  of  the  path. 

&K  21.  A  particle  moves  with  a  central  acceleration 
a4ti5);  ifis  projected  with  velocity’  9X  front  on  apse  at  a  distance 
a  •  A  from  the  origin:  show  that  the  equation  to  its  path  is 

-hVi!^HhcaHB/',6)- 

.Si»|.  Here  the  central  acceleration  P  =  A2  (&3xt24-  aAu5). 
the  differential  equation  of  the  pattris*. 

TiS}“5(88^. 


h2  \ 


Multiplying  both  sides  by^dufdO)  and'integraling,  we  have 

A2[,'2+(^)2JrW'“  +  2T1)+"  - 

*•*  -  "2  [“*  (w« + ^  • 


_iw/  j  ^  #  '  -(0 

where  A  is  a  constant.  '*'* ' 

But  initiallyjwhen/r^  ^t/3  i>n«  ■“  5/a,dtt/d8  =  0  (at  an  apse)  and 

from  (i-j^-we  have 

<;,.vr_1  ■  v »  —  1  s 

,Eb.‘S;#^2  =  9n2A2  and  ^=-r^-A2. 

^  ]  - 

,  -^|!ri^5»ih.sl it ut ing  the  values  of  h2  and  A  in  (l),  wc  have 

5^  **  [“2 -  (^J2)  =^H  '  T1)  -f 22  •  • 

°r  9a2  j  =  -  Sa’hi2:-^  16cm  - 

or  lSfl2  [Tgj  =  aAuA  ri  ‘ISfl2!*?  + —  15 

-  ahi*  (au  —  1);  4-.'«22d2  (nu  r-.  l)  — .17/31/  (au  —  1)  4-  15  (tfu  -  l) 
=  (ou  —  1)  (a3u4  Hh-a2u^  —  .i7aLf  4-  l  5) . 

; :  =  (au  —1 )  { 2  (qufr-  X) ~+. . 2ait  (aft  ~  l)  — .  15  (au 1)) 

.  ;=  .(au  —  l)2  (q?u2/.+r2qujrr  15)  'f 
v=  (au.  ~*i )?  (au^-yjf (aii>$:,5).- 

■/.  .3V2 (nu  ^.-;i)yf(au_"-3j  (fl^  4-5)} 

"00  /  ..  ...  . 

V  -  v-V--  -  Iv'1'.-  ■■  :  3z24-5 

SutslitutmgiflM  41  (0 u  'rr  3)  z2‘ ;so'ih a t.« u  =  -  ^ - — 

ha« 


do 

3V2  = 
d& 

372 =; 


.'Trj-  :.i6z  rfcv-y-. 

-  (z2  Al)2 


rfz" 

\i^3  ‘ 


Integrating.  +  5  =  — -col- 1  (z/V3),  where  5  Is  a  constant 


3^  +  fl  =  V3-i0'  ‘{V  (a“3fj  '  vo)  ' 


But  initially,  m  =  3/a  and  0  =  0. 

0  +  B.= -^-  col”  *  «»  =  0:  .  or 


B  -  0. 


372  =75 cot  } 

<>r  ^V(^)-col^’/6)- 

which'  is  ihc  required  equation  of  the  path. 


■TOTSf- 
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{Dynamlcs)/10 


Rx-  72.  A  particle  moving  wtth'.a'central  acceleration  fi/ (distance)3 
W  projected  from  an-  apse  at- a:  distance  awitha  velocity  V;  show  that  the 
pit  til  is 


V  —  g2K2), 


.  (Vf/i  —  «?i 
j  .^7 


-aorreoj 


>irc»ri/ing  as  .^fl  <  or  >:  /Ac.  velociryfrominfa  '  • 

Sol.  Here,  ihe'  central;:accclcratiorr  -P^  - 

(distance)3 

The  differential  equarion  of  rhe  path  is 

f  J2!/]:.  -•P7. '  jew?:  - 

*2  ”w-  , 

Multiplying  both  sides  by  2  (du/Jff)and  in tegrating,  we  have 

^■  -  h1  [u2+  ^j  ;j  +  '4»  '  ‘  -•(*) 

where  A  is  a  constant- 

But  initially  when  r-=  fl.i>^u  =  (at  an.  apse)  and  v  =  V, 

■■  from  (l).  ^  =  h2  [pj  =/^+>4. 

aL  .  a z 

Substituting  the  values  of  A2  and  >|  fn.(l).  we  have  ■ 

aV2  ]u*  +  ]_=*“Z.+  ■<***-&  • 

^.(f)2 = -  «.*v  +  {y7“iri,) 


=  —  (<iW./<ju2,.+  (fl2^2  —  p)/«2 

=  (a2V2 -p)  (-  ;«2 .+■  1  /Cl1) 


a*V2 


fsr 


-<2) 


;  (cFV2  —  u)  (l n2t/2). 

If  Vx  is  ihc  velocity  acquired  hv  the  particle  in  fulling  form  infinity 
to  the  distance  o,  then 

v?  =  ~  2  JT  Fdr~  ~  ZL  =  “  2  ["  £]„  =  & 

Case  I.  "When  <  Vx  (velocity  from  infinity),  we  have 

V 2  <  I^,2  or  V 2  <  u/a 2  or  zj2P/-2  <  pi  or  u  —  rt2l/2> 

----  —  CS-'Ws?' 

/.  from  (2),  we  have 

or  =  ^(/*  —/?2^2)  .  ■/ (<7  2 


~  a2V2)  fo  ■  _  .. 

.  0~y(a2«2-  i)* 

Substituting  m/  =  zt  so  that  adu  —  Jz,  >Ve^h;»ve:!^l:; 

7(;i  -  fl2F2)  ^  .  . 

V(  a  —  ,*:•%?  'VT' 

integrating. - 9  +  *  a 


Bui  initially  when  u  —  :  .  .  • 

0  +  B '  =*  cosh  ^l^=y)  or  ;/?  =  (h 


s  '  HvfS  e  ^  cos 


r/tr  =  — =  cosh- 


r  cosh 


Case  11.  When  V  >  K,  (velocity  from  infinity),  we  have 
l^2  >  Vj1  or  Yz  >  ft/a2  or  rt2l'r2  —  //  >0. 
from  (2).  we  have 

"4  K  2  (^)  =  2  “  -WH 1  "  "2u2> 

a 2V  .  =  V(a2V2  —  fi)  .7(1  -  o2u2) 

'S(a2V2  —  //)  __  /rd/u 

oK  -/(]  —  Z?2!/2)’ 

Integrating.  ^  0  4-  C  =  sin^1  (zji/). 

But  initially  when  «  =  I /a,V  =  0. 


0  +  C  =  sin-1  1  of  C.  =  -7t/2-  , 


;  ^i=^a+5==in-i 


"  .  Z7  :  . 

01.  Z7U  =  —  -  sin  -I— ? - - . — ^0  +—  >■ 

;[  •  ay  .  :  -  2.J-.  ;■  *  . 

;  •; :  V"  ; 

lvx- 23.  A  particle,  acted  on  by:  a  repulsive  -  central  force 
■  ,'fr  /  (r2  ~  9 c^)2,  is  projected,  from  an  apse,  at: a. -distance  c  With  velocity 
'  7(>;«,/.Sc2j  Find  the  equation  of  iis  paih^and  show  that  the  time  to  the 
11  iyp. is  ^rzc2d (2/;t ).  . 

Sol.  Considering  the  .  pa'rticle^ ■/•-‘of  •  :unil;:  mass,  ’  ihc  central 
.acceleration  •  *’  .  -'.  ■,N.  * : 

-  -p^_ .rpr  J:  "  . 

Xr2-r?c2)?  . 

(Negative  sign  ls  iakcn  becauSe  the  forcc  is  repulsive). 
. .  TIic  differential  equation  of  the  path-  In  pedal  form  is 

£^=p=_. 


pi  dr  : 


.  (r2  —  9c2)2  1 

,,r  -f*” ~2i,r(sifiF 7  dr- 

Inlcgradng.  -  ^  =  -<t) 

where  >4  is  a  constant.  - 

But  the  panicle  Is  projcctcd^from^n  apse  at  a  distance  c.  Also  at 
:ui  apse,  p  =  r.  Therefore  initiill^p^V  =  c  and  v  =  V(p/8c2). 
from  (1),  wc  •- . 

if _ +  A 


ft2  .  ^nd  .  >4  =  0, 

Substitmin^thc^iiues  of  ^2  aiuM  In  (1),  wc  have 
—  ,^u.  8/j2  «=  9c2  —  r2. 


4^Tj>=-9^)  -  ,i"  ~(2) 

which  w^fejTcddl  equation  of  the  path  and  is  a  three-cuspcd 

hyi«>cyx:ioid. . 

'  .§e"&»iiFpart.  Now  we  arc  to  find  the  lime  to  reach  tqc  cusp.  At 
Hiefiu^pC  we  have  p  ~  0.  So  it  is  required  to  find  the  lime  from  p  —  c 

W  know  that  in  a  central  orbit 

ds  h 


dt  p 


hdt  pds 


hdt  =  p^-rdr. 
•  dr 


p  dr 


pdr 


But  dr/ds  =  ojs'  <p. . . 

hdt-p  ^  Q  dr  =*  ~  sin2  ^:V{\  —  (pVr2)) 

prdr  ^  p(—  Zp)-dp  V~ 


’7  d(r2  —  P2):  -.  V(9e2  8p2  —  p2)  - 

( V  from .  (2),  -  r  zfr’ =  8p  rfp] 

.  —  8p2  zfp 

^  3V{c2  —  p2)  ■ 

:  Let  /y  be  ihe  required,  time  :  to  -  the  ciisp.:  1)icn  .integrating  from 
p  =:  cTo  p  =  0,  wc  get  .  ' 

V  :  hr  'Jy.t : f.°  8p*v  •  :tep‘  -  =• 

:  *'■  * .  >  1  V(c»;->?)  ;3  J;,  fV(c2-p2>  ' 

=fX 


-  ecbs  z  dz  : " 
ccosz  •='...  ■ 

:  (putting  p  —  csihz,.so-iha|t;-rfp  =*=  e.=¥  ajszrfz) 

^  '  2  j  -  '  8  2  •-»• J-* :  2jrcZ 

Sin2 2  rft  =  j  cz .  f.X  -3*  “3“  . 


Zttc2  2jrc2 


l" 


2  =  p/8) 


*  1  3h  3 

=-tv@  • 

Ex-  24.  >4  panicle  is  moving  with  central  acceleration  p  (r5  -  c*r) 
jiving. projected  from  an  apse  at  a  distance  c  with  velocity,  c3  V(2u/3). 
:  show  that  its  path  is  the  . curve  x*  +  —  c4. 


IFoS-2012 
145-2010  model 


Sol. :  j  Here  the  cc  rural  accele  r a  1  ion 
V  .  .pWr(r’:-:c‘ ^(^7);  :  . • 

. '  The'diffcrcmiul  equation  of  the  path  is 


ibb 
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(Dynamics)/11 


_ Multiplying  both  sides  by  2  (<Ju/c/d>  and  then  integrating,  wc  have . 

=>  (-3^;*  £}•*'«•  -W 

where  yf.  is  a  constanx,  ■ 

But  Jiutially,  whcii^:=  .c./if;,  u  V-  l/c,  du/dQ  =  a  (at  an  apse)  a 

'  ■  V  =  =;' V'V.-J 


t.:  :  -.  v  =.cJ ..i-: ■ 

■  from :  (1),:  we': have:  V  =='  '~  =  ti  j^—  ^  +  c6|  +  >1 . 

A  ^  :":.p ‘  • 

Substitutingthe  "values  ofA2and^-lru(A)^  wc  have 

***'  ^0  b 

or  -  “  -  <*“*l 

tAt3  ijfii; 


c4w3  —  =  N 
dQ~ 


Pulling  cJii4  — 5  =  zi.'so;ihat-;'4c4ii^;tfn  =  J2,.\\c  have 
Integrating.  46  +  B  —  sin“ 1  fy\  =sin“i  (4z); 


where  B  is  a  constant 

or  49  +  B  =  sin-1  (4c4t/4  —  3). 

But  initially  when  u  =  l/c-,  0  =  0*  v.  B  =  sin-  *  l  ^  jr/2 . 

■JO  +  |jt  =  slnT  1  (4cJw‘'1  — 3)  •  ,\ 
or  sin. (±  jtr.  +  4?)  =  dc4!/4  -  3 

or  cos  40  =  4cV  -  3- 

or  .  <lcJu.-*  =  3  +  cos  -W 

or  4  c*/ p*  =.  [3  +  cos  40*] 

or  4cr*  ^  A  [3  +  (2 cos2  20.'—.  I)]  =  '2r  4  ]  I  +  cos?  20] : 

=  2r4-((cos2  0  +  sin2  &)2  +  (cos2  0  —  sin2!?)2]. 


.MM 


■=  4r4  (cos'?  0  +  sin4  O' L 
c4  =  (r  cos O)1*  +  (rsin  0)4 

or  c4  =  x4  H-y4,  | x  =  r  cos  0  and  v  =rsin  0] 

which  is  the  required  equation  of  the.  path. 

Ex.  25.  If  i he,  (aw  of  force  bep  (i»4  —  :~<«J)  arid.. the  parffejeffye 
projected  from  an  apse  ala  distance  :5  a.;  with  a  velocity  7) 

of  that  in.  a  circle,  at  (he:same..dislancci. show  that  the  oTbi^isflfedjmticon 

r=v/.p  +..2cos6);  :  v ;  ;•..•■ '  ■  . y 

Sol.  -.Here-' the  central.. acceleration 

If  K.is  the  vclocity-for  u-ci rcVc_ati aVd is£diri'C<^r$  then 

y2  , if-I?  ^ * f : :  i~:~  ■/.-[  -  • 

5er  ; ; 

If  L'i^ ■  iVt ^he  yelocitvaif-pr^bi^^^^i^^^ thc^ ^  particle:  then . 

Tltc  differential;  cqua^^^of  the  path  , is 

r  ••  c/2ifl,  ..  .  ;H)  :  .'o  >  '  10  ,v 

h~ ^ ^ s H T'W"-i  =? i  "  «■  ) .: 

Multi  ply  i  ngbot  h  sides  bv  :2  {ylit/dO')  an  ell  hen  imeghtting.  we  have 


r+i*  [“2:+  j  ->  n 

where  A  is  a  constant.  .  * 

But  inilialiv,  when  r  —  Sa  i.e..  u  =  +-  -  =  U  and  v2  =  — ^— =■  ■ 

'  .  or7  d$  22 5«3 

ffont  ( !),  we  have 

^b=>,2:(srr="  [§  fe)  -  f  (s<)  ] +x- 


-CO 


ri*=ir'  A  =  0;  ' 

.  ..9  a 


Substituting  the  values  of /i2  and  ,4  In: (1),  wc  have 

/ .  ,fe[f+  (^)  ]  (I"3-f"4} 

or.  -  i ‘=^tv7tt3  —  5n2ifi  —  u\ 


Putting  u  =  y*  so  that'^:=  - we  liavc  . 

r _ I  Jr\  2.  _  frit  _  5a2  _.  1 

v~  r2  ddj  ■■  '"  r3;-.  r4  r2 
°r  —Po2-r2.=  .-5rt2  -  (r  2  -*  6r:r) 

=  —  5a2  —  (r  .-r  3Ui)2  +:  9ti2  =  4c2  —  (r  ^r-  3n)2. 

or  .  de  =  <K2 

Iniegrating,  0.+  B  =  sin~  r  |v^—j  » where  B  is  a  constant. 

Bui 'initially  when  r  =.5n.0=p.  ;  .  .r.  S  =  sin-“  1  1  —  ji/2. 

0+  i.-r  -  sin"  1  [r-'2^3fl|  -  or-  .  sin  (\j£  +  0)  =  T-  - 

or  r  -  3n  =  2a  cos  0  or  -  r  =  a  (3  +  2  cos  0). 
which  is  ihc  required  cquaiibn.pf  the  orbit. 

Ex.  26.  A  particle  is  projected  from  - an  apse  at  a  distance  a  with 
the  velocity  from  infinity  under  the  action  of  a -central  acceleration 
11/r2"  +  3  Prove  that  the  equation  of  the  path  ii&r"  =  a*'  cos  n$. 

:y  - .  -  j  ^ 

Sul..  Here,  the  central 'accclcraU^5^u?/r 2/1  +  3  =  ius^t  *\  ■ 
If.l/is  the  velocity  of  the  particle  at'a  distance  7?  acquired  in  falling 
from  rest  from  infinity  under  the  sam'o^ccclpralion,  then  as  in  5  6,  page 


_ ^  \r~  2,^'2%^  f  I  .  la  ■ _ . 

^  I  -  2/^2’itw  ■*'(«■+  1 )  r  *"• +  -I  (/j  +  1)  a2”  +  2 

„  ‘  . 

The  differential  equation  of  the  path  is 

Vi-  =  A;  =  A-iili2”  +  3  =  .utl^1  +  *. 

yfp  «*•  w- 

MuItipiytn|ll)Oih  sides  by  2(du/dd)  and  integrating,  we  get 

+  (S)  ]  =  ffr;7+'4- whcw  ^ is  8  c‘m5'J”' 
(i)?] ■■ 


_ 

But  initially  when  r  —  a*  i.e.yii  =  X/a,  du/dQ  =  O  (at  an  apse)  and 

"^S-  V=  V=  Vu/V{(n  +  l)a7'**2\. 

&■'  from  (1)  we  have 

_ « _  .  2  r_LT  _  .«  1  . 

^(71  +  l)  a2"  +  2  '  .  |tf2J  -  (7> .+  1)  ■  a*>  +  2 

•v  A2  = - ^ - —  and  X  =  0. 

{n  +  \)a^ 

Substituting  the  values  of  h2  and  A  ,.in  (1).  wc  have 

—  ■“  -  V  \u2  +  W  2] _ +  2  ■ 

(n  +  1)  a~"  j_  [dOj  J  (n  +.  1). 

or  [~y  =a^.u^*2^tt2_  - 

Pulling u  =  so  that! ~  ’  'vc  have 

r  ,•  op.  -  - ,  r~  : 

-  (_  ^  a27'  --  .  T  ' 

..  i-  r*-dd. 

1  (dr\2 

.  or 


"  r2si  +  2:;^r2 

a2'*  ..  \  IK  ,  - 


“  +  i:  .1 ;  r;2>  f  ■  r^t+  2 

d/  \r  a2”  --  r2"  :  Jr  .  V(a2/^—  r2") 

.  or  ; 


fdr\r  a"J  —  r  ~ 

[ddj  -  ~  rZn  —  2 
./0_  ?  ; 


.J0. 


-s/t(<J2'1  —  r24')  . 

Substituting  r"  =  z,  so  that  nrn  ~  1  dr  =  di,  wc  have 

n  dO  =  - 


dz 


Inicgraling,  nH  +  B  =  sin" 1  (z/«").  where  B  is  a  constant 
or  nQ  +  B  =  sin“  1 

But  initially  when  r  —  n,  6  =  ().  3  =  sin-  1  (  J)  =  tz/2. 

/t0  + =  sin- 1  (r"/r/") 

t>r  r'Va"  =  sin  +  n6 )  =  cos»0  or  rn  =  r//;  cos  /J0, 

which  is  the  required  equation  of  the  path. 

Ex..  27.  (a)  A  particle  is  j>rojectcd  from  an  apse  at  a  distance  a 
with  the  velocity  from  infinity,  the  acceleration  being  pit1:  show  that  the 
ripmfion  to  its  path  is  r-  =  a2  cos  26. 

Sul.  Proceed  as  in  t£x.  26.  Here  n  =  2. 

(li)  A  particle  is  projected  front  an  apse  tit  tidisfancc  a  with  velocity 
of  pwjrcrifut  dp/ (a2  y"2>  under  the  action  of  a  central  force  pit*.  Prove 
that  ihr  path  ix-thc  circlc  r  **  a  cos  8. 

SuL  Proceed  as  in  Ex  '26.'--  Here  n  =  1. 
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(c)  If  the  central  force  varies  as  the  cube  of  the  distance' from  a 
fixed  point  then  find  the  orbit.  .  _  '  ■ 

.  '  Sol.  :  Wc  kno^  that- referred  to  Thc  ccntrc  of  force  as  pole  the 
differential  equation  of  a  central  orbit;  in:'  pedal  form  Is 

;  V.\  ~'y'  -w 

where  P  is  the  central  acceleration  assumed  to  be- attractive. 

Here  P  =  ur\  Putting^  ==  rtr ?  in  (l)£wcgct 

'  £±~ur 3 

p*dr  H  =• 

or  ^dp=/ir3dr  .  ' 

or  —  2“  d/J  — lur^dr.  '7  ■  7 

Integntiing  hoth  sides»  Vk-c^cl  * 


v*  =  ^  =  -%+C: 


HP) 


Let  v  v0  when  r  =  Tq.  : 


Then 


-+  C 


C  =  vJ+-57- 


Putting  (his  value  of  C  in, (2),  the  pedal  equation  of  the  centra! 
-  orbit  is 

-  h~  urA  7  -ilf$ 

7 "  ~  2  ■'  -■  • ' 

Ex.  2K.  particle  moves  With  0  cent  fair  a  c  eel  era  lion  which  varies 
inversely  as  the  cube  of  the  distance .  If  iibt.pmjcctcd  from  an  apse  at  a 
distance  a  from  the  origin  with  1  a  velocity:  which  is  -Vlrimcs  the  velocity 
for  a  circle  of  radius  a,  showy  tliai  .  the  .  ctf nation  to  its  path  '  is 
f  cos  (8/VZ)  =  a. 

Sol.  Here  the  central  acceleration;  varies  inversely  as  the  cube  of 
the  distance  i.c.,  P  —  u/r*  =  iiu3,  where ' j.t.  is  a  constant. 

If  V  is  the  velocity  for  a  circle  of  radius  a,  then 

—  =  \P\ 

a  L  Jr~  it  .  «3  ; 

«tr  K=V(/r/n2). 

the  velocity  of  projection  Vj  =  dZV  =  7(2  u/a2). 

The  differential  equation  of  the  path  is 

*-T  ' 


,  P  •  d?u\  P  pu* 


*V 


Multiplying  both  sides  bv  2  (du/dO)  and  integrating,  we  have-.,. 
r  ’  ,  «  2  -1  . 


*-»■{**  (i):]  = 


puz  +  A, 


a  i.c.,  u  ■—  [/a%  du/dd  =  OTat^tirt.  apse),  and 


whereat  is  a  constant. 

But  initially  when 

r  =  fj  =  V (2 ///i72). 

from  (1).  we  have  £  ^ 

ie  =.  h2  .r_Li- ± 

<i2  U.2J:  .ap%t^ 

5=1  2 1»  and  A^it/a2. 

Substituting  the  values  of. Vr2  and^Un^R  we  have 

]^J“  ^ 


j^O) 


2 


2V-  1  -f'2 


/2  a  ^  =  7(1  —  a2  n2) ,  or 


adu 


V2  7(1  —  rt-if2)* 

Integrating.  (0/72)  +  5  =  sin-1  (m#). where  f?  is  a  constant. 

But  inti  tally,  when  11  =  1/7#,  0  =  0.  B  =  sfn-1  1  =  i.-r. 

(0/7 2)  +  =  4s«n“  1  (««)  or  au  =  a/r  =  sin  {i.-r  +  (0/72)} 

or  a  «  r  cos  (0/72),  which  is  the  required  equation  of  the  path. 

I’  x-  -y-  A  panicle  moving  under  a  constant  force  from  a  centre  is 
projected  at  a  distance  a  from  the* centre  in  a  direction  perpendicular  to 
the  rnduts  vector  with  velocity  aetpured  in  falling  to  the  point  of  projection 
from  the  centre ;  show  that  its  path  is  (a/r)*  =  cos 2  (i  Q). 

Also  show  (hat  the  panicle  will  ultimately  move  in  a  straight  line 
through  the  origin  in  the  same  way  as  If  its  path  had  always  been  this  line. 

If  the  velocity  of  projection  be  double  that  in  die  previous  case  show 
dint  the  path  is 


■•Vfr]-^  Wfs2)- 


S<»1.  Since  the  particle  moves  under  a  constant  force  directed 
-.way,  from  a  cent  re,  therefore  the  central  acceleration  /*  “  ;  where 
f.-.is-ii  cimstanf.  •  . '  j!  "  '  *. 

:  While  falling  in  a  st ratght-; line :  front, the  -centre  of  for  :c  to  the 
|f«)in'l  of  projection,  if  v  Cs ;  the  vclocily  of  the  panicle'  at  a  distance  r 
fiiViii1  ifie  centre  of  TorcCi  then  - -  ")  : 

/  or-  .  ydv  zffdr. 


dv 

r - . 

dr . 


lit  V  be  the  wlpcjty. of  the  paftiefe  aoquired..iri  falirng  from  the 
.iJiitre  10  a  dlsiarK»  n.  TTien  '  • 

\  f  v)  dv  =  .  T;.,  f  drj  •;  —  af  .  -OT  f^,=  7(2n/). 

."*■  'b-. ‘  .  .  p. ;'  v  ‘  * 

'fh  ere  fore  thepa  rt  Icle  Jsprojected:  frorrta:  distance  a  \ri\h  velocity 
jiT/ifj.lh  a  direction  perpendiculartto-thc:  radfus.  vector^ 

■  Tlic  diffcrcntial  equation  orthc  paj.h  is  '  /;  .:  -  ■ 

;  Multiplving  both  sides  by  2  (dii/d9). and-  integratl n g.  we! have 


wltcrc  /1  is  a  constant.  . 

.-'.'But  initially,  when  r  =  a  ijc^u  ■^  \/ay  cht- 
is  projected  perpendicular  to  the  radlus^vefef 
riiul  f  =  V  =.\f(lnfy  . 


-(1) 

0  (since  the  particle 


from  (l),"  2fl f 

..>-  .  h 2  =  7fa*  ■  ^  .  and-  0. 

Substiiuimg^  the  \-ilucs.of%?apd  A  m  (l);  .we  hav-c 


2  f*»Y2  -  .  t  1  “ 

aJ  —  «  —  n-ti-  +•—  =. - 


xn  dtWfy</(0—  aW) 


^/7'V 

4%%^(  1  - 
'  Substituting  rP/2u*'  2  - 


z ,  so  that  4.w-v2»1V2W//  =--  dr.  we  have 


dz 


.  7(1  -Z2) 


^Integrating  |0  +  B  =.sin~  ]  (z)  =  sin“  1  (a3/2u3/2), 
^//vfhere.  0  is  a  constant. 


or 

or 


~{2) 


But  initially  when  B  ■=»  sin~  1  l  =  |^r.  - 

\  6  +  \  sz  ~  sinr  2  (dV?uV*) 

:a3^u3yz  =  sin  ({7r  +  |0j  3  cos  2  0 

ayr./r'sn  ~  cos  (^  0) 

(a/r)3  =  cos2  (40)- 
This  is  the  required  cquatipn;df  the  paih,  v 
Second  p#ii.  : Now  us.r  t*  »,  cos  (^0)  ^.0 <>.,  ix" 
i.e.t  :  -0  ~7tZ 3.  . 

.  .  Hence  the  part  icle  'ul  timaiclympvcsin  a  straight;  line  through,  the 
origin,.  Inclined  at  an  angle  0.=;  7r/3;dn;thc:  sameWy  as  .if  its  path  had 

always  bccn'-tlus. line.  ‘  ..~'\V'7vf  :,J  .  '  ■* 

.;;:iTi.lrd  part.  If  the.  velbcily.-ofprojcchon  oft  he  particle  is  double 


1  (1), 

h 2  =  8n3/  arid  v '  A-^j6af  r:..: -  j  .  ■-  '  - 

Substituting  thc^e  values  orh2.;andr>d;;Ih  :(i);  we. have 

SaX  ["*  *  ($)  -:  ]. = ^ 

‘,a3(S)?  =  _J',3u2  +  «+3n- 

n  -  .  1  du  1  dr  ,  I 

Putting  «  =  —  *  so  that  —  - - -  ~  •  we  have  1 

3  r  dd  r2  d0 

41,3  (-^^)*  =  -^+r+3° 

•4/7-*  (dr/dQ)2  =  r5  +  3 arA  —  4a*r2  =  r 2  (r 3  +  3ar 2 4d3) 

—  rz  [rl(r  —  a)  +  4ar  (r  —  a)  +  4a2:  (r  —  ri)j 
=  r2  (r  —  a)  (r2  +  4ar  +  4a2)  —  r2  (r  —  a)  (r  +  2a)2 
?a  \/2  (dr/dQ)  =«  r  (r  +  2a)  7(r  —  rt) 
df>  ^  n3/2dr 

2  r  (r  +  2n)  7(r  -/>) 

Substituiing  r  —  a  —  z2,  so  that  dr  j 
HP  _ 2 a322  zdz 

2  ~  (22  +  ")  Cz2  +^3^):2 


2 z  dz,  we  have 


EHH 
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Central  Orbits 


(Dynamics)/13 


f  ^.L1—  2  •  ! 

.;2-r  ■  iz2-+  a .  -2.2;!+-  3a  j  :  .  \  : 

Integrating;-  -  -v.  *  •  V  -  ' 

i  • ri' ^  v(^?n' ■  v; 


■  vyhcrc  .e  Is;  a  constant 

k;i-  -.kf3 = “n"^f •; ; 

Bui  'initially,  when  rj=-a,  9=101  ;.T.>.S;=p.-' . ... 

••• 

which  is  the  required,  c^uaiion  of  , ibe  path. 

Ex*  .  30.  A  particle.  mov'es  [with  _  a  central  acceleration 
i />  (distance ) 5  and. projected^ from  The  apse'at ,a  distance-  a  with  a  velocity 
Wputl  io  fi  tunes  that]  ^tjiich':  wpuld-:6c  acquired.  in  [ailing. from  infinity; 
.v/i/jiv*;  that  the  other  apsidal  dhmnqt'is  a/.  ■ 

Jfri-  =?-  l:  andpariictdbeprojccsed  iri  any  direction;  show  that  the  path 
■is  a  circle  passing- tlirpugk.  the.centreof  forces 
Sol;-  Hcjc,.  the.  central. acceleration  : 


/>  = 


(distance}5  rs  ■ 


Let:  If  bc.thcTClbciiy/rominflniiy.to  a  distances,  from  the  cent  re 
.uiulcr  the  same  acccteration,  Theh  ^s  in  §  6  of  this  chapter  on  page  7, 


>2i  -  *jT>>  =- -  2  -• 

I 't —  V(p/:2a4y.  : 

The  differential  equation  of  the  path  is 

-  ,?  F  .1--i/2u-l  ■  P  iiu*  :  ■ 

["  ,^j=  ^=  ^:  =-u“3-  , 

Multiplying  both  sides  by  2  (du/d9)  and  integrating,  we  have 
h~  |u2‘+  j  =*  ^tr>'  +  >' where  >4  is  a; constant 

'■2^2t“j+S)2]='fJ-- 


2n4 


But- initially,  when  r'»  aix.,ti  « 
i»  =  n  E  =  n  /(^  /2a4). 

from  ( 1).  we  have  =  h2 


-0) 

1/a, du/dO  =  0.(at  an  apsc).and; 
r  +  A. 


% 


or 


2a2  ;  .  2a4 

Substituting  the  values  of  h2  and*4  in  (1),  \vc  have 

B/f  "7^ 

Atan  apse;  wchavcdu/<i0  =  O.  The  re  Tore  the  ap$ida  ^distances 
riven  hv  :  - 


arc  given  by 
.  ,or 


or 


,  O  =*..( XZn2a 2)  —  a2n  2u 2  -+-  («2,— L;1  )J 

rrVi4  1).=  0 :  •  r 

a  *  am1  -  ‘ ,  •  f  ■  IT 

~T “  ~ 2~  + :  fa2  ~  U  =  0  ,-4'%.^,  '  v  -«•«  r  • 

s  a  Quadratic- cquatj6hThi:i:.r;-  .^^.'%;:. 


,..(2): 


which  is  -  ^  ^  ^ 

If  r$  «id  r%  lire  its: ro ois thjp h^'pr^==j'd4/(/i2  ^  1). 

But  t  hc  firsf  apsidal  distancc.’say  rj,  is  <3r  . 

Trom  1)  : 

the  second  ap<idal  dis^^CC2^=  fl/V(/z.^  —::l). 

Second,  pun.  V/hen^n^-  1  and.  the  particle  is  projected  in  any 
direction,  .say  at  an  angle  dr  to  iberaJius  vector,. then  alThe  point  of 
projection ,r  we,  have  <p jy.^Tsiu  <p  .=  nsina  ‘ 

4=a2+(^f  . 

Pf  \d9)  (a  since)- 

Thus  in  this  ease  initially  when  r  =  n  ijc^  u  =  t/n,  we  have 
V  ss  y  ~  V^jt/ia’*)  ancT  u2  +  (du/d&)2  —  l/(n2sin2  a). 

.jul—Jt 


and  s6 


from  (1),  we  have  - 
h" 


-  —  ^—7  +  >1  - 


2d4  (i/2Sin2er)  2a4 
:  (u  sin2 a)/(2n2)  and  A  =*0. 
Substituting  the  values  of  7i2and  J4  in.  (1),  we  have 

i^P*(|)2]=£r  ' 

,  fdu\2 :  a2aA  /du'i2  jiV*  2 

U)  “  sin2  a  °r  ;  Ud /  “  sin2  a  “  * 

Putting  u  .=  —  vso  that  “=  we  have 

:  T"  ■ ;  r2  (*0. 

V<lr\2 


-  .T.  1 

■  '  ..'i:  r4 sin2 a  r2 


M 

,d9  =  - 


a 2  cosec2  a  —  r2  or  ~  —  V (a2  coscc2  et  —  r2) 

r  dr  V-  .  ' 


^/(/z2  coscc2  or  —  r.2) : 

Integrating,;  d  -t-  B  =  sin-'  '  f - — — — |  *  where  B  is  a  constant. 

Tflcoscccrj 

Initially  when  r  —  a^'Ict  9  *=  0.  Then  B  =  sin“  1  (sin  a)  —  a. 

• -V.  9  +a  =  sin"  l.{r/*(a ^Coseccr)}"  ■ 
or  r  =  (a  cosccrajsin  (0  +  a)"  '. 

or.  r  —  (a  cosc'c:ar)  cos  {ijt  —  (9  +  a)}  ’ 

or  r  =  («  cosccorycns  {(ff  +  a)  —  4». 

or  .r  =  (a  cosecorj  cps^ {9  -  (\rc .—  a)} 

or  r  ss  (a  coscc  a)  cos  (d  -  yS),  where  p  =  -  jt  —  a . 

This  represents  a  circle  of.  diameter  a  coscc  a  and  pole  on  its 
circumference.  Hence  the.  path  of. the -panicle  is  a  circle  through  the 
centre,  of  force. 

Ex.  3 1.  If  the  acceleration  at.  a  distance  r  is  p/r 5  and  the  particle 
is  projected  at-  a  distance  a  from  the  centre  of  force :  with  velocity 
-i/(p/2a\.  prove  that  the  orbit,  is  n  circle  through  O  of  diameter 
a. cosec  a,  where  a  is  the  inclination  of  the  direction  of  projection  to  the 
radius  vecior.  ^  ^-gfSh 

£?'  '  •“ 

SoL  Jhis-is  Ex.  30,  purl  lE  Do^uuiscif?"' 

Ejl  32.  A  particle  describes  ■  an  forbijfwith  ~a  central  acceleration 
uu>.—  Xits  being  projected  from  (in.^s^a^ndistance  a  with  velocity  equal 
to  that  from  infinity.  Show  lhaffits^path  is  r  =  a  cosh  ($/n),.  where 


Mi 


n2  +  1  =  2 ua2/X. 

Prove  also  that  it  witt  fe^af  atpistance  r  at  the  end  of  time 

V  (if)  ~  °2>} + 'Arl  - o2)]  ■ 

SoL  Here,  the  central  acceleration 

iff  -  Xu5  ~  i  * 

-  r$  r5 

Let  I^^  it^v.elocity  from  infinity  at  the  distance  n  under  the 
."same  accclc^a  liont'  Then 


m 


IF- /.'m-if* 

r 

^  n 2  - 


=  -2 


^ ,?y  _:JL  ftp?2  _ 

ktf'  '  2a4  ^ ) 


X r* 
2a4 


a 2  2 aA 


rl- 


.*.  (a/a2)  V(A/2) . 

The  differential  equation  of  the  path  is 

.T  d2u)  P  uu3  —  Air5 

•  rt5^r^“  “2  = 

Multiplying  both  sides  by.  2  (du/tfd)  and  integrating,  we  have 


-A«3 


7i?  jii2  +  f.^j  2  *A'  wKcrc  A  conslanl 

*•’;  :  "(1) 
Bui  initially  when  r  =  a  Le;f.M\ ~  X/a tdu/dQ  =  0.  (at  an  apse)  and 
v  ~  V  -  («/iri2)  '/(A/2).  Therefore  :froin  ( J),  wc  have 

=^4  -  (^r)  [v  »*+i.-^r] 

Substituting  the  %-alucs  of  A2and*4  in  (1),  we  have 


Au2 
2a2  1 

•+!)«? 


-1 


.  (n2  +  l)uz  -a~ir* 

1  l  CJu  S4  .  7  -»  1 

"*(35)  = 

Putting  u  —  ~  so  that  “  =  -  >vc  have 

rfr  V(r2-  r?2)  ...(2) 


-dd 


•  .„  :  V(r  2  -  A2)  - 

.  Integrating,  0/m  +  B  —  cosh-  1  (r/ a),  where  B  is  a  constant. 

’  :  But. initially  when  r..==  a,  d  -  0  (say).  Then  21  =  cosh-  l-(l)  =  0. 


ntvfci 
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(Dynamles)/14 


Q/n  =  coshr  ?  (r/fl).  ■  or  r  .=  a.cosh  (0//i ), 

which  b  the  required  equation -of 'the. .path, ' 

‘  Second  part.  Wokhcrarthat 

■■■.*' - -  '■ 

"  h.±:rx$L‘.£«:'  :Y.V 

f>r  'dr  ,d(  . 

Substituting  for  ft  and  dr/dff^wc  have  : 

Integrating,  the  lime  /  from  Ihe  distance?  to  the  disia ncc  r,is  given 

=  n  /(2/2)  [  ^  V(r2  -  a2)  -  y  log;  (r  +.V (r 2  -  a2)} 

•  •  ’  /+;  fl2log  fr  + -/(r.2  —  d2)}! 

;  .  Jo 

=  a  v'(2/A)  [|V(r2  ~  ^  +  y  l«fi,{r.  +y(^2  -^2)>.]r  \  . 

=  a  V(2/2)  ^  7(r 2  -  n2y  +  log  {r  +  V(r  2  —  n2) }  -  — -  log  aj 

=  \f(a2/2X)  |r7(r2  —  a2)  +  a2  log  |'  +  J  - 

Ex.  33.  A  particle  is  acted  on  by  a  central  repulsive  force  which 
curies  as  the  nth  power  of  the  distance.  If  the  velocity  at  any  point  be 
equal  to  that  which  would  be  acquired  in' falling  from  the  centre  to  the 
point,  show  that  the  equation  to  the  path  is  of  the  form 
r[n  +  3V2  cor  4  (n  +  3)  B  = constant. 

Sol-  Since  the  particle  is  acted  on  by  a  central  repulsive  force 
which  varies  as  the  n,h  power  of  the  distance,  therefore .  the  central, 
acceleration  . 

P  =  -  /j  (distance)" -*=  —  prn  —  —  p/un - 
While  falling  in  a  straight  line  from  . rest, from  the  ccntjc  of  force 
if  v  is  the  velocity  of  the  particle  at  a  distance*  from  the  centre, 

v^  =  pxn  .or  vdv  =jixndx. 


dx  _ 

Let  Kbe  the  velocity  of  the  particle  acquired  in  falling  fromjthC; 
centre  to  a  distance  r.  Then  . 

r  r  , 'W 

[  v  dv  =  I  pxndx  *  v  ' 

^0  *^0  .-J.;  f 

or  i  1^2  [*"  +  *1  s=-^—  r»+V.  %:-3 

*  **  Lrt  +  Uo;  n  +  l  r:  - 

or  y2^{2/t/(n_+\yrrf{*^^^^  -0) 

The  differential  equation  of  the  ccntraL  orbi\  is 

**  “ + 1£] 

Multiplying  both-sides  by  2_(du7^"a)td  Integrating,  we  have 

,  [  2 ,  tel  2T  + A  =. _ Ja- _ + x 

‘ =  [  w  j  .  ;  <» +  ,)“',+1  _(2j. 

where  A  is  a  constant  andu^Js^the  velocity  of  the  particle  in  the  orbit 
hi  a  distance  r  from  the  centre? 

But  according  to  . the  question,  avc  have 


v*!**,’ » v-^*' : '  \ 

’i:|-  ;'x Ex-  :34l  v A pdr^^fspbjecC fbfalfofjck fprddUcmg.-.dn  i  adeeterarion 

'.•//  I?* 6),  with  . 

:  it  vcfqctiyrequ cl TO  theyelociry  jTqm  pifmityfat, "ah^dhtfe'coL^jZ. with,  the 
initial  line-  showthattkeecpiariohioihepcufo  1-"' 


v2=l,2 


7£ 


'  (*  +  1)1^+  »  . 

.\  A  =  0.  [  v  u  =  1/r]. 

Substituting  the  value  of^  in  (2);  we.  have 


•linm  infinit/  under  ihe  :same  acceIe^tonJ’ta  the; point  of:  projection . 
which-  k  a"t/& ' distance;^' fipm. '  *.•  •/  '  " 

:..:i 

/  Acca rd I ng^ ^h^ucst io n  t he  vel oci ty  o f  projea lo n  of  the  particle 
iv  equal  lo  lfjx’.y!yf(5u/3a*'). 

3o^tli'c  ^jffcreniial:equatioh  of  the  path  is:- 

^Srl^%[u2  +  :=  ~  ~  (uA  +.  2  au5}  ~  p  {it2-  +  2nrr?>: 

fJ  .  •./ 

ltiplying  both  sides  by  2  (du/dO)  and  Integrating,  wc  have 

^ J:  '  "(I) 

?  ?■  where  iA  is  a  constantl  y’  ' :  . 

.  -fy ^Wtl^jy-SYheST^o  ^'M  =f  '}**•*  ^ 

Also  jnitialIy  ^  =  cot- ^  2  or  cot  ^  «  2  or  sin  0  =  1/V5. 

But  p  «  r  slnV>  Thcrefore  initially  p  =  a  {l/V5)  ^  a/^5 

or:-.-.;::  V.'1  ■  -7  v'.  i;--- ;  ;.v  .7  '  ,. 

:  But:  l/j72  %  u?  (du  /dff)2.  Th  ere  fore  initially,  when  >  =*r,  we  have 

\  ■'  •  "  '  .1  ' 

■'■\\:'::7^ppi^n^5h‘(KabOTcMhlUal-lc6ndh"ibns'.in7Cl)i-,"'C,'have 

Subsiituiing  the.valucs.of  h2  and  A  In  .(I  j,  wc  hast 

••••3 ::’Pi)it'ting -so  that’^  =: -  :  '* 

f  2a  .  ^  1  . 

.  r2  7  “  >3 :  r4 .  r2- 

:i>r (dr/dQ)2  =  ldr  rf  ‘2a2  ~-  r2  =-3 a7-.-  (r2  -;2arj,  '..* 

3u2 -'.(r  ^  a)1  +  a'2'*=  Ad2'-  {r.^.a)2 
■■  or...  -  dr/de  *  f\(2h)2;-  (r  -  ^)2]  ;  .  ■  '  ‘  ,  V 


?£L- 


‘*[",+0.rHF 

2  4.  _  •  2/t  , 

"  IrfffJ  (n  +  l)/;2!!"  +  1  Id*  +  1 


l)u"t  1 


where  X1  - 


_2k _ a 


a2  - +  3 


{n  +  l)/*2 


(du\z  _  2  =  ^ 

ld9j.  a»  +  l  u" + 1 

du  V (A2  —  un  +  3)  __  An  _ _ _ _ 

„("  +  ly*  y(A2  - «"  3) 


—  «("  +  ‘V2  </» 


Substituting  itC"  +  -  z,  so  that  i'(n  +  3)  n<"  ^  !>/2  dw  -  dr. 


.  '  [Note  -  that-  as,  the;  panicle  starts, 
moving,;  from  ^.rte.incrcases  as  & 
increases.  So  wc  havx  \akch  dr/d8  with:. 


:/+ ive.stgn. 

:  or  ,  . ‘7.;  dO 


:  o7- 


.  .  dn  .. 


V[C^)2  -(,r~fl)2l  > 

;;  :lntcgraung.  9  +  B  =  sin-1;  ^  ^  j  - 


the  path. 


raia 
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p  •  PROJECTILES 

1.  Introduction.  If  we  throw  a  ball .  into  the  air  (not 
vertically  upward$>»  it  describes  a  curved  path.  The  body  so  pro¬ 
jected  is  called  a  projectile  and  the  curved  path  described  by  the 
body  is  called  its  trajectory.  In  this  chapter ,  wo  shah  study  the 
motion  of  a  projectile  in  a  vertical  plane  through  the  point  of 
projection,  assuming  that  air  offers  no  "  resistance  and  that  the 
acceleration  due  to  the  attraction' of  the  earth,  is  constant  and  is 
equal  td-gi.Cc,  its  valueon  the  surface  of  ihe  earth. 

i:  The  Motion  of  a  Projectile  and  Its  Trajectory^  A  particle 
of  mass  »tjs, projected \  in  a 'vertical  plane  through  the  point  of 
projection with  velocity  u  In  a  ‘direction  making  an  ■  angle  a  with 
the  horizontal;  to  show  that  the  path  of  the  projectile  in  vaemm  is 
a  parabola. 

Take  the  point  of  projection  O as  the  origin,  the  horizontal 
line  03f  in  the  plane  of  projection  as  the  x-axis  and  the  vertical 
line  OX  as  the  /-axis.  Let  P  (*,'/)  be  the  position  of  the  particle 
at  any  rimer.  * 

There  is  no  force  acting  upon  the  particle  in  the  direction  of 
x-axis.  The  only,  external  forcc-aciing  -  upon  the  particle, is  its 
weight  ntg  acting  vertically 
do\mw2T<  Is  Ije.,  parallel  to 
the  y-axis  in  the  direction  of 
y-decrcasi  tgr.  Therefore  the 
equations  of  motion  of  the 
particle  ntj  P  arc 

and  dfyfdt1-*  —g  ...(2) 

Integrating  (I),  we  get 
ax{dt~cons  tant. 

But  initially  at  the  point 
of  projection  O.  we  have 
dx/dt^thc  horizontal  component  of.  the  velocity  at  C>=ucos  a. 
throughout  the  motion  of  the  projectile,  wc  have 

dxfdt^v  cos  a.  ...(3),^ 

Thus  the  horizontal  velocity  of  a  projectile  remains  constant:*#;: 
l.e.,  u  cos  a  throughout  the  motion. 

Integrating  <3),  wc  get  '  ’ 

x=a  0*  cos  a)./-|-  A,  where  A  is  a  constant. 

*  But  at  the  point  O,  we  have  x=*0  and  /=»0. 

z=Ctfcostt>./.  ^ 

The.  equation  (4)  gives  the"  horizontal  displacement"1  of  the 
particle  in  time  t .  -  . 

Again  imcgrating.(2),  \yc  get  !  %%  v  ' 

dyldt** « — gr+Cy  where  C  is  a  cOnstantr 

But  initially  at  O,  r**=0  and  dy/J/=tJvc^crlical component  of 
the  velocity  at  O^-u  sin 

-(  5) 


u  sin  01  — ;0 t ,C-  or’ 
clyfdt^us in 


liic  equation  (5)  gives  thc^vettjfeal, component- of  the  velocity 
^of  the  projectile  at. any  time 

Now  integrating  (5),  wp3g?t^ * 

■>'=*(«  stn  a)  t—  where  B  is  a  constant. 

But  initially  at  ihc^^^y=o  and  /-0  so  that 

sin  sc)  -..(5) 

The  equation  (6)  glyjs  the  vertical  displacement  of  the  pro¬ 
jectile  from  the  point  of  projection  in  time  /.  - 

Tor  a  given  value  ofy,  say  A,  the  equation  (6)  Is  a  quadratic 
in  /  and  will  give  two  values  of  t.  If  the  values  of  1  arc  real  and 
distinct,  the  smaller  value  of  /  will  .give  the  time  for  the  projectile 
to  be  at  a  height  h  while  rising*  upwards  and  the  larger -value 
will  give  the  time  for  the  projectile  to  be  at  a  height  h  while 
falling  downwards. 

The  equations  (3),  (4),  (5)  and  (6)  determine  completely  the 
motion,  of  the  projectile.  ,  - 

Thq  equations  (4)  and  (6)  may  be  lookedupon  ns  the  equa¬ 
tions  of  the  trajectory  in  parametric  form,  the  parameter  being  /. 
Eliminating  /  between  (4)  and  (6),  wc  get 

sin  a). 


U  COS  a 
-x  tan  a  —  iy 


*' — ) 
V".  cos  ot  / 


1  C'os*  a';;:-  ' 

as  the  cartesian,  form  of  the  equation  of  the  trajectory.  The  cqua- 
I ion  (7i  is  ii  second  jdcgrec  equation  .  id.  *  and  y  in  which  the 
second  degree  terms  arc  in  a  perfect  square  and  hence  if  repres¬ 
ents  a  parabola:  .  ,  y_: .j.  . 


l.f*v  is  the  resultant  velocity  of  the  projectile  at  P  at  time  /, 
we  have  «  Vt(dxjdO'  \- (dy/dtfX 

cos  x}*+(u  sin  x — gfj*} 

=»vTm* — 2«g/ sin  a-fg*/*).  . 

The  direction  of  the  velocity,  v  is  along  the  tangent  to  the 
trajectory  at  the  point  pr  If  this  direction  makes  an  angle  8  with 
the  horizontal,  we  have 

u»  g„JyML„u--™Jt=IL. 

dxjdt  u  cos  * 

3.-  Latus  .Rectum,  Vertex,  Focus  and  Directrix  of  The 
Trajectory. 

As  found  in  the  preceding  article,  referred  to  LrX  and  OY  as 
the  coordinate  axes,  the  equntion  of  the  trajectory  is 

jr* 

y~x  tan  *  —  Jg- 


jp  cos*  x 

The  equation  (lj  cun  be  put  in  the  form 

5g  — - —  —x  tan 

cos*  a  4Tff\j§ 

yj _ 2 ic  cos3  x  tan  «  r2»c^c6s-  g  . 

.  ■  k  xm*  ~ y 


...CD 


’  /  # P 

V “ 

{x-'tc± 


Y, 2 ic  cos jx  sin  a  cos ? 

g-"  ' 

cos  a  sin  a 


\*  cos-^ 


s  }  %  'C... 

cos  St  sin  y.\-  y-a^plu?  cos1  at  / 

/  .1.  s  V 

vTe>*  #.j 

If  wc  shift  the  curig,ifi^6  the  point  { — 


tt*  sin1  ».  \ 
)' 


cos  at  sm  x 


— 12J 
tt~  sip*  a\ 


\  K  2g  / 

tile  coordinate  axes  remaining  parallel  to  their  original  directions, 
ilic  equation (2)-.hecqiTie-s 

Thispsn l»it~standard  equation  of  ihc  parabola  in  ihe  form 
,v=e=i  —  4<%^wilh  its  vertex  at  the  iuv»  origin  und  >'s  axis  A'  alcng 
the  n^atRic  direction  of  »Iic  new  /-nx&.  From  the  equation  (3j 
it  js^cicurn I) 3 1 

rectum  of  1  he  irujccuey 

f  2  .  1 

-:s\.  ~  u-  cos*  -r.  —  (  horjynmal-rv4*>ei4v3fcr 

^ 

^  Vertex.  If  A  is  the  vertex  of  the  trajectory,  then  A  is  the 
new  origin.  So  referred  to  the  original  coordinate  axes  OX  and 
O  Y.-  the  coordinates  of  the  vertex  of  the  parabola  (I)  arc 
1  sin  it.  cos  a  u*  sin1  «  V 


|uVa 


£  ■  ’  2g  ) 

Focus.  Let  S’  be  tfic  focus  of  the  trajectory.  Then  ^  is  a-point 
on  the  axis  of  the  parabola.  Wc  shall  find  the  coordinates  of  S 
with  respect  to  the  original  coordinate  axes  OX  and  OY. 

Obviously  the  .v-co ordinate  ofST=»thc  x-coordinat  e  of-^ 
uz  sin  x  cos  a  u*  sin  2x 
Z  “ 

Again  the  y-coordinatc  of  5 

=  thc  y-coordmate  of  A—  i  latus  rectum 

tr  sina  a  2h?  cos1  a  tp  sin1  x  tP  cos*  a 


2S 
u 1 


S 


2g 


—  (coss  X— sin1  coS  2x- 

2Z  2  g 

the  coordinates  of  tho  focus  of -the  norabola  (I)  are 

sin  *?..  -■£-  m2.) 

Wc  observe  thftt  tJic  y-eoordinate  ( — u*/ 2g)  cos  2x  of  the 
focus  is  positive,  zero  or  negative  according  as 
2a  >  or  =«  or  < 

«>..  a  '>  or  —  or  < 

If  a^jw.-they-cOordinate  of  the  focus  becomes  zero  and 
then  the  focus  is  in  the  horizontal  line  OX.  * 

Directrix. -The  directrix  of  the  trajectory  is  a  line  perpendi¬ 
cular  to  the.  axis  of  the  parabola  and  so  it  is*  a  horizontal  line. 

The  height  of  t  he  directrix  above  ihc  point  of- projection^  ■ 
»thc  height  of  the  vertex  A  above  D-Ki'  laius  rectum 
tP  sin1  a  ,  2u5  cos1  a  u*  - 

=  —f—2j  (C<,S  =  +  Sln  “J=2?- 

Therefore  the  equation  of  .the  dlrectrtxvdf  the- parabola  (I) 1  is 
y*=u*/2g. 

We  observe  that  the  equation  of  the  directrix  .is  independent 
ofj[]*c  angle  of  projection.*..-  '  5 

Therefore  the  trajectories  of  qli the  particles  projected  in  the 
same  vertical  plane  front  the  same  point  with  the  same  velocity  in 

different  directions  have  the  same  directrix*  : 


llURt 
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4.  'JTInie  of  flight.  Horizontal,  range  and  Maximum  height. 

•  Time  of  flight.  The  time  taken  by  the  particle  from  the  point 
of  projection  to  reach  the  horizontal  plane  through  the  polnt~  of 
projection  again  Is  called  the  time  of  flight .  .  It  is  usually  denoted 
by  T.  In  the  figure  of  §  2,  the  time  of  flight  T  is  the  time  from 
O  to  B. 

Initial  vertical  velocity  at  O  is  u  sin  a  in  the  upward  direction 
and  the  acceleration’ In  the  vertical  direction  is  #  acting  vertically 
downwards.  When  the  particle  strikes  the  horizontal  plane  through 
O  at  the  point  B,  its  vertical  displacement  from  O  is  zero.  So 
considering  the  vertical  motion  from  O  to  2? and  using  the  formula 
we  have  '  ^  ^  • 

0— (u  sin  a)  T—  kgT*  or  7*  £*  sin  a  — $#7*]  — 0 
.  _  2u  slna 

°r  T"  g  ■  tv  7V0J 


This  gives  the  time  of  flight. 

Horlzonzal  range.  If  3 .is  the  point  where  the  projectile  after 
projection  from  O,  strikes  the  ground  again ,  then  03  Is  called  the 
horizontal  range .  The  horizontal  rango  is  usually  denoted  by  3 . 

To  find  the  horizontal  range  R  we  consider  the  horizontal 
motion  fronj  <2. to  2?.  The  horizontal  velocity  remains  constanrand 
equal  to  n  cos  «  during  the  motion  from  O  to  B.  Also  the  time 
from  O  to  B  is.T.  Therefore  , 

t*  t  .  ~  2/r  sin  a 

cos  a).  T=t§  cos  a. - 


Thus  R 


2ax  sin  a.  cos  « 


-(I) 


Maximum  horizontal  range.  It  is  the  greatest  horizontal  range 
for  a  given  velocity  of  projection,  say  it.  If  u  is  given,  then  from 
(I),  we  see  that  R  depends  upon  the  angle  of  projection  «.  Obvi¬ 
ously  R  is  maximum  when  sin  2a  is  maximum 

when,  sin  2x=  1  or  2<x*=»iir  or  a=£-7r. 

Thus  for  a  given  velocity  of  projection  the  (horizontal  range 
is  maximum  when  the  angle  of  projection  is  45°.  Also 
the  maximum  horizontal  range=»n/*gl 

For  the  maximum  horizontal  range,  the  angle  of  projection 
«=*»-/ 4-.-  So  in  thc-caso  of  maximum  horizontal  range,  the  ^co¬ 
ordinate  of  the  focus  of  the  trajectory 

—  id  cos  2«__  — n?  cos  4rr  „  ...  4i 

“ - 2r  * - - ^ 0  t.e.%  the  focus  lies  On  the  horizon-  ' 

ml  ljn9  OX. 


Thus  . In  the  case  of  maxlmttm  horizontal  range  the  focus  jicsj&e 
the  range  Itself  ;£a.  —2:^ 

Again  from  (I),  we  observe  that  the  expression  fojf^tlt^angc 
remains  unchanged  if  we  replace  «  by  *«-— «.  Thcrefo rcTp'obt a i n 
a  given  horizontal  range  for  a  given  velocity. of  projection,  there 
are  two  possible  directions  of  projection.  The  inclinations,  say 
.  and  of  these  two  directions  of  projection  to  thejSbrizontal  are 
complementary  angles.  Thus  .*£'%, 

Jvr  or 

showing  that  the  tivo  poistble  directions^ project  ton  for  a  given 
range  are  equally  Inclined  to  rhe  d[re'c{lp%  of  projection  for  the 
maximum  range. 

Greatest  height.  The  great  &siiye?tical- height  reached  by  the  ■' 
projectile  during  Its  motion  isjcaflcid'  the  greatest- height.  It  is 
usually  denoted  by  //.  If  ^^heifogbest  point  of  the  trajectory, 
then  at  -A  the  vertical  componenEiof.  the  velocity  is  zero.  Let  H  be 
the  height  of  A  above  thejpbfhe  or  projection  O.  Considering  the 
vertical  motion  from  Ovfp,%aitd  using  the  formula  v3=*u,.---2fs, 
we  have  0«-ar*>sin* a—  2gH 

or  H— sTnt  *. 


4.  Velocity  at  aay  j>olnt  of  the  trajectory.  The  velocity  of  a 
projectile  at  any  point  of  Its  path  is  that  due  to  a  fall  from  the  direc¬ 
trix. to  that  point. 


Suppose  a  particle 
is  projected  from  O  with 
velocity  it  at  an  angle  a 
to  the  horizontal.  Take 
O  as  origin,  the  hori¬ 
zontal  line  OX  in  the 
plane  of  motion  us  .x-axis 
and  the  vertical  line  OY 
as  .p-axis. 

Let  r  be  the  velocity 
of  the  projectile  at  any 
point  of  its  path.  Lcl 


the  height  PN  of/*  above  O  be  h.  Suppose  n,  and  v,  arc  the 


horizontal  and  vertical  components  of  ,v.  We  have 
t/^w.cosa. 

Also  considering  the  vertical"  motion  from  O  to  P  and  using 
the  formula  v2=.u*-f-2/rr  we  have  . 

.  'tjJ—v?  sinl  « — 2 gh. 

Now  v*s=z/t*-F  cos3  a+v*  sin1  *.—2gh*=iP—2gh.  Thus 

:  v*=-n*^2gh.  ...(}) 


The  relation  (l)  gives  the  velocity  of  the  projectile  at  a  height 
h  above  the  point  of  projection. 

The  equation  of  the  directrix  £Fof  the  trajectory  is y=u*Pg. 
The  depth  or  P  below  the  directrix—  AfP— ft<*/2#)— A.  If  a  particle 
falls  freely  under  gravity  frornAf  to  P%  let  K  be  the  velocity  gained 
by  itat  P.  Then 

Yc=0+2gIMP^2g  i{iAf2g)~h)~u'~2gh.  ...(2) 

From  (1)  and  (2),  wc  o6scrvc  that  V.  Hence  the  velocity 
-  of  a  projectile  at  any  point  of  its  path  is  that  due  to  a  fall  from 
;  ihc  directrix  to  that  point.  - 

6.  Locus  of  the  focus  and  vertex  of  the  trajectory.  Particles 
are  projected  in  rite  same  veriicle  plane  frorn.the  saute  poinn  ir ith  the 
same  velocity  in  different  directions.  To  fin iIaKc,  locus  of  I  the  foci 
and  also  that  of  the  vertices  of  their  paihi^_^jS 
Refer  the  figure  of  $■  2.  ‘ 

Take  the  point  of  projection  the  horizontal  line 

OjC  lying  in  the  plane  of  pri>jectk>^a^^{fr- ar-axis  and  the  vertical 
Uhe  OT  as  the  jr-axis.  Let  u  bc|t\cNvc  1 6 c i r y  of  projection  for  each 
;  t/ajeetory.  Let  .S’  be  the  focu.Si.ttn.3^  be  the  vertex  of  any  Trajec¬ 
tory  for  which  x  is  ihc.angTs^fc.projcciioh.  Hcre«  is  a  parameter- 
and  wc.  are  to.  find  the  Jqci^ofcthe  points  S  and  A  for  varying 
values  of  x. 

Locus  of  the  focus, 
focus  S.  Then.. 


-Lbt  (x„  yi)  be  the  co-ordinates  of  the 
hen  ■ 

u*  si  n  2x  _ u*  cos  2* 

2g  >yi~  2g  * 

E ) } m i nating;^*’ between  these  two  relations. 


,  wc  get 

Gqneriilising  (1)  to  get  the  locus  of  the  pqint  (jc1p  ytf 
\vcjjiayc|«5|5-  **  x2  A-yx  ^  uA{4g% .  ’ 

j^tjil^hTs  is  tthcjocus  of  the  foci  and  is.  obviously  a  circle  whose 
bitre 'is  the  point  of  projection  O  and  radius  ]s  n*l2g. 


Locus  of  the  vertex.  Let  (hy  fc)  be  the  co-ordinates  dr  the 
u*  sin  a  cos  a 

g  —  (2) 

and 


V vertex  A.  Then  h  - 


To-find  the  locus  of  the  point  (A,  A)  for  varying  vnli  cs  of  x. 
wc  have  to  climimiic  «  between  (2)  and  (3). 

From  (3),  sin*  x*-2gkfu*. 

Squaring  both  sides  of  (2),  we  get 


A*. 


fd  sin*  a  COS*  St  »B  Sin*  a  .  ■  .  .  , 

- - - *=■ - - - (I  -  sin'  7.) 

s. 4  gr 


-.(4) 


Putting  sin*  a.=>2gk/u2-in  (4),*.wc  get 


l  2iPk  / 

'  £  \ 

1  "■ ) 

\  | 

or 

Sh2~2ifk~4gk-  or 

g  (/i*-|-4A9)~2«*A 

or  k-Jr4k?=-2:i*kfg. 

Generalising  (/i.  A:),  wc  get  the  locus  of  the  vertex  as  the 
ellipse  .x*d-4y9*=2v*y/#. 

7.  Some  geometrical  properties  of  *  parabola.  The  Allowing 
geometricnl  properties  of  a  parabola  will  be  often  used  while 
solving  the  problems  on  projectiles. 

1.  The  distance  of  any  point  on  . a  parabola  from  its  focus 
Is  equal  to  its  distance  from  the  directrix. 

2.  The  tangents  at  the  extremities  of  any  focal  chord  of  a 
parabola  intersect  at  .right  angles  on  the  directrix. 

3. ,  The  tangent  :tt  nny*p0>0t  on.  a  parabola  bisects  the  angle 
between  the  focal  distance  of  the  point  and  the  perpendicular 
drawn  from  the  point  to  the  directrix. 

4.  The  line  joining  the  point  of  intersection,  of  the  tangents 
at  the  extremities  of  any  chord  of  a  parabola  to  the  middle  point 
of  the  chord  is  parallel  to  the  axis  of  the  parabola. 

Illustrative  Examples 

Ex.  1.  If  a.  be  rhe  angle  between  the  tangents  at  the  extremities 
of  any  arc  of  a  parabolic  path ,  v  atul  Y  the  velocities  at  these  extre - . 
nil  ties  wtd  it  the  velocity  at  the  vertex  of  the  path ,  show  that  the 
time  for  describing  the  arc  is  {yY  sin  x)l(gu). 

Sol.  PQ  is  an  a.rc  of  a  parabolic  path  and  A  »s  its  vertex. 
Suppose  the  tangents  ut  the  points  P  and  Q  to  the  parabola 
make  angles  0  and  ^..respectively  with  the  horizontal  as  shown. 


H.O::  105*106,  Top  Floor,  Mukhetjeo  Tower,  Dr.  Mukhorjeo  Nagar,  Delhl-9.  B.O.:  25/B,  Old  Rajender  Nagar  Market,  Delhl-60 
Ph:.  011-46629987,  09999329111,  09999197625  ||  Email:  Ims4lms2010@gmall.com,  www.lma4maths.com 


https  ://t.me/upsc_pdf 


https :  //upsepdf .  com 


https :  / /t.me/upsc_pdf 


o 

Q 

£ 

©3 

& 

S3 


a. 

XT 

4 


T  .  T  1  om  fAi-  TT^flntO  -htlTI5:i//t.Tnp/l1T>*:C— Tldf- -- 

(juin  i  eiegram  ior  iviurtj  u pudic  :  -  iiLip^./ /  t.iiic/up^cjjui 

Projectiles 


(Dynamics)/:* 


esas 

■>zo 


— rn  ihc  figure.  Since  .x  is  given  lobe  the  angle  between  the  tan¬ 
gents  at*/*  and  Q>  therefore 

or  0+‘}>=n—<x. 


The  .velocity  of  the  particle  at  /  is  r  and  is  along  the  tangent 


at  /.  The  velocity  at  Q  is  v  and  Is  along  the  tangent  at  Q.  The 
velocity  at  the  vertex  A  is  u  and  is  along  the  tangent  at  A  which 


is  a  horizontal  line. 

Since  the  horizontal  velocity  of  a  projectile  remains  constant 
throughout  the  motion,  therefore  .  :  * 

v  cos  0’^u=ym  cos  -  --(1) 

The  vertical  velocity  at  P—v  sin  8,  vertically  upward? 
and  the  vertical  velocity  at  Q—v'  sin  <f>,  vertically  downwards. 

Let  i  be  the  time  from  F  to  Q. Considering  the  vertical 
motion. from  7*10  0  and  using  the  formula  v=u-\-ft,  we  have 
—  v*  sin  <j sin  8— gt.  org;=?  sin  0+  v*  sin  j>. 

.  i  —  v  s*n  V-t~v'  sin  4>  tor  sin  8+m‘  sin 

{multiplying  the  Nr.  and  the  Dr.  by  id 
iv*  sin  0  cos  t+w'  cos  9  sin  *f> 

“  Su 

{substituting  suitably  for  u  from  (I )) 

rv*  sin  VY'  sin  (n — «)  vv'  sin  et 

“  g*  ~~ 

Ex.  2.  //  at  any  instant  the  velocity  of  a  projectile  be  u,  and 

its  direction  of  motion  8  to  the  horizontal ,  then  show  that  it  will  be 
moving  at  right  angles  to  this  direction  after  time  (u/g)  cosec  0. 

Sol.  Draw  figure  as  in  Ex.  I  by  taking  a«/2  and  0.% 

The  velocity  of  the  projectile  at  the  point  P  is  u  and*dt^i  ' 
direction  makes  an  angle  8  with-  the  horizontal.  Tet  v  bc^fhe 


Since  the  horizontal  velocity  of  a  projectile  rcmoirisCco'nsiant 
throughout  the  motion*  therefore.  •  ^ 

«  cos  i- cos  (iir— 0)  =  vsin  0. .  ...(1) 

The  vortical. velocity  at  p  js  it  sin  0,  vcrticalbf^ upwards  and 
the  vertical  velocity  at  Q  is  v  sin  (4^—0)  rcos  $,  vertically 

/lAtunWnerlc  I  r  La  •  T _ _  _  _  r>  •  „  /V  _ _ _  - _ 


downwards.  Let  r  be  the  time  from  P  to £ 


ring  the  verti¬ 


cal  motion  from  P  to  Q  and  using  thc^fonquia  v=u-\-f/>  we  have 
“>•  cos  8^u  sin  O—gt  or  ^gtf*U  sin  0H-v  cos  0. 

V  ^^[substituting  ?br  v  from  (1)) 

(sln^  0 ^C£S=Htf )  >=*._•  ”  coscc  8. 


>si»y-  gsin'0~g 

Ex.  3.  If  vt/  y3  be  f  ljti^V^rSciiies  at  the  ends  of  a  focal  chord 
of  a  jirojectile's  path  ajifLu'jfic  velocity  at  the  vertex  of  the  path, 

then  show  that  -i-  JLjft' 

Vj*  *  Vp  ux  .  \  . 

SoL  Let  P  and  Q  be  the  extremities  of  n;  focal  chord  PSQ  of 
u  projectile’s  path.  [Draw  the  figure. as  in  Ex.  IJ.  Suppose  the 
tangent  at /.  to*  the  path  makes  an. angle  9  with  the.,  horizontal. 
Since  the  tangents  at  the  extremities  of  ii.  focal  chord  .cut  at  right 
angles,  therefore  the  tangent  at  Q  to.  the  path  makes  an  angle 
ksi—$  with  the  horizontal.  .  ’ 

T  he.  velocity  at  F  is  vx  and  is  along  the  tangent  at  P.  The 
velocity  at  Q  is  v3  and. is  along  the  tangent  at  Q.  The  velocity  at 
the  vertex  of  the  path  is  w  and  is  in  a  horizontal  direction.  Since 
the  horizontal  velocity  of  a  projectile  remains  constant  throughout 
the  motion,  therefore-  ; ^  V:' ?V  : 

*'l  COS;tf«r/=»r3  COS  (i^r— sin  0. 


-  and  sin  0-«  — 
»•.  .  va 


Squaring  and  adding,  we  got 

jy-H?-'!  or  ?  or 


Es.  4.  A  particle  Is  projected  with  a  velocity  2\/(ga)  so  that 
it  just  dears  two  ’walls  of  equal  height  a  which  are  ■  at  a  distance  2 a 
from  each  other.  Show  that  the  lotus  reel  tan  of  the  path  Is  equal 
to  2a,  and  that  the  time  of  passing  between  the  waifs  Is  2 (nig). 


Sol.  PM  and  QN 
arc  two  vertical  walls . 
each  of  height  a  and 
MN=PQ=2a.  A  parti¬ 
cle  is  projected  from  O 
with  velocity  u~2*/(ga) 
at  an  angle,  say  et.  The 
particle  just  clears  the 
walls  PM  and  ON. 


U*2jcag> 


Let  5"  be  the  middle  point  of  PQ .  The  chord  PSQ  is  perpendi¬ 
cular  to  the  axis  of  the  parabola  and  the  point  .!»  is  on  the  axis. 
Also  PS-=iPQ=a. 

The  height  of  the  directrix  of  the  trajectory  above  the  point 
of  projection 

S  — 

the  perpendicular  distance  of  /from  the  directrix 
-PD^  DM-PM^7a^a^q^pS^ . 


Thus  S  is  a  point  on' t lie  axis,  of^the^rpnraboia  such  that' 
P&—PS.  Therefore  S  is  the  focusboVthp^  t rajcctory  and  con¬ 
sequently  PSQ  is  the  lat-us  rectun^o^th^path. 

the  length  of  the  latus  rg^^g^i^' the  p*U.h«/,C?JS=2ff. 


Rut  the  length  orthc  laiusT^Xum  of  tiic  path=—  (u  cos  «)'. 

2  .  g 
~  (u  cos  a)1^2a^pp-(/i?p<Vs  or  u  cos  a^VCai.’)- 

S  ^  g,  v  .' 

Thus  the  horizoqt^^veldVtty  of  the  particle  is  V{ag). 

Let  /i  be  the  limc^b'fpassing  between,  the  walls  i.e.t  the  lime 
from  /  to  Q .  Sinc^the  iVorizontal  velocity  of  tt  projectile  remains 
"constant  1 1 1  r  o  u  hjo  utthc^  motion,  therefore  considering  the  horizon- 


.  lal  motion  IT<^ Q,  we  have  2a*=  [u  cos  a)  / ,. 

i>>&  ^  2q 


*-Viogy=Wg). 


ExKS.  body  is  projected  at  an  angle  x  to  the  horizontal  so 
.  ax  fotdeqrfwo  walls  of  equal  height  a  at  a  distance  2 u  from  eagh 
■  that  the  range  is  equal  to  2a.  col  Act. 

^J§Soi‘.  Draw  figure  as  in  Ex.  4. 

^'^>^§rake  the  point  of  projection  O  ;is  the  origin^AbP-JiAci^driJ- 
through  O  in  the  plane  of- motion  us  the  x-axis  uad  the 
^'vertical  line  through  O  as  the  ;*-axis.  Let  u  be  the  velocity  ol 
projection  and  a  be  the  angle  of  projection. 


■The  equation  of  the  trajectory  is 


~(0 


The  particle  just  clears  t%vo  walls  PM  and  Qi\~  each  of  height 
a  and  at  a  distance  2«  from  each  other. 

The  '/•co-ordinate  of  each  of  the  points  l*  and  Q  is  a.  Putting 
y~'</ in  (1).  we  get 

jrjg* 

a^x  tan  «— i  -s-2 — =— 

-  //•  cos*  a 

or  gsr— 2u*.t  sii4  5s  cos  ix~-2au~  tx>s3'a=a0,  - 

Let  .Vi  and  -v*  be  the  .r-co-ordinatcs  of  the  points  P  and  Q 
respectively.  Then  X\^-OM  and  xt=.ON. 

Let  /  be  the  range  of  the  particle  i.e.,  let  OB---R-  From  the 
symmetry  of  the  path  about  the  axis  oT  the  parabola,  we  have 
iV/co  0  Af  =  .vj. 

Now  R^0£=0:V+ NB~ -X2 -I  xx. 

Obviovsly  X\  and  x3  arc  the  roots  of  -the  quadratic  (2)  in  x. 

2ft2  sill  a.  COS  a  0 
-Vi-rx3=.  - - ° 


■We  have 

/-c., 

and 


g 


gl<  . 


2  sin  a  cos  a 
2air  eos=  a 


,.(3j 


Hut  the  distance  between  the  walls— 2a  =-=x:*—.V|. 

4at=i(.xa — .V|)*=»(Xi-r  .v,)*— 4.x,xs 


Sau1  cos1  a  .  ga  cos: 

zzJi-—. —  -  i=3  —  — - — 

g  & 


j£- 


R*—(fa  cot  a)  4a*s=0. 


2  sin  «  cos  x 
[substituting  for  it*  from  (3)] 


^ 4a  col  1  <***  col-  a-f-  f  6a3) 


Neglecting  the  —  ive  sigif  because  /{cannot  be >~ivcfwe  have 
/{—2a  cot  a  +2u  coscc  a«2a  (cot  coscc  ol) 

.icos*^ 

2  sin  .Ja  cos 


_  COS  XT  I  - 

=2a  - =2 a  : 

sin  a 


-2a  cot  Tee. 


S 
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Projectile* 


(Dynamlcs)M 


Ex.  6.  Two  bodies  are  projected  from  the  same  point  in 
dltections  making  angles  «i  »»*///*  the  horizontal  and  strike  at 

the  same  point  'in -the  horizontal  plane  through  the  point  of  projec¬ 
tion.  Tf  tit  /*  be  their  limes  of flight,  show  that 
1 1*  —  tf_jstn  (gj  "Xl)  : 

/»* -f- tf  sin  (*r-~*«) 

SoL  Lcl  »fj  be  the  velocity  of  projection  of  the  body  projected 
at  an  angle  a*  and  v±  be.  that  of  the  body  projected  at  an  angle 
ttl.  Since  the  horizontal  ranges  in  the  two  cases  are  given  to  be 
equal,  therefore  . 

2if|*  sin  *i  cos  *i  cos  *• 

"g  ■  g 

i/x*  sin  x-  cos  <xt.  -  ' 

or.  _  r/ax  sin  cos  a* 

Also’  sin  *i fg  and  /t-=2w«  sin  <x*Jg. 

/i*  ir,**stn*  xt _ sin  x?  cos  sin2  xi 

TP'^tr^’sin}  or-  sin  a,  cos  xj  sin*  a, 

/|*-T_si n  «1  cos  a-1 
l'e"  ,t»”cos  sm  a* 

Applying  componendo  and  dividendo,  we  have 

r-.*— sin  a i  cos  — cos  >-t  sin  <xt  _sin  (o'.,— 

/**  sin  .ai’cos  x*-hcos  a,  sin  a*  •  sin  (a.,  +  *5)^ 

Ex.  7.  If  R  be  the  range  of  a  projectile  onm a  horizontal  plane 
and  h  its  maximum  height  for  a  given  angle  of  projection ,  show  that 
the  maxhmmt  horizontal  range  with the  same  velocity  of  project  ion 
Is  2h+(K*f3h). 

Sol.  Let  n-be  the  velocity  of  projection  and  a  be  the  angle  of 
of  projection.. ;Then 

u3  sin5  «  __  j  r>  2m?  sin  a.  cos  a 


-.0) 


[from  (l)j 


and  R~ 


X 


Ex.  TO.  A  particle  just  clears  o  wall  of  height  bat  a  distance 
a  and  strikes  the  ground  at  a  distance  c  front  the  point  of  projection. 
Prove  that  the  angle  of  projection  is  . 

and  the  velocity  of  projection  V  Is  given  by 
2 V*  _cP  (c-ay+&<*  ^ 
g  -.  ab  (c — a) 

Sol.  Let  the-  panicle 
be  projected  from  O  with  a 
velocity  V  at  an  angle  a  to 
the  horizontal.  Take  .  the 
horizontal  and  vertical  lines 
OX  and  OY  in  the  plane  of 
'projection  as  the  coordi¬ 
nate  axes. 

The  equation  .of  the 
trajectory  is 

,r«x  tan  n-lg  •  ...(|) 

The  particle  just  clears  the  wall  PM  cd^gjfch1  A  distance  a 
ifrom  O  and  strikes  the  ground  at  the  ptfmtTfcjat  a  distance  c  from 
lf>.  Thus  both  the  points  {a,  b)  on  the  curve  (1). 

b*=a  tan  * — lr 


Therefore 


..(2) 

--O) 


1 

To  eliminate  V*.  we^rviultiply  (2)  by  r=  and  (3)  by«*  and 


...  .  2ti2  sin2  a.-  Atd  Sin-  a  COS- a  1  2g 

We  have  2h-  = - ^ .  *£■  - „ - .  - 

8/1  2g  g-  8  it"  sm~  a 


=---  (sin*  X-f-COS*  a)  =  — 
X  X 


X  S 

«=  the  maximum  horizontal  range  for  the  velocity  of 

projection  u. 

Ex.  8.  If  R  be  the  horizontal  range  and  h  the  greatest  height 
of  a  pro/ecti!rt  prove  that  the  initial  velocity  is  ' 

M»*£)r 

Sol.  Let  it  be  the  velocity  of  projection  and  *  the  angle  of 
projection!  Then 

sin_«  cos  2  r 

n1  sin*  « 


and 


/i=” 


2  g 


To  obtain  the  required  values  of  it  we  have  to^eliminatc  a 
between  (I)  and  (2).  Squaring  boih  sides  of  (1),  wc^ 

4u*  sin*  <X  COS5  a  4u*  sin1  «  (1  —  sin^cQs. 

- ?  [ 

Subslitulmgfor  sin*  a  from  (2).  wc  have**  ^  — 

4,r<  2 Rh(  2gh\  £«71_2sfcYg*g^. 

*  “P-  IF  VI_  «'  7  Jt  \  W* 

(S»’/,)/s  — 16'.’+^’  A  ~ 

or  "’"fs  (,,+i6/' 

...  ('-hlr)]  .  . 

Ex.  9.  A  number  of  pdrffcte^  start  simultaneously  from  the 
some  point  fit  nil-  direct  ionsfjtjtbf  vert  leal  p!  one .  with  the  same  speed 
1  /_  Show  thot  after  time  t?ijrljcy:.wHf  all  lie  on  a  circle  of  radius  ut. 

Show  also  that  the  centre  of  the  circle  descends  with  accelera¬ 
tion  g. 

Sol.  The  common  velocity  of  projection  for  alt  the  particles 
is  given  to  be  U.  If «  be  the  angle  of  projection  for  a  particle 
which  after  time  t  has  co-ordinates  (x,  y)t  then 

.x-w(«  cos  »)./  and. _>»=»(»  sin  «).f  —  \gtx- 

Eliniinnting  or.r  all  the  particles  at  time  t  lie  on  the  curve 

+  '*t3gr*)2“»^/a.  -(1) 

which  is  n  circle  of  radius  ut. 

The  co-ordinates  of  the  centre  of  the  circfc  ( I )  nrc  (0,  —  \gt “). 
If  (X.  Y )  be  the  centre  of  the  circle  (1).  we  have 

X~=0.  - **<2) 

To  find  the  acceleration  Of  the  centre,  wc  differentmre  the 
cqunri«>ns  (2)  w'ith  respect  to  t.  Thus,  wc  have 
dXfdn=  0  and  d*Xfdt*--0. 

Also  d  Y/dr  —  —  —gr  and  eP  Yfdt —  «T- 

Thc  .c-componcni  of -the  aocelcratidn,  of  the  centre  of  the  cir¬ 
cle  is  n  ant!  the  r-compontni  is  —  g.  80  the  centre  of  the  circle 
descends  with  accclerniion  g. 


Subtract.  Thus  we  gct^^Jg  ' 
bcr^ac*  tfvn  q— otq;tanTc 


or  bc-r^ac  inn  x  (c— nj. 


-(4) 


Now  from  : 

^  •  g 


r  sec*  a. 


-  c  U  4-  tun*  oQ 
tan  a 


tan  a 

Substituting  the  vulue  of  Ian  a  from.  (4j.  we  have 

rc  1 1  -lAhTc7lo*  (c—  nTll  a*  (c - a)a t b-c- 
x  bcf\a  (c—  a)5  ab  (c—  a) 

1 1 .  A  particle  is  projected  from  O  at  an  elevation  a.  and 

.J^fjer  'f  seconds  it  appears  to  have  an  elevation  p  as  seen  from  the 


■br 'point  of  projection . 


prove  that  the  Initial  velocity  was 
gr  cos  /? 


i«n  S-  v 


[v  /-  or 


?'  2  sin  {7. — ,6) 

Sol.  Let  u  be  the  velocity 
of  projection  11 1  O.  Take  the 
horizontal  and  vertical  lines 
OX  and  OY  in  the  plane  of 
projection  as  the  co-ordinate 
axes.  Lei  P  (A,  k)  be  the  posi¬ 
tion  of  the  particle  after  time 
/.  Considering  the  motion  from 
O  to  P  in  the  horizontal  and  ' 
vertical  directions,  we  hnvc 
A«»{m  COS  *)./ 

and  k=(u  sin  x).r — ig/“. 

Now.  according  to  the  question.  f„ POX ■**■$- 
k  sin  ff_(u  sin  *)  /— 

”Tt  °r  cos^“  “(,rcosx)./  . 
sin  fi  u  sin  x-  —  igf 
cos  p  m  cos  x 

or  h  cos  v.  sin  P~  tt  sin  a.  cos  p—*gt  cos  p 

or  11  (sin  *  cos  ^-cos  <*.  sin  )3j«=  \gt  cos  p 

or  rr  sin  (x  —  ^)“-ig/cos.6 

gt  cos  P  • 

°r  U~~  2  sin  («-  A» 

Ex.  12.,  A  particle  Is  projected  under  gravity  with  a  velocity  u 
in  a  direction  tnok tug  on  angle  x  with  the  horizontal .  Show  that 
the  amount  of  deviation  D  In  the  direction  of  motion  of  the  .panicle 
is  given  b  y 

£t  cos  x 

T  D~u-gr  sln  x"' 

SoL  Let  O  be  the  point  of  projection,  tt  the  velocity  of  pro¬ 
jection  and  w  the  angle  of  projection.  Let/*  be  the  position  01 
the  particle  at  anytime  /-  Suppose  r  is  the  velocity  of  the  p:trticle 
at  P.  Let  p  he  the  inclination  to  the  horizontal  of  the  direction 
of  the  velocity  at  P. 

since  the  horizontal  component  of  the  velocity  remains  cons¬ 
tant  throughout  the  motion,  therefore 

r  cos  *.  .  —  f  1 ) 
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Projectiles 


(Dynamics)/5 


Considering  the  vertical  motion  from  O  to  Pr  »c  have 

»  . 

v  sin  3^=  u  sin  * — gt.  ...(23 

Dividing  (2)  by  (1),  we  get 


^KSinjc-^! 


& 


U  COS  : 
tan  x-tan  fi~ 


« cos«  ...(4) 

Now  the  deviation  7>=  the  angle  between  the  tangents  at  the 
points  O  and  P^u.—fi. 


-it/  >  „  .  lan-x— tan£ 

We  have  ran  fl=lan(«-P)=T— n  g  t|>|i  fi- 


g//0/  COS  oc) 
I  -{-tan  «  ^ts 


7  -  } 

os  u.) 


[from  (3)  and  (4)1 


_ «>f  jO 

...  .  e/  sin  x 

I  -jMnn-  x— •  -■ — - — 
//  cos3  x 

_  gtf  (u  cos  a) _ 

see3*,  . 

.("-«/  Sin  x> 


see3  a  —  *-. 


gr!(u  cos  *) 
gf  see2  a  sin  * 


Jf/  cos  x 
tf-jf/  sin  x 


Ex.  13.  Ai  any  instant  a  projectile  is  moving  with  a  velocity 
flit  tt  direction  making  on  angle  x  to  the  horizontal.  After  on  intrr- 
fill  of  time  /,  the  direction  of  its  path  mokes  an  angle  fi  with  the 
fjpri zatit  tti.  Prove  that 

_  ft. _ 


ton  x  —  /<:/;  ° 

t  Sol.  Proceed  as  in  Ex..  12.  Here  the  velocity  of  rhe  projectile 
tit  the  point  O  is  n  and  its  direction  makes  an  angle  «  with  the 

horizontal.  After  an  interval  of  time  /  the  projectile  is  at  the 

point  P . 


^  -a-  tan  —  .g  ■ 

c’-'~  T- 


*  n 

34.  If  t  be  the  tithe  in  which  a  particle  reaches  a  -pointjS-^ 
in  its  path  and  t‘  the  time  from  P  till  it  reaches' the  horizontal  pfane' % 
through  the  point  of  projection ,  show  that  the  height  of  P  above,  jiiey 


horiiontal  plane  is  lgtfr. 

Sol.  Let  0  be  the  point 
of  projection,  u  the  velocity 
of  projection  and  a  the 
angle  of  projection.  Let 
OP  be  the  horizontal  range. 
LeL  P  be  a  point  on  the 
path  such  that  the  time  from 


9w;ni> 


O  to  P  is  t  and  the  time  from  .  P  to  ^ Obviously 

the  time  of  flighr.  %  .  . 

••• 


Let  h  be  the  height  of  /’^abwchhe  horizontal  plane  through  O. 
Considering  the  vertical  ^morjpn  from  O  to  P  and  using  the 

formula.  s^utf  \fPy 
h-=(u  sin  a) 

**=■£&  (/+/')  ’’  [substituting  fort;  sin  a  from  (l)j 


E_v.  J5.  Two  particles  are  projected  from  the  same  point  in 
the  same  vertical  plane  with  equal  velocities,  if  tx  and  /.j  be  the 
times  taken  to  reach  the  common  point  of.  their  paths  and  T\  and  T* 
thc  times  for  their  highest,  points*  then  prove  ’that  (tiTi-\-  tfTi)  is 
independent  of  the  directions  of  projection. 


Sol.  Let  O  be  the  common  point  of  projection  and  //  the 
common  velocity  of  projection.  Take  the  horizontal  and  vertical 
lines  O X  and  Oy  in  the  plane  of  .: :  projection  as  the  co-ordinate 
nxes.  L  :t  P  (/;,&)  be  the  other  common  point  of  the  two  paths. 

Lc 
Lei  Tt> 
and  f|. 


««»,«*  he  the  directions  of  projection  of  the  two  particles. 
Ta  be  the  respective  times  -  to  reach  their  greatest  heights 
*  be  the. respective  times  to- reach  the  common  point  P. 


W 


i  have  T, 


;/  sin  at 


and  Ty: 


u.sina2 


-0) 


Considering  the  horizontal  motion  of  the  two  particles  from 
O  ro  P,  we  have 

(u  cos  x,)  /i=(ti  cos  otj  rz. 

h 


r,=  — —  — 

u  COS  X, 


and  tz 


u  cos  a* 


From  (1)  and  (2),  we  have 


/jr,-h/i7r4=-— -  . 

■  II  cos  a, 


g- 


u  sm  «2 
g 


It 


■—  —  (ran  xH-ttm  «?). 


...(3) 


Since  the  point  (/;,  lies  on  both  the  trajectories,  therefore 

,  ,  1  Xh~ 

k=.7i  la n  x,  — -  -= — 2_ — 

2 iF  cos3  a, 

and  k=Jf  tan  - 

2  k-  cos*  a~ 


-(4) 


Subtracting  (5)  from  (4)/wc  get 


1  vhz 

h  flan  x,  —tan  at*)— (sec2  x, — see*  «*3)—  0 


or  (tan  a,-  tan  «*)  —  iff  ~  (tan1  a,-tans^O  [V  /x-/-0) 

or  .  (tan  x,  —  tan  «-)  Pt:&  {hjir) 

or  Wi*>  0*m  «,4-t«n  xz)s=|h^^^.[v  l<in  x,/iaii '/.] 

or  _  (tan  arHan  *:)=2/i||*|^ 


Substituting  this  value  of  in  (3),  we  have 


X|T‘t4-x*7’-=i=— -  .  — r- rr- jfy,hich  is  independent  of  xt  and  x2. 

.  ,  Lx.  16.  Obtain  the  cqiiai ipttyf  the  path  of  a  projectile  and 


show. that  it  may  be  wr ifjtrih^i^lir  fnrn 


xR-_x?JF 


where  R  is  the  horizontal  range  and  x  the  ane'e  t*f  projection. 

VS&jj.  *4?  * 

Sol.  Fo^r  |l|c^first  part  refer  §  2.  l'htis  referred  10  the  point 
Of  projection.' '£has  origin,  the  liori/om 


p r n jc ct its  origin,  the  horizontal  :tnd  vertical  lines  OX 
nnd \  0  J^Fiuih'c^phmc  of  projection  as  t Jtc  cc-ordiiiate  axes,  the 

.All'll 


:quatiom,ol%lie  path ’of  a  proiccrile  is 


*V¥^ 


rtvbc;^  is  ihc  velocity  of  projection. 

If  R  is  the  horizontal  range,  then 
n  2«*  sin  a  cos  « 


-0) 


Substituting  for  u®  from  (2)  in  (I),  we  have 
2  sin  a  cos  a 


-(2) 


y—x  tan  « — \g  - 


Pg 


y  J? 

tan  tt  or  — an«,  is  the  cquationof 


.v-(.v*7R)  r.  xR^x* 

The  path  in  the  required  form. 


Ex.  17.  A  particle  is  projected  in  a  direction  making  an  angle 
0  with  the  horizontal*  If  it  passes  through  the  points  (Xi,  yj  and 
l**,  yt)  referred  to  horizontal  and  vertical  axes  through  the  point 
of  projection,  then  prove  that  „ 


*»  yi-ri*iVi 


(*,— JC,) 

Sol.  The  equation  of  the  trajectory  is 

v=;c  tan  0—  tgX  ■  •  ... 

*  .  u‘  COS3  e  ...(1) 

Since  the  curve  (1)  passes  through  the  points  (Xi,y»)  and 
(-**,  y»).  therefore 

y-k=x i  tan.  0—\g  xt»/(«*  cos*  0)  ...(2) 

and  yt^=xt  tan  8—]g  xa*/(a.*  cos3  6).  ...(3) 

Multiplying  (2)  by  xt*  and  (3)  by  xi*  and  subtracting,  we  get 
3's*,*=»x,x33  tan  9— xzxf  tan  0— Xj.ra  (xrtt—  x»)  tan  0. 
yi***—y*x,* 


tan  0c 


a;,x*  (xt— x,) 


*  Ex.  IS.  A  gun  is  firing  from  the  sea  level  out  to  sea.  It  Is 
then  mounted  In  a  battery  h  feet  higher  up  and  fired  at  the  same 
elevation  <x.  Show  that  the_  range  Is  increased; by  ^  . 


v*  sin 2  a.J 

of  itself  v  being  the  velocity  of  projection. 


Sol.  Let  R  be  the  original  range.  T  non 

&  2V1  sin  ac  COS  a 


-d) 
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Let  O  be  a  point  at 
a  .height  A  above  the 
water  level.  Let  R*  be 
the  range  on  the  sea 
when  the  shot  is  fired 
from  O. 

Referred  to  the  hori¬ 
zontal  and  vertical  lines 
OX  and  O  Y  in  the  plane 
of  projection  as  the  co¬ 
ordinate  axes,  the  CO? 
ordinates  of  the  point 
M  where  the  shot  strikes 
the  water-  arc  {/ti,.— A). 


Vs 

A* 

\  —  v 

V 

\  A 

A* 

\  \  (Sfc-A/ 

fif 


The  point  (J?,,  —  A)  lies  on  the  curve 
g** 


y—x  tan  a—} 


:  v1  cos*  a. 


-/.=*,  tan 


2  2 
it,*— ~  i'1  sin  cl  cos  a  Ri— -  cos*  a= 


Ri* 


-JlRi—-  vVi  cos*  ol—0  or  Ri1 — JRR1~-yh  cos*  « 

g  r 


9r 


R*4- 1  v*A  cos*  |  v*Acos?  a] 

- — -f .  —  v*A  cos*  a~L  (by  (l)] 

4  |_  sm*  a  COS*  a.  g  J 


~T=[ 


H- 


4v4  sin*  a  cos*  c 

2g*  I 

r«J 


v*  sin* 


so  that 


Hence  the  range  is  increased  by  \ 


jU  former  value. 

Ex.  39.  A  projectile  aimed  at  a  mark  which  Is  in  a  horizontal^, 
plane  through  the  point  of  projection,  falls  a  metres  short  of  it 
the  elevation  is  or.  and  goes  b  metres  too  far  when  the  elevatlonfs'f.^ 
Show  that ,  if  the  velocity  of  projection  be  the  same  in  all  cases^^ic^ 

.  ,  .  .  .  a  sin  2 fi-lrb  sin  7a.  yXAS-^oli" 

proper  elevation  is  $  -f'"'1  ' - - 

■ 

Sol..  Let  O  be  the  point  of  projection  and  v  t|ico,  velocity  of 
projection  in  all  the  cases.  Let  P  be  the  point  jTfetffe.. horizontal 
plane  through  O  required  to  be  hit  from  O.  Lct^O'be  the  correct- 
angle  of  projection,  to  hit  P  from  O.  Then#J  ^ 


,  yf?  £■  p*  sin  70 

QP*°*  the  range  for  tlie  angle  of  proj  feet  i  onji0=* - - - 

s 


When  the  angle  of  projection  is  a,  the  particle  falls  at  A  and 
when  the  angle  of  projection  is  /3,  it  falls  at  B .  We  have 


n  .  v*  sin  2*  _  v *  sin  2/5 

■  CM= - and  0B= - — * 


g 


According  to  the  question. 
AP^OP — 'OA^-a  and 

„  v*  sin  20 


PB^x  OB—OP—b- 


’  20—  Sin  2a), 


and  a* 

Dividing  (J)  by  (2),  wc  get 

a  sin  20—sin-2st 
2>~ 


■AD 
-  :(2) 


sin  28 — sin  2 O' 
a  sin  2£— n  sih_20=*A  sin  20—  b  sin  2i 
(«4-A)  sin.  20^a  sin  2R4- b  sin  2* 
a  sin  28+b  sin  2* 
a-yb 


sin  20=3 


2«-*in->  "  s!n  28+-t  5  —  or  0=1  jin- 

*  ft— 1-/» 


a+b 


px.  20.  y4  shot  flred  atanelevattonlx  Lsobserved  to  srrike  the 
foot  of  a  tower  which  rises  abqve  \  a  horizontal  plane  through  the 
point  of  projection .  IfObe  theiahgle.  subtended  by.  the  tower  at  this 
point ,  show  that  t^y/ej^i^:regut^dfio  makethe  shot  strike  the 
top  of  the  ' tower  is  ..  j  [0^Lj;inrV  (j/rt  8-$-sIn  Tjxcos  0)j. 

Sol.  Let  AB  be  the  toyver  and  D  the  point  of  projection.  It 
is  given  that  ljAOB~9,: r  "..v-v-  -  - 

Let  u  be  the  velocity  orprojectiori  of  the  shot.  'When  the 
shot  is  fired  at  an  elevation  a  from  0,  ;if  strikes  the  foot  A  of  the 
tower  AB.  Let  OA=R.  . 

sin. 2a 


Then 


Referred  to  the  horizontal,  and:  vertical;.  lines.-  OX.  and  O  Y 
lying  inr'the  plane  of  motion  as  the  co-ordinftte  axes,  the  co¬ 
ordinates  of  the  top  B  of  the.  tower  arc  (R*  iR  tnh  ffJ. 


&(A$S?Xan6>) 

:  :- 

a  / 

i/f  :  -  >  r  "  < 

t 

P 

;;  j- 

IF 8  be  the  angle  of^rojfrction  to  hit  B  from  0 ,  then  the 
point  B  lies  on  the  i raj e c’tb r yj w os e  equation  is 


.  .x- 

y=x^tan  -? - r~d 

/  :  «Vco>*  ^ 


.R* 


-jR-tSir0%=  R  ta n  P—\g  '  % 

k  p 

■  *-***£?*:  • 
Sutetiluting  the  value  of  7?  from  (l),  we  get 

iSv,r  ^  .  .  t/=  sin  2i  i  .' 

'i&s-  ’-Jan  0=tan  p—\g  - - .  -3 - 

.  .  g  /A  co  s' p 


[V  RfOl 


tan  i?=tan  jff — 


^in‘  2a 


2  cos*  ^ 

sin  g_sin  8  si n~ 2a 

cos  0* cos  ^  2  cos*  ^  * 

Multiplying  both  sides  by  2  cos1  8  cos  wc  Set 

2  cos*  p  sin  0=>2  sin  /B  cos  8  cos  0— cos  0  sin  2« 
(J  4-cos  28)  sin  fl=«sin  28  cos  8—  cos  9  sin  2a 
sin  2 8  ct>s  0— cos  28  sin  0-=-sin  0+cos  0  sin  2*, 
sin  (2^— 0)=sin  0-}-cos  9  sin  2a 
28—8=sinrl  (sin  0-f-cos  8  sin  2a) 

2/3=>04-sm“'  (sin  04- cos  8  sin  2a) 

8*=i  [04-sin'**  (sin  04-sin  2a  cos  0)). 


••  Ex.  21.  A  particle  is  thrown  over  a  triangle  from  one  end  of 
a  horizontal  base  and  grazing  over  tlfc  vertex  falls  on  the  other  end 
of  the  base.  If  A,  B  be  the  base  angles  of  the  triangle  and  a.  the 
angle  of  projection ,  prove  that  iroS-20i0 

tan  a.?™  tan  Af-  tan  B. 

Sol.  Let  A  be  the  point  of  projection,  u  the  velocity  of 
projection  and  a  the  angle  of  projection. 


A* 


U  A 

k  \ 

A 


'-tf 


4Tie  particle  while  grazing  over  the  vertex  C  falls  at  the  point 
rw  n  1  „  2m*  sin  a  cos  a 

B .  if  AB—R,  then  - — - — *  ^ 

Take  the  horizontal  line  AB  as  the  x-axis  and  the  vertical  line 
A  Y  as  the  y-axis.  Let  the  co-ordinates  of  the  vertex  C.be  ( h ,  k). 
Then  the  point  (A,  k)  lies  on  the  trajectory  whose  equation  is 

.  x*.. 

tan  a —  lg 


k=h  tan  «■ 


.  h 1 

■*  *  M*  COS1  a 


tP  COS*  a 

A  tan  a.  [  I  — ' S^- 
|_  2u*  sin  «x  c 


! 


L-7v 

II 


rikitai 
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■  //  tun 


[by(l>] 


k 

7~tan  a 


tan  /l  — tan  a 


t-a 

(^~).  [v  from CsCAM,  tan 


tan  a-tan  A 


J 


"  ..k  h  # 

=tan  ^rf-A 


f[l  + 


y- 


tan  /f-f-tan  A 


R-k 

[v  Ian  j] 


—(tan  A)A-kl(R—hy. 

But  from  the  &CMB,  tan  B~*kf(Jl—h). 
tan  <x~=tan  A+t&n  B. 

Ex.s?2.  7Vo  particles  ore  projected  simultaneously' in  the  same 
vertical  plane  from  the  scone  point  with  velocities  u  and  v  at  angles 
a  and  0  to  the .  horizontal .  Prove  that , 

(i)  The  line  joining  them  moves  parallel  to  itself. 

(It)  The  time  fliat  elapses  when  their  velocities  are  parallel,  is 
ur  sin  (a— 0)  . 

g  (v  cos  0—u  cos  a) 

(til)  The  interval  between  their  transits  through  the  other  com¬ 
mon  point  Jo  their  paths  is 

•  2 uv  sin  (a — 0)  • 

g  (u  cos  a+v  cos  0) 

Sol.  Take  th'c  common  point  of  projection  O  os  the  origin 
and  the  horizontal  and  the  vertical  lines  OX  and  O  Y  in  the  plane 
of  motion  as  the  co-ordinate  axes. 

(i)  Let  P  and  Q  {xt^yt)  be  the  respective  positions  of 

ihc  two  particles  after  time  /.  Then 

Xi— (u  COS  a)  /,  sin  a)  t—  \gt* 

and  -  xa**{v  cos  0)  /,  s\n0)t  — tg7*. 

The  gradient  (slope)  of  the  line  PQ 

—  Yi  (y  sin  f*— u  sin  <*)  t  wain.  0  —  u  sin  x 

-3c7-Xl  (l'COS/l"-UCOStt)/  “  v  cos  0—  U  cos  0* 

which  is  independent  of  the  time  /.  Hcncc  the  line  PQ  moves 
parallel  to  itself. 

(ii)  Let  01  and  0a  be  the  respective  directions  of  motion  of-?; 
the  two  particles  at  lime  /.  Then 

u  sin  a.  —  gt  v  sin  0 — gl 

tan  £1, *=s - —  and  tap  fl.«=s - 

u  cos  oc  V  cos  0  . 

The  two  directions  of  motion  will  be  parallel  if 

ie.  if  tfsma-g_/_vsmp^gf 
u  COS  a 

i  c.,  if  uv  sin 

t.C.y 


v  cos  (sy  '?y 
i  cos  fi—tgv  cos  0—uv  cos  a.  \iin..&ytgu  cos  a 
if  (g  (r  cos  0 — »/  cos  a)=»uv  (sin  a  cos  /?-4cdsi«  sin  0) 


i:  ir.,  if  /  = 


uv  sin  («—/?) 

’ g  (v  cos  0  —  u  cos  a) 


A>\ 


(iii)  Let  (h,  k)  be  the  co-ordinates  p!f  the  other  common  point, 
say  C,  of  their  paths.  ^ 

Let  /,  .und  /*  be  the  rcspcc^iv^^ncs^Uikcti  by  the  two  particles 
ro  reach  the  common  point  (A,  4)^  %msidcr«ng  their  horizontal 
motion  from  O  to  C  (hortzonUthdistance  for  both  is  h),  wc  have 
A=»(«  cos  «)  r* =  (y^coS%)"r4. 

h  '  A 

'“CoS*  “vSy*7".  cos P' 

\l/  cos  a  tf  cos  0  J  ...(1) 

Since:  the  point  (//,  k)  lies  on  both  the  paths,  therefore 

- 1  _ 


h—  t 


=li  tan  «-r4  - 
k>=/t  tan  0 — 4 


‘  cos*  « 

gh\ 


V 3  COS*  0 

Subtracting  these  two  equations,  wc  have 


igh  ( — i— ■  _!_ 

VuCOSoc  V  COS-0J \U  COS  a‘v  cos  0/  cos  «  cos  0 


T  uv  sin  U—0) 


lKh  a',an  * 

(m  COS,  —  v  cos^?)(i 

c-  A  LA 

\U  COS  a  V  COS  0}  g\u  COS  a-hl'  cos  P) 

From  (I)  and  (2).  wc  have 

t  -  --  2uvsii\(a.~0) 

1  {it  cos  a.  *f  v  cos  /J  j 

Kx.  23.  Shots  fired  simultaneously  frOm  the  bottom  and  top  of 
a  vertical  cliff  with  elevations  a.  and  0  respectively  f  strike  an  object 


...(2) 


N 

V . 

if 

M 

-  Simultaneously.  Show  that  if  a  be  the  horizontal  distance  of  the 
object  from  the  clijf,  the  height  of  the  cliff  is 
a  ( tan  a—  tan  0). 

Sol.  AJS  is  a  vertical 
cl »1T.  A  shot  is  fired  from  A . 
say  with -velocity  u.  at  an 
elevation  oc.  A*t  the  same 
time  a  shot  is  fired  from  Bt 
say  with  velocity  v,  at  an  O 

elevation  0.  The  two  shots  & 

strike  an  object  P  simult¬ 
aneously.  Let  t  be  the  time 
taken  by  each  shot  to  reach 
P.  The  horizontal  distance 
of  P  from  the  clijf  AJB  is  a.  ’  q,  *“ 

Considcrirvg-thc  borizomal  motion  of  each  shot  from  its  point  of 
projection  upto  the  point  P ,  avc  have 

o=(u  cos  «)-  f=(v  cos  0)  t.  ...(I) 

Considering  the  vertical  motion  of  caqh,  shot  from  its  point 
of  projection  upto  the  point  P ,  wc  havcvi^ 

MP=(u  sin  x)  t—  Igt* 
and  NP=  (v  sin  0)  t~\gL*; 

The  height  of  the  cliff.  AB^. h'p- 

—  (it  sin  oc)  /  —  (i’  s i O  sin  *— (v/)  sin  0 

~ .sin  rJ- — '  sin  0 
cos  a  ^ 

=fi(lana-tal^^/ 

Ex,  24.  From  a  t owir^Mrx^objcct  n*aj  observed  on  the  grotoid  at 
a  depression  <j>  below  llilfhdrLzoi k  A  gun  w-as  fired  at  an  elevation 
«,  but  the  shot  mlssliig  the' object  struck  the  ground  at  a  point  whose 
depression  was  yJ/^yProvc  that  the.  correct  elevation  0  of  the  gun  is 
given  by 

^  Opsin  (g-j-jfr)  __cos%  *f>  sin 
jStett&Ss&sin  “  cos1  >p~'stnf>  * 

Snl^tyLct1  AB  be  a  tower  of  hciglu  h.  Let  »/  be  the  velocity  of 
projecjiorf  br  the  shot.  When  projected  al  any  elevation  a  from 
^.vsuppose  the  shot  strikes  the  ground  at  C  whose  depression  i^ 
„4&Take  ihc  horizontal  and  vertical  lines  BX  and  BY  as  the  co- 


•7.^' 

r<v 


.U 

f\ di  ‘ 

\  X 

h  x 

ordinate  axes.  The  co-ordinates  of  the  point  C  are  (/*  cot  «/»►  —It).. 
The  point  C  lies  on  the  trajectory  whose  equation  is 

y~*  tan  «-i  * 

7  *  uT  cos*  a 

-/,=/*  CO. 

r  3  U*  COS*  a 

,  ,  .A  cot*  $ 

or  l  +  col^lan^-U^-^.- 

.  .  cos  ^  sin  a  ,  _  A  cos*  <f> 

1  +.-;.  - U  u'iivSfc^ 


[V  /•=  0] 


sin  ^  cos  « 
sin  _ 

cos  ct  sin  j> 


h  cos*  $ 

1  tin1  i 


.  ,  .v  .A  cos*  4 

or  cosasin^+^HiT-r^'  (1) 

Again  when  0  is  the  angle  of  projeciion,  the  shot  strikes  the 
point  on  the  ground  whose  depression  is  Therefore  replacing  a 
be  0  and  $  by  .jt.  vve  have  from  (I ) 


. . .  ,  A  cos*  4> 

cos  0  sm 

.Dividing  (2)  by  (I),  wo  have 

cos  0  sin  (tf-h/ftj  cos*  <0  sin  ^ 
COS  a  sin  (a+0)***cos*  ifi  Sin  <f 


•-(2) 
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Ex.  25.  7f  Vj,  rf,  va  <jr<r  the  velocities  at  three  points  P,  £>,  R 
of  the  path  of  projectile  where  the  inclinations  to  the  horizon  are 
«,  «— P*  «— 2/3  and  If  tit  t*  be  the  times  of  describing  the  arcs  PQ, 
QR  respectively,  prove  that  v3tf=vtt9  ias-zoio 


and 


1  L  2  w  j3 


So).  Since  the  horizontal  velocity  of  a  projectile  remn ins 
constant  throughout  the  motion.  Therefore 

*1  cos  x— va  cos  («.  —  £)«=»  vs  cos  (c— 2£).  ---O) 

Considering  the  vertical  /notion  from  P  to  Q  and  then  from 
Q  to  R  and  using  the  formula'  v'=u+ft,  wc  get 
vz  sin  fee — sift,  al— y/, 
sin  (z  — 2£)=rs  srn- fz— &)~gtz. 

Fro  m  (2)  and  (3);  we  have 

h _ p>  sin  a—  vz  sin  foe— :P) 

fi 


and 


--(2) 

*'"(3) 


Ki  sin  (z—  £)— 1*3  sin  («— 2/3) 

sin  (er.~£) 


Fi  COS  (X 

r,  sin  <r. - -  .  — -■ 

cos  (x—  ft) 

cos  (a—  2ft)‘ 


sin  (x— ft) — v,  sin  («—2ft) 


COS  (a — 

fsnbstituting'suitabjy  for  r*  from  (I)] 
_  yt  fsin  a  cos  (ot — ft) —  cos  g  sin  («— ft)J 

*’.i  [sin  (a—  ft)  cos  («  — 2ft)  — cos  (a—  ft)  sin  (a —20)} 

_ V|  Sin  (a— (<*—/?))  _  v,  sin  ft  •  7! 

"  *3  sin  {(a— ft)  — (a— 2ftj}—  sin  ft“ya 
i^ar,=r,ft.  This  proves  the.  first  result. 

Again  Tronr  (I),  we  have 

1  _ 1  cos  x _  1  I  cos  («— 2ft) 

i‘,  “  p*  cos  (a  —ft)  nn  Vi  i’r  cos*  (*_— /l) 

1_  1_  1  cos  cc-froos  fa  —  2ft )  • 

*i+  v9“  v,  cos  (oL-~]f) 

i_  2  cos  (* — ft)  cos  ft  -  2  Cos  ft 
‘  cos  (at — ft )  .  va 


This  proves  the  second  result. 

Ex.  26.  If  vx  ond  v%  are  the  velocities  at  two.  points  P  and  Q 
o.t  a  parabolic  trajectory,  and  PT  and  QT  the  corresponding  Tang¬ 
ents.  prove  that 

^  PT 
v*  ~QT 


Sol. 


Let  M  be  the  middle  point  of  the  chord 

yi 


geometrical  property  of 
a  parabola,  the  line  '  TM 
is  parallel  to  the  axis  of 
the  parabola.  Jim  the 
axis  of  the  paraboln  is 
a  vertical  tine  and  so 
the  line  TM.  must  nlso 
be  vertical. 

Let  the  tangents  PT 
and  QT  make  angles  « 
and  p  respectively  with 


the  vertical  line  TM  and  let  /_TM P  =>8. 

Since  the  horizontal  velocity  of.^rojectile  remains  constant: 
throughout  the  motion,  therefore.^  ' 
rt  sin  " 

or  H-  sin  P  .  ' 

v,  ”sm.at _ *  -CO 

In  A  TPM.  wc  have 

PT  - 

sin  0  ^sin  x 

PT  sin  x«=»PiVf  sin  0.  ...(2) 

Again  in  &TQM,  *ve  have 

QT  QM 

sfn  (tt — 0)  “sin  ft 

(?2  sin  p^QM  sin  6.  ...(3) 

But  PM^QM>  M  being  thp  middle  point  of  PQ.  Tiiereforc 
from  (2)  and  (3).  wc  have 

PT  sin  x=Q7*  sin  p 
or  PT 

■  Sin  x  QT  .-.(4) 

Now  from  (!)  and  (4),  wc  have 
ri_  PT 
v-^QT 


,SoL  Suppose  a  cricket  ball  Is  thrown  from  the  point  A  with 
velocity  oO  feci] sec.  at  an  angle  of  30°.  The  height  AM  of  A  nbove 

6 off.  A*e>s 


r  ‘ 

\  2 /exrt 


At 


M 

the.  ground  is  6  feet.  The.  ball  is  caught  at  B  whose  height  BH 
above  the  ground  is  2  feet-  The  horizontal  distance  between  A 
and  B  is  MN.  -  • 

Let  T  be  the  time  taken  by  the  ball  to  travel  from  A  to  P- 
Considering  the  vertical  motion  from  A  to  B  and  using  the  for¬ 
mula  s=«r-J-i/r3,  we  get  f-  ~  . 

— 4=(60  sin.  30#)  T-i  x  32^a, 
or  -4— 30T— 16T*  V  STe-157'^2^0 

or  (87T+  1).  :  ..  ^ 

Neglecting  the  negative  value'^Cf^we  have  ^-2  seconds. 
Now  considering  the  horizonial^^oiion  from  A  to  B.  wo  get 
MN=~  [60  cos  30")  r  rccL%pS-C^3/2) ! 2  feet*-  60 V3  f«t. 
Hence  the  two  field a  distance  60^3  feet  apart. 
Ex.  28.  If  the  maxinutm{jiortzonfti!  range  of  a  particle  is  R, 
show  that  the  greatest  h'elgM'^aftalned  Is  $  /L 

A  boy  cun  throw  a'b'ajf  60  metres.  How  tong  is  the  bail  in  the 
air  and  irfiat  helgfii$dpes  ft  attain? 

Sol.  jf  the  ^R  isjprojected  with,  velocity  u  at  an  angle  ec  with 
the  horizon taljj-ilijen^ 


thc^jforiiohtal  ranges- 


2 tP  sin  a  cos  a 


.  .  t-  .  . 

and  l^fhe'gTeatest  height  «"■*  ?m 


2 S'  - 


horizontal  range  is  maximum 


when  'r~\rr.  Tints 


^lf  /f  be  the  greatest  height  attained  in  this  case,  then 


sin2  ^7-  ir1 

Zg  ;.^47" 

This  proves  the  first  part  of  the  problem.  In  the  second  pm* 
of  the  problem  it  is  .given  that  a  boy  can  throw  a  ball  60  metres 
So  in  this  case  R=  60. metres. 

in  this  case  greatest  height  attained 
//—  f  x 60  metres—  15  metres. 

Hence  the  ball  a!tnins  a  height  of  15  metres. 

Also  in  the  case  of  n  projectile,  the  lime  of  flight  T  is  given 
2jk  sin  a 

;  s 

Since  in  this  particular  case  therefore 

T-itiigW'l  -  ' 

f  v  — —  P-60  metres] 
g*  X\g  I  X  L  *  J 

_2x60 
“*  9*8  ,r 

T=a seconds<=> 3-5  seconds  approximately. 

Hence  the  ball  remains  in  the -air  for  about  3*5  sccorfds- 
Ex.  29.  Three  particles  are  projected  from  the  same  point  in 
the  same  vertical  plane  with  velocities  «,  v,  ir  'at  elevations  «,  7 

respectively.  Prove  that  the  foci  of  their  paths  will  He  on  a  straight 
line  If 

—  *  ...»  ' 


T*  = 


l*.x.  27.  A  circket  hall  is  thrown  from  a  height  of  6  feet  at  on 
angle  of  30‘  to  horizontal ,  with  a  speed  of  60  feet] see.  it  is  caught 
by  another  fieldsman  at  n  height  of  2  feet  froth  the  ground.  „  JIow 
for  npnrt  were  the  two  men  ? 


Sol.  Take  the  point  of  projection  as  the  origin  nnd  the  hori¬ 
zontal  and  the  vertical  lines  in  the  plane  of  motion  sis  thfc  co-Ordi- 
nnte  axes.  Co-ordinates  of  thcToci  of  the  three  trajectories  arc 


ItP  Sin  2a 

— «*  cos  2<x\ 

/r*  sin  2 p 

—V*  cos  2/S\ 

\  is  ’ 

2*  r 

V~Tx  ’ 

2*  ) 

ir 


w*  sin  2y  — ir*  cos  2y' 


> 


2Z  *  2? 

These  points  will  lie  on  A  straight  line  if 
.'•ii1  cos  2a 

2f 

—  r*  cos  2/5 


v*  sin  2« 
2  g 


i»*  sin  2ft 
2  g~~ 
ir*  sin  2y 
2 g  . 


tg 

—  tr*  cos  2y 

2sT~~’ 
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Projectiles 


(Dynamics)/9 


Le.t  if  u2  ein  2oc 
'*  sin  2fi 


u3  cos  2x 
V2  cos  2)3 


=  0, 


n*  sin  2->  n-3  cos  2y  I 

Expanding  the  determinant  in  terms  of  the  third  column,  wc 
get  vbv*  sin  2  (0— y)-Fw*u*  sin  2(y— a)4-  iib1*  sin  2  (a— £)=0. 

,  wc  gel 

-P) 


Dividing  throughout  byu2»,*»''2. 


as  the  required  condition.  ..  . 

Ex,  30.  Particles  arc  projected  frotn  the  sahib  point  in  a  verti¬ 
cal  plane  with  velocities  which  vary  as 
UVisinB )/ 

0  being  the  angle  of  projection ;  find  the  locus  of  the  vertices  of  the 
parabola's  described. 

Sol.  Take  the  common  poin!  of  projection  O  as  the  origin 
..jand  the  horizontal  and  vertical- lines  OX  and  Of  in  the  plane  of 
motion  as  the  co-ordinate  axes.  Let  (Xi,y»)  be  the  co-ordinates  of 
Vthe  vertex  of  a  trajectory  for  which  the  velocity  oT  projection  is  u 
$ind  the  angle  of  projection  is  ff.  Then 

m3  sin  9  cos  0 

*•  i  -...(I) 


-arid 


}\  c 


7*?  sin3  0 


2g  -(2) 

We.are  to  find  the  locus  of  the-  point  uci.yi),  Tor  varying 
values  of  i/  and  0  subject  to  the  condition 
A 


V(si»  oy 

Putrijng  u~\}^/( sin  0>  in  (I)  and  (2),  wc  get 
X*  sin  0  cos 
~sin  i; 


where  A  is  some  constant. 


m< i 


j 


=i*cos  0 

s 


•  A 

=— -  sin  <?• 


X*  sin3  8 _ 
lS3Mn  0'  2 g 
Now  wc  shall  eliminate  9  between  (3)  and  (4). 

cos  5=>  und  si 

A’te  A-/2j? 

Squaring  and  adding,  we  get 


.,-^L  _ 

A* I tr*  J  A*  tii 


»]- 


AW‘rW=,COSl^Sin,fl= 

Generalising  (x,„  yj).  we  get  the  required  locus  ns 
•  yP 

- r  which  is  an  ellipse. 


x2 


J, 


-(3) 

-(d) 


iAt# 


if* 


Exy31.  Particles  are  projected  from  the  same  point  irr'cCfyerlis 
cal  plane  with  velocity  ~f  (2g&);  prove  that  locus  of  thes,  ferjfces 
of  Their  paths  l.  the  ellipse  x*+4y  (y—k)^0. 

Sol.  Take  the  common  point  of  projection  O^as'tlicv  origin 
and  thc^horizontal  and  the  vertical  lines  O X  and  QO^in  the  plane 
of  projection  as  rhe  co-ordinate  axes.  Here  thcK^cdpcijy  of  projec¬ 
tion  u  for  each  trajectory  is  y/(2gk).  Let  (-v,,y£}[jbe|the  co-ordina¬ 
tes  of  the  vertex  of  a  trajectory  for  which ^tJh’c  a ligYc  of  projection 

_  T-v. _ „  .  s»n  «  cos  a.  2gk  sin  otjeSgi*  A. .  . 

is  a.  i  hen  Xi  = - - - 2Ar  sin  a  cos  a, 

— (I) 


and 
We  J 


tP  sjn*  cl 

- 2i 


-  =/r  sin*  a. 


’  *(2> 

ire  to  find  the  locus  point  (x*,  yi)  Tor  varying 

values  of  ou  For  this  we  ha^e^O^lmiinate  «  between  (1)  and  (2). 
Squaring  both  sides  of 

sin*  ^-ccis^^4/k2.sin*  «  (l  —  sin’  «).  -..(3) 

From  (2),  sin*  x~y^f^>  Putting  this  value  of  sin*  a  in  (3), 
"c  gel  (  r -  j*J= 4*y.-4jV 

or  x1*+4^,»-4<:y1~0  or  (y,-k)--l>. 

.*.  'the  locus  of  the  point  (x,,  y,)  is 

-  *a+4y  fy — &)■=(),.  -  which  is  an  ellipse. 

Ex.  32.  Particles  ore  projected  simultaneously  in  the  same 
verncal  plane  from  the  same  pointy  Show  that  the  locus  of  the  foci 
of  all  the  trajectories,  is  ir  parabola  when  for  each  trajectory  there  Is 
the  same 

(l)  horizontal  velocity 
(Hi)  time  of  flight . 

Sol.  Take  the  common  point -of  projection  O  ns  the  origin 
and  the  htorizontnl  and  the  vertical  line's  OX  and  O  Y  in  ilic  plane 
oT  projection  as  the  co-ordinate  axes. 

Let  (xi,  j-|)  be  the  co-ordinates  of  the  focus  of  the  trajectory 
for  which  the  velocity  of  projection  island  the  angle  of  projection 


(ii)  initial  vertical  velocity 


•s  x.  Then 


«*  sin  2vr- 


-.(l) 


and 


u*  cos  2x  - 


*»« 


2g  -(2) 

We  arc  to  find  the  locusofthe  point  (Xr,  yi)  for  varying  values 
of  u  and  ct  subject  to  the  three  different  given  conditions. 

(I)  When  the  horizontal  velocity  lor  each  trajectory  Is  constant 

when  tr  cos  s«c  (constant).  ...(3) 

We  have  to  eliminate  u  and  x  between  (1).  (2)  and  (3). 

_  ...  ii3  sin  a  COS  a 

From  (1),  *»— - - - 

Putting  ir  cos  a*-c  in  this  relation,  wc  get 

cu  sin «  .  .  x,g 

-  . -  or 

£  c 

Now  from  (2).  wc  have 

tP  ] 

yi“  _  2?  ^cos*  x— sin*  a)« — —  (h*  cos3  <x — u*  sin*  «). 

Putting  w'cos  *»=c  and  ir  sin  a=»xj g[c  in  this  relation,  wc  get 

r’)  2g'2c* 

nr  1  ^ 

the  locus  of  the  point  f.x,.  yt)  is.( 

or  •  ( y+?i)- 

which  is  obviously  a  parabola..  % 

(II)  When  the  Initial  ve  r  1 1  caUvvIoci  ty  for  each  trajectory  is 

constant  Le..  when  u  si^x^r^constanr). 

We  have  to  eliminate  M^nd^between  (I),  (2)  and  (4). 

t  ...  tP  srif*cr CM  f  .  .  ...  , 

From  (I),  x,— -  ;•  .  Purling  u  sinan.-r  in  this  rcla- 

lion,  wc  get 

cu  cos  «.#  .v.ir 

Xt  a  — > - or  11  Cot 


’Hkff 

From  (2).iw'e'ihave 


*  cos*  x— iP  sin3  a). 


Putting  ti-.sjn  a«c  and  u  cos  x*=x,g/r  in  this  relation,  we  get 

A!%z -L  (*&A  _  _-s*  .si. 


^  the  locus  of  the  point  (.v,.  _r,)  is 

.5^3  _ -^*£.  .  fl  -v35 

2r*-‘*  2g  °r  2c3  ~ 


:  Cl 


‘*of  .x*=» — w^,c^  *s  obviously  a  parabola. 

(Ill)  When  the  time  of  flight  T  for  each  trajectory  Is  constant 
i-r.,  when 

2u  sin  a  T..  -t-  2v  sin 

- - -  constant  IV  T  —  — - - J 

S  L  «  J 

or  u  sin  a=constant»c,  say.  ---(5) 

Now  this  part  becomes  exactly  the  same  as  part  (ii). 

Ex.  33.  A  particle  Is  to  be  projected  so  as  just  to  pass  through 
three  equal  rings,  af  diameter  d,  placed  In  parallel -  vertical  planes 
at  distances  a  apart .  with  their  highest  points  in  a  horizontal  straight 
line  at  a  height  h  above  the  point  of  projection.  Projection  that  the 
elevation  must"  be  tan~l  (2 -y/(hd)fa'}. 

Sol.  Let  O  be  the_  point  of  projection.  n_t he  velocity  of  projec¬ 
tion  and  «  the  angle  or  projection.  Let  A,B.C  be  the  lowest  points 
of  the  three  rings  and  D.  the  highest  point  of  the  middle  ring. 

According  to  the  question  the  height  of  D  above  the  point  of 
projection  O  is  h.  Also  DB**d  and  AB^*BC^a, 

Now  the  particle  just  passes  through  the  three  rings.  From 
the  Location  of  the  rings 
.  it  is  obvious  thal  the 
particle  grazes  over  the 
lowest  points  A  and  C  of 
the  two  side  rings  and 
just  passes  under  the 
highest  point  D  of  the 
middle  ring.  Thus  the 
particle  is  moving  hori¬ 
zontally  at  D  and  the 
point  D  is  the  vertex  of 
the  parabolic  path  of  the  particle. 

A«=ihe  height  of  the  vertex  D  above,  the  point  of  projec¬ 
tion  0  1'  ‘ 

=>the  greatest  height  attained  by  .the  particle 


- - - — X 

[ 

/V 

y 

tP  sin*  a 

=  2g 

iP  sin*  a=»2g/i.  • 


...(«) 


The  latus  rectum  of  the  parabolic  trajectory— j  u *  cosT  a. 


i  in  Cf 


-fi 


H.O.:  105-106,  Top  Floor,  Mukheijoe  Tower,  Dr.  Mukheijee  Nagar,  Delhi-9.  B.O.:  25/8,  Old  Rajender  Nagar  Market.  Delhi-60 
Ph:.  011^5629987,  09999329111,  09999197625  ||  Email:  Ifn84lms2010@gmall.com,  www.lms4maths.com 


https  ://t.me/upsc_pdf 


https : //upsepdf .  com 

ss 


https : //t.me/upsc_pdf 


J oiiTTelegraih  for  More  Update  :  -  https://t*me7up‘scl_pdf~ 


Proje  c  III  as 


(Dynamics  J/10 


•  referred  to. thic.vcrtcx  D  as  origin  and  the  horizontal 
und'verticaJ  lines  DX  and  /J/  as  .the;  co-ordinate  axes,  the 
equation  of  the  parabolic  trajectory  is  m‘< 
x*  «=  (1  atiis  Tectum)  y 

i.e..  -  ;(2) 

The  pointC  whose  co-ordinate?  are  (a,  d)  lies  on  the  curve  (2): 
a*~(~«*cos**)  d 
t  i  *  a's 

or  “  co^«-jy.-  ...(3) 

Dividing  (1)  by  (3).  we  got  tan*  ■ 

....  ot 

Ex.  34.  A  particle  is  projected  under  gravity  with.  velocity 
{lag)  from  a  point  at  a  height  h  above  a  level  plane.  Show  that 


the  angle  of  projection  a  for  the  maximum  range  on  the  plane,  is 
given  bv  tan *  tt.*=a[(a+h)t  and  that  the  maximum  range  is 
2  V{a{a+h)f 


Sol.  Take  the  point 
of  projection  O  as  the  origin 
and  the  horizontal  and  the 
vertical  lines  OX  and  Of  as 
the  co-ordinate  axes.  The  - 
velocity  of  projection  u  is 
given  to  be  -y/{2ag). 

When  the  particle  is 
projected  at  an  angle  «  sup¬ 
pose  it  hits  the  ground  at 
the  point  B  whose  horizontal 
distance  from  the  point  of 
projection  O  is*  R .  Then  R 


SC2a&> 


is  the  range  on  the  horizontal  plane  for  the  angle  of  projection  a. 
Thc-.jpoinl  B  (7?,  — h )  lies  on- the  trajectory  Whose  equation  is 


a-  tan  a— J 


'lag  cos*  a 


[v  **=2^3 


~/i- 


i 


Now  R  is  a  function  of  a  given  by  the  equation  (l ).  For  R  to^ 
be  maximum  wc  must  have  dRfds i=0.  .^.yj 

Differentiating  both  sides  of  (1)  w.r.t.  ‘a\  wc  get 

gf  D  I  gf  o 

0=—  lan  «  +  sec’  v.-—r~  2R  ——  sec*  a— -j- .2  see1  a  tan 
ftx.  4  a  . da.  4a  ?? 


Putting  dR/dx*=> 0  in  (2).  we  sec  that  for  a  maximum.  yafuc'oF 
R  wc  must  have  . 

A= 

R  zee1  a— x-  see*  a  tan  0 
2  a 


■  2a 

tan  **=—  as  see  kt=0. 
f\ 


Putting  this  value  of  tan  x  in  (1),  wc^|avc^- 


-h^2a-~-a  or  ^a£h%^fkM~4a  (a+h) 


R' 


or  (n+/i)J,  which  sgiycSithc  maximum  value  of  .the 


range  R. 


Also  for  this  value  ofi*/?£:ytari?.«“— 5=- 


4o*- 


4a  (a-f-ii)  a^-h 

Ex.  35.  .1  gun  ftres^t^Jiell  with  muzzle  velocity  u.  Show  that 
the  farthest  horizontal  distance  at  Which  an  aeroplane  at  a  height  h 
con  be  hit  is  (u{g)-f(u*-~2gh),  and  the  gun's  elevation  then  is 


V(«s  — 2  gh) 
Sol-  Take  the  point 
of  projection  O  as  the 
origin  and  the  horizontal 
and  the  s-ertical  lines  OX 
and  Oy  as  the  co-ordinate 
axes.  When  the  shell  is 
projected  ut  an  angle  * 
suppose  it  hits  un  aero¬ 
plane.  which  is  at  n  height 
h  above  O,  at  the  point  P  - 
whose  horizontal  distance 


from  (J  is  R.  The  point  P  (/?,  h }  lies  on  the  trajectory 
equal  ion  is 


y*=x  tan  <*—  \g 


u2  cos4  a  * 


*R  tan  a—  \g  —  see*  ot 


,  /.  A- 

or  2rr*ft=2u3  R  tan  a — gRr  (1  -f  tan*  a) 

or  gR*  tan*  x—IjAR  tan'a-+-g\Jt*-|-2u1/i*=0.  ...(1) 

The  equation  (1)  is  ai  quadratic  in  tan  cu  Its  roots  will  be  reaj 
.if  4«5**— 4gK*  (git*+2u*A)  2*  0 

i.e.,. if  (g*M-2a*A)  >  0  Ijc..  if  g?R'  <  u4— 2«V<  . 

i.e.,  if  R*  <  3  (u'-2gh)  if  R  ^  ^/(u2—2gh). 

Hence  the  maximum  value  of  R  is  (ufg) y/{tP— 2gli).  For  this 
value^of  it  rhe  equation  (f)  gives 


iT.p  (u*--2 gh)  tan*  a.-2it*.-p/(ut—2gh)  tan  a 


+g-p  (u'-2g/}+2u'h- 


•  -  («* — 2gh )  tan5  a — 2a*.  —  t/( *** — 2 gh)  tan  — «=0 


=0- 


Vs_ 


~Vs:  2gA)  V(u*— 2g/i) 

'  -  « 


Note.  The  above  question  can  aTso  be^solvcd  bj.  the  method 
given  in  Ex.  34.  vV  .  ;/ 

Ex.  36.  A  shelf  is  fired-  vertically wards.  Jt  bursts  at  a 
.  leight  a  above  the  point  of  prbjcctConY^SJMW  that  the  fragments  on 
[  reaching  the  ground ,  lie  within  d^rcle  of  radius  (  vjg)  ir-}-2ag)t 
■jtssuniing  that  the  frogmen fsjstai^wlth  thd  same  velocity  v. . 

Sol.  Suppose  thc.siiel|  ;bursts  at  the  point  O  whose  height 


ibovc  the  ground  is  q^AlFtfie  fragments  start  from  O  with  vclo- 
-djiy  r  but  at  different  cfcvntiohii  We  have  to  find  the  maximum 


lirangc  of  a  fragment,  on  the  -ground. 

Now  pro cted^asy in  Ex.  34. 

Ex.  fifSts  fired  from  a  uujving  platform  and  the  ranges 

»f  the  shot,  arc  observed  to  be  R  and  S  when  the  platform  Is  moving 
j'orivard?artd',]>dckward  respectively  with  velocity  v.  Prove  \thai  the 
%lcvatfo/Pjof  thc'gvn  is 

r is  ix-sr\. 

Vr*  -R+S~  f 

~ •^iV'&ol.  Let  a.  be  the  elevation  of-thc  gun.  Then  the  unglc  ol 


u  be  the 


^.‘projection  of  tbc  shot  relative  to  the  gun  Is  also  x.  Let 
3;"xvdocity  of  projection  of  the. shot  relative  to  the  gun. 

'Hr  Since  at  time  of  projection  oHhe-shot^the=gun  mo  -es  hori- 
J  zontally,  therefore  the  tnitia!  actued  horizontal  velocity  ol  4hc  sliot 
is  affected  by  the  motion  of  the  gun  white  the  initial  actual  verti¬ 
cal  velocity  of  the  shot  remains  unoffccticd.  Thus  the  initial  actual 
vertical  velocity  of  the  shot  is  «  sin  x. 

Now  first  consider  the  case  when  the  gun  moves  Tor  ward.  In 
this  case  the  actual  horizontal  velocity  of  the  shot  becomes 

U  COS  a  +  V. 


the  range  {//  cos«-fv)  «  sin  x. 

S 


Next  consider  the  case  when  the  gun  moves  backward.  In  this 
case  the  actual  horizontal  velocity  of  the  shot  becomes  u  cos  x—v. 


the  range  S«^  (k  cos  a — «  sin  «. 

From  fl )  and  (2),  we  have 

/24-5**(4/g)  »/*  cos  a  sin  a  and  R  —  S‘*=(4/g)  uv  sin  a- 


.-(2) 


4v*  ■ 

=  —  tan  * 
S 


“  R+S 

Ex.  38.  A  battleship  is  steaming  ahead  with  velocity  it.  A  gun 
is  mounted  on  the  ship  so  as  to  point  straight  backwards  and  Is  set 
at  an  angle  of  elevation  oc.  ‘  if  v  be  the.  velocity  of  projection  relative 
to  the  guny  show  that  the  range  is  (2 v/g)  sin  01-  (v  cos  a — */),  and  the 
angle  of  elevation  for  maximum  range  Is 
fK-FV'ft/*- 


ens' 


-1  j-u-bvT^-FS^j 


Sol.  Since  the  ship  is  moving 
horizontally  with  a  velocity  u  in  a 
direction  opposite  that  of  the  projec¬ 
tion,  therefore  the  initial'  actual 
horizontal  velocity  of  the  shot 
=fcos<* — it. 


Sir 

Also  the  initial  actual  vertical  velocity  of  ihc  shot 

the  runge  (horizontal  vcl.)  (initial  vertical  vcl.)- 


Lrpro^aC. 
»•  sin  a. 


2  .  i  2v  . 

=  ~  (v  cos  x~u\  v  sin  —  sin  : 

y  -  .  ••  S 


(r  COS  a  — 1/). 
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Now  R  is  a  function  of  a. 
dJRfd^O 


So  R  will  be  maximum  when 


Le ..  when, 
Le.p  when 
l.e~,  when 


(r  cos*  cl — v  sin*  a- 


u  cos  aj  = 
=0 


2 r  cos*  o c-=-u  cos  at— 

u±V(u*+8v*> 

cos«= - ~4T~- - - 

The  ncgativQ  sign  before  the  radical  is  not1  admissible  because 
it  makes  il\e  value  of  cos  &  negative  br  a,  obtuse. 

the  angle  of  elevation  for  mixixnum  range  is 

.  ‘cos_,L- — ^ — — }  - 

Ex-  3D.  A  shot  fired  with  velocity  V  at  an  elevation  8  strikes 
point  P  on  the  horizontal  plane  through  the  point  of  projection . 
If  the  poit  t  P  is  receding  front  the  gun  wit h  velocity  v,  sh  ow  that 
the  clcvati in  must’be  changed  to  •/>,  where  us  2009 

2v 

sin  2£=j /«  20-}--—  sin  >}•. 

Sol.  :  Let  0  be  the  point  of  projection.  When  the  point  P  is 


K=_sm  28 

S 


stationary!  then  the  original  range  OP* 

When  the  point  P.  recedes  from  O  Le.,  moves  away  from  O  ht 
the  directioivor  motion  of  the  shot,  then  to  hit  at  P  tlic-  angle  of 
projection  is  changed  to  £. 

~-K3sm2* 

..  the  nev/ range— - —  - 


s  ■ 

Also  in  this  case  the  time  of  Right  X* 


2K  sin  4 


distance  = 


i.c.. 


During  this  time  P moves  away  from  its  priginal  position  a 
2K  sin  ^  . 

Jf  .  ’  - 

la  order  to  hit  P,  we  should  have 
the  new  raitge=thc  original  range -hi he  distance  moved  by  P  in 
lime  T  Is3 

V-  sin  V*  sjn  21)  ,  2K  sin  £ 

S  .  S  ^  S 

i.c.,  sin  2r>=xsin  20  +  (2vJV)  sin  f. 

Alternative  solution.  Let  <2  be  the  point  of  projection.  When 

l/i  s;n  20 

the  point  P  is  stationary,  llion  the  original  range  OP * - ' 

3 

When,  the  point  P  rcccdes  from  ^’wrrTrvciocily  v,  then  to  h f C 
at  P  the  jangle  of  projection,  is  changed  to  4-  this  case  th^£ 
Initial.  horizontal  velocity  of  the  shot  relative  to  P  is  V  cos^|^h 
and  the  initial  vertical  velocity  of  the  shot  relative  to  P  is 
Therefore  in  this  case  the  range  of  the  shot  relative  to 
—{2 fg)  (K  cos  <f>-  v)  y  siii  f. 

To  hit  A  we  must  have 


-  (P'cos  v)  V  sin  J>= 


V *  sin  28 


Le., 

Le., 


sin  28 T  V 


Vz  sin  2<f>  2  .  ,  V *  .  _  _ 

- ~  r  _  _  vKsin  sin  20 

g  Z  j.  S 

K*sin  2^ 

g 

sin  2^-sjn  2^-}-(2v/Kj  sin  ^ 

Ex.  40.  The  distance  be/ivee/tJ0^a^iy-frces  of  the  front  and 
hind  wheels  of  a  carriage  qf  radld^andf)  respectively  Is  Ci  A  parti¬ 
cle  of  mud  driven  from  the  /*  IgliesPpofi  t  f  of  the  hind  wheel  alights 
on  the  highest  point  of  the  front  wheel.  Show  that  the  velocity  of 
the  carriage.  Is 

I  [g  <cfzb^<i¥(c  -4- 

_ . 

Sol.  Let  v  bc-t he -velocity  of  the  carriage.  Then  the  velocity 
ol  the  highest  point  A  of  the  hind  wheel  is  2f  horizontally.  There¬ 
fore  the  actual  velocity  of  the  mud  particle  while  "driven  from 
the  highest  point  of  the  hind  wheel  is  2v  horizontally.  But  the 
carriage  is  also  moving  horizontally  with  velocity i\  Therefore  the 
horizontal  velocity  of  the  mud  particle  relative  to  the  carriage  is 
2-v  —  vi.e.,  v.  The  initial  vertical  velocity  of  the  mud  particle  rela¬ 
tive  to  the  carriage  is  zero. 


- h )  j»/s 


In  coming  to  the  highest  point  of  the  front  wheel  the  vertical 


distance  travelled  by  the  particlc.=- AAf—  &N  =*2bj=2si"^2  {b— a). 

In  the  figure  P  and  Q  are  the  centres  of  the  bind  and  front 
wheels  and  PQ=c  is  the  distance  between  the  axle  trees.  . 

Let  T  be  the  time  taken  by  the  mud  particle  to  travel  from 
the  highest  point  of  the  hind  wheel  to  the  highest  point  of  the 
front  wbeeL  Then  considering  the  vertical  motion  of  the  particle, 
we  have  2  (6-<r)«=0.  X4-  {sT*  [using  the  formula  s=ut +{/!*) 

-  •.  . 

Also  the  horizontal  distance  moved  by  the  particle  relative  to 

the  carriage  in  time  T—  E3—FQ=  y/{PQ*~ PF*)  =  Vfc*—  (6— aY)- 
Considering  the  horizontal  motion  of  the  particle  relative  to 
the  carriage,  we  have  Vfc?— ( b—ay^^vT. 

VP-»— »  .V<*-^ggL  .  J[f-) 


1\g  (C+b  —  a)  (c+a-by\ 
\  4  ( b-a)  /' 


Ex-  41.  An  aeroplane  is  Jiving  with  constant  velocity  »’  at  a 
const unt  height  h.  Show  that.  If  a  gun  is  fired  point  blank  at  the 
scrap  June  after  if  has  passed  directly  over  the  gun  and  when  the 
angle  of  elevation  as  seen  front  thegun  isd^tlte^  shell  icill  hit  the 
aeroplane,  provided  2  (K  cor  a— v)  r/tad*~oLp> gh.  • 

Sol.  Let  O  be  the  point  of  prQj^f4jgn|and  OX  and  OXihc 
horizontal  and  vertical  lines  through  Ofeln  the  plane  of  motion. 
Let  P  be  the  position  of  the  acrop^me^whcii  the  shot  was  fired 
from  0.  The  gun  is  fired  *po.thf^prankf  means  that  the  initial 
Velocity  of  the  shot  was  alo 

w 


lie  path  of  the  aeroplane  is  along  the  horizontal  line  PQ  ai 


.dSMlpuFight  h  from  O,  and  the  path  of  the  shot  is  the  parabolic  arc 


-ft  @2-  The  point  Q  is  common  to  the  two  paths.  .  The  shot  can  hit 
5^thc  aeroplane  if  both  reach  tbe  point  Q  at  the  same  time.  Suppose 
,  this  happens  after  a  time  /  from  the  moment  of  projection  of  the 
shot.  The  distance  PQ  moved  by  the  aeroplane  in.  time  /  is  W. 

Considering  the  horizontal  motion  o.f  the  shot  from  O  to  Q, 
wc  have  M (  V  cos  a)  r. 

But  M Q=>  MP  +  PQ—  h  col  «+rr. 

h  COt  a-)- »’/*=»(  V  COS  a)  t.  — 0) 

Considering  the  Vertical- motion  of  the  shot  from  O  to  Q ,  we 
have  /i«(f/  sin  a)  t—\gl2 


/l: 


From  (1), 


=  /  [K  sin  =t— 

U  cot  a 


...(2) 


V  COS  a  — i* 

Putting  this  value  of  t  in  (2),  wc  get 


/i  = 


h  cot  st  r 

^cds  a—  r  [ 


V  sin  ex  —  $g. 


h  cot.  a  _  1 

^cos  a— :l*  J 


2  (V  cos  a — i')*=“COt  a  [2K  sin  a.  (K  COS  a  —  v) — gh  cot  a] 
or  2  (V  cos  a— r)*= 2V  cos  a  (K_cos  a —v)—gh  cot*  a 

or  2fK  COS  a  — V)  (  Y  cos  a— (F  COS  ex  v)J  =gh  COta  a 

or  2(1^  cos  st — i*)  v=gh  cot2  « 

or  2  [V  cos  a— v)  v  tan*  (/—gh. 

.  Ex.  42.  A  shot  is  fired  with  velocity  V  at  an  elevation  a.  so  as 
Ui  hit  a  bird  sitting  at  the  top  of  a  pole  of  height  h.  However  the 
bird  immediately  starts  flying  horizontally  away  front  the  gun  with 
velocity  v.  Show  that  it  will  not  escape  being  hit  ij 

(2  V  COS  at  — r)  (K*  sitP  a.—2ghyP=vV  sin  a. 

Sol.  Let  O  be  the  point  of  projection  of  the  shot  and  P  the 
position  of  the  bird  at  the 
top  of  a  pole  PM  of  height 
h:  As  the  bird  could  be  iiit 
if  it  remained  sitting  at  the 
lop  P,  therefore  the  tra¬ 
jectory  of  the  shot  passes 
through  P. 

It  the  bird  starts  Hying 
horizontally  away  front  P  and  is  hit  at  another  position  Q  of  the 
trajectory,  it  is  necessary  that  the  bird  and  the  shot  should  reach 
Q  at  the  smne  time. 

Suppose  *Jic  shot  is  at  a  height  h  after  a  _  time  /  of  its  projec¬ 
tion  from  O.  Then  /i“(K  sin  «)  /—$£/*;  - 


v*? 

j/ 

ir 

J? 

k 

A 

\ 

O/y.M 

A 

V 

IWB! 
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nnd 


gt *— 2  V  sm.«t .  t  -I-  2/t*  0. 

.  2  V  si  n  a  J-  -«/(4  K*  sin*  8ffA) 

V  .  -  ■  2g  -  . . 

K  sin  K'JzT/jy*  a— 2gk)  . 

“  AT  ’ 

Let  /x  and  /,  be  .the  two  values  of  Then 
K  sin  a  —  V(K*  sin1  «— 2gA). 

/l=*  .  S 

V  sin  ct  +  V(^  sin1  g  — 2j?A) 

.  —  i  • ... 

Obviously  /,  is  the  time  for  . the  shot  from  O  to  P  and  /s  is  the 
time  from  O  to  Q.  The  horizontal  distance  PQ=V  cos  a.  (/*— /t). 

Also  the  distance  PQ  is  travelled  by  the  bird  in  lime  r,  with 
uniform  velocity  v-  *  ■  *  • 

PQ*=vt~.  ‘  ' 

Hence  V  cos  *.(/,— rO=W*. 

Substituting  the  values  of  /i  and  rx.in  this  relation,  we  get 
2 V(V*  si^  a—2gh)  f^sin  g+VC^*  sin1  «— 2gA)  ] 

Kcos  «. - _± - —  [  - - Y.  J 

or  (2K  cos  <*— v)  s»na  2gA)“» vV  sin  a. 

Ex-  43.  A  stone  is  thrown  in  such  a  manner  That  it  would  just 
hit  a  bird  at'  the  top  of  a  tree  and  afterwards  reach  a  height  double 
that  of  the  tree.  If  at  the  monient  of  throwing  the  stone  the  bird 
flies  away  horizontally , show  that ,  not  withstanding  lhisf  the  stone 
will  hit  the  bird  if  Its  horizontal  velocity  be  to  that  of  the  bird  as 

(V2+D :  2.  _  .  .  .. 

-  Sol.  Let  O  be  the  point  of  projection  of  the  stone  and  P  the 
top  of  the  tree  whose 


height  above  O  is,  say, 
A.  Then  according  to 
the  question  the  greatest 
height  ever  reached  by 
the  stone  should  be  2A. 

Let  u  and  v  be  the 
initial  horizontal  and 
vertical  components  of 
the  velocity  of  the  stone 


QUM 


*  nnd  V  the  velocity  of  the  bird  which  moves  in  the  horizontal 
line  PQ. 

Since  2/i  is  the  greatest  height  or  the  trajectory,  therefore 

2h«*v*flg  , 

or  v2  —  4e/r. 

As  the  bird  could  be.  hit  if  it  remained  sitting  at  the  top'££. 
therefore  the  trajectory  of  the  stone  passes  through  P. 
starts  flying  horizontally  away  from  P  and  is  hit  at  nnotn£riR&Si- 
t  ion  O  or  the  trajectory,  it  is  necessary  that  the  bird^ana^the 
stone  should  reach  Q  at  the  same  time.  fy  >3^ 

Suppose  the  stone  is  at  a  height  h  after  a  iimcif  ;pf  its'  projec¬ 
tion  from  O.  Then 


VS*. 


h—vt — J  gt9  or  gt3 — 2vf-J-2Ajp.O. 

.  .  2v±V(4»*-Xgb)  \±Jiyf-2gh) 

— gy  ubsj j  tu ting  for  y  from  (1) 

=  (2=fcV2)  V(A 

Lei  /,  and  /*  be  the  two  vulOjcs^of  t.  Then 

;,=.(2-V2>  V(%)  ^nrid^  ~  /,»(2'+v'2)  VCA/g). 

Obviously  t\  is  the  timqTol%hc  stone  from  O  to  P  nnd  1 z  is 
the  time  from  O  to  Q.  ^'%s* 

The  horizontal  dis^nc^/1^ is  travelled  by  the  stone  in  time 
/.  — r,  with  constant  horizontal  velocity  u.  Therefore  R{?— 

Alsp  the  distance  PQ  is  travelled  by  the  bird  in  time  j-  with 
uniform  velocity  V. 

PQ*=  Pi-- 

Hence  (/- — /,)  Vt~ 

n  (2+y/2)  V(/i  j r> 

tz~t\  ~  ay  i)  vi big) 

2-:  V2  V2  (V2-»- 1 )  V2-  I 

“  2^/2  ^V2  '~"2 

r.x.  44.  Prove  that  when  a  shot  is  projected  front  a  gun  ut  any 
angle  of  elevation  the  shot  as  seen  front  the  point  of  projection  will 
appear  to  descend  past  a  vertical  target  with  uniform  velocity . 

Sol.  Let  the  shot  be  projected  from  O  with  velocity  »  at  an 
nn^lc  a  ami  let.  AD  be  the  fixed  vertical  target  a*  a  given  distance 
<-  Iron*  O  i.c ..  O D  —  r. 

I.cl  /’  be  the  position  of  the  shot  at  any  time  t.  Join  OP  and 
produce  it  to  meet  the  ta.rgei  in  a  point  Q .  From  the  point  c>r 
projection  O  the  corresponding  point  on  the  vertical  target  as 


seep  from  O  in  the  straight  line  OP  is  Q.  Ta  the  question,  we 
have  to  find  the  vertical  velocity,  of  Q. 

.Let  Q3==y.&nd  £QOB— 8.  Let  M  be  the -foot  of  the  per- 
pendicular  from  i*on  the  horizontal  line  OX.  Considering  the 
horizontal  and  vertical  motion  of  the  shot  from  O  to  P,  we  have 
OM=*(tt  eos  «)  V, 

and  PM=^=(u  sin  a)  /—  i/rt*. 


3 

-i 

Now  y=>QB=OB  tan  0=c  tnn  [tan*— £ 


u  cos  at 

~*LJ  1 

w  cos  a  J 


^—vertical  velocity  of  ^ 


i  negative  constant. 


Since  the  value  of.dy/d/  is  a  ncgffr^iv^cpnstant,  therefore  the 
-is hot  as  seen  from  the  pbint  of  projectioni  Will  appear  to  descend 
'past  a  vertical  target  with  u n i lb ci t y. 

§  8.  Projections  to  hit  a  glv«gpbfnt. 

(a)  Two  directions  of  projections  to  hit  the  glren  point. 


Let  a  particle  be 
ted  from  a  given  ppint%g^- 
-with  a  given  velocity  rh^^as 
to  hit  a  given  point  P . 

Referred  t^Thc^horj- 
zontal  and  vcniw^Uncs  OX 
and  O  Y  in  ^'thc^Cplanc  of 
motion  as^tfte^co-ordinnle 
axes,  let^th e^coHD r<| inates.  of  . 
tlte  pt^nti^be  (A,  A').  If  the  angle  of  projection  is  t,  the  equation 
of  thclvtrajcciory  is  * 


11  cos^S 


-CD 


^‘‘^j.^Sincc  the  point' (/r,  A)  lies  on  (1),  therefore 


% 


IP- 


A'  =  A  tan  a —  sec*  a 


Vi?  i 


tan  «-(l-j-tnne  «) 


-(2). 


The  equation  (2J  is  a  quadratic  in  tan  <x.  Therefore  it*  gives  in 
general  two  values  of  tan  «  or  two  values  for  the  angle  rx.  Thus 
there  ore  in  general  f\ro  directions  In  which  a  particle  may  be  pro¬ 
jected  from  a  given  point  O  with  a  given  velocity  it  so  nj|  to  pass 
through  a  given  potnl  P.  \ 

(b)  Least  velocity  of  projection  to  hit  the  given  point. 


In  order  to  be  able  to  hlt^he  given  point  P  from  t  ie  given 


of  pro- 


*~2»Pghk^Yh% 

-  (n'-gkf  2*  S*  (A*-h  A*) 

it*  ^  gk+gVVr+k3)  " 


point  O  with  fhe  given  velocity  if.  the  iwq~&irections 
jection  given  by  equation  (2). must  be  real. 

The  roots  of  tlic  quadratic  (2)  .in  tan  «  ore  rcnl  if  its  dircrimi- 
nant  is  ^  0 

or  -£’/;»  (  l  +|^j3t0 

or  rA— 2«*^A*^0  or  h 

or  C«*— gkf  ^  -SfiP'ArYk*  '  Oi 

or  «*— gk  ^  gV(Ae+'AeJ  ■  ■  or 

or  n*  ^  g  (A-bV(A,-fAsJ>  * 

or  i/ >  Tj?  (A+ V(As+A*»]*/L  - 

•  Hence  the  least  vnlue  of  u*=>[g  'A.4*  V(A*'hA,>]1-'a 

=.: (A+^>).  Where  d-OP~  V(A*-I-A*j. 
Thus  remember  that  the  least  velocity  of  projection  to  Jtit  P 
front  O  is  Vvfr(A'-hO/>)i,  where  k  Is  the  vertical  height  of  P  above  O. 

If  the  point  P  to  be  hit  lies  below  the  point  of  projection  O, 
then  replacing  k  by  —A  in  the  above  result,  we  see  that  the  leasl 
velocity  or  projection  lo  hit  tlic  point  P  is  (OR— A)}  where  k 
is  the  vertical  depth  of  P  below  O . 

(c)  Two  times  of  flight  to  hit  n  given  point. 

Lei  u  puniclc  be  pn»jectcd  from  a  given  point  O  with  a  given 


fete 
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Projectiles 


(Dynamlcs)/13 


velocity  u>  say  at  an  angle  so  as  to  hit  a  given  point  P  whose 
co-ordinates  are  (A,  A).  Since  there  can  be  two.  values  of  a.  to  hit 
P,  therefore  «t  is  a  variable.  If  /  is  the  time  of  flight  from  O  to  Pm 
then  considering  the  horizontal  arid  vertical  .motions  of  the 
particle  from  O  to  P,  we  have  /z«(u  cos  a)  1, 
and  k— (u  sin  a)  /— bgt*. 

•  Eliminating  «  between  (I)  and  (2).  we  have 

or  4A* -f- (2k  +gt*p-  4«*/>  _  . 

or  4//s-j-4A*-}*4gA:/,-l-gA/4«=t4«*/K  - 

or  g*/4-b 4  (**-!/’)  /*+  4  (A»-H*s>==0  ... 


~0> 

•~<2) 


equation  (3)  is  a  quadratic  in  /a  a: 


-(3) 

The" equation  (3)  is  a  quadratic  in  ’/*  and  thus  gives  two 
values  of  /*  and  consequently  two  possible  values  of  /  to  hit  the 
given  point.  If  corresponding  to  the  two  directions  of  projection 
:  to  hit  P  the  two  possible  times  or  flight  are  r4  and  /3  then  /»*  and 
|/i*  are  the  roots  of  the  quadratic  (3)  iq*/*.  From  the  theory  of 
^equations,  wc  have 

f  .  C-3 

.and  ~  (h--i-kxy 


OP*t  so  that  t&^j.OP. 


.  Illustrative  Examples 

Ex.  45.  if  <x,  p  arc  tiro  possible  directions  to  hit  a  given  point 
;<?*  A),  then  show  that  tan  —  ajb. 

Sol.  Let  a  particle  bc*p"rojecicd  from  a  given  point  O  with  a 
.jjiven  velocity  u  so  as  to  hit  a  given  point  (er\  b)-  If  the  angle  of 
^projection  is  0,  the  equation  of  the  trajectory  is 


.  »  y~XUl^0  u*"cos*  8 

Since  the  point  (a.  h)  lies  on  (I),  therefore 

b—a  tan  9— jg  ^  sec* 


--(O 


■'•or 

i 


b=c  tan  d~\g  (1  -1-  tan*  0 ) 


Or  tan*  0— inn'0-f  f  1 -F?-^\  =  0-  — 

,  go  \  Z**  /  —(2) 

The  equation.  (2>  is  a  quadratic  in  tan  9  showing  that  thcc?  are 
In  general  two  directions  of  projection  to  hit  the  given  point  fa,  b ). 

If  a,  p  are  the  two  possible  directions  of  projection,  then  tan  ct ^ 
tan  p  aTe  rhe  roots  of  the  quadratic  (2)  in  tan  0. 

2  *  2  */»  -vs 

tan  tan  p— ~  and  tan  a  tan  p*=l+=^.  ^ 


Wc  have  tan  (stH-0>r 


tan  a -I-  tan  p 


‘lu^fga 


1  —  tan  a.  tan  p  1  —  1  - 

2t/*  ga*  _  a  & 

ga  '2  u*b  b 

Ex.  46.  A  particle  is  projected  under  gravity  ^frobiA  so  as  to 
pass  through  B\  show  that  for  a  given  velocity  of  projection  there  are 
two  paths.  Show  that  if  B  has  horizontal  and.vejtlcal  co-ordinates  x, 
v  referred  to  A  and  the  velocity  of  project  jolt fs^/jlgli),  the  angle 
between  the  two  paths  at  B  is  a  right  angfeedf^B  Ues  on  the  ellipse 
X*-l-2.i4=2 hy.  . 


Sot.  Let  u  be  the  velocity l  apd^^ilic  angle  of  projection. 
Since  the  trajectory  passes  thro^h^e’point  B  (.r,  y)%  therefore 


y=x  tan  •*. - =— 

-  cos*  a 

y==X  sec2  a 


—CO 

y=>.T<tan?as^g  (.v*/w*)  (I  H-ian*  a).  „.(2> 

The  equation  (2)  is  (Quadratic  in  tan  a  showing  that  there 
arc  in  general  two  directions  of  projection  to  hit  B  from  A.  Thus 
for  a  given  velocity  there  arc  two  paths  from  A  to  B. 


Putting  td=*2gh  in  (1).  wc  have 

-  y=~x  tan  a — (x*/4/t)  sec2  a. 

From  (3),  ^^tana-—  see'  a.*=m  (say). 


—(3) 


2 A  T  v~"*  -.(4) 

Then  m  is  the  gradient  of  the  trajectory  for  the  angle  of  pro¬ 
jection  a  and  th©  velocity  of  projection  V(2gA)  at  the  point  ( x.y). 
The  equations  (3)  and  (4> can  be  rearranged  as 

.v*  sec*  a— 4/zx  tan  a-f4A>»«=0,  ...(5) 

and  .  -k  XsCc^a-2/z  tan  oc.4-2m/x=.0.  ...(6) 

Solving  (5)  nnd;  (6)  for  sec*  a  and  ton  a,  wc  have 

; _ sec* _•  tan  '  I 

8A  V  ~  4/txy  -  2j>iJ:x*  —  2  hx1  -f  4/^ ' 

8A*  (y_«ix)  Ah  - 

~  2kx‘  (y~mx> 

2/i.v  (7y~tnx)  _2y — nix 

2hx*  *  ' 


and 


tan  o:  -> 


Now  the  two  paths  depend  upon  the  angle  of  projection  <*. 
So  eliminating  x  from  these,  wc  get 


4A 


*-f7) 


or  4//  (y— mx)=x*-l-(2y—  nix)1 

or  i>i*x»— 4mx  (j—  /i)  +  je*-|-4j,*2-4/ry=-0.  .  , 

The  equation  (7)  is  a  quadratic  in  m  and  so  it  gives  us  two 
values  of  m ,  say  wi  and  nz*.  Then  m,  and  mt  arc ^the  gradients  of 
the  Two  paths  at  B .  Since  w,  and  m,  are  the  roots  of  the  quadra¬ 
tic  (7)  in  m,  therefore 

Jr*-+  4y*— 4/zV 
r>h>n*= - ^ - 

The  two  paths  at  B  arc  at'  right  angles  if  mxnt*~ — 1 


l-e.,  tf 


X*+4y* — Ahy 


=  -l 


2x*+4^a-4  hy 


f.c.,  if  x*4-4y»— 4/z^=»— xs  Le.t  if 

ke.w  if  x* -f  2y*=*2Ay. 

Hence  the  two  paths  at  B  arc  at  right  angles  if  B  lies  oti  the 
.  ellipse  x*+2>’3c=2Ay.  '  ~  ; 

Ex.  47.  A  stone  fs projected  with  veJoci/yAt/ro t n  a  height  lido 
hit  a  point  In  the  level  at  a  horizontal  dls^aiice^R^  front  the  point  af 
projection.  Show  that  the  angle  of prqjeciloi? is  given  by 

R*  tan1  a — R  ran *=.0. 

Hence  deduce  that  the  max  Inning  range  on- the  level  for  this 
velocity  is  _ 

and  that  if  R‘  is  this  max  ini  \  infra  age  and  a  the  angle  of  projection 
to  give  the  moximuni  rangej^fhen  ' 

tan  a.^gdfgR'&jF  and  tan  2x = R’}h. 

Sol.  Rcferncd^tq^hc  point  of  projection  O  as  the  origin,  the 
equation  of  the'^nijccrory  for  the  angle  of  pr ejection  a  is 

•x  tan  x—  ig  -=^—  v -  /t. 

°  iz*  cos*  x  ...(0 


.<&%■. ~  ~~  ~  ■  ■ 

Supppscr^hc  stone  hits  the  ground  at  the  point  A  whose  co- 

ordinStc^ire  (/?.  —  /z).  Then  the  point  (R^  —It)  lies  on  the  curve 


(I  )^,  Therefore 


S i.#  ^ 


-//  =  /?  tnn  x— hg  ^  (1  4- tan*  «) 


R*  tan*  —  R  tan  «  + 

S  Z  ...(2) 

The  equation  f2)  gives  the  values  of  tan  «  and  so  the  values 
of  the  angle  of  projection. 


Now  jf  u  is  given,  then  B  is  a  function  of  a  given  by  the 
equation  (2).  For  R  to  be  maximum  wc  must  have  dR/d-x.=0r- 
Diffcrenliating  both  sides  of  (2)  w.r.t.  *a*,  wc  get 

2 ft  ~  tan1  a+2^*  tan  a  jjec1  oe.~-^~~  tan  x—  R  sec*  x 
ax  -  ^ 


+2*ar-°- 

Putting  dRjd<x=0  In  (3),  wc  have 
2tA 


g  da 


z 


.-(3) 


2 R’  tan  a  see*  a - —  R  sec*  a»=0 

S 

or  2J?  tan  seca  *“0 

or  R  tan  a.— (u*/g)~0  [V  sec  aV^O] 

or  tan««=-i djgR.  .--(4) 

The  equation  (4)  gives  the  relation,  between  the  angle  of 
projection  and  the  maximum  range.  IfjR'  is  the  maximum  range, 
then  replacing  R  by  R’  in  (4),  we. have 

tan  'a .^tPfgjr.  K  . ..  (5) 

Putting  lan  «*=- u*[gR'  and^  R » R'  in  (2),‘  the  maximum  range 
Rw  is  given  by 


nma 
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a*  2 Au* 

-R',=p+^ 


-.(6) 


I^ow  tan  2ff= 


2  tan.«  _  2iPfgR' 
“I  — tan*  a  1  —  u*Jg*J T  * 

V*'1— v4 

.  TiPgR’ 


[from  (5)] 


^(FTF* 


[from  (6)1 


2ngtP  h 


Ex-  48-  Determine  the  least  velocity  with  which  a  ball  can  be 
rhrown  to  reach  the  top  of  a  cliff  40  metres  high  a>irt  40V-3  metres 
away  from  the  point  of  projection . 

Sol.  We  know  that  the  least  velocity  of  projection  u  to  hit  a 
point  P  from  a  point  O  is  given  by 

«=Ur  {*+ V(A»+*-W*.  .  -(0 

ivhcrc  h  and  k  are  respectively  the  horizontal  and  vertical  dis¬ 
tances  of  P  from  0.  [Refer  §  8.  part  (b),  page  48] 

Here  A~*4 O-v/3  meters  and  fc=«4 0  metres.  Substituting  these 
values  of  A’  and  k  in  (I)  and  putting- \g-»9'8  metres/sec*,  the 
required  least  velocity  of  projection 

« [9-8  {40-f-V(4800-f-1600))V*  metres/sec. 

=>(9*8 x  12Q)1/*  mclers/scc.=  VO  176}  metres/sec. 
»=*l4'v/6  metres/sec. 

Ex.  49.  The  angular  elevation  of  an  enemy's  position  on  a  hilt 
h  metres  high  ti  fi.  Show  that  In  order  to  shell  It ,  the  ini xlal  velocity 
of  the  projectile  must  not  be  less  than  Vlgh  (1  +cosec  £)]. 


So!.  In  the  figure  FE  is 
a  hill  A  metres  y  high  and  E  is 
the  position  of  the  enemy.  If 
O  is  the  point  from  which  the 
enemy’s  position  is  to  be 
shelled,  then  according  to  the 
question  Z_EOF*=fS.  Let  u  be 


the  least  velocity  of  .projection  tb  bit  E  from  O.  Then 

(OH+ff))-  [Refer  $  3,  part  (b),  page  48] 

=~V(S  (A  cosec  fi  +A)}  [  V  OE=*h  coscc  fi) 

~Vigh  ( 1+  coscc  fi)}.  ^ 

Ex.  50.  A  boy- can.  throw  a  ball  vertically  upwards  to  a  height-^, 
A,.  Show  that  h<:  cannot  clear  a  wall  of  height  A*  distant  d  froht^ 
him  if  2Ai<A,  +  V(*i*-!*^t)«  ^ 

Sol.  Since  the  boy  can  throw  a  ball  vertically  upwards  to  ar 
height  AZf  therefore  if  u  is  the  maximum  velocity  \viih^lncFf?ihc 
boy  can  rhrow  the  ball,  we  have  ;Jr  ^ 

0«=wa— 2gAj  [using  the  formula^?*  ==u*-t-2/j] 
or  u*-^2ghx  or  «=-V(W- 

Now  the  vertical  height  of  the  top  of  the  whU  from  the  point 
of  projection  is  ha  and  its  horizontal  distance'  froih^rthc  point  of 
projection  is  d.  To  hit  the  top  of  the  wiijf • ; ffOm  l^c  P°*n* 
projection  with,  velocity  «,■  wc  must  have, 

It>[g  + V^+hSVT^A. '^by  the  formula  for  the 

cas t  ve  1  o c i ly  of  projection] 

or  d*^g{h>  +  V(<**-f  f‘'%  • 

or  2ghv^g  {Aa-hV(^24^v)}%><>r  2/*j A-+  V OF -rhf). 

Therefore  If  2/r1<A,+ V(<^!«!3%lhc.  boy  cannot  clear  the  walJ. 
Ex.  51.  Two  points  Pxdtta^.  are  al  a  distance  a  apart,  their 
heights  above  the  ground  betngdji  and  A*.  Prove  that  the  least  velo- 
narticl^fcdh.. b'e  I 


‘r—g  (n+A;— Ai)4-2!g/i1*»g  (a+Jtv+h*) 
or  '  if- Vfe  («+* i+Aa)}.  ’ 

Ex.  52.  A  shot  Is  fired  with  velocity  ufrom  the  top  of  a  cliff 
of  height  h  and  strikes  the  sea  at  a  distance  d  from  the  foot  of  the 
cliff .  Show  that  the  possible  elates  of  flight  are  the  roots  of  the 
equation  £**i-^,+A2e»0. 

SoL  Let-OAf  be  a.  cliff  ’ 


of  height  A.  A  shot  is"  fired 
from  O  with  Telocity  uy  say 
at  an  angle  a.  It  strikes  the 
sea  at  the  point  A  whose 
distance  front  the  .  foot  of 
the  cliffis  h .  Let  /  .be  the 
time  of  flight  from  0\lo  A . 

•Then  considering  the  hori¬ 
zontal  and  vertical  motions 
of  the  shot  from  O  to  A,  we 
.have  . 

d={u  cos  a)  tt 

and  —  A=»(tr  sin  a)  t—\gi- 

f-e.,  iff/*— fu=(u  sin  aj  /. 


To  eliminate  cc,  squaring  and  addin g1i(U aSu(2),  wc  get 
‘P-HlgF-hy^u'r*  ^  . 

or  lgr**-(gh+&)  •  ...(3) 

Hence  the  possible  times are’  the  roots  of  the 

.equation  (3).  £%#>**  ~ 

Ex.  53.  If  t\  and  t2  bc^h&tintes  of flight  from  A  to  B  and  x 
the  Inclination  of  AB  to  thdifibrJzSfital,  prove  that 
tf+ZSi + tf 
Is  independent  of  a. 


Sol.  Let  » sSbe .tli'e 
.velocity  at  A,  iis^djreaibn 
^making  an  apglc^fiTt h  the 

ihorizontal^fe  ^Set  /  be 

the  dme^o  E-flight  from  A 
to  B.  Misgiven  that- 
LBA&%g?  Let  AM~h 
then 

i f%3S^'*~uAh'+P). 


a 

u 

A 

v'Considering  the  horizontal  and  vertical  motions  of  the 


^  'particle  from  A  to  B,  we  have 


-  -d> 
-(2) 


city  with  which  a  part  id  eicahb'e  thrown  from  the  ground  level ,  so  as 


to  pass  through  both  the  ptilnts,  is 
Sol.  Let  O  be  the 
point  of  projection  on  the 
g^pand  and  u  be  the  velo¬ 
city  of  projection  at  O. 


VCff  (fl-4'Al+A*)). 


Wc  have  PQ~a  (given). 
Also  the  vertical  height 
of  Q  above  />«A3  — A,. 


If  v  be  the  least  velo¬ 
city  of  the  projectile  at  P 
so  as  to  hit  Q,  wc  must 
have 


...0) 


'  O  M 

I*  {/>fi+(A,-/il))3'/*«[^(fl+A.-*0],j 

or  v*~g  (fl+A*— A,). 

Now  if  a  particle  is  projected  from  O  with  velocity  it  and  its 
velocity  at  P  is  r,  we  have  * 

\~,fi-2ght 
or  u%-vz\-2ght. 

from  (2)  it  is  clear  that  u  is  least  when  v  is  least.  So  putting 
for  v-  from  (I)  in  (2),  the  least  value  of  u  is  given  by 


A«=(u  cos  0 )  r 

and  k~Ui  sin  0)  t~lg{~ 

i.e.y  AH-igr1=(ir  sin  d)  /. 

Squaring  and  adding  (I)  and  (2).  we  get 

or  u*t*~0 

or  g*/4- 4  (u*~fcg)  t'+ 4  (Aa+Ae)»0.  — P) 

If  /»  and  tz  arc  the  two  possible  times  of  flight  from  A  to  B. 
then  /»*  and  fa*  are  the  roots  of  the  quadratic  (3)  in  ra. 

st£j&.  ^w-tse+p. 

Now  /»*-»: 2txU  sin  x+/a1«(fi*-l-/ja)+2fi/*  sin  a  , 

4  (if*— kg)  ,  ^  2  ,  7.t,  A 

“•  ~  ?  +2s  vlh  +i  ,:  vTSi+*r) 

.  4tt*  4A  4k  4m* 


We  have 


which  is  independent  of  A.  k  and  is  therefore  independent  of  *.  c 
Ex.  54.  Show  that  the  product  of  the  two  times  of  flight  from 
P  to  Q  with  a  given  velocity  of  projection  is (2PQ)fg.  I 

Sol.  Let  u  be  the  velocity  of  projection  at  P  and  be  ihc 
angle  Of  projection.  Let  f  be  the  time  of  flight  from  P  to  Q. 
Suppose  h  and  k  arc  respectively  .the  horizontal  and  vertical 
distances  of  Q  from  P.  Then  proceeding  as  in  Ex.  53,  wc  have 
fP-4  (u*-kg)  /*-f 4  (/i*+A1)=0. 

If/,  and  tx  are  the  two  possible  times  of  flight  from  P  to  Q, 
then  tx~  and  tf  arc  the  roots  of  the  above  quadratic  in/-.  We  have 

[V  Z>G*~/j=-rA=] 


.,»/.*=  (PQY 


so  that  />/»—  (2/g)  7Q. 

Ex.  55.  A  shell  bursts  at  a  horizontal  distance  a  from  the  foot 
of  a  hill  of  height  h.  Fragments  of  the  shell  fly  In  all  directions 
with  a  velocity  npio  V .  Find  how  long  a  man  on  the  top  -  of  the  hill 
will  be  in  danger. 

Sol.  Let  u  be  the  velocity  and  a  the  angle  of  projection  for  a 
fragment  reaching  the  man.  According  to  the  question  the  greatest  . 
value  of//  can  be  V.  if  z  be  the  time  taken  by  this  fragment  to 
reach  the  man,  then  considering  the  horizontal  and  vertical 
motions  of  the  fragment,  wc  have  a=»(u  cos  a)  f  .-•(!) 


IHH 
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(Dynamics)/15 


and  h=r(a  siju4f“^4 

i.e„  .  A+4s:i*=(*#  sin  a)  /.  ...(2) 

Squaring  and  adding  (I)  and  (2},  wc  get 
a54-(A-h  igtV— u5/2 

or  ^F/F-hi£s7<-h?Af',=,«1*2  . 

or  g9*4— 4  (u1  —  gA)  '6.  ...(3) 

If  /»  and  /j  arc  two  possible  times  of  flight  of  the  fragment 
to  reach  the  man,  then  /»*  and  /**  arc  the  roots  of-thc-  quadratic 
(3)  in  We  have  .  .  _ 


=  ^  0^— gvV? 


and 


-/>*** 


4 (as+fi*) 


X*  .  1  *-“V-  s? 

The  period  in  which  the  mrfh  will  be  in  danger  on 
of  this  fragment 

=/i — — 2/i?j} 


-7{ 


4._<K*-g/i}  _2 


=>|  'jd—gh—gVCtr+h3)}1'*- 


.-(4) 


From  the  result  (4),  we  observe  that  the  period  tt  — r*  increases 
as  u  increases.  But  the  greatest  value  taken  by  u  is  V.  Hence  the 
man  on  the  top  of  the  hill  will  be  in  danger  for  a  period 
~  (2/gHK-4-<Sr/r-gV(^+A=)),/*- 

lix.  56.  A  shell  bursts  on  contact  with  the  ground  and  pieces 
from  it  fly  In  all  directions  alL  witfT  velocities  upto  80  feet  (see. 
Show  that  . a  man  100  feet  away  is  in  danger  for  Z~f2  seconds. 

Sol.  Proceed  as  in  Ex.  55  by  taking  u=100  feet,  /;=0  and 
F^=S0  Tcci/scc,  Note  that  here  the  man  is  on  the  ground  and  so 
/j«=0.  The  required  period  in  which  the  man  is  in  danger  is 

JL  seconds 

“aV {6400  —  1 00x32}'/*  scconds=vy  ^(3200)  seconds 
x  10  X  4  x -f2  seconds=j2-  V2  seconds. 

<>.  Range  and  time  of  flight  on  an  Inclined  plane. 

A  particle  is  projected  with  velocity  u  at  an  angle  a  to  the  hori¬ 
zontal  from  a  point  O  on  an  inclined  plane  of  inclination  fl  to  the 
horizontal.  'The  particle  is  projected  up  the  inclined  plane  to  move 
In  the  vertical  plane  through  the  line  of  greatest  slope .  If  the  parti¬ 
cle  strikes  the  inclined  plane,  to  determine  the  range  and  the  time 
Of  flight. 

Let  O  be  the  point  of  projection  and  u  the  velocity  of  projec-  vK. 
tjon  making  an  angle  x  with  the  horizontal  OX. 


.h 
-p6> 


'W 

Suppose  the  particle  strikes  the  inclinctl^iplanc  at  A  where 
OP*=  R.  Then  R  is  the  range  up  theTTneffhed  plane.  Let  T  be 
the  time  of  flight  from  O  to  P. 

Initial  velocity  at  O  along  tpc  inclined,  plane  ’  o 

■=u  cos  («  —  fijf  up^tti  c  plane 

and  initial  velocity  at  O  pen^fdjcular  to  the  inclined  plunc 
=  «  sin 

along- the  upward  narnial'Toohc  plane. 

The  r  ^solved  part  ofTtjrc'  acceleration  g  along  the  inclined 
plane==sr  sin  fl.  down  the  plane  and  the  resolved  part  of  g 
perpendicular  to  the  inclined  planc-^g  cos  fl,  along  the  downward 
normal  to  the  plane. 

While  moving  from  O  to  Athc  displacement  of  the  particle 
perpendicular  to  the  inclined  playe  is  zero.  So  considering  the 
motion  olj  the  particle  from  O  to  P  perpendicular  to  the  inclined 
plane  and  using  the  formula  J=i«-r  *./**»  we  get 
»  .  Qy~u  sin  (a— fl).  T—  ig  cos  fl:  T*. 

But  7%=j 0  gives  the  time  from  O  to  O.  Therefore  the  time  of 
flight  T  from  O  to  P  is  given  by 

...  Zu  sin  (x— fl)  . 

.-.V-  g  cos  J9_-  -  ..-(1) 

Now  considering  the  motion  of  the  particle  from  0  to  F  along 
the  inclined  plane  :>.nd  usins  the  formula  s=^ut  +  ift~t. we  get 
R=u  cos  («.— fl}.  7~--  lg  sin  fl7"3 
=  7‘  [n  cos  (>. —  fl)  —  ig  sin  ^rj 

2 it  sin  (&-.--/>)  f  .  ...  ,  .  2k  sin  (a— fl)} 

- - ~U  [«  COS  »n  P  ■  ycosff  --J 

[substituting  for  T  from  (1)] 


g  cos  /I 


7u  sin  (a. —  fl)  cos  (v. — fl)  cos  fl — sin  (a. — ft)  sin  ft) 

~  gcos'fl  *  cos  fl 

_ 2u-  sin  (*. — fl)  cos  {(» — fl)+fl) 

—  g,cos*  fl  . 

„  2u*  Sin  («— fl)  cos  a 

R=  -  ...(2) 

This  gives  range  up  the  inclined  plane. . 

Maximum  range  up  the  Inclined  plane.  Froni  the  formula  (2), 
we  observe  that  if  it  and  fl  are  given,  then  the  range  R  depends 
upon  the  angle  of  projection  «t.  We  can  write 

■R=jr~coSrJ^Sin  (*— 0+*}+sin  (a— *)1 
-=g  cos'-g 

Obviously  for  given  it  and  fl,  R  is  maximum  when  sin  (2-/.— fl) 
is  maximum  i.e.,  when  sin  (2x — flj^l 

i.c.r  when  2«— fl=^TT,  ---(3) 

Lc.t  when  cc=^7r^-  ifl. 

Also  the  maximum  range 

i/1  (l  — sin. fl)  u*  1  —  sin  fl  ^ 
g  cos*  fi  g  *  1  sin.: 

tr  (1  — sin  fl)  up. _  .  *“ 

~g  (I  -rSin  fl)  (l -Sin  fl)*  ■ 

Thus  the  maximum  range  up ^h^Jnclincd  plane 


g(H-Sinfl^  ^ 

From  (3)  we  observe  iljoiTth^"rangc  on  the  inclined  plane 
maximum  when 

ge..  when  * 

when  the  angle  bej^v^eh  the  direction  of  projection  and  the 
Inclined  plane  is^thc  salnc  as  the  angle  between  the  direction  of 
■projection  a ucLth^c^ti cat . 

/-fence jn^i^cd'se  of  max  in 


>■  of  maximum  range  on  the  inclined  plane  the 


direction. of  pro  jeer  ion  bisects  the  angle  between  the  vertical  and  the 
liiclijie^ffphtneTr 

1  *  direction  or  projection  at  O  is  along  the  tangent  to  the 

!.  :(^;ura^ii;c  path  at  O.  Also  the  vertical  through  O  is  perpendicular 
'^f^lljpdirectrix  of  the  path.  In  the  ease  of  a. parabola  the  tangent 
point  bisects  the  angle  between  the  focal  distance  ol^  1  !»:«*_ 

stp.Qjht  and  the  perpendicular  from  that  point  to  the  directrix, 
k  Therefore  in  the  case  of  maximum  range  on  the  inclined  plane  the 
range  OP  coincides  with  the  line  joining  O  to-  the  focus  of  the 
parabola-^  Hence  in  the  case  of  maximum  range  on  an  inclined  plane 
the  focus  of  the  path  lies  in  the  range  itself. 

10.  Rnugcand  time  of  flight  down  aa  inclined  plauc. 

Let  O  be  a  point  on  an  inclined  plane  whose-  inclination  to 
the  horizontal  is  fl.  Suppose  a  particle  is  projected  from  O  down 
the  inclined  plane.  Let  it  be;ihe  velocity  of  projection'  making  an 
angle  oc  with  the  horizontal  through  O.  Suppose  the  particle  strikes 
the  inclined  plane  at  P,  where  OP=*R.  Then  R  is  the  range  down 
the  inclined  plane.  Let  f  be  the  time  of  flight  from  O  to  P. 

It 


Initial  vclocitj*  at  O  along  the  inclined  plane—  u  cos  (x-i-fl) 

down  the  plane 

and  initial  velocity  at  O  perpendicular  to  the  inclined  plane 
=*i/  sin  (a 4- A), 

along  the  upward  normal  to  the  plane. 

Resolved  part  of  the  acceleration  g  along  the  inclined  plane 
is  g  sin  fl  and  perpendicular  to  the  inclined  plane  is  jj  cos  fl  as 
shown  in  the  tigure. 

While  moving  front  O  to  P  in  time  T  the  displacement  of  the 
particle  perpendicular  to  the  inclined  plane  is  zero.  So  considering 
the  motion  of  the  particle  from  O  to  P  perpendicular  to  the  inc¬ 
lined  plane  and  using  rheTorinula  s—ut+^fijf\\-c  have 
0  =  1/  sin  (ac-j-fl)  T—  i"  COS  fiT1  - 
...  2u  sin  fo-j-ft) 

y  cos  fl  ...(!)• 

Now  considering  the  motion  of  the  particle  from  O  to  Falong 
the  inclined  plane  and  using  the  formula  fi*,  we  have 

v  cos  («  +fl) .  T+ig  sin  fl.  T*. 
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*=  T  [u  cos  (a+ £)  V  iff  sin  fi.  T\ 

,  2td  sin  («+0)  CO*  * 

*■”  g  cos*  ji  ’  ***12) 

To  find  the  maximum  range  down  the  inclined  plane,  we  can 

.  d  i^Tsm  (Sk-HQ+smfl 

wntc  (2)  as  R=>—  g  c0j2  £ 

•  for  given  u  and  p,  R  is  maximum  when  sin  (2*+0)=  I  - 

Also  the  maximum  value  of  7? 

id  ( 1  4-sin  P)  tr  "( 1+ sin  P)  '  id 
^~gco^W^^gJf=3infp)wmlg  (I  —  sin  £) 

Thus  for  motion  down  the  inclined  plane, 

2risin  (*+B\  .  2u*  sin  k-J-/5)ous  * 

time  of  nighr - J^T  '  *  .  .  .  *  «*•/»•  * 

IT 

and  maximum  range ^  _sin  py  . 

V/c  observe  that  if  we  replace- £  by  —  p  in  the  results  for 
motion  up  the  inclined  plane,  we  get  the  corresponding  results  for 
motion  down  the  inclined  plane. 

Illustrative  Examples 

Ei- 57-  A  particle  is.'  projected-  with  velocity  u  from  a  point 
-on  a  plane  Inclined  at  an  angle  p  to  the  horizontal.  If  r  and  r' 
fire  its  maximum  ranges  up  and  down  the  plane,  prove  that  l/r+ljr' 
^^Independent  of  thcm  inclination  of  the  plane. 

Sol.  Here  the  inclination  of  the  inclined  plane  to  the 
‘horizontal  is 

r~ the  maximum  range  up  the  inclined  plane 

id 

■  =g  (l  4-sin  p) 

=  the  maximum  range  down  the  inclined  plane 


_2k-  sin  y.  sin  [In— (g—ft)) 

~~  gco^p 

2id  sin,  a.  cos  (z— ft) 

~  gcos*p  *  —(2) 

From  (t)  and  (2),  we  have  • 

Rz~~Rl=t£™E*~p  [  sln  *  cos  a  sin  J 

2 ir  .  .  ,  2m8  sin  P  I 

T\  - 

which  is  independent  of  the  angle  of  projection  a. 

Ex.  60.  Show  that  If  a  gun  be  situated  on  an  inclined  plane , 
the  maximum  range  pt  a  direction  at  right  angles  to  the  line  tf  grea¬ 
test  slope  is  if  harmonic  mean  between  the  maximum  ranges  ftp  and 
down  the  plane  respective!  r. 

Soh  Let  P  be  the  inclination  of  the  inclined  plane  to  the  hori¬ 
zontal,  O  the  pbint  of  projection  nnd  k  the  velocity  of  projection. 

If  7?i  and  R a  are  the  maximum  ranges  up  and  down  the  in¬ 
clined  plane  respectively,  then 


and  R 


Arid  r‘ 


Noxv^+fU^  [(M-sin  i?)4-(l— sin  ft)l- 


2 g 


id  , 
~g  (1  — sin  ft)’ 

which  is  inde- 


*°!p.gndcnt  of  the  inclination  p  of  the  plane. 

Ex.  58.  For  a  given  velocity  of  projection  the  maximum  range 
itlowi i  an  Inclined  plane  is  three  times  the  maximum  range  up  the 
*01lncd  plane;  show  that  the  inclination  of  the  plane  to  the  hori- 

Wrivtal  is  30*  .  . 

Sol.  Let  u  be  the  velocity  of  projection  And  P  the  inclination  ^ 
oLLhuJmilined  plane  to  the  horizontal.  Then  the  maximum  ranges^ 
up  nnd  down  the  inclined  plane  are  respectively 

..  «*„.  and _ 

g  ( !  4-sin  ft)  JT(  I  —  si  n  P)  ^ 

.  .  rr  .  -  _i  id 

According  lo  the  question.  -  ft)  g  (1 

H  sin  ft«3-3  sin  p  or  4  sin  ft  =  2  or  ^jpA/S'-or 


-30’ 

Ex.  59. 


If  from  a  point  an  the  side,  of  a  hillijKO  ^bodies  are 


projected  in  the  vertical  plane  through  the  llnejf  greatest  slope  with 
the  same  velocity  but  in  directions  at  right  ang ies-toyach  other ,  show 
that  the  difference  of  their  ranges  is- in depehderilfof  their  angles  of 
projection .  _  ((x,  .  . 

Sol.  Let  ft  be  the  inclination  of  jKe^hiH  to  the  horizontal  and 
O  the  point  of  projection.  Supposc.^parficle  is  projected  from 
up  the. hill  with  velocity!/  making  ‘su^anglc  x  with  the  horizonta 
through  O.  If  72,  is  the  rangc^of  particle  on  the  hill,  then 

using  the  formula  for  the  mn^el/np^in  inclined  plane,  we  have 
2>/?"eps.yJsin  (a — ft) 


-.(i) 


i  (14- sin  p) 

Now  the  line  of  greatest  slope  ihropglr-Ojs  the  line  lying  in 
the  inclined  plane  and  at  right  angles  J^fhcfline  in  which  the 
:  inclined  plane  meets  -  the  horizont^jLC ^Therefore  tli*  direction 
0  through  O  at  right  angles  to  the  lincioPgrfatest;  slope  is  a  horizon- 
fetal  direction.  If  R*  be  the  maximu^tange  in  this  direction,  then 
the  maximum  range  in  ^Wimontal  direction  with  velocity 
of  projection 

Now  -[k'f^^Sl<i+sin  ^rHI_sin  W1 

l,%  is  tli^jjarithmctic  mcan  of  l/7?v  and  l//?i 
i.e.%  R*  is  tHCjdiarjribnic  mean  of  Ri  and  R*. 

Ex-  61.  &Thcfwgular  deration  of  an  enemy's  position  on  a  hill 
h  metres  Mgjtjls  fry  Show  that  In  order  to  shell  It ,  the  itntiol  velocity 
of  the  prpjcctiiPmust  not  be  less  than 

v%~v  t gh  < 1 + c°sec  ^>i- 

ji.S^^Lct  O  be  the  point  of  projection  and  P  the  enemy’s  posi- 
as  given  in  the  question,  PM=h  metres  and  ./  FOM^P- 
rs'^^LcTr/  be  the  least  velocity  of  projection  to  hit  P  front  O.  Then 

&.  .t+  ^ 

X^orfthe  velocity  of  project  ion  u  at 
OP  is  the  maximum  range  up 
the  inclined  plane  OP. 

OF^7oTiTnfsy 

But  from  &PMO,  we  have 
OP^P.M  coscc  p*=h  coscc  p. 

...(2) 

From  (1)  and  (2),  wc  have 
id 

g  (l  4-sin  P) 

i.e. .  iP—gh  cosec  p  ( l  H*  sin  P)^gh  [cosec  p+ 1) 
i.e.,  it=y[gh  (l  4-cosec  py\. 

Ex.  62.  The  line  joining  C  to  D  Is  Inclined  ut  an  angle  «  to 

the  horizontal.  Show  that  the  least  velocity  required  to  shoot  from 
C  to  D  is  tan  times  the  least  velocity  required  to  shoot 

front  D  to  C-  1 

Sol.  Letubelhe  least  velo¬ 
city  of  projection  to  hit  D  from  C . 

Then  for  the  velocity  of  projection 
u  at  C,  CD  is  the  maximum  range 
up  the  inclined  plane  CD. 

td  _ _ ^ 

Y0+s>n«)  ..■■(!)  (j "  “  bf 

Again  let  v  be  the  least  velo¬ 
city  to  shoot  C  from  D.  Then  for  the  velocity  of  projection  v  at 
D,  DC  is  the  maximum  range  down  the  inclined  plane  D  - 


Now  rhe  other  particle  is  projected  from  O  with  velocity  »  in 
a  direction  alright  angles  to  the  direction  of  projection  of  the 
first  particle.  Therefore  this  particle  moves  down  the  hill  and  its 
direction  of  project  ion  makes  an  angle  1jt— *  with  the  horizontal 
through  O.  ir  R-  be  the.  range  of  this  particle  on  the  hill,  then 
using  the  formula  for  the  range  down  an  inclined  plane,  we  have 
-<x)  sin  l(Ln  —  x)-'rp) 


g  cots-  p 


CD  — 


DC 


From  (I.)  and  (2), 


g  (1  —  sin  a) 
wc  have 


-(2) 


gO-t-sin*)  #U--sin«) 

I  +  stn  a _ 1  — cos  (4v+a) ^2  sin*  ( j~n~+ 

=  ITTsTiTz*-  I  -t- cos'[‘i«-+*)  2  cos* 

=  tnn*  *jx). 

stan  (Jrr-F  i*)  or  m-*»v  tan  (F^-Fia), 


as  was  to  be 


fc^-Uld  1.  1  1 7lL-VffP5Pt?l 
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Ex.  63.  /4  particle  is  projected  at  an  any/e  a  tvi/A  the  horizon¬ 

tal  from  the  foot  of  the  plane,  whose  inclination  to  the  horizontal  is 
*  Show  that  it  will  strike  the  plane  at  right  angles  if 
cot  p=*2  tan  (a.— ft). 

Sol.  Lei  0  be  the  paint  oT  projection,  u  the  velocity  of  pro¬ 
jection  and  P' the  point 
where  the  particle  stri¬ 
kes  the  plane. 

Let  T  be  the  time 
of  flight  from  O  to  P. 

Then  by  the  usual 
formula  Tor  time  of 
flight  on  an  inclined 
plane,  we  have 
_ 2a  sin.  (a.— ft) 

—  g?ojp  -..(1) 

Since  in-this  question  the  particle  strikes  the  inclined  plane 
at  right  angles  at  P,  therefore  the  direction  of  the  velocity  of  the 
/particle  at  P  is  perpendicular  to  the  inclined  plane.  Consequently 
the  resolved  part  of  the  velocity  of  the  particle  at  P  along  the  in¬ 
clined  plane  is  zero.  Also  the  resolved  part  of  the  velocity  of  the 
jraarticle  at  O  along  the  inclined  plane  is  ireos.  (a— P)  upwards 
and  the  resolved  part  o  f  the  acceleration  £  along  the  inclined 
Iplane  is  g  sin  ft  downwards.  So  considering  ihc  motion  of  the 
tpnrticlc  from  O  to  P  along  the  inclined  plane  and  using  the  for- 
£fnulii  v^n+ft,  we  have  0  «"#r  cos  (at— P)—g  sin  p  T 
_»  cos «(*—_/*>. 

g  sin  P  ---(2) 

Equuling  the  values  of  T  from  (I)  and  (2),  we  have 

2n  sin  fa. — /?) _ ii_cOS  (a '~P) 

g  cos  ft  g  sin  ,5 

2  sin  (v.—py_ cos  p 
cos  ( x  —ft)  sin  p 
2  inn  (x— J9)«col  P- 

tCx.  64.  A  shot  is  fired  at  an  angle  a  to  the  horizontal  up  an 
hill  of  inclination  S to  the  horizontal.  Show  that  it  strikes  the  hill : 

(a)  horizontally  If  tan  2  tan  ft, 

(b)  normally  if  tan  «=--2  tan  ft-j  col  ft. 

Sol.  fn).  Let  O  be  the 
point  of  projection,  u  the 
velocity  of  projection  and  P 
the  point  where  the  shot 
strikes  the  plane.'  Let  T-  be 
the  time  of  flight  from  O  to 
P,  Then  by  the  usual  for¬ 
mula  for  the  time  of  flight 
on  an  inclined  plane,  we 

2k  sin  (*— ft)  , 

have  /-*  -  p  -  A-  /%#  _  :-0) 

Now  according  to  the  question  the  parucl^sirjkcs  jh.e  inclined 
plant  horizontally  at  P  the  direction^ ^velocity  of  the 
particle  at  P  is  horizontal.  So  the  vcrtijrt^^Jocity  of  the  panicle 
at  P  is  zero.  Also  the  vert  leaf  ve^cig>f  the  part, clc  at  Ois 
»  sin  a  upwards  and  the  accclcraV>^hc  vertical  direct. Off  » 
»  vio  <-onsideriu*  rutal  motion  of  the  particle 

we  have 


pj 


(!)  the- lime  of flight  is  J^ffZZTffy 

2 tP  sin  P 

(u)  the  range  on  the  inclined  plane  is  S 0~’ 

and  {Hi)  the  vertical  height  of  the  point  struck ,  above  the  point  of 
projection  is  f<r yrTi&pj  IfsS2012 

Sol.  Refer  figure  of  Ex.  63,  page  65. 

Let  O  be  the  point  of  projection,  z#  the  velocity  of  projection, 
*  the  angle  of  projection  and  P  the  point  where  the  particle 
strikes  the  plane  at  right  angles. 

Let  7*  be  the  time  of  flight  from  O  to  P.  Then  by  the  formula 
for  the  time  of  flight  on  an  inclined  plane,  we  have 
2 u  sin  (a. — P)  _ 

S  cos  p  — 0  ) 

Since  the  particle  strikes  the  inclined  plane  at  right  angles 
at  P,  therefore  the  velocity  of  the  particle  at  P  along  the  inclined 
•  plane  is  zero.  Also  the  resolved  part  of  ihc^vclocity  of  the  parii- 
:.;cle  at  O  along  the  inclined  plane  is  u  cos  upwards  ahd  the 

resolved  part  of  the  acceleration  g  alopg^The?  inclined-  plane  is 
g  sin  P  downwards.  So  considering  the^rno.Mon  of  the  particle 
[from  O  to  P  along  the  inclined  plane  ^and  using  the  formula 
**=«+/>..  we  have  0«  u  —  g  sin  ftT 

»  rir  ■  -r-_ “  cos 

Equaling  the  values  of.PCff6W{  1)  and  ( 2 ),  we  have 
2  u  sin  (a["~  0%*  »  cos  (x— fl) 
i #  ■  "  “  S  sin  ft 

lor  la n  (a  —  fl )  ==#q>t  fl, 

X&S  the  condition  for  striking  the  plane  at  right  angles, 

(r)  From  (2J.,. 

» _ =a. _ « 

i  ".ib  P  sec  (i  —  fl)  g  sin  flVP  +tan=  (a—  &)\ 

=»— , . subsiiruiing  for  tnn  (a— fl)  from  (3) 

gysin  ^*1  vl  cot xp)  h 

pf.  sin  3 _ '  _ 2u  _ 

/?V(4  sin"  jf-l-COS'-^)3=,xv'(sin:£  p  H-  cos3  P  +  3  sin  -  ff) 

2»_  . 

1  T  3  si  ti3  p) 

(ii)  Let  R  be  the  range  on  the  inclined  plane;  then  R~OP. 

^Considering  the  motion  from  O  to  P  along  the  inclined  plane 
and  using  the  formula  w3=idH-2/y,  we  have 
0  =  ua  cos1  (x— p)~ 2y  sin  pR 

_r  p  u‘  cos*  (y  -p)  _ _ 

=  .  2 g  sin  p  ~  2g  sin  p  see*  {x  —  P) 


--(2) 


-.-(3) 


-(2) 


g  downwards.  So  considering 
from  O  to  P  and  using  the  \r*=u+ft,  ' 

■ 

n  sin,qr^  ^ 

Uc-  |  T  . 

Equating  the  valuc^of  ^  from  (1)  and  <2).  we  have 
2i/  sin  (v  —P)  sin  a 
:  g  cos  p  “  x 

or  2  sin  (a — ^)=sin  ■x  cos  p 

or  2  sin  a.  cos0  —  2  cos  x  sin  ^«*sin  v  chs  ft 

or  sin  <x  cos  p*=2  cos  a  sin  P 

sin  «  1  sin  ft 

OF  - — ~  bit - sr- 

CCS  a  COS  ft 

or  tan  a»»2  tan  fL 

(bj  Proceeding  as  in  Ex.  63,  we  get  the  condition  for  striking 
the  inclined  plane  normally  at  P  as 

coifl«=2  tan  (a — 0). 

2  (tnn  a.  —  tan  ft)  v  v;  v 
^I  -t-lan  a  tun  ft  "  "v^- -V  ' 

or  col  p  (I  +tan  i  tun  2.tan  a — 2  tan  B 

or  cot^  +  tan  a«2tana — 2  tan  ft 

or  inn  n=2  tan  0  +  cot  ft. 

Ex.  65.  A  particle  is  projected  with  a  velocity  it  from  a  point 
on  an  inclined  plane  whose  inclination  to  the  horizontal  is  ft,  and 
strikes  It  at  right  angles.  Show  that- 


"2 g  s'ynft  {I  -Kan*  (x  —  ft)} 


[from  (3)] 


2 u*  sin  ft 


liii) 


COt  ft'ont 


”  2g  sin  ft  (1  +  i-  coiB  ft) 

4u*  sin1  ft  --  --  • 

“ ft  (4  sin* 0+cos*  ft)  =  g  ari-3  sin3  p) 

The  vertical  height  of  P  above  O^Pkf 
.  n  n  .  0  2u*  sin*  ft 

^  OP  sin  p~R  sm  P-JJTglu?  ft)  . 

£X.  66.  Prove  that  if  a  particle  Is  projected  from  O  at  an 
idevation  -x  and  after  time  t  the  particle  Is  at  P,  then 

2  tan  ft=tan  a.  A- tan  U ,  '  ' 

where  ft  and  B  are  the  inclinations  to  the  horizontal  of  OP  and  -of 
the  direction  of  motion  of  the  particle  when  at  P. 

Sol.  Let  O  be  the  point 
of  projection,  if  the  velocity  of 
projection  and  /  ‘the  time  of 
flight  from  O  to  P.  It  is  given 
That  f_POX*=>ft,  where  OX  is 
the  horizontal  through  O  in 
the  plane  of  motion.  We  can. 
regard  f  as  the  time  of  flight 
on  the  inclined  pane  OP 
whose  inclination  to  the  horizontal  is  ft- 
2u  sin  (a— ft) 

“*k..  :  g\COS  ft  Vk-'-v'.-V-'  •**(*} 

Since  0  is  the  inclination  to  the  horizontal  of  the  direction 
of  motion  at  P ,  therefore 

vertical  velocity  at  P 
tan  0—  horizontal  velocity  nt  P 


u  sin  a. —  gt 
u  cosfoT 


— r^ian  tx— - 


■  H-O^  106-106,  Top  Floor,  Mukherjee  Tower,  Dr.  Mukherjee  Nagar,  DeIhl-9.  B.O-  25/8,  Old  Rajender  Nagar  Market,  Delhi-60 
Ph:.  011-46629987,  09399329111,  09999197626  fl  Email:  Ima4lm82010@gmall.com,  www.lms4math3.com 


%  https  ://t.me/upsc_pdf 


https : //upsepdf .  com 


Jhttps : / / t.me/upsc  pdf 


Join  Telegram  tor  More  Update  https : / /t. me /upsc_pdf 


* 

ai 


1 

3S 


31 


Projectiles 


(Dynamlcs)/18 


=tan  bc _ 5 — i-  —  sm  ^ a--,  substituting  for  r  from  (l) 

:  wn  it  cos-  cc .  _  s’  cos  p  r 

2.sin.(a— £1  2  (sin.  «  cos  ft— cos.<*  sin,  ft). 

etan  a“"  cos  a  cos  a  .  cos  «  cos  ft 

5  «tan  a— 2  (tan  a— tsm  J3)<=tan  a— 2  tan.  a-h2  ran  £ 

=2  tan  ft— tan  a.' 

.  2  tan  J9=tan  ot+tan  0. 

Ex.  67.  A  stone  is  thrown  at  an  angle  a.  with  the  horizontal 
from  a  point  In  a  plane  whose  inclination  to  the  horizontal  is  ft,  the 
trajectory  lying  In  the  vertical  plane  containing  the  line  of  greatest 
slope.  Show  that  If  y  be  the  elevation  of  that  pobit  of  the  path 
which  Is  most  distant  from  J he  inclined  plane ,  then 
2  fan  y^tan  a-f -tariff- 

Sol.  Let  O  bc  the 
point  of  projection,  u ihc 
velocity  of  projection 
and  «  the  angle  of  pro¬ 
jection.  Let  P  be  the 
point  of  the  trajectory 
which  Js  most  distant 
from  lire  inclined  plane. 

Then  the  tdngcnt  at  P 
to  the  trajectory  is  para¬ 
llel  to  the  line  OA. 

Referred  to  the  hori¬ 
zontal  and  verifical  lines  OX  and  OYiri  the  plane  of  motion  as 
tire  coordinate' axes,  lei  tbc  coordinates  of  P  bc  (h.  A).  It  is 
given  that  /_POM «y.  Therefore 

•  „  tan  -y^kjh.  ---(1) 

*  The  equation  of  the  trajectory  is.  . 


)'=x  ton  <t  —  \g 


dy  . 

—■  =tana- 
dx 


,  which  gives  llic  slope  of  the  tan- 


1  cos*  ad 

gent  to  the  horizontal  at  any  point  {x9y)  of  the  tjajcctoxy. 

Since  the  tangent  to  the  trajectory  at  the  point  P  (h,  k)  makes 
an  angle  ft  with  the  horizontal  line  OJf,  therefore 


g*‘  . 


=tan  ft 


«tan  p. 


u 1  cos 

Alos  tho  point(A=A=>=lie*=on  the  trajectory. 

k~*  [“"  1  S^CaFi]  ‘8%=,3- 

gh 


k—h  tana— J  -3-^— 
3  id  cos 


ir tan  — *  srSzrz  4gSp) 

t-  gfr  .$ 

-tan  y  and  from  (2),  ^an  ft- 

Substituting  these  in  (3),  we  get  ^ 

tan  y— tan  a —  J  (tan  tan?/?) 

Or  2  tan  y-?2  tan  a— tan  a-yarvft  ; 

or  .2  tan  y*-tan  a-htau^/L 

which  proves  the  required  result.  '% 

Ex.  68.  A  fort  Is  on  the  edge  of/a^  tllffjpf  height  lu  Show  that 
there  Is  an  annular  region  of  areai%nlik^  in  which  the  fort  Is  out  of 
range  of  the  ship ,  but  the  ship  l  s.jfot  oiff  of  range  of  the  fort.  where 
V<2 gk)  is  the  velocity  of  the  shpllfiised  by  both . 

Sol.  Let  Fbc  the  foVtiOnTlie  top  of  a  cliff  OF  whose  height 
is. A.  Let  Si  bc  the  farthest  '  . 
position  of  the  ship  whereat 

can  be  hit  from  the  fort  with  ^ 

velocity  orprojectioh  v'(2£*)-  ^ 

Then  V(2g*)  is  the  least 

velocity  of  projection  to  hit  X'(L 

Sx  from  F  and  consequently  - /] 

for  the  velocity  of  projection 
V(2gk)  at  F,  FSt  is  the  maximum  range  down  the  inclined  plane 
PS%.  Let  fFSiO^pi  and  ES»**r,.  By  the  formula  for  the  maxi¬ 
mum  range  down  an  inclined  plane,  we  have 

If* 

rtt^FSt^—  whcrc  u  tS  vc*ocily  of  projection 

2 gk 


g  (I— sm  Pm) 

2k 

”  i  —  sin  ft,  * 
r,  (l  —s»n  fti)=2k  or 
C*~A-2* 
r,«2A+Vi. 


(V  «*-2 gk) 


r»  — r,  sin  fti—*2A 
("•*  froh*  &FS1O,  A—/-,  sin  ft,J 

- -(13 


/^.galn  let  5*  bc  the  farthest  position  of  the  ship  from  where 
the  fort  can  be  hit  with  velocity  of  projection  V(2gA;).  Then  for  the 
velocity  of  projection  V(2«*)  at  St.  SXF  is  the  maximum  range 
up  the  inclined- plane  S*F.  Let  /_FStO***pt  and  F5i=»r,.  By  the 
formula  for  the  maximum  range  up  an  inclined  plane,  wc  have 

r*  =  StF=*  u  being  the  velocity  of  projection 


£(1+  sin  ft*)’ 

2g* 


[V  u*=2gk] 


g  (1  -hsin  ft,)" 

2k~  • 

1+sin  P2 

.*.  rt  (1  -t-sin  pf)~*2k  or  r#+/i  sin 
or  r1  +  A=2A:  [V  from  AFS^O,  A«=*rJ  sin  ft] 

or  ra—2fr-A.-  ■*  -  (2) 

Now  ir  the  ship  is  anywhere  between  St  and  5*.  then  the  fort 
cannot  be  shelled  from  the  ship  while  the  ship  can  be  shelled  from 
rhe  fort.  If  the  line  OSt  revolves  about  O,  then  there  is  an  annnlar 
region  bounded  by  the*  concentric  circles  .with  centre  at  O  and 
■-adii  as  OS,  and  05*  in  which  the  fort  is  out  of  range  of  the  ship 
-  while  the  ship  is  not  out  of  range  of  the  fqr£  The  area  of  this 
annular  region  (OS^—OSf)—^  [(rA-T-feJ^Cr**— /if>] 

(v-  from  A'FStqrrOSS-rS-ld,  ctc.j 

(r,*  —  r ='J  ^  gftr 

[(2k+h)*-(2k-hf]  4L(^CIO  and  (2)] 

Ex.  69.  A  fort  and  a  shi^a/^  wth  armed  with  guns  which  give 
(heir  projectiles  a  muzzle  veldcl/yZ£f  {2gh)  and  gluts  In  the  fort  arc 
pt  a  height  k  above  the  shtpf  Jf^dx  and  dt  are  greatest  horizontal 
ranges  erf  which  /fur  fortPaiuihsfup ,  respectively »  can  engage,  'prove 

■-  s-y^F 

Sol.  ProcCed^j^a’ctly  iii  ihc  same  way  as  in  Ex.  6S.  Here 
0  Fez  A:  .Th  u  s'.rc  p  la'c  In  g  /»  by  k  and  k  by  h  in  the  results  oh  toe.  68,' 
•avc  get  .  ...  %t  I 

Xrf^2fin-k  :  and  r,«2/i—  k.  ! 

iHtccojr’cling  to  this  question  OS, « d,  ond 
^Tr«riVi-A^5,  F,  OS ,  =  V(FSt'- OF*)  =»  V(rt*  -A*J. 

=  V  #2 h -j-  kf-hf)  -=  V{4^  +  4/,/t  j  VI’ \/{h  +  t). 

from  A OS*Fr  O S2~  V ( FSf  -OF'y-VW-h  . 

V?SLJ*  ..  ^-=V{(2/i-A)*-Ar»l«V(4As-4A*)““2VAV(A-/ 

.  d,  2VhV(h+k)  f[h±k\ 

*  -*  d~%7hV\l*- k)~*J  Vi-*/ 

Ex.  70.  If  u  be  the  vclociry  of  projection  and  i'i  the  velocity 
of  striking  the  plane  when  projected  so  that  range  up  the  plane  is 
maximum  and  va  the  velocity  of  striking  the  plane  when  projected  so 
that  range  down  the  plane  is  maximum,  prove  that 

SoL  Let  p  be  the  inclination,  of  the  plane  to  the  horizontal. 

For  rbe  velocity  of  projection  «,  the  maximum  range  up  the 

inclined  planc-^ ^  pj- 

the  height  of  tile  point  of  striking  the  plane  above  the 


1- 

A). 


point  of  projection-~(T^^-.«m  p- 


Ai  (say). 


Since  the  velocity  of  the  projectile  at  this  vertical  height  h, 
above  the  point  of  projection  is  given  to  bc  v*,  therefore 
Vi’^-u2  — 2^//,  [Refer  5  5,  page  7) 

=  ttiinp.  A-sinP  . 

■*'«  (l+*«n»  •  1  +  sln  jS  ...(1) 

Again  for  the  velocity  of  projection  w,  the  maximum  range 

down  the  inclined  planc= — -f- - : — - — 

g  (1  —sin  p) 

the  depth  of  the  point  of  striking  the  plane  below  the 


point  of  projection «= 


-.sin  p-=  //*  (say). 


g  (1—  sin  pf 

Since  the  velocity  of  the  projectile  at  this  vertical  depth  h% 
below  the' point  of  projection  is  given  to  be  va,  therefore 

t'a1— «*+2g/;*e= 


-  .  ..  u1  sin  p 


L±*nJL. 

1  — sin  /I 


...(2) 

From  (1)  and  (2),  we' have 

v^vs. *— /.c.  Vjrjt-w1. 

Ex-  71.  Show  that  the  greatest  range  up  an  inclined  plane 
through  the  point  of  projection /is  equal  to  the  distance,  through 
which  a  particle  could  fall  freely  during  the  corresponding  lime  of 

flight. 

Sot.  Lcl  p  bc  the  inclination  of  the  plane  to  the  horizontal.  If 
*»f«  ihc  angle  of  projection,  then-  for  maximum  range  up  the  plane, 
«  ~  Jw-fT/*- 


asaa 
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Time  of  flight  up  the  inclined  plane  is. 
j. f  <  2n  sin  (a — ft)  . 

“  ^  cos  # 

When  1/J.  r-2l/  lin  itis±jg2=a 

^  g-  COS/3. 

_ 2u.  si  n  ( jw — 

**“  :  g\COS  p 

The  vertical  distance  fallen  freely  under  gravity  by  a  particle 
during  this  time  T 

■=o.r-H*r 


lfr  4^  sin8  ft^-1/3) 
""  8 t*  cosJ  0  ^ 


ctf—slnjf cos  (a->-j})} 


4/3)  u*  {l  — cos  (4?r— (|  —Sin  /3) 
g  cos*  p  "y’cos*  ^  "  JST  (f— sin*  p) 

it3  , 

irax,n,uni  range  up  the  inclined  plane. 

Ex.  72.-  7Vo  inclined  planes  Interned  in  a  horizontal  plane, 
their  inclinations  to  the  horizon  being  a  and  p;  if  a  particle  is 
projected  at  right  angles  to  the  former  from  a  point  In  it  so  as  to 
strike  the  other  at  right  angles,  the  velocity  of  projection  is 

J 

a  being  the  distance  of  the  point  of  projection  from  the  Intersection 
of  the  planes. 

Sol.  |  Let  OA  and  OB  be  the  two  inclined  planes  and  P  the 
point  of  projection  so  that  OP**a.  The  particle  is  projected  from 
P.  at  right  angles  to  OA,  say,  with  velocity  u.  Let  BN  be  perpen¬ 
dicular  from  P  to  BO  produced  and  PM  be  drawn  parallel  to  OB. 

Wc  have  /*//—  a  sin  («.+£).  Also  z^hfpo^ Z_ PON=-a.+p, 
being  the  alternate  angles.  Thus  the  velocity  of  projection  u 
makes  an  angle  with  PM. 

The  resolved  part  of  the  velocity  at  P  along  PM  i.e.,  parallel 
LO  OB  *=U  COS  {In—  +  siu  (a-i-/?) 

and  the  resolved  part  of  the  velocity  at  P  along  .NP  La,  perpendi¬ 
cular  to  O-B  *“»  u  cos  (*+/!). 

The  resolved,  parts  of  the  acceleration  g  due  to  gravity  along 
and  perpendicular  to  OB  arc  g  sin  p  and  g  cos  fi  as  shown  in  the 
Jigurc. 

Let  t  be  the  time  of  flight  from  P  to  Q.  Since  the  particle 
strikes  the  inclined  plane  OB  at  right _anglcs  at  Q .  therefore  ibe 
velocity  of  the  particle  at  Q  along  OB  Is  zero.  So  considering 
the  motion  of  the  particle  from  P  to  Q  parallol  to  OB  and  using 


the  formula v 
0 


■=% 

=usin 

u»nU+0) 

g  sin  fi  ^ 


...(1) 


Again  the  dispIaccinent'Q^pn]  P  to  Q  perpendicular  to  OB  is 
/»/V*«=a  sin  (<t~bp),  in  the^^yjxjy;drd  direction.  So  considering  the 
motion  front  P  lo  Q  perpendicular  to  OB  mul  using  the  formula 
i tt  iff1,  wc  have 

sin  (x+£)=-j/ cos  (x-hjS).r—  J.g  cos  fi.f* 

*»/  COS  (a  i  P)—lg  COS  p.t) 

irsin  (ai-t-j?j 


3T  sin  p 


sin  fa-f 
2 g  sin5 


4"  1*  001  * 

,  (substituting  for  t  from  (  I )] 

cos  <*  h/J)  sin  fl — sin  <*.*■  P)  cos  /J.| 


^^SiTshi3  p‘  *{sin  'a  i-M)cosp  —  cos  (u-rp)sin  p  —  cos  {%-}-p)  sin 
^f7in±  /*>  —  s*«  P cos  (*  j- /i)  J 

^2*Fs^[?'V“sin^  CO:i  ^T^} 


ffa _  2cg  sin3  p _ 

[sin  u  ~ sin  p  cos  (aTF)j 


u«=sin/J 


{sin  *— 


2ag 


sin  ji  cos~{nf-P) 


Y 


fcs,  A  ^ 


A* 


iSS? 


.  %  w‘ 


IMS' 
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WORK,  ENERGY  AND  IMPULSE  |  set.v 


1.  Tbe  concept  of  work.  We  know  that  a  force,  .when  applied 
to  a  particle  or  body,  often  causes  a  change  m  its  position.  A 
force  fs  said  to  do  work  when  itspoint  of  application  is  displaced, 

2.  Work  done  bj  a  constant  force.  Definition. 


Suppose  a  constant  force  represented 
by  the  vector  F  acts  at  the  point*  A.  Let 
jjie  point  A  be  displaced  to  the  point  B 

where  AB^-d.  Then  the  work  W  done  by 
the  constant  force  F  during  the  displace - 
went. d  of  its  point  of  application  Is 
defined  as  JF-— F*d, 


where  F-d  Is  the  scalar  product  of  the  vectors  F  and  d. 

Let  0  be  the  aDglo  between  the  vectors  F  and  d.  If  F=»|  F  [ 
and  d=**\  d  \**AB,  then  using  tlxe  definition  of  the' scalar  product  of 
two  vectors,  t be  equation  (1)  defining  the  work  may  be  written  as 
JF=»Fdcos0.  —(2) 

Obviously  d  cos  d  Is  the  displacement  of  the  point  of  appli¬ 
cation  of  the  force  F  in  the  direction  of  the  force.  Hence  the  work- 
done  by  a  constant  force  Is  equal  to  the  magnitude  of  the  farce 
multiplied  by  the  displacement  of  the  paint  of  application  of  the 
force  in  the  direction  of  the  force. 

From  the  equation  (2)  we  make  the  following  observations  : 
(i)  If  Jr:  if  the  displacement  of  the  point  of  appli¬ 

cation  of  the  force  is  perpendicular  to  the  direction  of  tbc  force, 
then  IF-O. 

(ii>  If  0  <  8  <  }>r  /.e.r  if  the  displacement  of  tbe  point  of 
appllcatiop  of  the  force  parallel  to  the  line  of  action  of  the  force  is 
in  the  direction  of  tbe  fosse,  then  fV  is  positive. 

(iii>  If  Le.%  if  tbe  displacement  of  tbc  point  of 

application  of  the  force  parallel  to  tbe  line  oF  action  of  tbe  force  is 
opposite  to  the  direction  of  tbe  force,  then  W  is  negative. 

Example.  If  a  particle  of  mass  m  is  displaced  on  a  horizontal 
plane  through  a  distance  A,  then  during  this  displacement  tbe 
work  done  by  the  weight  mg  of  the  particle  is  zero. 


a  particle  of  mass  »r  is  raised  through  a  vertical  height  hf$ 
then  during  this  displacement  the  work  done  by  tbe  weight 
tbc  particle  is  —mg A.  4^,  '% 

Again  if  a  panicle  of  mass  m  falls  through  a  vertical  ' 

tben  during  this  displacement' the  work  done  by.  the  weight  >r^of‘T 
tbe  particle  is  mgft.  7^/^  v 

-  3.  Work  done  by  a  variable  force.  Definition.  r^Sppposc  a 


variable  forco  F  acts  00 
a  particle  which  moves 
along  an  arc  AB  from  A 
.to  B.  Lot  jR,  Q  be  neigh¬ 
bouring  points  on  tbi* 
curve  such  -  that 


oe~ 


*r,  0{?"=r-H5r, 

PQ*~OQ-OB~  5k. 
During  the  small  displace¬ 
ment  5r  o>'  il9  point  of 
application  tbe  force  F 
may  ho  regarded  a» 
constant  force.  So  the 


work  done  by  the  force  JFSdu ring  the  displacement  P£>-=»$r  of  its 
point  of  application  is  cq^al  to  F-5r.  The  work  W  done  by  tbc 
|a  displacing  its  point  of  application  from  A  to  B  along 
the  given  are  AB  i>  defined  as  tbe  limiting  sum  oT  the  elemental 
expressions  F»Sr  aa  the  point  of  application  of  tbe  force  moves 
from.  A  to  jfl  along  the  gJyen  arc  AB'.  Thus 


re  • 

H'— j  F*dr. 

where  the  integration  is  to  be  performed  along  the  arc  AB. 


-(!) 


deferred  to  some  frame  of  rectangular  co-ordinate  axes  OX, 
OF  and  OZ}et  (x.  y,  x)be  the  co-ordinates  of  the  point  P.  Then 
f^^i-ryj-hrk  so  that  dr  =*</jrI-l- Jyj-f  rizk,  Also  let  P^Xi -hY}+Zk 
where  X,  Y„  Z  arc  the  components  of  the  force  F  along  OX,  OY, 
OZ  respectively.  We  have 

F-rfr— firi+  Fjq-  Z\A-ldxt  +  dy5+dzK) 
'vXdx+Ydy+Zdz. 

the  equation  (lydefioing  the  work  W  done  by  the  force 
F  may  be  Written  os 


Agai 
from  so; 


gatfn  if  s 
ionjefixe 


IF- J*  (Xdx  +  Ydy+  Zdz ). 


-(2) 


denotes  the  arc  length  of  iber  curve  AB  measured 
fixed  point  00  the  curve  to  any  other  point  P  whose 


position  vector  is  r,  tben  dr}ds=>t,  where  t  is  the  unit  vector  along 
the  tangent  at  P  to  tbc  curve  in  the  scaso  of  s  increasing.  We 
may  write  the  equation  (1)  as 

.  HJ(Hs)  •*-£*'*  * 

f  F  cos  0  dx. 


-.-(3) 


where  .Fi=|  F  )  and  9  is  the  angle  which  thn  direction  of  the  force 
>'  makes  with  The  direction  of  the  tangent  of  the  curve  in  the 
sense  of  s  Increasing. 

The  integration  on  the  right  hand  side  of  tbc  above  equations 
fl),  (2)  and  (3)  is  to  be  performed  along  tbc  arc  ABof  the  given 
path  of  tbc  particle. 

*4.  Units  of  work.  In  the  Centimeter  Gram  Second  (C.  G.  S.) 
system  the  absolute  unit  of  work  is  called  an  erg..  It  is  tbe  work 
done  by  0  force  of  one  dyne  in  displacing  its  point  of  application 
through  l  centimeter  in  its  direction.  Ahp  in  "this  system  the 
gravitational  (or  practical)  unit  of  work  is&titQgram-cr/t.  It  is  the 
work  done  by  a  force  of  one  gram  weigh t^.'as^Tts  poibt^of  appli¬ 
cation  is  displaced  through  1  cm.  in  its^dircptioio.  The  two  units 
3tc  related  as  follows  :  one  gm^cmz^g  ergs~  981  ergs. 

Tn  the  Meter  ICilogram  Scoop di(.Ms3C.  S.)  system  the  absolute 
unit  of  work  is  called  a  joule.  work  done  by  a  force  of 

one  nowioD  in  displacing  ilc^point  of  application  Through  1  meter 
in  its  direction.  Also  in  this^^te^the  gravitational  (or  practical) 
unit  of  work  in  one  kilog  ram-meter.  It  is  the  work  done  by  a  force 
of  one  kg.  wt.  as  its  pqint-t^f^jippJication  is  displaced  through  1 
meter  io  its  direction.  ^*^V£Tiave. 

one  kg.-rn.*^g,  jcrules=3  9 ' 8  joules. 

In  tbe  Foot  Pqjind^Second  (P.  P.  S.)  system  the  absolute  unit 
of  work  is  ceWed^efoqF'poundal.  It  is  the  work  done  by  a  force  of 
one  pouodai^in^ displacing  its  point  of  application  through  1  foot 


io  its  direct ionT  Also  in  tbia  system  the  gravimrienul  unit  of  work 


;  the  work  done  by  a  force  of  one  pound 


is  ooc  fooiTpoundi  it  is 

weight  aa^it^pnVnt  of  application  is  displaced  through  1  foot  in 

i  I  P  Hip.Xi  (Art  ^  \JL/  .  V.  1 .  .  I . 


its  dir£ctiohv  Wc  have 

^  xfpur-f f.~ib.—  g  f l  .-poundals  32  ft.-poundats - 

Power.  The  amount  of  work  dooo  by  a  force  depends 
^ujplpnjjttie  time  as  well.  The  power  of  an  agent  supplying  the  force 
p'is'cfe fined  as  the  rate  of  doing  the  work..  Thus,  iho  power  of  an 
ivsF  . 

'jagent  is  tbe  amount  of  work  done  by  the  agent  in  o  unit  time. 

$vThe  units  of  power  may  be  taken  as  the  units  of  work  per  second. 

Io  the  British  system  tie.,  in  the  F.  P-  S.  system  the  unit  of 
power  used  in  engineering  practice  is  one  Horse  power  w hitc  in 
the  M.K.S.  system  the  unit  of  power  used  in  engineering  practice 
is  one  wan.  W©  have 

one  Horse  power  ( H.  />-)*=,550  ft. -lbs. /sec. 
and  one  tVafr^one  joulejsee.—  107  ergs  /sec. 

Thus  an  engine  is  said  to  be  of  ooc  H-  P.  if  ibe  tvork  done 
by  it  per  second  is  550  foot-pouods  or  550x32  foot-pou ndals. 

Also  remember  that  1  H.  P.— 746  watts. 

Illustrative  Examples 

Ex.  J.  Prove  that  the  work  done  ogainst  the  tension  In  stretch - 
log  a  light  elastic  string .  is  equal  to  the  product  of  its  extension  and 
the  mean  of  its  final  and  initial  tensions. 


Sol.  Fot  tbe  complete  solution  of  this  .problem  refer  §  8. 
chapter  2,  page  90. 

Ex.  2.  If  a  light  clastic  string,  whose  noturol  length  Is  that 
of  a  uniform  rod  he  attached  to  the  rod  at  both  .  the  ends  and  sus~ 
pended  by  the  middle  point,  show  that  the  rod  will  descend  until 
each  of  the  two  portions  of  the  string  Is  Inclined  to  the  horizon  at  on 
angle  9,  given  by  the  equation  - 
cut3  $0 — cot 

the  modulus  of  elasticity  of  the  st ring  being  n  times  the  weight  of 
the  rod. 


fZtZ' 


Sol.  Let  2a  be  tbe  length  of  the  rod  AB,  O  tbe  middle  poiot 
of  the  string  AOB  whose  natural  length  is  also  2o.  -The  string  is 
suspended  at  tbe  fixed  point  O.  Initially  the  rod  is  held  at  rest 
in  (ho  level  of  O  and  then  released.  Due  to  the  weight  of  the  ro(l 
tho  string  is  stretched  and  the  rod  moves  down.  Let  $  be  the  incli¬ 
nation  of  each  of  tbc  two  portions  of  tbe  string  to  tbe  horizontal 
when  tbe  rod  again  comet  to  rest. 


UHS 


‘  H.O.:  105-106,  Top  Floor,  Mukheijeo  Tower,  Dr.  Mukhetjee  Nagar,  Delhi-9.  B.O.:  25/8,  Old  Rajender  Nagar  Market,  Delhi-60 
Ph:.  011-45629987,  09999329111,  09999197625  H  Email:  Ims4lm52010@gmall.com,  www.lms4maths.com 


https :  / /t .  me/upsc_pdf 


l  :  v* 


■  II  ^  usm  ^  \  w  wifo  W  A:  ^ M  j'l;. 


J oiri  TeTegram  for  More  Update  :  -  https://t.me/upsc_pdf 


>3 

J* 

a 


i 


Work,  Energy  and  Impulse 


{Dynamics)/2 


a 


8* 

Cfi' 

S' 


I 

+3 


The  vertical  distance  moved  by '.tbe  contro  of  gravity  of  the 
rod«  OM tan  8.  ■  "  "i  : 

tbo  work  done  by  tbo  weigh t  :of  the  rod 

^mg  a  tan  0,  ■'  —(l) 

where  m  is  the  mass  of  tbo  rod. 

In  the  initial  position' the  tension  in  the  string  is  2ero  because 
then  there  is  do  extension; 

In  the  final  position  the  extension  tn  the  length  of  the  string 
«2a  sec  0— 2a. 

in  the  final  position,  by  Hooke’s  law,  the  tension  Tin  the 

A  (2a  sec  0— ?o)  ,  ,  -  '  ,  ,  _  . 

striog  -=» - ^ .  where  A  is  tbe  modulus  of  elasticity 

nmg  (2a  sed  8 —2ay  ■  „ 

*"  - - 2a - !  -  . 

*=*nmg  (sec  0—  1). 

We  know  that  the  work  done  in  stretching  k  an  clastic  string 
=*(mcan  of  the  initial  aod  final  tensions)  x (the  extension), 
the  work  done  in  stretching  the  string  in  question 
■=»  i  (0  4-  T)  X  (2o  soc  0  —  2a) 

•=xi*mng  (sec  0 — l).2a  (sec-0~  l)  " 

*=nmga  (sec  8  —  L)V  -  ...(2) 

Since  the  works  (1)  and  (2)  are  equal,  therefore 
mga  tan  0*=nmga  (sec  $ — 1)*  '• 
or  tan  0=»ra  (sec  0—  1)* 

or-  sin  0  cos  0*=»/i  (1 — cos  0)V- 

or  2  sin  10  cos  J0  (cos*  J0— sin*  $£)«~4»  sin?  J0 

or  cot3  $0— cot 

which  proves  the  requited  result. 

Ex.  3.  A  spicier  hangs  from  the  celling  by  a  thread  of  modulus 
of  elasticity  equal  ta  ils  weight.  Show  that  It  can  climb  to  the 
celling  with  an  expenditure  of  work  equal  to  only  three  quarters  of 
what  would  be  required  If  the  thread  were  Inelastic. 

Sol.  Let  /  be  the  natural  Jength  of  the  thread  and  lt  its  length 
when  the  spider  hangs  in  equilibrium..  In  this  position  or  equili¬ 
brium  we  should  have 

the  weight  of  the  spider *=»the  tension  in  the  thread. 

/  1 


Lcb.I^bc  the  from.  terafon 

Tj  -t qteniipn:  /:■?  ^  . 

■'  W HI'  (initi  afr-tensfon  %final  tcnsidp)x  extens  Ion-  ■-  - 

Sub tract  ing(l ) Tfom~(2^iW c ;h avc^'  ■  :y±V 

;  •  ■  “  ’ " .§ “ .5; ' 


mg***  A- 


Dut 


arnS- 
mg^mg 

U—l~l 


where  m  is  the  tunas  of  tbe  spider  and  A  is 
the.  modulus  of  elasticity  of  the  thread. 


It— l 

t 


/r=2(. 


of  the 


Thus  tbe  spider  bangs  in  equilibrium  by  tbe  free  cod 
tbrea'd.at  a  depth  21  below  the  ceiling. 

/■if  the  length  2/ were  inelastic,:  tbe  work  that  the  spider  diciest 
against  its  weight  in  climbing  to  tbe  celling~mg.2/^2mgf. 

In  case  tbe  t bread  is  elastic  the  work  done  in  st re tch i ng^itrto 

a  ,cnstb  2/  •  4^0 

'  (Initial. tensron-f  final  tension) xextenaion  ,y 

-  \  (0+mg)  (2/-/)-img/.  ?■  ’  ^ 

In  this  case  when  the  spider;  reaches,  the  ceiling^  the.  thread 
reverts  from -Its  stretched  to  natural  length,  •so^tis^  ^work  done 
against  tbe  tension. is  the  same.  aa:.aboye  bu t^n ogatTvel 

Tbercforc'.when  the  throad  is  elastic  th&lotal  work  done  in  . 
climbing  to  the  celling 

— -  *  Of  tho  work,  if1  the  t  h  re  ad  we  rcrj>|  □  ela  s  ti  c. 

Ex.  4.  A  cylindrical  cork  of  J&gi0lt/hnd  radius,  r  is  slowly 
extracted  from  the  necfc'of  a  bottle  fif/fSe  normal  pressure  per  unlt 
of  area  between  the  bottle  andurrextrbctcdpqrt  of  the  cork  at  any 
tnstanr  be  constant  and  cquafj/fjaxPZ&shbw;  tfiat^the  work  done  In 
nex  {I  acting  it  Is  t r^rl*  Pi  where^i/js  the  coefficient  of frier  Ion.. 

Sol.  At  any  instaotff^i^thodength  of  the  cork  in  .  contact 
with,  tbe  bottlo.  then  th6?arW"ofrtbe  surface  of  the  cork  id  contact 
with  tbo  bottle  Is  equal  lo^wrx. 

The  normal  pressure  on  this  surfaee«-2nrxT. 

-  the  force  offrict ion' d‘n  the  cork''wben  it  moves  rubbing 
the  bottle^ plnrxP-.  ;f  C  V 

work  dono  against  this  friction  ib  extracting  a  ten gth  Sx 
•*>1x2  rrrxPdx  f 

*”2n/trPxSx. 

Hencd  tbetota)  work  done  jn  extracting  tbe  whole  length  of' 
the  cork  —  J  2-r.H.rPxdx  —  2nrrJy  J- xdx 

-*2nprP/~***TTfxrPlK 

Ex.  5-  Prove  that  the  work  done  In  .stretching  an  elastic  string 
'  AB.  of  natural  length  l  and  modulus  A,  from \  tension  7\  to  tension 


T»  Is 


<//2A  HTS-TS). 


^et  lx  bo  the  stretched  length  of.  tbe  string  in  the  state  of 
tension  T,  and  /,  the  stretched. length  in  rhe  state  of  tension  Ta. 
Then  by.  Hooke's  law,  wc  have 

1  7  v..(U 


T»“A 


w 


meterstsec.  U  Brought  to  >e>r  ih  T^  iwier^^^e./a^Wcar/o/r'.  of  its  . 
■  brakes.  - Find  the  work-  done  by,  the  forcxiofr.eslatiince  due  tdfrrakes. 

'  :Soli^«sumibg-  that  fhcr  r^istan'cQ'isyunifpxm;^^  retarda- 

t i o a- d u o'  t o  thi s-  f csi s t ah cb‘; be  f  ’  '** -v '* '"J  ' 

'  Here.*,  ihe  '  ihitial  .".  vie  1  bcity'  "  «==i2^ ; -  jm./sec:^  'fibaf;  v el ocjjy " 

I.  rrt';7t^  Qd/t'fKa :vf  ib tn nr»A  *  * iwl  '  r/1 

U5 


Hbhce  tho  feq ui r o d  wqrk^^^^^OOp^xT&  joulc  s 
.  72000  joules^^^^^tg.-mctdir*.’'.  V*  ..  .  * 

'•  —7347  k g.-meie rSI (approx .).  ’ '  ^  \V':' 


1 6  ibsfi 

an  houry 

myes  perJ^on>’^^^^  .per  peef  . 
Lct^^fes.<>'wt .  be  tbo  pulf  of  tbc  cngihe  w^cn  the  velocity  isj 
44  fL/ssc^Th'eb  tbe  rate :  at  w.kic^hi^-cngin.b;'wo^ks. 

.  4^S&y  *  -/■ 

c^ViiBut>tbe  engine  Is.  working  .at  56pH.F.  : .  '.  ■•  -  _c  .x]£$ 

at  'tSe-rate  of  560  x  556^lt.-lbs/sec.  .  f  ;  / 

^  j?  ^  ■ 

Px  44  =  560x550  or  P-7000. 

Total  resistance^  1 6x250)  lbs.  wt.=»4000  lbs.  wt. 

,  the  net  forco  in  tbe  direction  of  mofionr —  " 

=^(7000  — 4000)  lbs.  wt.=»3000  lbs.  wt. 

*=>3000  x  32  poundals  ==-96000  pouodals. 

If  ^ft./sec*  be  the  acceleration  of  the  train,  we  have  by 
Newton's  second  law  of  motion 

96(k0- 250X2240/  [I  ton=>2240  lbs.] 

96000  6 

or  J  25ux^o“  35* 


milcs  pir  hour  p« sccond 


6.  Kinetic  energy.  The  capacity  of  a  body  for  doing  woik 
Is  known  as  energy  of  the  body.  The  kinetic  energy  (KL.B.)  of  a 
body  Is  tbe  energy  which  the  body  possesses  on  account  of  teeing  in 
motion.  We  can  define  It  precisely  as  follows. : 

Kinetic  energy.  Definition.  The  kinetic  energy  of  a  body  ls 
the  amount  of  work  which  the  body  con  perform  agatnst  some  resis¬ 
tance  till  reduced  to  rest.  [Rohllkhand  1977) 

Since  the  1C-E.  has  been  defined  tq  bo  equal. to  work  done  in 
some  way,  the  units  for  measuring  ICE.  arc  the  same  as  tbpsc  for 
work. 

Calculation  of  kinetic  energy..  -  If  at  any  jnstanr  a  body  of  mass 
m  be  moving  with  velocity  u,  then  the  kinetic  energy  of  the  body  at 
that  Instant  Is  equal  ro  J  mu*.' 

At  any  inataot  let- a  body  of  mass  m  be  moving  with  .velocity  u. 
Then,  by  definition,  the  JCE;  of  the  body  at  that  instant  Js  equal 
to  tbe  amount  of  work  which  the  body  can  perform  against  some 
resistance,  say /V  till  reduced  to  rest.  Suppose  the  body  -moves 
from  the  point  A  to  tbe  point  jB  while  tbe  resistance  P  reduces  its 
velocity  from  u  to  0.  The  direction  of  the  force  of  resistance  is 
against  tbe  direction  of  motion.,--. If  v  bc'tbo  velocity  of  tbe  body 
at  any  point  between  the  above  two  positions  A  and  2?,  we  should 
dv 

have  mv  —  «= — P 

ds  ...  :  ...(1) 

assuming  that  the  body  is'moving  in  the  direction  of  s  increasing 
so  that. tbe  resistance  P  acts  in  the  seuae  of  s  decreasing. 
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Prom  (1)*  we  have 

pds**—rnvdv.  »*‘(2) 

1  Let  at  -4  and  s  at  B .  Then  integrating  (2)  from  A  to 
B.  we  have 


But 


J*  Frfc— J°  -mvdv-~~m 

i(  j*  pds  is  the  work  done  against  the  resistance  P  while  the 


the  body 


body  moves  from  A  to  B  and  so  .equal  to  tbe  K.E.  of 

at  A.  "  •> 

Hcoco  the  K-R.  of  a  body  or  mas*r/M  moving  with  velocity 

w^Jrnu1.  -  ‘ 

Remark'  If  tbe  mass  m  is  measured  iD  gms  and  the  velocity  u 
in  cm./scc.i,  then  the  ICE.  is  in  ergs-v  l f  the  mass  m  is  measured  in 
kgs.  and  tbe  velocity  u  in  m./sec.,  tbe.K..E.  is  in  joules. 

§  7.’ .Tbe  work-energy  principle.  The  change  in  the  kinetic 
energy  of  a  particle  during  Us  motion  from  a  position  A  to  a  posi¬ 
tion  BM  equal  to  the  work  done  by  the  forces  acting  on  the  particle 
during  that  mol  ton. 


Supposo  a- particle  of  mass  ns  moves  along  any  path  under  tbe 
action  of  any  system  of  forces.  Let  X ,  Y,  Z  be  the  components  of 
these  forces  along  any  three  mutually  perpendicular  lines  OX ,  OYt 
OZ  taken  as  the  co-ordinate  axes.  Suppose  the  velocity  of  the 
particle  changes  from  v,  to  v,  when  it  moves  from  A  to  8 .  Let 
P'( x,  y,  z)  be  the  position  of  the  particle  at  any  time  /  where  arc 
DP>=*s,  D  being  some  fixed  point  on  the  path.  Tbe  direction 

cosines  of  the  tangent  at  P  to  tbe  path  in  t lie  sense  of  s  increasing-^ 
ace  dxfds ,  dyjds,  dz/ds .  Let  v  be  the  .velocity  of  the  particle 
Then  the  expression  for  the  tahgenrial  acceleration  of  the  particle^ 
or  P  is  v  (dv/ds),  +ivc  in  the  direct  ion  of  s  increasing.  Res^lying^ 
the  forces  acting  on  the  particle  at  P  along  the"  tangent 
tangential  equation  of  motion  of  P  is 

„„*!=xfL+y±+z%.  ■'  f 

ds  .  .  ds  ds  ds  . ~. 

[By  Newton’s  second^lak  of*»otiou) 
mvdv^Xdx  +  YJy±Zdi.  ^  %1|  ~  — (U 

Integrating  both  sides  of  (l>  from  A  to^/^we^ave  . 

uJx+rdy+zdiiS (2. 

Now  £ ""  •*-*  . 

**»  JC.E.  of  the  particlo  at  the  particle  at  A 

«=»changc  in  K.E.  of  tbo  moving  from  A  to  B. 

Also  J  {Xdx+ Ydy+Zffi^^ the  work  done  by  the  forces 

acting  oa  the  particle  duumj^tatfdotion  from  A  to  B. 

Hence  from  (2)  weicqncliidc  ibar 

the  change  irft'the^K.E.  the  work  done  by  the  forces. 

This 
work,  and 


is  known  as  the  principle  of  energy  or  the  principle  of 
energy.  - 

Rem  irk.  If  a  particle  of  mass  m  starts  from  rest  ond  has  velo¬ 
city.  p  afti  r  any  time  i,  then  by  the  principle  of  work  and  energy 

jm.O^tbe  work  done  by  the  forces  acting  on  tbe  parti- 
|  cle  during  that  time  /. 

Thus  we  can  say  that  the  kinetic  energy  of  a  moving  particle 
is  the  amount  of  work  done  by  the  forces  acting  on  it  giving  it  that 
motion ,  starting  from  rest. 

8.  Conservative  and. non-conservative  forces.  .. 

Conservative  forces.  Definition.'  A  force,  is  said  to  be  conserv¬ 
ative  if  ihie  work'. <}one  by-\t  In  displacing /.its  point  of  application 
from  one  given  point  lo  another  depends  '  upon  these  points  only  and 
not  upon  the  path  followed. 

If  a  variable  force  P  displaces  its  point  of  application  from  a 
point  A  to  a  point  IS,  along  a  curve  C ,  them  tbe  work  IV  done  by 
the  force  is  given  by 
ru 

IF— J^F-  dt. 


where  the  integration  is  to  be  performed 
along  the  curve  C.  The  force  F  is  con¬ 
servative  if  and  only  if  the  value  of  tbe 
above  integral  does  not  depend  upon  the 
curve  C. 

Non-conservative  forces.  The  forces 
which  arc  not  conservative  are  colled  non¬ 
conservative. 

We  shall  give  below  (without  proof) 
two  characteristic  properties  of  conser¬ 
vative  forces  and  any  of  ' these  can  be 
taken  as  an  equivalent  definition  of  a 
system  of  conservative  forces.  . 

(i)  A  force  ts  conservative  if  ond  only 
if  the  work  done  by  it  on  a  particle  as  tt  makes  a  complete  circuit 
( t.e comes  to  the  position  that  tr  storied  from)  is  zero. 

(ii)  A  force  F=3A'i-i-Tj+Zk  is  conservative  if  arid  only  if  there 
exists  a  single  valued  function  f  (x»  y,  z)  such  that 


dL 

-3x  ' 


By 


The  function  f  (x,  y.  z)  is  called  //jc-poteatial  futrctifTU  of  the 

/«“*-  . 

If  a  particle  is  displaced  from<(heg,ppint  A  (xlk  ylr  zx )  lo  the 
point  B  (x2.  yt,  Zj)  under  such  along  any  curve  C,  then 

the  work  W  done  by  F  is  givejt£by'%s~P 
rn 

W~\  {Xdx-\fXdy%Zdz) 

y*,  *0— /.(*».  ya.  2,), 

A. 

which  c^viously^d  spends  upon  the  points  A  und  B  and  not  upon 
the  cutveTg^ 

^^onseirYalivc  forces  do  not  change  their  character  on  accouot 
cs t r a i n t  while  non -conservative  forces  change  their 
^-character  oa  accouot  of  extraneous  circumstances.  A  few  examples 
roTthc  conservative  forces  are  force  of  gravity,  tension  and  normal 
■^.^caction  while  a  few  examples  of  the  non-conservative  forces  are 
^forcc  of  friction  and  resistance  of  the  air.  Remember  that  a  cons¬ 
tant  force  F  is  always  a  conservative  force  and  a  central  force  F  is 
also  always  a  conservative  force.  - 

For  instanco  suppose  a  particle  is  projected  vertically  upwards 
from  a  point  O  and  after  reaching  a  height  h  it  comes  back  to  ttc 
point  of  projection.  Then  the  work  done  by  gravity .  when  the 
particle  completes  this  circuit*^  —  mgh-\-mgh=*0.  Thus  gravity  is 
a  conservative  force. 

Again  consider  a  body  put  on  a  rough  horizontal  table.  Let 
the  frictional  force  be  F.  If  the  body  is  moved  in  a  straight  Hoc 
from  A  to  Bt  the  work  done  by  tire  foice  of  friction  F  is  — F.A1). 
Now  if  tbe  body  is  moved  back  from  B  to  A,  the  work  done  by  the 
force  of  friction  is  —F.AB. 

Thus  the  total  work  done  in  completing  the  circuit 
-  ~F.AB+(—F.  AB) 

« — 1F.AB  wbicb  is  not  zero. 

Therefore  frictional  force  is  not  conservative. 

9.  Potential  Energy  (P.  E  ).  The  potential  energy  of  a  body 
acted  upon  by  a  conservative  system  of  Forces,  is  the  capacity  of 
the  body  for  doing  work  on  account  of  its  position.  Wc  may  define 
it  precisely  aa  follows  : 

If  a  body  is  acted  upon  by  a  conservative  system  of  forces »  then 
its  potential  energy  in  any  position  fs  the  amount  of  the  work,  done 
by  those  forces  in  bringing  the  body  from  that  position  to  some 
standard  position . 

For  example  the  potential  energy  of  a  body  of  mass  m  placed 
at  a  height  h  above  the  'ground  is  the  amount  of  ibe  work  -which 
its  weight  mg  does  when  tbe  body  moves  from  this  position  to  the 
ground  which  is  usually  supposed  to  be  the  standard  position. 
Thus  for  ti  body  of  mass  m  placed  at  a  height  h.  potential  energy 
=mglu 

10.  The  principle,  of -  conservation  of  energy T  ;  Jf  a  particle 
acted  upon  by  a  conservative  system  of forces  move  so  long  any  path, 
the  sum  of  its  kinetic  and  potential  energies  remains  constant. 

} 

Suppose  a  panicle  of  mass  m  moves  along  any  path  under  the 
action  of  a  system  of  conservative  forces  whose  potential  function 
is.  say./C-W.  z). 


nroa 
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wher/' X.  Y.  Z  are  tbe.  components  of. the  forces  along  the  co-ordi- 
nat</axes  OX,  OY,  OZ  respectively. 

/  Let  P(x.  y,  2)  bo  the 
position  of  tbe  particle  at 
any  time  /,  where  a  rc 
AP*=*s.  A  being  some  fixed 
point  on  the  path.  .  Tbe 
direction  cosines  of  the  tan¬ 
gent  at  P  to  the  path  in  tbe 
sense  of  s  increasing  are 
dxfdj.  dyfds,  dzfds .  Let 
v  be  the  velocity  of  tbe 
particle  at  P .  Then  the 
tangential  equation  of  mo¬ 
tion  of  the  particle  at  P  is 

dv  Ydx _i_ ,rrdz 

7~x  57+r75+z3i 

or  mvdv~~ Xdx-\-  Y  dy-hZdz.:‘ 

Integrating  both  sides,  wo  get 

i  mv*^J(Xdx-^Ydy-^-Zdz)  +  C,  where  C  is  a  constant 

“1(1  dx+%  *+£*)■•«  tfrom  (I» 

-  J  df+  C-f  (x.  y.  r)+C.  * 

[Note  that  y.  z)  is  a  function  of.x,  yt  r.  then  from  par-. 

tial  differentiation,  we  have 

M, 

3x 

Now  £  mv*  is. tbe  ICE.  of  the,  particle  at  tbe  point  P. 

Thus  the  K.E.  of  the  particle  at  P— fix,  y*  x)-J-C.  ---(2) 

Again  the  potential  eoeTgy  of  tbe  particle  at  P{x,y.  z)  is  equal 
;to  the  work  done  by  tbe  conservative  fotces  in  moving  the  particle 
■from  P  tu  some  standard  position,  say*  (xlt  ylp  Xj). 

/.  P.E-  at  fj*'#  y'*  Z,)  ( Xdx  +  Ydy  +Zdz) 

J  (■*»  y  y  2) 

Zi) 


dx¥%  dy-+fzd2-] 


-/  (*v.  y„  X,) -f{xy  y .  z). 


l(*s.  yt.  z») 
Jl*.  y.  z) 


-C3) 


*  ;■ 


Adding  (2)  and  (3).  wo  have 

K.E.  at  F+P.E.  at  P=/{xt,y^  z,)-i-C, 
which  is  constant  because  (x,,  yt%  z,)  is  a  fixed  point. 

This  proves  the  principle  of  conservation  of  energy. 

iffe  v 

XI.  The  principle  of  conservation  of  energy  for  the  m  prion':  virV 
a  plane.  Wc  have  established  the  principle  of  work  and^cn'crJV 
and  tbe  principle  or  conservation  of  energy  for  the  gcneral^mbtion 
in  three  dimensions.  These  principles  can  be  similarly  established, 
as  special  case,  for  the  motion  in  two  dimensions.^^e^sball  here 
establish  tbe  principle  or  conservation  of  energy  for  tip  motion  in 
a  plane.  j?!  . 

If  a  particle  acted  upon  by  a  conservatlvjgsysfern  of  forces  moves 
In  a  plane  along  any  potb,  the  sum  of  Its  kinetic^  and  potential  ener¬ 
gies  remains  constant.  4b.  ^ 

Suppose  a  particle  of  mass  m  Jf 
moves  in  tbe  plane  XOY  ftlongjN|/v| 
any  path  under  tbe  action 
system  of  conservative  foffc’es  % 
whoso  potential  function  is;J'sirjfctf 
/  (x,  y).  Then  . 

Bx  X%  ^y”r’%...(l) 
whereof*  Tare  the  components  of 
the  forces  along  the  co-ordloatc 
axes  OX ,  OY  respectively. 

Let  P  (X.  y )  be  the  position,  of  tbe  particle  at  any  time  r. 
where  arc  AP^s.  A  being  some  fixed  point  on  the  path.  If  the 
tangcDt  at  p  to  tho  path  makes  an  aogle  tf,  with  OX,  we  have 
co*^=  dxfds '  and*  sin  ^  dyfds. 

Let  v  be  the  velocity  of  the  particle  at  P.  The  taogential 
equation  of  motion  of  P  is 


=X  cos  X  sin  ^ 


ny  dx  |  y  dy 
X  ^+r  * 


ds  "  T  l  '  r  "  ds 
A  rnvdr^m  Xdx  -{-  Ydy. 

Integrating  both:sidcs,  we  have 
$  n,vlaKXdx~ir  Ydy)-\-C,  whero  C  is  a  constant 

* 

aJ  <tf+C=*f  (x,  y)-fC. 

Hut  Jmv*  is  the  kinetic  energy  of  the  panicle  at  P. 


-l(rxdxl-%dy)+c 


/  _ particle  at  P*=>f  (x,  y)+C.  ...(2) 

'A^ain  the  potential  energy  of  the  particle  at  equal 

to  tKe  work  done  by  thc  conservative  forces  acting  on  the  particle 
in  Roving  it  from  P  (x,  y)to  some  standard  position*  'say,  |xj,  yO* 


P.E,  at  P* 


jc*« 

Six. 


Yi> 

y ) 


(Xdx+Ydy) 


— P) 


4 

~f(xu  yi)-f(x,y). 

Adding'c2)  and  (3),  we  have 

K.B.  at  P+P.E.  at  P-f(xit  yt)+C, 
which  is  constant  bccauso  f  xx,yi)  Is  a  fixed,  point. 

§  12. .  The  principle  of  conservation  of  linear  m omentum. 

Momentum.  Definition  If  at;  any  instant  a  particle  cf  mass  m 
moves  with  velocity  v.  then  the  vector  mr  Is  called  the  momeTitnfn  of 
the  particle  at  that  Instant.  The  direction,  of  the  momentum  vector 
is  obviously  the  same  as  that  of  the  velocity  vector. 

If  a  particle  of  mass  m  grams  moves  In  a  straight  fine  and  its 
velocily  at  any  instant  ii  v  cm./sec.,  then  it*  momentum  at  that 
instant  is  mv  gm.*c rn./seo.  and  .is  In  Ibo  direction  of  r. 

The  principle  of  conservation  of  linear  momentam  for  a  particle. 


If  the  sum  of  the  resolved  parts  of  the  f orccs^a^lmg  on  a  particle  In 
morion  In  any  given  direction  Is  zero ,  therrffhef  resolved^  part  of  the 
momentum  of  the  particle  In  that  dlreStfontremalns  constant . 


-  Suppose  a  particle  of  m as^rn^m oves  under  tbo  action  of  a 
force  F  whose  resolved  partaim^givtn  direction  is  zero.  If  a  is  tbe 
unit  vector  i a  tbe  given  dired^t^o^tben  the. -resolved  part  ofF  in 
the  direction  of  a  is  it  is  given  that  F»a«*0. 

Let  v  be  the-velocityjof^the  particle. at  any  time  /.  Then  the 
momentum  of  tbe  partlc^it  that  iDstant*“mr.  Tbe  resolved  part 
of  mv  in  the  direction  of  a  Is  mr»«.  Wc  have 

(r*a).  If vn  is  constant  ; 
v « o)  [ V  a  is  a  constant  vector) 


.  [V 


by  Newton’s  second  law  of  motion, 
-tn 

[V  E-a—O) 


and 


so  mv- a  is  constant. 


Remark.  The  principle  of  conservation  of  linear  momentum 
also  holds  good  for  a  system  of  particles.  Thus  tf  the  sum  of  the 
resolved  parts  of  the  forces  acting  on  a  system  of  particles  In  any 
given  direction  is  zero .  then  the  resolved  part  of  the  total  momentum 
of  the  system  tn  that  direction  remains  constant. 

13.  Impulsed  Definition.  When  the  force  is  constant.  If  a 
constant  force  F  acts  on  a  particle  during  the  time  Interval  (r0,  rj. 
the  vector  I^C'i  —  rn)  F  Is  called  the  Impulse  of  the  force  F  during 
the  Interval  (ra,  tf).  Obviously,  here  direction  of  the  impulse 
vector  I  is  tbe  same  as  that  of  the  force  F. 

When  the  force  is  variable.  Jf  o  variable  force  F  (f)  acts  on  a 
particle  during  the  time  interval  then  the  vector 

I=|'*  F  (0  dr 

ts  called  the  Impulse  of  the  force  F  (/)  during  the  interval-  (/0.  M- 
Here  the  direction  of  the  vector  I  is  that  of  the  time  average  of  F 
over  tbe  interval  (r0,  M.® 

Impulse-Momentum  principle  for  a  particle.  The  change  of 
momentum  vector  of  a  particle  during  a  time  Interval  Is  equal  to  the 
net  Impulse  vector  of  the  external  forces  during  this  Interval. 

Let  a  particle  of  mass  m  move  under  the  action  oi  an  external 
force  F.  Let  v  be  the  velocity. of  the  particle  at  th<*  beginning  of  tbe 
Time  interval  Cf®,  *i)  and  v»  be.tbe  velocity  at  the  end  of  this  lime 
interval.  If  v  is  tbe  velocity  of  tbe  particle  at  any  time  f.  tben  by 
Newton’s  second  law  of  motion 


-d*  F 

rf<p‘ 


~.o> 


If  1  is  the  impulse  vector  of  the  force  F  during  the  lime  inter¬ 
val  (r0,  fi),  then  *  .  - 

I  =  f /4  {'*  m  p  dt  [from  (1)] 

J  r*  }rQ  dr  . 

Cv.-r.)  | 

=  mv,  —  mv0 

^change  in  ihe  momentum  vector  in  the- interval  ( t0 . 

Thc  equation  I  *=*»rrt  -mv0  is  known  as  the  impulse-momentum 
principle.  It  gives  us  an  exact  .relation  between  the  impulse  ol  a 
force  and  the  change  in  motion  produced. 
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Work,.  Energy  and  Impulse 


(Dynamics)/5 


Rectilinear  motion  with  constant  acceleration.  Suppofo  a 
particle  of  mass  m  moves  in  a  straight  lino'  Under  the  action  of  a 
constant  force  F  producing  a  constant  acceleration^.  Let  u  be  tbe 
initial  velocity  of  Ibe  particle  and  v  be  Its  velocity  after  time  /. 

The  impulse  of  the  force  F  during  t ho  time  / 

«=«tbe  product  of  the  force  ^and  the  time  r 
w=mFt*=*mft  f  v  F**~mf,  by.  Newton’s  second  law  of  motion) 
(v— ti)  (V  »««+//] 

w^mv— mu 

»the  change  of  the -momentum  _of  the  particle  tn.  time  t. 

If  the'interval  t  is  indefinitely  small,  but  u,  v  aro  finite.  t.e., 
change  io  momentum  Is  finite,  then"  certainly  .the  force  F  must  be 
indefinitely  large.  Such  a  forde  is  called  an  Impulsive  force. 

Thus  o  very  large  force  acting  for  a_  very  short  period  of  time 
is  called  an  impulsive  force.  For  example,  tbe  blow  by  a  hammer 
on  a  peg  is  nu  impulsive  forco.  An  Impulsive  force  is  measured  by 
tho  change  in  the  momentum  of  the  body  produced  by  it.  The 
students  should  distinguish  carefully  between  impulse  and  impul¬ 
sive  force t 

Units  of  Impulse.  Tbe  equivalence  of  impulse  and  the 
change  in  momentum  enables  us  to  adopt  the  same  units  for 
impulse  as  those  used  for -momentum*  Thus  the  absolute  units  of 
impulse  aro  : 

In  C.  G.  S.  system,  gm.  cm./scc. 

In  M.  K.  S.  system,  kg,. m./sec. 

In  F.  P.  S.  system,  Ib.-ft./aec. 

.  Illustrative  Examples 

Ex.  8;  A  bead  of  mass  m  is  projected  with  velocity  u  along  the 
Inside  of  a  smooth  fixed  vertical  circle  of  radius  a  from  the  lowest 
point  A.  Use  the  principle  of  work  and  energy  to  find  the  velocity 
of  the  bead  when  It  is  at  B,  where  Z.AOB-^0,  O  being  the  centre  of 
the  ctrcle. 

Sol.  Let  v  be  tbe  velocity  of 
the  bead  whon  it  is  at  B.  Then  the 
change  in  the  K.  E.  of  the  bead  in 
moving  from  A  to  B 
*=»  pIF 

The  >nly  force  that  docs  work 
in  this  dt:  placement  is  tbe  weight 
mg.  Tbe  work  dooc  by  the  weight 
mg  of  thCjbeod  during  its  displace¬ 
ment  from  A  to  B<=-  —mg. AM—  —mgfOA—OM) 

!  —  mg.(a—a  cos  ey 

— - ntga  (l  —cos  8). 

Now  by  the  principle  of  work  and  energy,  the  change  i.Bfctbei^ 
ktnetic  energy  *=»  work  done  by  the  forces. 


y 

J90°  JF 
- 

A 

y 


\  mv' — >=> — mga  (1  —  cos  9) 
or  y>  —  —  2ga  (1—  cos  6) 

or  2er£>  (1  — cos  fl). 

which  gives  the  velocity  of  the  bead  at  B. 

Ex.  9 .  A  particle  Is  set  moving  with  kinetic  K energy  E  straight 
up  an  Inclined  plane  of  Inclination  «  and  coefftclenf^of  friction  p. 
Prove  that  the  work  done  against  friction  before^ the  particle  comes 
to  rest  Is  Ef t  cos  <xf(stn  <*4-/*  ^ 

Sol.  Suppose  a 
particle  of  mass  ni  starts 
moving  from  O  with 
kinetic  energy  E  upoaa 
inclined  plane  of  iadi* 
nation  *  to  tbe  horizon* 
tal.  Let  P  be  the  posi- ^ 
tion  of  the  particle  at* 
any  tlmci/.  The  forces 
acting  orj  the  particle  at 
P  arc  (i)  its  weight  mg,  which  bas  component  mg  sin  a  down  the 
plane  and  mg  cos  «  perpendicular  to  the  plane,  (ii)  the  normal 
reaction  Jl  of  the  plane  and  (Hi)  the  force  of  friction  pR  acting 
down  the  plane  because  its  direction  is  opposite  to  the  direction 
of  motion. 

Since  there  is  no  motion  of  the  particle  perpendicular  to  the 
inclined  plane,  therefore  R^mg  co3 

the  force  of  frlctioD^/iR«=pmg  cos  a. 

Suppose  the  particle  comes  to  rest  at  A  where  OA*=>x. 

The  only  forces  which  work  during  tbe.  displacement  of  the 
particle  fronr  .‘Ch  to  A  are  its  w  ei  ght  artdth e’f o r c e  of  friction;  Tbe 
work  done  by  the.weigbt»  —mg.AAf^—mgx  sib  a. 

The  work  done  by  the  force  of  friction  — 

*=*—(pmg  cos  <*.).x*=*—pmgxx os  a.  ...(1) 

Since  the  kinetic  energy  of  the  particle  at  O  ts  E  and  at  A  is 
zero,  therefore  by  the  principle  of  work  and  energy  during  the 
motipn  of  tbe  particle  from  O  to  A  . 

change  in  KL.  E.~work  done  by  the  forces 


lx ■  0 — £=*— mgx  sin  ai—pmgx  cos  a.  

or  E=xmg  (sin  cos  a) 

E 

or  - - - 

mg  ism  a *+ p  cos  «) 

Putting  this  value  of  x  in  (1).  the  work  done  by  the  force 
friction 

E 

«=>  —  u  mg  cos  a.. - — .  : - - 

^  6  mg  (sin  «+/*  cos  a) 

—  Ep  cos  «. 


of 


sin  a+  p  cos  cc 

Hence  the  work  done  against  friction* 


Ep  cos  a 


=»in  a-t-p  cos  « 

Ex.  10.  A  uniform  string -of  mass  M  and  length  2a  is  placed 
symmetrically  over  a  smooth  peg  and  has  particles  of  masses  m  and 
nf  attached  to  Its  ends  (m>/n').  -Show  that  the  string  runs  off  the 
peg  when  Its  velocity  Is 

I  fA/4-2  (m—m'l 
J  M+m+m' 

Sol.  In  the  initial 
position  depth  of  tbe 
centre  of  gravity  of  tbe 
system  from  the  peg  P 
M.\aA-  ma-trma  ’ 
ftd-^m+m' 

2.  fiw*  . 

In  the  final  position 
depth  of  tho  centre  of  gra¬ 
vity  of  the' system  froi 
tbe  peg  P  , 

J\d .a -f-m. 2a 


m+aw: 

displacement  in  tbe  position  of  centre  of  gravity 
.  j _,4gAfefc.2ji  a  M 4-  2w+2m*  a  A/4*2»i— 2m' 


2  M+m+m’  “ 
tThe  ipilial  velocity  of  the  system 


2  M+m+m' 
is  zero;  and  let 

Yctocityjjbe  v. 

principle  of  work  and  energy,  we  have 


'ip* 

'«■  it.. 


cbaDgc  in  K.  E.«work  dono  by  the  forces.  _ 

,  a  A/4- 2  (w-V) 
J(Af4-m4-m')  v1— 0^  (M  +  m+  m  )  g.j- 


,  A/4-2  (m-m') 
or  _  v  ^-Ji+^^os 

/[W4-2  (m-mj) 

or  •  *  J 

This  gives  the  velocity  of  the  string  when  It  runs  off  tbe  peg 
Ex.  11.  A  Shot  of  mass,  m  Is  fired  horizontally  from  a  gun  of 
mas*  Af  with  velocity  u  relative  to  the  gun  ;  show  that  the  actual 

velocities  of  the  shot  and  the  gun  are  °nd  respecti¬ 

vely,  and  that  -their  kinetic  energies  are  Inversely  proportional  to 
their  masses. 

Sol.-  Let  v  be  the  actual  yelocity 
of  the  shot  and  V  be  the  actual  #  \  M 

velocity  with  which  tbe  gun  recoils. 

Then  tbe  velocity  of  tbe  shot 
relative  to  tbe  gun~v  fT. 

But  according  to  tbe  question  the  velocity  of  the  shot  relative 
to  tbe  gun  is  u.  . 

/.  u-v+V. 

Since  in  the  borizonlal  direction  no  external  force  ncts^  on  tbe 
system,  therefore  by  the  principle  '  of  conservation 
momentum  applied  in  the  horizontal  direction 

momentum  before  firing -^momentum  after  firing 
O^mv—MV 


of  linear 


t.e.. 


-MV. 


From  (2),  v«= 


.  ...(2) 

Substituting  this  value  of  v  in  (1),  we 


■<£*')> 


M-\-  m  y 


M+m  --  m 

the  actual  veJocity.-of  the  shot  —  v« 

nnd  tbe  actual  velocity  of  the  gun—F. 


fi.-'.  mu. 

Mu  ' 
*A/4-ot’ 
mu 

"  7d+ht 


'  M+m 


the  K.  E.  of  the  abol .  )  mv*.  mf£_ 

A8«“  -,t.  X.  ra  tb«  "P5"  M  V 
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■S-£-  [v  rrom<2>’F 

M  -tho.  mass  of  the  gun  - 


m=i 


.  m  the  mess  of  tbe  shot, 

1  Hence  their  kinetic  energies  are  inversely  proportional  to  their 
masses. 

Ex.  12.  A  gun  is  mounted  on  a  gun  carriage,  movable  on  a 
smooth  horizontal  plane,  and  the  gun  is  elevated  at  an  angle  cc  to 
the  horizon .  A  shot  is  fired  and  leaves  the  gun  in  a  direction  incli¬ 
ned  at  an  angle  &  to :  the  horizon . .  Jf  the  mass  of  the  gun  and  Its 
carriage  be  n  times,  that  of  the  shot ,■  prove  that 


Sol.  Let  y^be  the  actual  velocity  with  which  the  shot  leaves 
tbe  gun  and  V  tbo  actual  velocity  with  which  the  gun  carriage 
recoils  horizontally.  According  to  tbe  question  the  direction  of  v 
makes  an  angle  $  with  the  horizontal. 

The  Velocity  of  the  shot  relative  to  the  gun  in  tbe  .horizontal 
directions  y  cos  8  +  V 

and  the  velocity  of  the  shot  relative  to  the  gun  in  the  vertical 
direction  *  —  v  sin  fl. 

]f  u  be  the  velocity  of  the  shot  relative  to  tbo  gun,  tbeD  the 
direction  of  u  makes  an  angle  «  with  the  horizontal. 

vertical  component  of  u  __  .  v  sin  8 

“  ..(1) 

goo 


tan  a= 


horizontal  component  ot  u  v  cos  8-^V 
Now  if  the  mass  of  the  shot  is  rn,  then  the  mass  of  the 
and  the  carriage  is  nm . 

Since  in  the  horizontal  direction  no  external  force  acts  on  the 
system,  therefore  applying  the  principle  of-  conservation  of  linear 
:  momentum  in  Lhe  horizontal  direction,  wo  have 
mv  cos  8 — nmK<=0 


l.e.,  K=(v  cos  $)fn.  '■ 

Substituting  this  value  of  Kin  (1),  we  have 

.  v  sin  8  v  sin  8 


tan  ««= 


r  cos  cos  8){n 

tan  8 


v  cos  0  (l-h  l/n) 


1  +  i  In 

.*.  tao  0— tan «. 

Ex.  13.  A  shell  of  mass  m  ts  fired  from  a  gun  of:rnass  M  which 
jan  recolt  freely  on  a  horizontal  base .  and  the,  elevation  of  the  gun 
Is  a.  Prove  that  the  inclination  of  the  pathfpf-.ih e  shell  to  the  hori¬ 
zon  at  (he  time  of  projection  Is  ’  ' 

/«.«}•  jfSf* 

Prove  also  that  the  energy  of  the.^  sfc'cfl  on  leaving  the  gun  is  to 
that  of  the  gun  as  f  A/*  (m  -f-  Af.^/an* '%]  :  mfrf,  assuming  that  none 

of  the  energy  of  the  exploslondsilpsfih 

Sol.  Let  v  be  the  act uaiky.eJoci  ty  and  8  the  actual  elevation  of 
the  shell  on  leaving  t be.gu'b^  Supposo  V  is  the  actual  velocity  with 
which  the  gun  rccoils^orizontally. 

The  velocity  of  ihcjjshelt  relative  to  the  gun  in 
the  horizontal  direction —  v  cos  0-hV 
and  tho  velocity  of  the  shell  relative  to  the  gun  in  tho  vertical 
direction  — v 

Since  tho  inclination  of  the  velocity  of  the  shell  relative  to  the 
gun  ro  the  horizontal  is  equal  to  the  elevation  a  of  the  gun, 

therefore  tan  *  si°  *  ■  ... 

vcosfl  +  K  ’  ...(1) 

Applying  tho  principle  of  Conservation  of  Jinear  momentum  in 
the  horizontal  direction,  we  have 

momentum  after  firing— momentum  beforo  firing 
t-€-f  rrrt  cos  Q — 

le‘  mvcosd—  MV,  ...(21 

Substituting  the  value  of  V  from  (2)  in  (1),  we  have 
-  v  sin  8  _  v  sin  8 


v  cos  B+ymv  cos  8)fM 
tan  8 


r  cos  0  m-mfM ) 


*(  ,+5-)' 


0=»tan~ 


n"{(I+Sr) <ao” 

which  proves  the  first  result. 

Squaring  both  sides  of  (2),  we  have  . 
ntv*  ■■ 

mv3  AT  „ 
scc^  ^ 

Hence  on  leaving  the  gun*  we  have 

kinetic  energy  of  the  shell  jmv* 

kinetic  energy  of  the  gun  ** | 

-Jbf,  ton’  «|-y+^m+-g>*  la°,JL  > 

which  proves  the  second  result. 

Ex.  14.  Assuming  that  tn  a  canon  the  force  on  the  ball  depends 
only  on  the  volume  of  gas  generated  by  the  gun  powder,  show  that,  the 
ratio-  of  the  final  velocity  of  the  ball  when  the  gun  is  free  to  recoil  to 

Us  velocity  when  the  gun  Is  fixed  Is  where  M  and  m  are 

the  masses  of  the  gun  and  the  ball  respectively^ 

Sol.  Let  E  be  the  energy  relea Bed  bj^lfie^tpiosioQ. 

When  the  gun  b  free  to  recoil  let  v^fbu^cloclty  of  tbe  ball 
and  u  tbe  velocity  with  which  the  gun^recmMs.  In  tbij.  case  tbo 
energy  released  is  E=  Imvy^jfafn*.  >  .. 

Also  by  the  principle  of  conservation  ofUnear  momentum,  we 
have  niv~  Afu  — 0  ;  A/u.  .  .  “  ...(2) 

Again  when  the  gun  isjfxed^ict  K'be  the  velocity  of  the  ball. 
Tbe  energy  released  is 

-  -o) 

From  (1)  and  (3), 'on  elira mating  E,  wc  get 
/7JV>  +  Afua—  T*VX 

°r 

or 

Ex.  15.  A  gun  of  mass  M  fires  a  shell  of.  moss  m  horizontally. 
%Jond  the  energy  of  explosion  ts  such  as  would  be  sufficient  to  project 
the  shot  vertically  to  a  height  h.  Show  that  the  velocity  of  recoil 
of  the  gun  ts  f  2 m*gh  1V« 

\_M 

Sol.  Let  E  be  tho  energy  of  the  explosion.  Since' E  is  just 
sufficient  to  project  a  mass  m  vertically  to  a  height  h.  therefore 
E-=  lmu\  whero  u  is  the  vertical  velocity  of  projection  just  suffi¬ 
cient  to  raise  a  particle  to  a  height  h. 

But  for  such  a  velocity  of  projection  u.  we  have 
0«u* — 2 gh  '  t.e u*ec*2gh. 

E=\m.2gk=>mgh.  ^  ■  ...(I) 

When  the  shell  Is  fired  horizontally  from  tho  gun,  let  v  be  the 
velocity  of  the  shell  and  V  the  velocity  with  which  tbe  gun  recoils. 
Wc  tbcrj  have  E=*  \M V%.  ...(2) 

Also  by  tbe  principle  of  conservation  of  linear  momentum,  we 
mv-^MV—O  i.e.,  mv*~MV.  ...(3) 

From  (1)  and  (2),  wo  have  equating  the  two  values  of  E 
mgh~  Jmv*+JA/K* 

o,  M'V*  „ 

m*  [substituting  for  v  from  (3)] 

—  \MVX  + 

tv  q  2/71 VA  T,  f  2m'gh 


Ex.  16.  A  shell  of  mass  m  Is  projected  from  a  gun  of  mass  M 
by  an  explosion  which  generates  kinetic  energy  E.  Prove  that  the 

initial  velocity  of  the  shell  is  J ^  j ,  It  being  assumed  that 

at  the  Instant  of  explosion  the  gun  ts  free  to  recoil . 

Sol.  Let  u  bo  tho  velocity  of  the  sboll  while  leaving  the  gun 
and  v  the  velocity  with  which  tbe  gun  recoils.  Then  we  have 

E<"lmu*-\-\  Mv*.  ...(1) 

A3ro  by  tho  prinhiplo  of  conservation  of  linear  momentum,  we 
have  mu—Afv^O  l.e.,  ...(2) 

To  find  u  we  have  to  eliminate  v  from  U)  and  (2). 

Froni  (2),  we  have  Putting  ibis  value  of  v  in  (I;, 

wo  get 


rarei 
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;r  2em  i 
°  4 


,  2 EM 

ua«=-  -??-=-■  or 

m 

Ex.  17.  A  body  of  moss  (m*4-.ma)  moving  In  a  straight  line  Is 
split  into  two  parts  of  masses  nit  and  m2  by  an  internal  explosion 
which  generates  kinetic  energy  E.  Show  that  if  after  the  explosion 
the  two  parts  move  in  the  same  line  as  before ,  their  relative  speed  Is 
jV2Elml  4-iwdU  , 

-  4 L  rnxm*.  J* 

Sol.  Let  u  be  the  velocity  of  tile  body  of  mass  (/»»  4-t»»,)  before 
explosion  and  t/»  aod  r/a  the  velocities  of  'parts  Mi  and  *n*  after 
explosion.  Tbcr»  by  the  principle  #or conscrvaii on  6f  linear  mbmeo- 
tom.  wc  have  '  . 

j  /iliMi  +  /»a“a  •=»(»»!+ «*»)' n.  — (1) 

AlsoKE.  after  spIittiog«=-K.B.  before  splitting. 

+J ;»aua*  \  (mi+m»)ii’ 

or  m,Uj,+miui*o2£+  "*•  -**(2) 

Wc  are  to  find  the  relative  velocity  which  is  equal  to  the 


difference 


of  tij  and  na. 


(«»-».)’■ 

Hence  U|  — ttt^  /P— 

v  L 


Multiplying  (2)  by  (#/i,  +  /rtj)  aod  thco  subtracting  from  it  the 
square  of  (1),  we  get 

(nj  +m»)  (WiUi* +;«»«»*) — (m, 
or  (Mi*+w*a — 2t/ia3>*-2£>  (iw^+iWa) 

or  (!/»— u^*<=-2E  (mt  +  rtii) 

2£~(^7J|  +  ma)  .  . 

OT,/«a 

'2LT/wi+OT»n 
WjiWa  J 

It  gives  the  relative  velocity  of  mi  with  respect  to  r?i*  after 
explosion. 

.Ex.  18.  A  shell  lying  hi  a  straight  smooth'  horizontal  tube 
Suddenly  breaks  Jnto  two  portions  of  masses  mx  and  /7ja-  If  s  Is  the 
distance  apart.  In  the  tube,  of  the  masses  after  a  lime  t,  show  that 
the  work  done  by  the  explosion  Is  jFoS-Z0OS 

/77,171s  j*  IAS-2008 

*  mi+mi'  ra 

Sol.  Since  tbe  shell  is  lying  in  the  tube,  its  velocity  before 
explosion  is  zero.  Let  ut  and  ua  be  tbe  ytlociiies,  of  the  masses  m\ 
and  i«a  respectively  after  explosion.  Then  the  relative  velocity  of 
the  masses  alter  explosion  is  Ui4-ua.  Sioee  the  tube  is  smooth  and 
horizontal,  uj+Ma  will  remain  constant. 

(Ui+I/,)/  — j.  -~(l)4 

Also  by  the  principle  of  conservation  of  linear  momentuiptv£ 


we  havo 

Subsjrtutiog 


m%ul  —  rrtsU^^O 

for  //,  from  (2)  in  (I),  we  get 
r«i  ut\ 


nt-jS 

1  /* 


■  ■ ; 


_ _ _ 

w»"  (>Mi4-.iw,)  r  r 

Now  the  work  done  by  the  exp^siori^^ 

■=*thc  kinetic  energy  rellji^edldue  to  the  explosion 
■=*  i*r*xui*4- 

**  *  ,M| '  r 
s*  j 

,  S*_  nixmx>Ainx , )  ■  mvm9  jr^ 

*"*  /’  l wv4tw*)*  =  r* 

Ex.  J.9.  /4  j/;W/  Is  moving  with  velocity  u  In  the  line  AB .  An 

'internal  explosion,  which  generates  on  energy  E,  breaks  It  Into  two 
fragments  of  mosses  rnx  and  m,  which  move  hi  the  line  AB.  Show 
that  their  velocities  are 

2Enix 


Jt 


nil  lw»i' 


*  u-  /r-ggsi .  4 


and 


Sol.  Let  u,  and  u9  be  the  velocities  of  the  masses  m»  andv»a. 
respectively  after  the  explosion.  By  the  principle  of  conservation 
of  linear  momentum,  we  have 

Now  the  energy  before  explosion  is'  J  (mx  4-/77*)  u 9  and  E  is  tbe 
energy  due  to  explosion.  Also  the  total  energy  after  explosion  is, 

Since  there  has  been  no  dissipation  of  energy,  therefore  by 
the  principle  of  conservation  of  mechanical  energy,  we  have 

i  (mr + m%)  it*  4- E~=  ...(2) 


...(3) 


It  is  easy  to  observe  that  for  all  values  of  x 

.j  x  .  x 

i/i  — n-f -and  - 

.  771, 

satisfy  the  equation  (1).  In  order  that  these  values  of  vt  and  u, 
may  also  satisfy  the  equation  (2),  we  should  have 

4  cw»+w*a)  «*+■•£*»  j»»i  ^  u_~^r) 

or  (nti+mx)  u'+2E~mt  lu*+— 

\  >»i  *»ixJ 

+«}  («"— — +-^r) 

or  2E<=^xx  ( — '4 - ),  the  other  terms  cancelling  one  another 

\mI  M-iJ 


2 E=x» 


(nJi-t-m*)  . 


2Emxm^ 

n%i -J*  w. 


-1- 


mxmx  ■ 

or  *_  I(2Em'”‘A. 

V  V*7»i  +*»«  / 

Putting  this  value  of  x  in  (3),  wr  get 

"-■'+7tT7^vd.aad  ■— 7kl^,,j . 

Ex.  20.  A  shell  of  mass  M  is  moving  w(fh  velocity  V.  An  Inter- ' 
nal  explosion  generates  an  amount  ofene£gy?E%nd  breaksdJte  shed 
Into  two  portions  whose  masses  ore  in  tk&.r.ali<&%»ix  ;  m,.  .Thefragr 
meats  continue  to  move  In  the  orlgina^neSjfmol  fo  n  of  the  shell .  ^ 
Show  that  their  velocities  are  ^ 


ckuorr  1980;  Rohilkhand  SO] . 

Sol.  Since  tbe  whole  mass* M is  divided  in  the  ratio  ;  m,. 


therefore  masses  of  tblr  frag  menu  arc 

j  m3M 

- - —jp  and  — = - 


<imiA-mr  .  _ 

Now  proceed ’Ssiin  Ex.- 19; 

Ex.  21 s.hpi<of  mass  m  fired  horizontally  penetrates  a  thick- - 
ness  s  of  a  fixethpiat e  of  mass  M~  prove  that  if  M  Is  free  to  move 
the  l h Icfyi e'&Ppehelra t ed  Is  tk f?[(M+rri). 

U  bt  tbe  slrikin8  vcIo«ity  of  the  shot  aud  P  be  the 
forc^o^esistance  offered  by  tbe  plate  assumed  to  bo  uniform. 

the  plato  is  fixed  the  veJocity  of  the  shot  reduces  to 
^^e^after  penerrating  a  thickness  j.  During  tbe  motion  oftho  stiot 

|.h'c  change  in  the  K.E.  of  the  shot»0 — —  ImuP  and  the 
work  done  by  the  force  of  resistances  —  Ps.  By  the  principle  of 
work  and. energy,  wc  have 

change  in  K.E.«^work  done  by  the  forces. 

_  —  p's  or  J/7jv*«=>Pjf.  .••(*) 

Again  consider  tbe  case  when  the  plate  is  free  to  move.  In 
this  case  let  x  be  the  thickness  penetrated  and  V. be  the  common 
velocity  of  the  shot  ond  the  plate  when  the  penetration  censes.  By 
the  principle  of  wo/k  and  energy  applied  to. the  shot  aod  fhc  plate 
considered  together  as  one  system,  wc  have 
4  {m  4-  A/)  V1  -  i/7»ua=  -  Px 

or  Imu'-l {nt+Ai’)  V^Px.  -*  (2) 

Also  id  this  case  during  the  time  of  impact  the  resultant 
horizontal  force  on  the  whole  system  is  zero  because  the  mutual 
impulsive  action  aud  reaction  between  tbe  shot  and  tbe  plate  are 
equal  and  opposite.  Therefore  by  the  principle,  of  conservation  of 
linear  momentum,  we  have 

momentum  before  impact^ momentum  after  impact 


i.e.,  V. 

Dividing  (2)  by  (1).  wc  get 

_ mu* — (m+M)  V* 

s  mu 1 

mu*  —  (tn  +  M). 


- ± M?.  t  substituting  for  V  from  (3 


-I  — 


M 


m+M 

— ,  which  proves  the  required  result. 

M  +  tn  - 

Ex.  22.  If  o  shot' of  mass  m  striking  a  fixed  metal  plate  with 
velocity  ir,  penetrates  it  through  a.  distance  a ,  show  that  it  ■  will  com¬ 
pletely  pierce  through  a  plate  free  to  move ,  *  of  mass-  hi. and  thickness 

Ma  '  *  ’  ~ .  'f  '  :- 

b.lfb  <  .  the  resistance  being. suppo'sed  uniform, 

Sol.  When  the  plate  is  free  ?o  move  let  x  be  the  distance 
ponetrated.  Then  proceeding  as  in  Ex.:  21,  we  have 
Ma 

X=IM+m  ‘ 


m 
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Work,  Energy  and  Impulse 


(DynamIcs)/8 


Since  the  thickness  of  the  plate  is  b.  therefore  the  shot  will 
completely  pierce  through  if 
.  Ma ' 

£><  ,  -'»• 


Ex.  23.  A  block  of  mass  M  rests  on  a  smooth  horizontal  table 
and  a  bullet  of  muss  m  is  fired  into  It.  The  penetration  of  the 
bullet  is  opposed  by  a  constant  resisting  force.  If  the  experiment 
Is  repeated  with  the  .  block  firmly  fixed ^  shove  that  the  depth  of 
penetration  of  the  bullet  and  the  lime  which  elapses  before  the 
bullet  Is  at  rest  relatively  to  the  block  are  In  each  case  increased  In 


the  ratio 


Sol.  Let  u  be  the  striking  velocity  “‘of  the  bullet  and  P  be  the 
force  of  resistance  offered  by  the  block.  assumed,to  be  uniform- 

Case  I.  When  the  block  is  fixed,  la  ibis  caso  let  s  be  (be  thick¬ 
ness  penetrated  and  l  the  time  that  elapses  when  the  penetration 
stops. 

By  the  principle  of  work  and  energy,  we  have 

0—  /.e.f  ...(1) 

Also  by  the  fmpulse-raoraontum  principle,  we  have 
0—mu~*—Pt  t.e.  ...(2) 

Case  XX.  When  the  block  5s  free  to  .  move.  In  this  case  let  s'  • 
be  the  thickness  penetrated,  t'  the  time  taken  when  the  penetration 
ceases  and  V  the  common  velocity  of  the  bullet  and  the-  block  at 
the  end  ofibe  penetration.  In  this  case,  "we  have 

{mYM)  V~mu,  _  ...(3) 

(/k+AT)  V*^Ps\ '*■  ...(4) 

and  mu  —  m  V«=»  Pt\  -.  .(5) 

The  equation  (3)  has  been  written  by  applying  the  principle 
of  conservation  of  momentum  to  tbo  impact  of  the  bullet  and  the 
block,  the  equation  (4)  has  been  obtained  -  by  applying  the  work- 
energy  principle  to  the  molion  of  the  bullet  aod  block  considered 
together  and  the  equation  (5)  has  been  obtained  by  applying  the 
imnulse-rpomentum  principle  to  the  motion  of  the  bullet  only. 

Dividing  (1)  by  (4).  we  get 
s  mu*  - —  mu* 


mtP-^(inYM)  V 


tmP  —  (m  ~h  M J. 


m*u* 


[from  (3)] 


1 


i  dividing  the  Nr.  and  Dr-  each  by  mu* 


m-YM 

mYM 

M  = 


l+w- 


^4. 


Thus  s  :  s'  :  :  +  :  j.  Thi3  proves  one  resulfS|cS|^V 

Again  dividing  (2)  by  (5).  we  have  ^ 

f  mm.  .. 

substituting  for  %from  (3) 


mu — mV 


mu 

‘  ni  +  Ad 


_ _ 1  ^mYM  j 


1- 


TT" 


m  +  M 


V1  JS- 

1  M  ’V 

Thus  t :  t* :  ;  { j  :  l.^f.Tfiis  proves  the  other  result. 

\  Ml 

Ex.  24.  A  bullet  of  m^jprjnovfng  with  a  velocity  u  strikes 
a  black  of  mass  M.  which}.  Is^free  to  move  In  the  direction  of 
the  motion  of  the  bullet^^^embeddcdjn  ft.  Show  that  a  portion 
Mf{MYni)  of  the  kind fcifner gyrts  lost.  '  If  the  block  Is  afterwards 
struck  by  an  equal  butler  moving  In  the  same  direction  with  the  same 
velocity .  show  that  there  Is  a  further  loss  of  kinetic  energy  equal  to 

M*mu* 

2  ifrt+lm)  [M+m)  * 

Sol.  Let  v  be  (be  velocity  of  the  block  after  the  first  bullet 
strikes  it  and  ja  embedded  in  if.  Then  by  tbe  principle  of  conser¬ 
vation  of  momentum,  wc  have  • 

(m-f-Af) 

Loss  of  K.E.=«  Jmu*—  g  (m  +  M)  v* 


-d) 


Again  let  Kbc  the  velocity  of  tbe  block  after  the  second  bullet 
strikes  it.  Then 

{2mY M)  y=(m+Ml  v-f/m/~2m«-  -  ..-C2) 

(V  from  CO*  (m+M)  r=*H 
A  further  loss  of  JCE.->l  (m+A/)  (Irn+Af)  V 1 

=  |  (m+M).  Qm+M). 

[substituting  for  v  and  V  from  (1)  and  (2)} 

fyfhnu* 


2.(M+2m)  [A i+m) 

Ex.  25.  A  hammer  of  mass  M  lbs.  falls  freely  from  a *  height 
h  feet  on  the  top  of  an  inelastic  pile  of  mass  m  lbs.  which  Is  driven 
Into  the  ground  a  distance  a  feet.  Assuming  that  the  resistance  of  ■ 
the  ground  Is  constant .  find.  Its  value  and  show  that  the  time  during 

\nr 

Find  also 


....  '  .  ,  .  .  .  .-a  iMYm)  /2  Y1' 

which  the  pile  Is  In  motion  *s  given  by - — - \g7>/ 


whot  fraction  of  kinetic  energy  Is  lost  by  Impact. 

SoL  Let  u  ft  ./sec.  be. the  velocity  of  the  hammer  just  before 
impact  with  the  pile.  Then 

u-Vi?gh).  ^  ■— 0) 

Since  the  pile  is  inelastic,  therefore  aftigrsjmpact  the  hammer 
will  not  rebound  and  the  hammer  and  t^gjpegwHl  begin  to  move 
together  as  one  body,  say,  with  vejoc^tj^ x^/sec. 

By  the  principle  of  conservation  tof  momentum, 'we  have 
Mu  +  m .  0<=  (Af  Yin) 

Mu 

■**  v~MYm:- 


■ 

Suppose  the  TesistaDceioPtbfc^ground  is  R  poundals  and  the 


-(2) 


retardation  produced  byj%is  fjt./stc* . 


a  feet  in  the  ground,  th"ercCore 

0=»V*rr 2/q^ 


■■AkW 

% , 


By  Newt.ojo’^sccbnd  law.  of  motion,  P*=»m/,  wc  have 
g-{mYM)f. 

M)gYim  YM)  f 

+  M)  g  Y  (m  +  M)  V  from  (3),  /= 

(m  +  M,  s  tfrom  (2)) 


...(3) 


2a  *  im+Mf 


-(mYM)  g-\ 


Af*  2 gh 


a  mYM 

-  (m  4-  M)  g  q - — . 

J-a  {mYM) 


XV  from  (1),  Nee=.2 gli] 


lbs.  wt, 


Hence  the  resistance  of  the  ground^./  (niYM)-i - - \ 


Then 


Let  t  seconds  be  the  time  during  which  tho  pile 


0=  v— ft. 


is  in  motion. 


/ 

2n 


v*/2  a 


[from  (3)] 


2a 


[from  (2)] 


v  Muj(mlt*i\ 

_^a  (mY  M)  la  (mYM)  a  (mYM)  f( 2  \ 
Mu  M^/(2gh)  ”  Ji  *  J  ' 
Loss  of  K.E.  hy  impact— J  (M+m)  p* 


J  (M+m). 


-JAfu* 


J£J\m 

<YM  J 


A  fraction  of  K.E.  Jost«= 


[from  (2)] 

\Mu* units  of  energy. 
*Afu\ 


’  mYM 


— J  {mYM).  substituting  for  v  from  (1) 

fl - 

L  mYM  J  *  m-f-Af 


\Mtx*  mYM' 

-  Ex.  26.  Prove  that  if  a  hammer  weighing  W  lbs.  striking  a 
nail  weighing  w  lbs.  with  veracity  V.  fees  per  second,  drives  it  a  feet] 
Into  a  fixed  block  of  wood .  the  average  resistance  of  the  wood  In 
pounds  to  the  penetration  of  the  nail  Is 
W*  V * 

WYw  '  2ga 

If.  however ,  the  block  Is  free  to  recoil  and  weighs  M  lbs.,  the 
resistance  obtained  would  be 

MW*  V * 

(77+  Wyw)(  Wyw)‘  2a g ' 


It  Is  to  be  noted  that  motion  In  the  case  of  a  nail  being  driven 
Is  in  the  horizontal  direction. 


YM  ‘  (K.E.  before  striking). 


Thus  the  fraction  of  K.E.  lost* 


nt-YM 


I 


Sol.  When  the  block  it  fixed.-  Lot  u  be  the  common  velocity 
.or  tho  nail  and  tbe  hammer  immediately  after  striking.  By  the 
principle  of  conservation  of  momentum,  we  have 
VVYW)  u«=*  WV 
u~WV\(Wyw). 


-CO 


nm 
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Let  J5  pounds  weight  be  the  average  resistance  of  the  Wood  to 
tbe  penetration  of  the  nail.  Then  by  the  principle  of.  work  an  J 
energy,  we  have  -w)  u*=*Pg.a.  .--(2) 

Putting  the  value  of  u  from  (1)  in  (2),  we  have 

*<w+*-(VT=t 

■  jp*.  y a 

or  P-= —  „  - — .  This  proves  the  first  result . 

2ag 

When  the  block  Is  free- to  recoil.  In  this  case  let  i/t  be  the 
common  velocity  of  the  hammer,  nail* -and  the  block  when  the 
penetration  ceases.  By  the  principle  of  conservation  of  momentum, 
-  we  have  .  (Af  W+  tv)  u,  k>  Vyy  •* 

or  u^WVUM+Y V+\py.-:'\  ...  —(3) 

If  R  pounds  weight  be  the  resistance.'ia  this  case,  thfcn  by  the 
work-energy  principle,  wc  have 

.  Rg.a  =  \  (W+iy)  u*  — *  (A f+W-yw)  ut\  ...(4) 

Substituting  the  values  of  u  and  ut  from  (1)  and  (3)  in  (4),  we 
{  „  MIV'  V* 

{Ml-  W'+w)  (HM-w)  *  2og’. 


gel 


which  proves  the  second  result. 

Ex.  27.  A  hammerhead  of  -mass  1M  kg.  moving  horizontally 
with  velocity  u  «t  fsec.  strikes  an  inelastic  nali  of  mass  m  kg.  fixed 
in  a  block  of  mass  M  kg.  which  is  free  to  move.  Prove  that  if  the 
mean  resistance  of  the  block  to  penetration  by  the  noil  is  a  force  P 
kg.  wr.%  then  the  nail  will  penetrate  with  each  blow  a  distance 
MW*u' 


IgP  \\V-yni}  H-/V/)  ' 

Sol.  First  consider  tbfc  impulsive  action  between  the  hammer 
and  the  nail.  Since  the  nail  is  inelastic,  therefore  immediately  after 
striking,  the  hammer  and  the  nail  will  begin  to  move  as  one  body, 
say,  with  velocity  v  oi./see.  By  the  principle  of  conservation  of 
momentum,  wc  have  .  Wu*=>{Vy-i-m)  v.  ...(1) 

Mow  the  nail  penetrates  tbe  block  and  let  V  m./scc.  be  the 
common  velocity  when  penetration  ceases.  Then  again  by  tbe 
principlc.of  conservation  of  momentum,  wc  have 

,  {IV-hm  +  M)  V~fVu.  ...(2) 

If  x  metres  is  the  distance  penetrated,  then  by  the  principle 
of  work  and  energy,  we  have 

—  J  (IV+tn+M)  y* —  J  (W'-i-m)  v* 
or  2Pgx~>{W±m)  v*—(fV+m+M)  V\  ...(3) 


Substituting  tho  values  of 
(3),  wc  get 


■  and  V  found 
MW9u' 


from  (1)  and  (2)  in  ^ 


#4  ^ 


'  “*  2gR  t.  W-ym)  {  W  -ym-yM) 

Ex.  28.  Water  Issuing  from  a  nozzle  of  diameter  d  cins.r^wljlr'^ 
a  velocity  v  cm. (sec.  impinges  on  a  vertical  wall,  the  jet  beingfaf^r.igltir 
angles  to  the  wail.  Jf  there  is  no  splash,  find  the  pressure  Xfxerjedton 
the  wall.  >  ’ 


rCfft./CJ&L 


Sol. 


As  tbe  jet  strikes  tbetwall^tne  wall  exerts  a  force  on  it 
and  destroys  its  momentum  perpendicular  to  tbe  wall.  Let  the 
force  exerted  by  ibo  wall’  ^n\tjio?jet  be  R  dynes  per  sq.  cm. 

The  impulse  of  tbe  i'ojrco.  exerted  by  the  wall  on  tbe  jet  over 
the  period  of  1  second \-£d*R X  1  -=»  \vuPR  gm.-cm./sec. 

Mass  of  water  that  reaches  the  wall  in  1  second 


^volume  of  water  coming  out  of  jet  in  .]  sec.  x  density  of  water 
«■  !«=. \rrd*y  gms. 

[V  density  of  water=l  got.  per  cubic  cm} 
Change  in  the  momculuro  of  this  mass  of  water  on  striking 
the  wall  ^l-nd'v  (0  —  (- v)J 

=»i-»rd/*v*  gm.-cm./sec. 

By  the  impulse-momentum  principle,  wc  Lave 
impulse  of  the  force  for  any  tirae«=»change  in  the  momentum  of 
ihc  mass  dnrio^  ihat  time. 

Ind'R^lnd'v*  or  R~v*. 

By  Newton’s  third  law;  action  and  reaction  being  equal  in 
magnitude,  pressure  on  the  wall 

-  —v*  .dynes  per  sq.  era.  1 

Ex.  29.  A  jet  of  water  Issues  vertically  at  a  speed  of  30  fee x 
per  second  from  a  nozzle  of  O'  1  squorc  inch  section.  A  ball  weighing 
1  lb.  is  balanced  In  the  air  by  the  impact  of  water  on  its  underside. 
Show  that  the  height  of  the  bjll  above  the  level  of  the  jet  is  4'6  feet 
approximately. 

"  _L 


Sol.  Let  the  height  of  tbe  ball  above  tbe  level  of  tbe  jet  bo/r 
feet.  Suppose  v  tt./scc.  is  the  velocity  of  the  water  at  the  time  of 
striking  the  ball.  Then 

v*-30*~2g/j  or  v=(900-2g/j)1>*.  ^  — (D 

Since  the  ball  is  balanced  in  the  air  by  the  impact  of  tbe  water 
on  its  underside,  therefore  tbe  force  exerted  by  the  water  on  tbe 
ball  is  equal  and  opposite  to  tbe  weight  or  the  ball.  Hence  the 
force  exerted  by  the  ball  on  the  water  is  equal  to  tbe  weight  of 
tbe  ball.  Thus  tbe  force  exerted  by  tbe  ball  ou  ti  e  water  is  equal 
to  Ixg  i.c.,  g  poundals  in  tbe  vertically  downwards  direction. 

The  impulse  of  this  force  over  tbe  period  of  1  secoDdogx  1 
«=»£  lb. -ft. /see. 

Cross-section  of  the  nozzle«=0-J  square  inch 
' *“  lOx  i 2 X~f2  '  Sq*  ft* 

Density  of  water~=»62’5  lbs.  per  cubic  foot.  Mass  of  water 
coming  out  of  the  nozzle  per  second 

=  vo1umc  of  water  coming  out  of  jet  in  1  sccoDdx  density  of 
-  water 


“MiO*  30x62-5  lbs- 


This  mass  of  water  strikes  the  ball3wilh^yclocity  v  fc./sce.  and 
is  reduced  to  rest.  ’  .  ^ 

Change  in  the  momcotum  of  lUii%iaissoT  water  on  striking 
the  ball  v- y-4V»  X  30  x  62  5  xv  lb.-f^%|?^  ’ 

By  tbe  impulse-momentum jprjhcipfc,  wc  have 


impulse  of  the  force  for  any  tim'c“»cba'ogc  in  the  momentum  of 

the  mass  during  that  time. 

1  3440^x10  9 6g 

•  -  '■’M-0X3°X|f:>i^  Or  - ^ 


3Uxb25  125 
Equaling  the  valucS,j5|ngTroxa  (1)  and  (2),  wo  get 
(900- 2 ghyi^teg 


...(2) 


h&'M ^fAV)1  X  16  —  14-006— 9-4  —  4*6  approx. 


Ex.  30v(.  T.\yo  men,  each  of  mass  M ,  stand  on  two  Inelastic 
plitformpeachzpf  moss  m,  hanging  over  a  smooth  pulley .  O/Jtf  of  the 
met,  lepping&fron t  the  ground  could  raise  his  centre  of  gravity 
through  ^height  h.  Show  that  tf  lie  leaps  with  the  same  energy 
frgtijSif&pUttforin.  his  centre. of  gravity  will  rise  a  height 


w 


h.  Initially  the  platforms  hang  at  rest 


So). 


Let  k  be  the  velocity  of  the  man  al  the  rime  be  leaps  up 
^vTfom  tbe  platform  and  v  the  common  velocity  oF  the  rctnaioing 
v  system. 

If  /-be  the  impulsive  force  on  the  man  due  to  which  he  leaps 
up  with  velocity  u.  wc  have 

change  in  the  momentum  of  the  mao«»iWu.  ...(1) 

Considering  the  motion  of  the  platform  from  which  the  nian 
leaps  up  and  assuming  Unit  the  impulsive  tension  is  1'  in  tbe  string, 
wo  have  /—  /*  —  my.  ,  .—(2) 

Also  considering  the  motion  of  tbe  mao  a Dd  the  platform  at 

ibo  other  end  of  the  string,  we  have 

+  v.  ...(3) 

Now  the  coergy  with  which  the  man  jumps  up  is  given  equal 
to  Afgh.  Since  an  equal  energy  is  imparted  to  tbe  system  by  the 
sudden  pressing  of  the  platform  due  to  the  jumping  of  the  man, 
therefore  (m-+-  A/)  v*-y±Mu*=*Mgh 

or  (?»i  v*-hA/u*— Mgh.  .  ...(4) 

Eliminating  /,  /*  and  v  between  (l),  (2),  (3)  aD<?(4).  we  get 
u-  2w  +  M 


h. 


2  (m-yM  j 

Now  the  height, through  which  the  man  rises  while  leaping 
up  from  the  platform  with  velocity  u  -r ■ 

u *_  2wj  +  M 

***  2  (m-y  A/  j 


■h. 
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<*«“»*-  ■*  *  r,8:J 

fesk,  *H<J  «<  ««•  **7  A*r 

trj  -k'J  itn*j  t«J5- 
of  q  4  ^  ^ 

U't  o*.  -tfU.  -t^-rcL^, 

"Hut  po’*h  4  ^  - 

^2’  ^poi*.  -tW  of  g^vi^  ^  Jtfu  kJc*0  **«-' 

e4  ^^rrf  A  •  Em.  "IviJ  om.  4  Kt  fcpAy  k 
.UCfU xt4  -f^o-  Tit  4  <<-VwiliVr0’'*"»  •  ’**  ^ 

owoVJ^  w/«Jl  U.  -mluJ  ■  3f  fc-«.  body  Ve.  -fta^  hi*  •£*** ,  ^ 

1  4lc<  4  3^  -«  w-3  -  W7  -*••«  ‘^r1 
-po^OH  4  ^^a-)  .  2*.  Kit  W-,  tt  W  40 

t-Wxli«  U^Viw^  • 

Cu*  x :  CuBfvu  Ku>  c«.lrt  4  3  **w  ^  f 

-  4  ^  *•  1»+*  O'*  ***  ^ 

4«.  %  ,««-  4  ' **  4  ar“  ^  , 

»1u  *  W~J  .^4wWj  * 

v*U  ASU  "w*  to<^  ■£»*">  "& 

oWg.-^J  r^;4^  ^  et^iV^-1.  ^  4^-c  c-at  *,<  t^j 
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Stable  &  Unstable  Equilibrium 


{Statics)/3 


■  $  J.  Stability  of  a  body  rcstiog  on  a  fixed  rough  surface. 
Theorem.  A  body  rests  in  equilibrium  upon  another  fixed  body, 
the  portions  of  the  two  bodies  in  contact  have  radii  of  curvatures  p\ 
and  pi  respectively,  The  centre  of  gravity  of  the  first  body  is  at 
a  height  h  above  the  'point,  of  contact  and- the  common  normal  makes 
on  angle  a  with  »/»c  vertical ;  is  required  to  prove  that  the  equili - 

rium  it  stable  or  unstable  according  as  h  < -or  >  cos  a- 


Let  O. and  O,  be  the  centres  of  curvature*  of  the  lower  and 
upper  bodies  in  the  position 
of  rest  and  A%  be  ihcir  point 
of contaclT*  In  this  position 
of  equilibrium  ihc  common 
normal  0.4, Of  makes  an 
angle  x  with  the  vertical  OY. 

If  G\  i >  the  centre  -of  gravity 
of  the  upper  body,  then  for 
equilibrium  the  line  A\G\ 
must  be  vertical.  It  is  given 
that  AfG\  «/i. 

Let  OvGx^k 
and  /__OOfGf—&. 

•  Suppose  the  upper  body  U-slIghlly. displaced  by  pure  rolling 
over  the  lower  body  which  is  fixed.  Let  A>  be  the  new  point  of 
contact.  On  is  the  new  position  of  Oj  and  the  point  At  of  the 
upper  body  rolls  up  to  the  position  B  so  that  Q2B  is  the  new  posi¬ 
tion  of  the  original  normal  OtA,.  Also  (J2  is  the  dcw  position  of 
G\  so  that  O1C1--L 

Suppose  the  common  normal  at  As  makes  angles  Q  and  £  with 
the  original  normals  OA\  and  O^B. 

We  have  OtA i*=p\  and  OAx=p2.  Also  02A2~p\  and  OA2*~ /►*» 
Since  the  upper  body  rolls  or\  the— lower  body  without  slipping 
therefore  arc  AXA2=  are  A2B'  l.e.%'  p2$^px<f>. 

•  ^-i2. 

mmdO  _  ...(1) 


Let 


Then 


»■  be  the  height  of  G’j  above  the  fixed  horizontal*  fine  OX. 

z^lm=lo2  \  o2m 

~dJzG2  cos  /.  Gx02L-  1-  002  cos.  (a  -t- 1/)  -  -  ^ 

-■-k  cos  (w  --(a-MH  -V»  l  P)\  Hi'H-rt)  cos  (a-'r  if) 

IV  02G'j— /% 
--(pi*!-r»i)  cos  (a  M)-i'  cos  lx-1-tf 
dz 


dd' 


~'—{Pi  +  Pl)  sin  (a-|-0)*r  k  sill  (: 


k+,/  * 


[V  a,  fi  ure  constants  and  0,  $  are  the  only  variables] 

-  ~U>i  +Pi)  sin  {*+&)  + k  sin  (a  -M-l  >4j%f 1  ^ 

%  [from  (I)] 

—  - -l—  pt  sin  sin  MgK JQ  i 


•™*  ~  frf**4&*  *- *>  (■  '  §)] 

~,|MPJ[~',,C°S  ^(‘  *  p/)] 

[-pt2  C0^%)-fc  (n  |  ;m)  COS  {*4  0  :  *  1-/01* 
Pl  C?Ss  ^ 

In  the  position  of  equilibrium  U— 0  and  - 

Thus  the  cq u i  1  i b r Lumijs.^iaBie  or  unstable  according  as  dlzjdO- 
is  positive  or  negative  fdrJfey£-0; 

i.e.,  according  as  k  (/>i -|-pj>NC0S  (ce-f  0)  >  or  pr  cos  a- 
But  from  the  £xAxGxOx,  we  have 

—  G\iW^A\0\  cosa  - U|C7>  cos  0,G, A’ 

— 7>i  cos  a — k  cos  (<x.+P). 

k  cos  cos  x— A. 

Hence  the  equilibrium  is  stable  or  unstable  according  as 
(Pi  -fipi)  (pi  Cos  x— h)  >  or  <  pi2  cos2  x 
i.e..  <pi-T-/'e)  pi  cos  *“-(pi+pa)/r  >  or  <  /m1  cos-  a 

t.f-,  (pi-fipa)  A  <  or  >  GH-pa)  pi  cos  a— p,2cos2« 

(pi  -f-P2>  h  <  or  >  pjpj  cos  a 

A  <  or  >  -  cos  a. 

-  piT.pj 

Cor.  ]f  the  above  conditions  give  ihat  the  equilibrium 

.  is  stable  or  unstable  according  as 

/«  <  or  >  i.e..  i  >  or  < 

Pi+pa  A  pipi 

or 

A  pi  pi  - 


Thuj  suppose  that  o  body  rests  in  equilibrium  upon  another  body 
which  is.  fixed  and  the  portions  of  the  two  b'dlics  in  contact  have 
radii  of  cun  a  lures  pt  and  /»-  respectively .  The  C-G.  of  the  first  body 
is  at  a  ft  eight  ft  above  the  point  of  eon  tact  and  the  conation  normal 
coincides  with  the  vertical.  Then  the  equilibrium  is  stoble  or  unstable 
according  us 

III 

>  or  -  — 

h  pi  i»: 

If  the  portions  of  the  bodies  in  contact  are  spheres  of  radii  rr 
and  r2 ,  then  in  the  above  condition  we  put  ;>|C.i/*i'and  py-t-r*.  Thus 
the  equilibrium  is  stable  or  unstable  according  as' 

I  _  .1.1 

.  >  or  — -f - 

A  /*|  /**  , 

If  the  surface  of  the  upper  body  at  the  point  of  contact  is 
plane,  then  |.,=u ext  and  if  the  surface  of  the  lower  bt>dy  at  tl»c  point 
of  contact  is  plane,  then  p2--eo.  q 

If  the  surface  of  the  lower  body  at 
the  point  of  contact  instead-  of  being 
convex  is  concave,  then  jj>  is  to  be  taken 
with  negative  sign. 

On  account  of  its  importance  we 
shall  now  give  an  independent  proof  in 
case  the  surfaces  in  contact  ure  spherical.  KV.. 

$  ?*.  A  body  rests  hi  cent  ilihrhini  jiywii^dnotficr  fixed  hodyt  the 
portions  of  the  two  bodies  it:  contact  /v/n/F  spheres  of  rodff  r  and  H 
respectively  and  the  straight  line  jo ini/tg  theffentres  of  the  spheres  . 
/  eing  vertical;  if  f/te  first  body  be  sligfitjg  displaced,  to.  find  whether 
the  equilibrium  is  stable  nr  mis  tub  fclfhfb/tfiics  being  rough  enough 
to  prevent  any  sliding.  1  Lucknow  7b) 

Let  O  be  the  centre  of  ihc^herjcal  surface. of  tl»c  lower  body 
which  is  fixed  and  O,  »hai%>t 
the  upper  body  which  res^f^iii^. 

Or 


the  Tower  body,  *4 1  being 
point  of  contact  and  fthcSline 
OOx  being  vertical^  If  the 
centre  of  gravity^  ofe*.|h^  upper 
lx>dv.  then  for  Oic%cyui librium 
of  the  upper^e-hody,’  the  line 
AxGf  ni ust.cb’<% v^ifca l ;  let  A,G, 
be  /».  TJr£ figure v,is  a  section  of 
the  bodics^by*a  vertical  plane 
thro^igK^';^v 

'  .  . 

-^^^Sopposc  the  upper  body  is  slightly  displaced  by  pure  rolling 
^.._pvcr  ihc  lower  body.  Let  A2  be  the  new  point  of  contact,  02  is  the 
.  ^new  position  of  Ox  and  the  point  A%  of  the  upper  lx>dy  rolls  up  to 
%thc  position  B  so  that  Q2B  is  the  new  position  of  V, A\.  Also  G » 
is  the  new  position  of  <?i  so  that  BG2=AiGf  —  h. 

Lct~  AiOAy^O  and  /.  BOiA2=j 

so  that  j.\GzO2b'-—-0‘:-*f 

We  have  0,Ai—r  and  OA Also  02A2~OiB=-r  and 
OA2^=R.  -  Since  the  upper  body  rolls  on  the  lower  body  without 
slipping,  therefore 

arC  /4 i-rlj—  arc  A'i/fi.c/,-  ROy- r4>  (Rfr)  9. 


= (/f-lrT) cos  0 - (f^lij}vsZ{b&&frjW  :  '•  -IV  4 — ( Rfr)  0) 
.—(R+r)  cos  y~(r— A)  cos^^~^— 

For  equilibrium,  we  have  dz/dO^O 
i.e.,  —  (/?  +  r)  sin  tl-bcr  — /i)  sin 

This  is  satisfied  by  0=0. 

d2~  ,  Ifl  (r-fi/Ol  Ir4-R\- 

Now  dJ2~~(/i~i'r' cos  fl4  cos  j — y:  y-y- )  ' 

■■  (£)...— 1 l«+t)+<r-«(;Tf)’ 


This  will  be  positive  if' 
rR 
R4  r 

rR 


..  \  R+-r 

'"■cr h---rnc‘-c-'h- 


1..  1 

y.R 


and  negative,  if 


AT-r 


, .  ■  y f\ 

■A  A  i.e.,  p ev¬ 


idence  The  equilibrium  is  stable  or  unstable  according  as 


.  .  I  ,  1 

7  -  +'TT 

h  r  K 


il  .  JL. 

/.  <  -  t  n . 
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Stable  &  Unstable*  Equilibrium 


(Statics)/4 


&  a 

§  i 

5  » 


Here  R  is  the  radius  of  the  lowerbody  and  r  that  of  the  upper 
body  »nd  ft  is  the  height  of  the  GO.  of  the  upper  body  above  the 
point  of  contact  V  •  ■  ■  '  /:  ' 

Now  It  rcroaintfac*  discusi  the  case,  when 

I/A==»  I fr±  J (R  i>.i .  A ^rR/(A-}-r). 

In  this  ease  t!2:fd'J2=-0,  Hence  we  find  <P:fd B*  and  d*zfrfO* 
SYc  have  ■ 

dkz 


and 


cos 

fd2z\ 


Obviously  . 

aiso  (»),.  =<«+o-v-*) (H-)4  \  . 

MK-f  r)  {l~~. 


(r-JlL  1 

1  ^±r- 1 

m 

L  I 

r..  1 

\  A»’rrJ 

1'  r2  •  1 

r  1 

L'-.  -r.p/» J 

^H+r)  {.-(l+S-)2};  ,  .  ,  which  ii  negaiivc. 

This  shows  that  2  is  maximum  and ,*o  .in  .ibis  case  the  equili¬ 
brium  is  unstable.  „ 


1,  T  11  1 

Hence  if  7l>--hy 


then  equilibrium  is  stable 


«ncl  if 


}*4“»  l^c  equilibrium  is  unstable. 


/l*  -r  '  A  ’ 

Remark.  ,  J f  the  upper  body  has  h  plane  face  in  conlucl  with 
the  lower  body  of  radius  .  A,  then  obviously  *.s-- 00;  And  if  the 
lower  body  be  plane,  ihen  A  —  00. 

Illustrative  Kxamplcs  . 

Ex.  J.  .1  hemisphere  rests  in  equilibrium  un  u  sphere  of  equal 
radius',  show  that  the  equilibrium  is  unstable  when  the  curved,  and 


stable  when  the  flat  surface  of  the  hemisphere  rests  on  the  sphere. 


Sol.  (i)  When  the  curved  surface  of- 
tlie  hemisphere  rests  on  tiie  sphere.  A 
hemisphere  of  centre  O'  rests  on  a  sphere 
of  centre  O  with  iis  curved  suiface  hi  con¬ 
tact  with  the  sphere.  The  point  of  contact 
is  A  and  OA^-O'A  a  (su>)  Also  the  line 
OAO’  is  vertical. 

1  f  c;.  is  the  centre  of  gravity  of  the 
hemisphere,  then  (J  lies  on  O' A  and 
O’C^a.  .. 

Here  im»-  the  radius,  of  curvature  oUsjj^  % 

the  upper  body  :ti  the  point  of  con IuCK,.~%- 
u  the  radius  of  the  hemisphere'**^, 


-the  heieht  of  the  C#trc%f  gravity  of  the  upper  body 


and  /»:«ihc  radius  of  cut\ aunc  body  at  the  point  of 

contact  i~a. 

Also  //•»- - - a-.  .  T  _  . 

above  the  point  of  contact 

O'A^Hy^^-a-r  la -*  la. 

ft  rSafS  5u* 

,  1  1  1  2  HI 

and  -  ■  1-  •  *-  — 


We  have 


Thus 


1 


Hence  the  equilibrium  is  unstable  in 


this  ease. 

(it )  When  the  list  t  surface  of  the  hemi¬ 
sphere  rents  on  the  sphere:  In  this  ease  a 
hemisphere  of  centre  O'  rests  on  11  sphere 
of  centre  (2  and  equal  radius  a  with  its  fiat 
surface  (i.e.  the  plane  base)  in  coiMact  with 
the  sphere.  The  point  of  contact,  is  O'  and' 

O*  is  the  C.G.  of  the  .hemisphere. 

Here  /»,»-» the  radius  of  curvature  of  the 
upper  body  at  the  point  of  contact*-  *•’. . 

[Note  that  the  base  of  "tlie  hemisphere 
louche*  the  sphere  along  a  straight  line  1 
and  /»2---«the  radius  of  curvature  of  the  lower  .  1/ody  at  the  point  of 
coniHCt— the  radius  of  the  sphere--  a. 


/ 

....  N 
\ 

Also  ft— the  height  of  the  C.G.  of  ihe.  hemisphere  above  the 
point  of  contact  Of  -**0'G 

1  _1  « 

V  lafiZ '?«  % 

I  II  I  _  .  I  -13 


We  have 


and 


I 


1 


Obviously  ;  >  Hence  in  ihis-cnse  the  equilibrium 

A  Pt  '  P:  ■  . 

is  stable. 

Remark.  Remember  that  for  a  straight  line  the  radius  of 
curvature  at  any  point  is  infinity,  ant!  for  a  circle  the  radius  of 
curvature  at  any  point  is  equal  to  the  radius  of  the  circle. 

Kx.  2.  A  uniform  cubical  box  of  edg e  a  is  placed  nn  the  top  of 
a  fixed  sphere,  the -centre  of  the  face  of  tiie  cube  being  in  contact 
■  with  the  highest  point  of  the  sphere.  IV hat  is  the  least  ratlins  of  the 

sphere  for  which  the  s.plifisritnn  .will  f*e  stahje  1 

Sol.  A  uniform  cubical  hox.  of  edge  a  is 
placed  on  lire  top  of  a  '  fixed  sphere  of  centre 
O.  The  point  of  contact  is  A.  .  If  C!  is  the  C.G. 
of  the  box.  then  for  equilibrium  the  line  OMi 
must  be  vertical.  Ia:t  the-radiiis  of  the  sphere 
be  h.  " 

The.  figure  shows  ihe  vertical  ^scciTdn^of 

the  bodies  through' the  point  of  contact  A** 

>  • 

Here  r»i=ither  radius  of  curYhtureSof  the 
upper  body  at  the  point  of  cor^ttiCt^Xf*. 
and  —  the  radius  of  curvatiir^of^c  lower  body 

contact  ™  A.  ■■■  .  - 

Also  ft— the  heigh^i^thg (?.G.  of  the  box  above  the  point  of 
Contact /I -*•  hall*  the  eifcea*7i'fnc  box--  I 

.igytfs  -  1 

The  equilibrium  wilf;he  stable,  if 


:it  the  point 


Is 


1  “>  I  ■ 

I.e..  ~  >  -  f.e..b 

“  ft  «  ft 


hn 


!.  J 

b  ~\Vt  ’ 

Mencedhe  l’citsP'valuc  of  ft  lor  the  equilibrium  to  be  si  able  is 

■#s *•* 

unifornYcube  balances  on  the  highest  pt  hit  of  a 
sph  ere  "whose  radius  is  r.  If  the  sphere  is  rough  enough  to  prevent 
sl/tlmg^atitl  If  the  side  of  the  cube  he  nr/2,  shaw  that  t  he  cube  can 
'fpeke- through  u  right. angle  without  falling.- 

”  - 

^^Sol.  A  heavy  uniform  cube  balances  on  the 
';r highest  point  C  of  a  sphere  whose  centre  i>  O 
^End  radius  r.  The  length  of  a  side  of  Ihe  cube  . 
is  nr/2.  If  G  is  the  C.G-  of  The  cube,  then  for 
equilibrium  the  line  OCG  must-  be  vertical.  In 
ihe  figure  we  have  shown  a  cross  section  of  the 
bodies  by  a. vertical  plane  through  the  pbint  of 
contact  C. 

First  we  shall  show  that  the  equilibrium  of 
the  cube  is  stable. 

Here  p\  —the  radius  of  curvature  of  the  upper  body  at  the 
point  of  contact  C-=.'0, 

and  />2=the  rndius  of  curvature  of  the  lower  body  at  the  point 
of  contactor. 

Also  ft™ the  height  of  the  centre  of  gravity  G  of  the  upper 
body  above  ihe  point  of  contact  C^halfthc  edge  of  the  cube  — nr/4. 

The  equilibrium  will  be  stable  if 

I  -  \  V  .  _J_  1_  J 

ft  pt  "*  /»j  ,‘r"  TtrH  '  rr*  y  r  \'- 

.  4  14 

*.e.,  ; —  i.e.t  ■■  >  I  I.C..  4  >  n 

vr  .r  -tr  - 

which  is  so  because  the  value.of7r  lies  between  .Vand  T. 

Hence  the  equilibrium  is  stable.  So  if  the  cwhe  ts  slightly 
displaced,  it  will  tend  to  come  hack  to  its  original  position  of 
equilibrium.  Huring  a  swing  to  the  right,  the  cube  will  not  fall 
down  till  the  right  hand  corner  .-I  of  the  lowest  edge  comes  in 
contact  with  ihe  sphere. 

If  A  is  the  angle  through  which  the  cube  turns  when  the  right 
hand  corner  T  of  the  lowest  edge  comes  in  contact  with  the  sphere, 
we  have 

rft— half  the  edge  of  the  cuhs«=ar/4. 
so  that  0— S7 4. 

Similarly  ihe  cube  can  turn  through  an  angle  j»/4  to  the  left 
side  oh  the  sphere.  Hence  the  loial  angle  through  which  the  cube 
can  swing  (or rock),  without  falling  is  2.  i.e..  §ir. 

>*x.  4.  A  hotly,  consisting  of  a  Cone  and  n  hemisphere  on  the 
Same  base,  rests  on  n' rough  hnrirontal  table  the  hemisphere  being  In 
contact  with  the  table:  show  that  the  greatest  height  of  the  cone  so 
that  the  equilibrium  niay  be  stable,  is  \/3  times  the  radius  .of  the 
hemisphere. 
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VS 


o 

u 

«+45 

’■0 

Cu 

Q 

©h 

0 

N. 

H 

•  cl 

Oh 

3 


{Statlcs)/5 


G2  \ 
o-A 

5*  J 

C 


So!.  is'lhccbiwnbo-  base,  of  tfie 

bcmbphcxr  and  thecone  and  COD  is 
their  comiiwn  a^is  ^K«ch  niast  be  yci- 
ticalfor  equilibrium'.1  The  ‘.hemisphere" 
touches  the  table  afC. 

tel  H  be  the  .height  Op.  of  the 
cone  and  /  be-  the  radius.  ~OA  or  O.C:oT . 
the  hemisphere.  Let-  Gj  and<7j  .'hi  the 
centres  of.  grayit^  oft  fKei  hemisphere 
and  thc  cOnc;  respectively.,  Then  “  ^ 

.  OGt— jr/8an<i T//4.  ‘ 

If  A  be  the.  height  of  the  centre  of  gravity,  of*  the  combined  ; 
body  eomppsod  of  the  hemisphere. -^d  ilic  cone  above  the  poirff  of 

coniact-C;  then. using1  tit g formula  *'*'**.  Wc  have 

-  Mft.-kivj.  • 

A«rWC<;i±lxr'^G% . 

gjr r-ilrftiTr* 

H,{r+W)±5r*  . 

-^“7/42 TT"-'  ■ 

Here  />i  -*the:radrus.Qf  curvature  afithe.tpqiht.  oT  contact  C  of 
the  upper  bodywliich  is  sphcricaj  — r. 
oj*»thc  radius  of  curvature  oT  the  lower  body  at  the 
-poinrpf  contact  =mco..  - 
he  equilibrium  will ’be. stable  if..  • 

!-•  i  ,  i  .  i i  ,  i  ;  i 

:  7/  Pi  pi  A  .  /■  -os*.  /i  .  r 

■  j  7r  <.  r 

i.e..  }lt?  <  //>  <  3r!  U..  H.<  rsfi. 

Hence  the  greatest  height  lof  the  cone  consistent  with  the 
stable  .equilibrium'  of  -  ih»*  body  is;  y/3  .limes  the  radius  of: the 
hemisphere.. 

.  Kx-_  A  solid  homogeneous  herttispltere  6f  radius  r  lias: a  solid 
right,  circular.- cane  .of. the  same- substance  .. constructed '  on  the  base\ 
tfir  Hemisphere  rests  onjhe  convex  side  of  the  fixed  sphere .  of  radius 
R.  Show  that  the. length  of  tl/e  .axis  of  the  cone  consistent  With 
stability  for  a  small. rolling  displacement  Is 


and 


/.n, 

le.. 


K  +  r 


rv/f(3/?rr)(«-rM~2r}. 


Sol.  Let  O  he  the  centre  of  the  common  base  A  B  of  the 
hemispliere  and  the  cone*  The. hemisphere  rests  on  a  fixed  sphere^  %■ 
of  radius  R  and  centre  O*.  their  ;  point 
of  contact  being  C.  For  equilibrium 
l.he  line  O’COD  mtisr  l>e‘  vertical."  ;  Let 
II  He  the  length  of* the  axis  Op  of  ’lhc 
cone.  Iris. given  that  OB-^OC— r  -  . 
the  radiiw  of  the  Hemisphere. 

If  Gr  and  Gj  are  .the  centres  of 
gravity  of.  the  hemisphere  and.  .thc- 
cone  respectively,  then  •  ■  >  "  X. 

OG\-  3r/j^md..  OC2 ;= l  f/4  ^ 

Let  G  he  1  he  ce n l re.  of  ;  gravity  of  ’  f 

the  combined  body;  cohiposcd^of  the^v  ^ 
hemisphere  and  ihe  cone'-  j f  yribe^llie, 
height of  G  above,  the  point  ot^iu a^i'T^, then 

It  ‘  ‘  W  '  ^’f 


Here  n'rr1  fhe; radius  of^Ur^iCurc  at  the 
:tHclippcr 

and  />i— the  •radius^f'c^yatti^ejat  C  oft  he  lower  hody 

The  equilibmim/;wi!l.  hc  stahlc'.if 


i-rrr*:  nr*;f(r  iiH0$:f&A\fiy+  n,r? 

?  u  *r-lh .  /I  r  . 

the  point  of  con  tact.  .C.  of. 


-  1  » 


{n±ry{nrr\-lH2±b--)~rK  (7/:42r)  <  0  .  . 

!>*>.:  2r=  V?  <>0 

/If-.,"  .  .  .  W?{V?4>:)+-‘tr3  iT^Sr^ir1  fccO 

&■  (K  +r)+;4r&l^#fck%tM  /<. 0 

4r- 


he., 


JLfZ  ■  jl;  ^  ^ 

V-  •-  V4rV.  r^(3  i?— 5r) 


~  .  K+r 


(u.i  Vf  4H*>5(3*-:SrK«  +  f)  i.  „ 

l  1  R+?)  ~  - T«+r7:— —  < 

V4  .  (w+ £LV.  <  o 


2r*  \>  .  r2  (37?  -j-r ) 


i.r., 


(*4-0" 

y{C37?-t/*K^-r)} 

;  '2ra'  ' 


•  j,y3r»  ’  r 
— A+r 

Ar.,  .  '  ‘ 

Therefore  the  greatest  value  of  //.consisien t  wi ih  the  .  stability 

:.of  eq  iulibnum.is...':  .~7  ./■’  • 

'  .  :v"y : 

Ex.  6,.;.  A  itniformibtom,  tynimetricajly 

on  a  perfect ly  rough  ltorizontn}  'cylmderi  of  radius,  a;  -  show  that  the 
equiiih'r innt  of  the  heam  wiil  he  stahle-  or^unslQble  . according  os  b  Is 
.  less  or  greater  than  a.  I"  - 

SoL- C  is  the  point  of  contact  of.  the 
beam  and  the  cylinder,  and  G  is  ,  the  centre  ^  ^ 
of  gravity  of  the  beam.  The  figure  show?  ^0*  s 
the  cross  section  of  the  bodies  by  a  vertic^# 
plane  through  C.  For  equilibrium  the^tne^- 
OCG  is  vcrtical* 


Here  radius  of  curvn i  ure>ofj:  th c 

upper  body  at  ihb^pOmt  of  contact  C=oot 
jj^—radius  of curvat.ufet.of^the  lower. body  at  C=»r/v 

±-rt?L'  ~*Ky*  ‘  : 

Also  /i  =  the  heighi  of  C^Gv^of  the  beam  aib oyc  :thc  point  of 
contact  j&f^(thtclcncss  of  the  beam)=  J.2A=6. 

.  .  -  ‘  '  " 

The  equilibrium  is^-stablc  or  unstable  according  ns 

•»>o*afj.  •-  1 — l.i 


%mx- 


h  ' 


U" 

//..  >  a  i.r.%  h  <  or  >  a. 

K.v.  7i(ay_  A  uniform  solid  hemisphere  rests  ' in  equilihr 
uP°f  horizontal  plane  with  its  curved  surface  in  contact  with 

the^ptaij^  and.  a  particle  of  mass,  m  is  fixed  at  the  centre  of  .*/.«?  plane 
./fa  c'ir^Sfui  »'■  that  for  any  value  of  m,  the  equilibrium  is  stable . 

’  Sol.  C  is-rhc_point  of  contact  of  the 

^  hemisphere  and  the  plane  and  O  is  the 
'  centre  of  the  base  of  the  hemisphere.  Let 
M  bc^thc  mass  of  the  hemisphere  and  a 
be  its  radius.  A  particle  of  m^ss  m  is 
placed  at  O.  The  mass  hi  of  the  hemi¬ 
sphere  acts  at  G|  where  GG|»=*3o/8^ 

If  7i  be  the  height  of  the.,  centre  of  gravity  of  the  combined 
body  consisting  of  the  hemisphere  and  the  mass  m  above  ihc 
.  poim  of  contact  C,  then 

"  '"M-rm  '  - 

Here  pi  =  the  radius  of  curvature  of  the  upper  body  at  the 
point  of  contact  C— o, 

and  pa0  the  radius  of  curvature  of  the  lower  body  at  the 

point  of  contact  C~  co; 

The  equilibrium  will  be  stable  if 

I  .  I  l  .  I  1  .1  .  1  I  ;  ... 

-r  .>  — -i—  f-e.,  v  >  —  /.<*.,  y  >  -  i  e.,  Ji  <  a 

h  pi  pi  ha  -_oo  b  a 

%aM-\-ajn 
hi  4-;n 

i.c..  %aM  <NflW 

i.e.r  ja  <  a,  which  :s  so  whatever  may  be  the  value  of  m. 

Hence  for  any  value  of  i«.  the  equilibrium  is  stable. 

Ex.  7  (b).  A  uniform  hemisphere,  rests  in  equilibrium  with  its 
base  upwards  on  the  top  of  a  sphere  of  double  its  radius .  Show  that 
the  greatest  weight  which  can  be  placed  at  the  centre  of  the  plane 
face  without  rendering  the  equilibrium  unstable  is  one-eighth  of  the 
weight  of  the  hemisphere.- 

Sol.  Draw  figure  yourself.  Here  a  hemisphere  rests  on  the 
top  of  a  sphere.  The  base  of  the-  hemisphere  is  upwards.  Let 
2r  be  the  radius  of  the  sphere  and  r  that  of  the  hemisphere. 

If  IF  be  the  weight  of  the  .  hemisphere  and  u>  be  the  weight 
placed  at  the  centreof  .the  basc.of  the  hemisphere,  .then 

,  IV’.  Zr  +  w.r  -T 

Ac- 


i.e.. 


i.e-..  iaM-z-aui  <  a  Mi- am 


IF-ruv  ’ 

Here  pi=r  and  p2—2r.  Tlje  equilibrium  will  he  stable  if 
l  1  l  .  1  3  .  W+w  3 

%>T+2?*'er>  *>57  ^ - 


h  ^7 r  *  -■*  irIFa-irr  " 


2H'+7w  >•  V  JF|.3 in'  > 
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(Stallcs}/6 


I.e.r  w<\W% 

which  proves  the  required  result.  ' 

:  Ex’.  8  (ft).  A  solid  sphere  rests  Inside  a  fixed  rough  hemispherical 
bowl  of  twice  Its  radius.  -  Show  - that ,  however  large  a  weight  is 
attached  to  the  highest  point  of  the  sphere the  equilibrium  is  stable . 

Sol.  Let  r  be  the  radius  of  the  solid 
sphere  which  rests  inside a  -  fixed  rough 
hemispherical  bowl  of  radius'll*.  Their 
point  of  contact  is.O  (ind  0  is  the  highest 
point-of  the  sphere -so",  that  <2C=2r.  Let 
\Y  and  w  be  weights  of  the  sphere  and  the 
weight  attached  to  the  highest  point  of  the 
sphere.  The  weight  W  of  the.sph'ere  acts  at  the  middle  point  Ci 
of  its  diameter  OC. 

If  h  is  the  hoight  of  the  centre  of  gravity  of  Ore  combined  body 
consisting  of  the  sphere  and  the*  weight  w  attacHe'd  to  O.  thcn 
t  )r.r.4-M-.2r  -  f.V  .  . 

:  w±w  ....  .  t  . 

Here  pi  — the  radius  of  curvature,  of,  the  upper  body  at  the 
point  of  contact  C=the  radius  of  the  sphere^r, 
and  05*^ the  radius  of  curvature  - of  the  lower  body  at  the 

point  of  contact  C=—2rv  the  negative  sign  is  taken  - 
because  the  surface  of  the. lower  fixed  body  i  e. 
howl  nt  C  is  concave. 

The  eqtiilihrluni  will  be  stable  if' 


*  1  / 

- i.c.. 

r  2  r 


i.c ..  h  <  2r 


-  l.e.. 


;  2r 


11.11  1  *  *’ 

- b—  ix.,  7  > 

Pi  P2  « 

»/rd-2ifr 
*  w 

/.r„  H'r+2wr  <  2H'r.+2wr\  r.e»  Wr  <  2Wr. 

which  is  so  whatever  be  the  value  of  w. 

■  Hence,  however  large  a  weight  is  attached  to  the  highest 
point  of  the  sphere,  the  equilibrium  is  stable. 

Ex.  8  (b).  A  solid  Sphere  rests  Inside  a  fixed  rough  hemispheri¬ 
cal  bowl  of  thrice  its- radius.  Find-  the  conditions  and  nature  of 
equilibrium  if  a' large  weight  is  attached  to.  the  highest  point  of  the 
sphere. 

Sol.  Proceed  exactly  as  in  part  (a>.V  Equilibrium  will  be 
stable  if  weight  or  ihe  sphere  ;>  weight  attached. 

Ex.  9.  A  sphere  ofjreight  W  and  radius  a  lies  within  a  fixed, 
s/dterical  shell  af  radius  h,  and  a  particle  nf  weight  w  is  fixed  to  the 

upper  end  of  the  vertical  diameter  Prove  that  the  etpulibrium 
W  h—2a 

stable  if  —  > - 

w  ■  a 

Sol  C  is  the  point  or  contact  of 
the  sphere  and  the  spherical  shell,  O 
is  the  centre  of  the  sphere/CH  is  the  . 
vertical  diameter  of  the  sphere  and  B 
is  the  centre  of  the  spherical  shell.  We 
have  OC—a  and  BC=b. 

The  weight  W  of  the  sphere  acts 
at  O  and  a  particle  of  weight  »»»  is 
attached  to  A  If  h  be  the  height  of 
the  centre  of  gravity  of  the  combined  tfody ^consisting  of  the 
sphere  and  the-weight  w  attached  at  A,  then%* 
fV.a  +  w.2a  W-s-fw*.  ** 

Here  Pi  =  a  and  —  b. 


v*.-v 


fV+w 


The  equilibrium  will  be  stable  ’if 

1 _  I  t  .  ;i  1  ,;- 

h  P|+  Pi  i  e-'  it  >  a 

i.c..  (H'+w)  ab  >  a  (b%.ayC^+2*v) 

i-e..  ^fV-bw)b  (b^ay;0i'^2w) 

i.e„  IV  {A— (A— o)j  '*{2 (h— a)~~ b)  i.e.,  Wa 

W  b-2a  y 


'  b  —  a 


w  (b—2a) 


Ex.  10.  A  lamina  in  the  form  of  an  isosceles  triangle,  whose 
vertical  angle  Is  a. .  is  placed  on-  a  sphere ,  of  radius  r,  so  that  its 
plane  is  vertical  and  one  of  Its  equal  sides  is  in  contact  with  the 
sphere ;  show  that,  if  the  triangle  be  slightly  displaced  in  its  own 
plane,  the  equilibrium  is  stable  if  sin  ■*  <  3rfa.  where  a  is  one  of  the 
equal  sides  oj  the  triangle. 

-Sol.  DAB  is  an  isosceles  triangular 
lamina  in  which 

DA*=  DB^=a  and  /^ADB^*-. 

The  centre  of  gravity  G  of  the  lamina 
lies  on  its  median  Z>£  which  is  perpendi¬ 
cular  to  AB  and  also  bisects  the  angle 
ADB.  We  have 

^G=*2Z>£=2a  cos  Ja. 

The  tarmna  rests  on  a  .fixed  sphere 
whose  centre  is  O  and  radius  r.  Their 
point  of  contact  is  C.  For  equilibrium 
rhe  line  OCG  must  be  vertical. 


If  7i  be  the  height  of  the  C.G.  of  the  lamina  above  - .the  point 
of  contact  C,  then  - .  "*x 

A=CC===i>C?  sin...|cLi=|a cos  1<*  sin.ix^=:Jd  sin  oti  \ 

Here  pi=jLhc  radius  of.  curvature  of  the  upper  tody  at  the 
•  i-..pomt  of  contact  C==  co;' 

and  .  />2=rtlic  radius  of  curvature  of.the  lower  .fixed  body  at 
the  point  C— r;;. 

The  equilibrium  Svill  be:;itable  if 

i  >  i  ».• 

’  h’  r-  . 


£  >'1-4- 

A  Pi  Pi.’. 


-k>  ’.+1- 

It  .  .  -  co  -r 


i.e.,  .;  h  <  r  i.e. ,  ^  a  sin .  x<ir:i.e.;sin  a.  <  3rfa. 


weig^f^Ah'epdri itbler-yr.: 7:.';.'  I*.- v’. 

■.■  ■-$61:"  .  ;  Lit  Q';be'ihc  :ce n tre  of  thei. b a"s e , of.:  the  ^heiriisphei'ical.. 
-shcl I  of  rad i us  r i  1  fit  a^weignf; be. attached  ;io:. the  rim  of- the'  hemi- 
.  sphericafsheli  at  A'.  ,  TKc  c^Dttc'  of  'graw  . 

of  the;  hemispherical  shell  is  on.  iti  syroTnctricdl 
radius  O'D.  and  0'C,  ~  \0'D \r. . 

Let  G  be  the  centre,  of  gravity  of  ihe-'’  cbnv^ 
bined  body  consisting  of  the  hemis ph erica  1 
shell  and  the  weight  at/1.  Then  6  lies  oiff^the 

The  hemispherical  shell  rcstsrwifhi,  iis  cur¬ 
ved.  surface  Tn  contact  with  ^-ifouglr  sphere  of 
radius  /tend  centre  O  at^thcvj^^besi  point  C. 

For  equilibrium  the  line  must  be  verti¬ 

cal  but  AGt  nced  not^bc, Horizontal. 

Let  CG*=h.  AlsS^iere  ^»,=r  and  pj=  /?. 

The  equilibrium  witf  be  stable  if  . 

.  1^1  ,'l  1 


7  —  '■ 

;»%-  -CrP\  ^  Pi 


3' 


h  ' 
rR 
R+r 


-  +  —  i.e.,  7  >  " 


R+r 


-(1) 


^.Th'eWafue  of  h  depends  on  the  weight  of  the  particle  attached  . 

-  .  at  ^gSqjth’c  equilibrium  will  be  stable,  whatever  be  the  weight  oft 

thej^ticle  attached  at  A .  if  the  relation  (1)  holds  even  for  the:> 
£?maxiraum  value  of  h.  . 

# 

Now  /1  will  t>e  maximum  if  O'G  is.  minimum  i.c.,  if  0‘G  is 
:s’%^perpebdicu|ar  to  AGy  or  if  l\AO'G  is  right  angled.' 

- •  Let  S.O'AGrO.  Then  from  right  angled  &AO'G’i,_ 

tan  s'n  ~ri' 

■  0  A  r  ■  .y  .  VS 

.  the  minimum  value  ot  O’G  ' 

=  &A  sin  0—r  '(l/\/5)=^r/5/5.  ..  ’  ■ 

the  maximum  value  of  h=^r—  the  minimum  value  of  O’G 
r  r-  '-r  (V^iy  ••-'  1 

Z  ~V5--.  VS:  /■  ;  '  .  f 

.  rHcDce  the.cquilibrium  .will  be  stable,  whatever  be  .  the- 
of  the  particle  at  A,  if  .  .  :  * 

"r  -'  .  [  r[VS  ' 


weight 


■  pests  fnrfcqiiil iFriuni  on  the: highest' p bin tlpf  afixed.Sphc /<»,' :•  af  radtus 
a,. which  rs  rough  enough  to  preYeht  ahy^lidiiigV-  dnsid^  is  - 

/■=  placed. a  sinall  sni  ooth.  sphere.  <^r  we/gJ?VrM%:-  s//o  iy.  that  thc  eqiiil ibriwn 
is  notstable  unless  h‘  V  -1"  I.’  '■ 

m>.,  j.v,  ■  „ '  ‘ t 

Sol;,  0  is  the  centre;:'' o  thejfadiu's  and  C 
the  highest  point  of  the  fixed-sphere;:  A  hemi-  : 
spherical  bowl  of  radius  h  and  weight  W  rests 
bn  the  highest  point  C  of  this  sphere  and  in¬ 
side,  the.  bowl  is  placed  a  small’ smooth  sphere 
of  weight  w.  The  weight  W  of  the  '  bowl  acts 
at;</|  where  0‘G\  —\0‘C. 

First  we  want  to  find  out  the  height  of  the 
C.G.  of  the  combined  body  consisting  of  the 
hemispherical  bowl  of  weight  IT. and  sphere  of  weight  above  the 
point  of  contact  C.  If  the  Upper  bowl  be  slightly,  displaced,  the 
small  smooth  sphere  placed  inside  it  moves  in  such  a  way  that  the 
line  of  action  of  its  weight  w  always  passes  through  O',  the  centre 
of  the  base  of  the  bowl.  Hence  so  far  as  the  question  of  the  stability 
of  the  bowl  is  concerned  the  weight  w  of  the  small  sphere  may  be 
taken  to  net  at  the  centre  O'  of  the  bowl.  If  h  be  the  height  of  the 
centre  of  gravity  G  of  the  combined  body  (I.c.,  hemispherical  shell 
of  weight  fV  and  sphere  of  weight  w)  above,  the  point  of  contact 
C,  then 
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c® 

J 


,  »'.:U-:->v.fc...CH'+2w)i.  V  ■ 

If+w  ■  2  ; 

Here  p\—h  anti  >i--ea..  Hence  the  equilibrium  will  be  stable  if 
1  1  11  l’,  1.  ,  I:  *  *  ab 

* "~s+b 


(.y+2w):S  JgjK 2w  ^ 

2  (4F-FIV)-  d-^r6  "  - ’  v2; -tsll’)  . 

w(2h  L2£-2a)  .<  •  IV  (2flr^a:~/>)  .  . ; ; 

v,:.  y  .  V/V;'-  v‘rrfft*>i£.AV  ' 


0+4* 


'litlUeequuuoji^ 

bola  of  the'  uppcr  parat^ioid'bc  -  ■  - :  ^  ■ 

U>^4oN.\ ......  '  ^ 

abola  y3— 4a.v  passes  through 
the  origin  and  ibcy-axisis  ’  tangent,  at  the:  “ 
origin.  If  p  be  the  radius  of  curvature  of  - 
this  parabola  at  the  origin,  thcn-byNcwion's 
■  formula  for  the  radius  of  curvature  at  llic  ' 
origin,  we  have 

lini  ji~  liar  4ay  lini  _  . 

die  radius  of  curvature  of  the  parabola  v*=»4o_x  at  the 
vertex  (/.<?..  at  the  origin)  is  2a.  ;  ' 

So  here,  pi*=ibc  radius  of  curvature  of  the  lower  body  -  at  the 
point  of  contact-^  2a, 

ai1^  Pi— the  radius  of  curvature  of  the  upper  body  at  the 

point  of  contacl*=»26. 

If  //  be  the  height  of  the  centre  of  gravity  O  of  the  upper  body 
above  the  point  of  contact  O ,  (ben  : 


1I—OG  —  x  — 


iaJfc 


X  dm 
ihll 


/  ,/,«  j; 


.  Jp  v  v 

xyz  (1m 


j  jc.4auc  dx 

Ch  TxJl 

jr3  dx  f- 

* 

h^ 

J  o 

J°  J3 

3 

j  4ax  dx 

fT^r=[fr 

a" 

Jo 

Jo  ,  U  J 

0 

2 

Now  the  equilibrium  will  be  stable  if 


h  >  —  +  rr 


J  ,  i 


2 h  ■ 
ob 


2a  2b 


.<£$ 

4#* 


;  3 ab 


P 1 

-  3  a  +  b  h  ab  3 ab  ^ 

S  -a*-  3  <  5+*/;e-  *  <  -5+0tg 

Kx.  14.  A  solid  hemisphere  rests  on  a  plane  ihctfnf  d{to  the  hori¬ 
zon  at  an  angle  a  <  sin~l  ond  the  plane  is  rough* enough  to  prevent 
any  sliding.  Find,  the  position  of  equilibriums  and  show  that  it  is 
stable. 

Sol.  Let  O  be  the  centre  of.ihe  * 

base  of  the  hemisphere  ntidr  be  its^f^^ 
radius.  If  C  is  the  point  or  contact^/ 
of  the  hemisphere  and  the  incli^  %  ' 
plane,  then  OCW.  Let  G  b«P%be% 
centre  of  gravity  of  the  hemisphere^ 

Then  0G=~3rJZ.  In  equilibrium  the  line  CG  must 

Since  OC  is  perpendicular  to  the  inclined  plane  and  CG  is 
perpendicular  to  the  horizontal,  therefore  f_OCG=a..  Suppose  in 
cquilibriurn  the  axis  oF  the  hemisphere  makes  an  angle  8  with  the 
vertical.  From  &OGC,  we  have 

OG  _  OC  3r78  _  r 
sin  a.  .sin  8  '*  sin  *  sin  0 

sin  5  sin  a,  or  0™sin-*  (5  sin  a), 
giving  the  position  or  equilibrium  of  the  hemisphere. 

Since  sin  0<1.  therefore  5  sin  ^<1  - 

Le ’•  sin  a  <  J  a  <  sin*1  £-...' 

Thus  foe  the  equilibrium  to  exist,' we  must  have 
a  <  sin-1  J.  T 

Now  let  C(7==/i...'.  Then  ~X  ...  . 

■  h-'  .  3r/8  r ^  ,  u;,  3r  sin  (0 — a) 

sin(tf  —  oc)  sin  a*  "  8  sin  a 

Here  pj=r  and  p2~  oo. 

The  equilibrium  will  be  stable  if 

ft  ^P\PS  COS  a 

Pi-j-pi  -  f  .  [See  §  7) 


i.e., 

i.c., 

I.e., 

i.e., 

or, 

or. 


1  Pi  >pz 
-■**  — — —  sec  a  l.e., 
PiPi 

£>isec«  . 


sec  a 


[V 


r<  r  cos  a 


r,  pi«=a>) 
[substituting  for  h\ 


•  .  Pi-fP2  ...  _  1 . 

h' 

I 

P 

.  h<r  cos  a. 

3 r  sin  (0— «)  ^ 

8  sin  a 

3  sin  (0— a)  <  8  sin  «  cos  a 
3  sin  0  cos  x—  3  cos  8  sin  *  <  8  sin  <r.  cos  a 
8  sin  «  cos  a— 3  siu  a  V(1  —  V-  sin3  a)  <  8  sin  «  cos  a 
:  [V  ...sin  0—3  sin  «) 

or,  — sin  «  sin3  a)  <  0  ; 

or,  '  sin  a  y/(9—64  sin3  a)  >  0.  .  -..(2) 

But  from  (1), 

sin  a  <  5  i.e.,  64  sin3  a  <  9  i.c.,  </(?— 64  sin2  *) 
is  a  positive  real. number.  Therefore  the  relation  (2)  is  true.  Hence 
the  equilibrium  is  stable. 

Ex.  15.  A  rod  SH ,  of  length  2c  add  whose  cen  tre  of  gravity  0 
is  at  a  distance  d  from  its  centre ,  has  a  ■  string ,  of  length  2c  sec  a, 
tied  to  its  two  ends  and  the  siring  is  then  slung  over  a  small  smooth 
peg  P‘,  find  the  position  of  equilibrium  and  slfdu'_  that  the  position' 
which  is  not  vertical  is  stable.  ' 

* 


Sol.  We  have 


=2c  sec_a,  ■' 

as  is  given.  The  middle  point' 
rod  SH  is  C  and  its  centre  of^ravjty 
is  G  such  that  CG^A  aV 

Since  in  an  .  ellipse  ^ic  ^uVn  of 
the  focal  distances  of  toiy^Oirft  on  it 
is  constant  and  is  equ^l^^he  length 

2a  of  its  mqjor  axis,  therefore  the  peg.  P  must  Tie  on  an  ellipse 
whose  foct  are^an<L/7' and  for  which  the  length  ' of  the  major 
axis  2o=2c,scc'a^Sorthal 

IT”  W‘ttfc=c  sec  *- 

N (given)  and  so  C//=»c.  Hut  C//=oc,  where  c  is 
the  eqcenlrtcity  of  this  ellipse. 

ae—c.  ~  . 


the  length  of  the  < 
A3=o3  (l  -e3)-  a2 - 


>1^- 

r<tp  Hence  the  equation  of  this" 
,r2 


%as  .v-axis  js 
or 


semi  minor  axis  of  this  ellipse,  then 
a2e7=c3  see2  a  —  c2— c-  tan3  u. 

;ltrjKi£=Nvftir""C  as  origin  and  Cl I 
,-  =  l. 


?l^as  v-aiis  is  - 

l*2  see2  x  *  c 1  tan1 

.v3  sin3  z.+y2=^c1  tan3  a. 

Shifting  the  origin  to  the  point  G  ( d ,  0),  it  becomes 
{x-i-d)2  sin2  x4->-2“=r3  u- 
Changing  to  polar  coordinates,  it  becomes 

(r  cos  H^-dy2  isin2  «*i-r2  sin3  0=^<3.tan3  x.  ..-0) 
where  U  is  the  pole  and  GH  is  the  initial  line  so  rhat  for  the  point 
Py  GP=*r  and  s  fGH^O. 

If  we  find  the  value  of  0  for  which  r  is  maximum  or  miniumni 
and  regard  the  corresponding  point  P  of  llic  ellipse  for  ibe  position 
of  the  peg  and  make  PA  vertical,  we  shall  find  the. inclined  position 
of  equilibrium. 

From  (1),  - 

r-  cos2  U  sin3  *-h2 rd  cus  8  sin3  Jt-^'d1  sin2  x 

-i  r3 — r-  cos3  0^cc  tan2  x 
or  r 3  cos3  0  cos3  a  —  2rd  cos  0  sin3aT(c3  tan3  a— r3— r/2'siD3  a).— 0. 
This  is  ti  quadratic  in  cos  0.  Therefore’ 

2rd  sin2  \/[4r=d3  siV  x  -.  %  . 

— :  4r-  cos3  a  (c2  tun2  .x  —  r3—  th-  sin2 


cos  0= 


1  cos2  x 


d  siiri  x  j;  y/[r/3  sin4  *— c2  sin3  x-l-r3  cos3  a-i  d-  siiF  a  cos2  «| 


r  tios2  x 

d  sin2  x-Jj  y/[rz  cos3  x  lc'  —  dz)  sin3  x) 

“  r  cos2  o;  : 

For  real  values  of  cos  ut  we  must  have 
r-  cos2  tx  >  (c2— r/3)  sin3  x  i.c.,  r2  Z~-  (e-  —  d2}  lau:  x. 
Therefore  the  least  value  of  r  is  y/fc3—  J3)  tan  x  and  i 
u  sin3  *  d  sin3  a  d  tail  a 

”*  y/(c-  —  d')  tan  a.  COS3  X  y/(c2—d-) 


that 


ease  cos  0— - 


r  cos-  c 

This  gives  the  position  of  equilibrium  in  which  the  rod  is  not 
vertical.  Since  in  this  ease  r,  the  depth  of.  the  C.G.  of  the  rod 
below  the  peg;  is  mini muni,* therefore  the  equilibrium  is  unstable. 

The  other  two  positions  of  equilibrium  arcjityhcii  /'  is  ai  A  or 
A’  i.c.,  when  the  rod  is.vcrijcal.  ;  *T;!V 

^Ex.  16.  A  smooth  ellipse  is  fixed  with  iis  axis  vertical  and  in 

it  is  placed  u  beam  teiih  its  ends  resting  on  the  a’-c  of  the  ellipse,  if 
the  length  of  the  beam  he  not  less  s/iunmilte  lams'  rectum  of  the  ellips  e , 
show  that  when  U  if  in  stable  equilibrium,  it  will  puss  through  j  he 
Jbeus.  . 
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1  'i 

S  i 

Sol.  Let  i*  be  a  focus  aud  El 

8  '5 

be  ibe  corresponding  directrix  of  tbc 

9  j 

ellipse.  Referred  lo  S  as  pole  and 

»  :5 

the  perpendicular  SD  from  the  focus 

a  yt 

to* the  directrix  as  the  initial  line,  the 

H  .*j. 

polar  equation  of  the  ellipse  is 

i  * 

lfrx=l+ccosO.  .  ...(1) 

• 

Let  AB  be  the  beam  and  G  its 

<3 

£9 


g 


and  //,V  Ay. 


middle  point  i.e.,  its  centre  of  gra¬ 
vity.  Let  .r  be  the  height  of  G  above 
the  fixed  Hue  EF.  Then  - 

z^GK^l  (AM  +  Ubi).  e- 

But  by  ibe  definition  of  the  ellipse, 

ju  “c  aud  ■uu  * .  . , 

•• 

Now  r  will  be  minimum  if  AS-VBS-  is  minimum  /.«*.,  if  At  S 
and  it  lie  on  the  satne  straight  line /.e.,  if  the  beam  AH .  passes 
through  the  focus  S.  But  z  is  minimum  implies  that  the  equili¬ 
brium  of  the  beam  is  stable.  .  Hence  the  equilibrium  of  „tjic  beam 
is  stable  when  it  passes  through  the  focus  .S. 

in  this  case  when  ibe  beam  passes  through  the. focus  S,  we  have 
AB—AS  +  BS 

_ r _ . _ .  f 

I  - f  e  cos  0  l-^c  cot  (n.ir  uy  by(l). 

INotc  that  if  the  vectorial  angle  of  B  is  0  then  that  of  A  is  -~\-0\ 

_  / _ ~J _ 2/  ;  * 

T  -f  <T cos  0  1  i  — c  cos  tf  I  --  e-  cos-  0 
the  length  of  the  beam  AB  will  be  least  when  I  —  c2  cos1  0 
is  greatest  i.e. ,  when  cos  0— 0  or  0— 

Then  AB=*2lt-- length of  the  latus  rectum  of  ibe  ellipse. 

Therefore  the  least  length  of  the  beam  is  equal  to  the  length 
of  the  la  tits  rectum  of  the  ellipse. 

Problems  baaed  upou  z-Cesl 

Lx.  17.  A  uniform  beam  of  length  2u  rest*  with  its  ends  o>t  /iro 
smooth  planes  which  intersect  in  a  horizontal  line.  If  the  inclinations 
of  the  planes  to  the  horizontal  arc  u.  and  /»',  show  that  the 

inclination  0  of  the  beam  to  the  horizontal  in  one  of  the  equilibrium 
positions  is  given  by  l*s-7007 

fan  0=*=$  (cor  ft— cot  «) 

and  show  that  the  beam  is  unstable  in  this  position.  ’ 

Sol.  Let  AH  be  a  uniform 
beam  of  length  2 a  resting  with  its 
ends  A  nnd  B  on  two  smooth  in¬ 
clined  planes  Oa  and  OB.  Suppose 
the  beam  makes  an  angle  0  with 
the  horizontal.  We  have 
fAOM-ft  and  /.BON 


f—  . 

r3 

A 

>  j 

.y  :  At 

The  centre  of  gravity  of  the 
beam  AB  is  its  middle  point  (7. 

Let  r  be  the  height  of  G  above  the  fixed  .horizontal  line  MN.  We 
sbnlt  express  :  as  a  function  of  8.  ^  X*.: 

We  have.  r=*G'Z>=$  (AM-'rBN);n%.  ‘J 

- \  (OA  sin  ft-\- O0sin: V  —(I) 

Now  in  the  triangle  OA  Bf%_  C)A  B±*  P  +  0,  f.OBA^a—0  and 
AOD*~  n  —  (ci-:  ft).  Applying  tKc-sinc  theorem  for  the  A OAB. 
we  have  T 

_ OA _ ^ _ OB_ _ ..fjffXAli-'  2a  . 

sin  (<x  — 0)  sin  (/I -f-tfj  vrsin  la— (o- -^j]  sin  (x  1-0) 


OA 


_  2a  :sin  (x  -0) 
sin  («-i-0) 


.  os—; 


2 a  sin  (0-f-ff ) 
sin  («  b0) 


Substituting  for  OA.  and  OB  in  (I),  we  have 

sin  («  -(/))  -•''-r.5iB(«+rtT  *"■“] 


_  ,  f2asin  (si — 0)  .  2o  sin  (0-f0)  .  . 

- 1 L  «nT«-rr sm  s,n  -j 

“siiT(«h-«  [Sin  sin  ^+s!n  (?+9)  si"  “J 

,:nni.?Vft  [<sin  *x'*  "-cos  *  sin0>  5in  » 

-}- (sin  ft  cos  0  »- cos  ft  sin  0 )  sin  aj 


sin‘(®+0) 


[sin  0  (sin  x  cos  ft— cos  «  sin  0) 


-f-2  cos  8  sin  a  sic  ft]. 
(cos  8  (sin  »  cos  0—  cos  u.  sin  ft) 


dz  ^  n 
tlO  sin  (x-i-0) 

—2  sin  8  sin  «  sin  ft} 

for  equilibrium  of  the  beam,  we  have~=iO 


i.e.,  cos  If  (sin  «  cos  ft— cos  a  sin  ft}— 2  sin  0  sin  x  sin  0  =  0 


2  sin  0  sin  a  sin  0*=cos  8  (sin  a  cos  0— cos  a  sin  ft) 

•  sin  8 *  /sin  «. cos  ft— cos,  <x  sin  ft\ 

cosff“*  \  : sin  a  sin  ^  /  '  . 

tan  0-=i_(£2L0— cot  a);  ...(3) 

This  gives  the  required  position  of  equilibrium  of  the  beam. 
Differentiating  (2),  we  have 
r/2”  a 

[ — sin  0  (sin  *  cos  ft — cos  x  sin  ft) 

—  2  cos  0  sin  a  sin  0} 
u  tan  0  (cot  0  -  cot  a)-J-  H 


r/02  sin 

—2a  sin  a.  sin  0  cos  0 


sin  U-?-0) 

—  2a  sin  z  sin  0cos  0- 

.  ” - siiT(i+?r - ^#+'1  (*>y  O)) 

—a  negative  quantity  because  0,  a  and  ft  are  all  acute  angles 
and  OL-i-ft  <z  -rr. 

Thus  in  the  position  of  equilibrium  d2z{d(ft  is  negative  i.e.,z 
is  maximum.  Hence  the  equilibrium  is  unstable. 

Ex.  18.  A  uniform  heavy  beam  rests  between  two  smooth  planes . 
each  inclined  at  an  angle  {v  to  the  horizontal ,  so  that  the  beam  Is  . 
in  a  vertical  plane  perpendicular  to  the  line  of  action  of  the  planes. 
Show  that  the  equilibrium  is  unstable  when  th&heom  is  horizontal. 

Sol.  Draw  figure  as  in  Ex.  17.  taking5«=:0=  \n.  If  the  beam 
makes  an  angle  8  with  the  horizontal  ahdj?z  be?  the  height  of  the 
C.G.  of  the  beam  above  the  fixed  horizontal*  line  Mh>\  then  pro¬ 
ceeding  as  in  Ex.  17,  we  have  *  -  *  .  *“ 

-  (T  *  » 

z=  -. — ; — [sin  (\ir—8)  sin  f n q-0)  sin  $*►] 

Sin  ^rr  .or 

[G72  “*  >--^#|f^72+  (^2  005  "  w2  sin'°) 

~  a  cos  8.  .  %  'r 

.\  tlzJdO—  -  a  sin'  "0.^^- 

For  equilibrium  orthe  beam,  we  have  dzftlO.-r  0  i.r..  sin  0=0 

i.e..  0  =  0.  ‘  :<JJ 

the  bcani  rests  iil  a  horizontal  position. 

Now  cos  8 . 

When  Of- 0fdizJdQ'1  —  —a  cos  0«= — </,  which  is  negative. 

Thus  in  the?posilion  of  equilibrium  (Nzfdff1  is  negative  i.e.,  z  ,■ 
is  maximum.-;.  Hence  the  equilibrium  is  unstable. 

'  Ex:  ,  f?.  >1  heavy  uniform  rad  rests  wi/h  one  end  against  a  smooth 
■  ertiedfi  wall  and  with  a  point  in  Its  length  resting  on  a  smooth  3 peg; 

.  find- the  position  of  equilibrium  and  show  that  it  is  unstable.  iFoS-ZOU 

'■  Sol.  Lei  All  be  a  uniform  toil  of  length  2it.  The  end  A  of  the 
“rod  rests  agaiiiM  a  smooth  verli- 
■'  cal  wall  and  the  rod  rests  on  a 
smooth  peg  C  whose  distance 
from  the  wall  is  say  hie..  Cl>=°b. 

Suppose  rhe  rod  -makes  an 
angle  0  with  the  wall.  The  centre 
of  gravity  of  the  rod  is  at  its 
middle  point.//.  Let  r  be '  the 
height  of  G  above  the  lixed  .  peg 
C  i.e.,  GM  —  z.  We  shall  express 
r  in  terms  of  f>\  We  have 

z^GM^F.D^AF.-AD 
~AG  cos- 8—  CD  cot  t) 
s=.n  cos  0~  h  cot  ft. 

dzfdB—  —a  sin  0  |-/>  cosec2  0 
nnd  d-zfdfl 2  =  —  a  cos  8— 2b  cosec2  f>  col  0. 

For  equilibrium  of  the  rod,  we  ha.\c.dzjd0==0 
•  e  ,  —a  sin  0-i- A  cosec2  fl-M)  •*. 

or  n  sin  0—  h  cosec2  0,  or  •..siiy4. 0=-»/yn .  .  . 

or  sin  0t=j(A/nV-’3;  -  or  0»-«sin"’  (I'/aY*'. 

This  gives  the  position  of  equilibrium  of  the  rod. 

Again  tFzJtlfP*-  —(a  cos  0-1-2 h  cosec-  P  col  8) 

=  —  negative  for  all  acute  ’values  of  0. 

Thus  d::*dl‘2  is  negative  in*  the  position  of  equilibrium  and  so: 

C»X  maximum.  Hence  the  equilibrium  is  unstable. 

Ex.  20.  A  hratr  uniform  rod,  length  2 a,  rests  partly  within  omf 
portly  without  a  fixed  smooth  hemispherical  howl  of  radius  ry  the  rim 
of  1  hi-  Au n-/  is  Jtnri: tnuul.  and  onr  point  of  the  rot!  is  in  contact  with 
the  rim:  f  0  he  ihr  inclination  of  the  rod  to  the  horizon .  show  that 
2 r  ms  2 a  cos  ft. 

Show  also  that  the  equilibrium  of  the  rod  is  Stable. 

Sol.  Lei  AB  be  the  rod  of  length  2n.w»th  its  centre  of  gravity 
m  (T,  A  point  C  of  its  length  i.< 
in  contact  with  the  rim  of  the 
bowl  of  radius  r  and  centre  O. 

The  rod  *s  in  equilibrium 
under  the  action  of  three  forces. 

The  reaction  l<  of  the  howl  at  A 
is  along  t tie  norniSl  AO  and  the 
reaction  ,S‘  of  the  rim  :*t  C  is 
perpendicular  to  the  rod.  Let 
these  reactions  meet  in  n  point 
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Stable  &  Unstable  Equilibrium 
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/>.  Since  the  .line  AOT>  passes  through  the  centre  O  of  the  bowl 
and  /.ACD  is  a  right  angle,  therefore  AOD  is  a  diameter  of  the 
sphere  ol  which  the  bowl  is  a  part. 

Thelihird  force  on  the  rod  is  its  weight  I Y  acting  vertically 
downwards  through  its  middle  point  C.  Since  the  three  forces  must 
be  concurrent,  therefore  the  line  OG  is  vertical. 

Suppose  the  line  DG  meets  the  surface  of  the  bowl  at  the  point 
F..  Join  .4 then  /l/T  is  horizontal  because  /  A £7)  —  9CT.  being  the 
angle  in  a  semi-circle. 

We  have  '  DA CO  '  [V  AE  is  parallel  to  OC) 

-■=  /  OA  C.  [  V  >'Q/»  -----  f>C) 

./  DAE —20.  ' 

Suppose  z  is  the  depth  of  thd  centre  or  gravityvG  of  the  rod 
below  the  fixed  horizontal  line  OC .  Then 

z^MG^ME—  Gf,-=  OF  —C,E  * 

=--OA  sin  2 0—  AG  sin  i»-~  r  sin  2tf~  a  sm  tf. 

. (Izfd8=*2r.  cos  26— a  cos  9. 

For  the  equilibrium  of  the  rod,  >vc  must  have  dzrdfi-=() 

2rcos20 — a  cos  ?«=0  i.e.,  2r  cos  20-  <»  cos  tf. 

This  gives  the  position  of  equilibrium  of  the  rod. 

Again  rPzfdO2  — - 4r  sin  sin  ® 

—  2  (2rsin  20) A  a  sin  0 

--=-2 .PC  GE.  which  is  negative  because  DE>GE. 

Thus  the  depth  r  of  the  C.G.  of  the  rod  below  a  fixed  hori¬ 
zontal  line  is  maximum.  Hence  the  equilibrium  is  stable.' 

Ex.  21.  One  end  A  of  a  uniform  rot!  A  E  of  n eight  W  arid  lyngth 
I  ix  smoothly  1 hinged  at  a  fixed  point .  while  &  is  tied  to  o  light  string 
which  passes  over,  a  small  smootJr  pulley  at  a  distance  a  vertically 
oho  re  A  and  carries  a  weight  U'/\.  /fl<a<2l.  show- that  the  system  . 
is  in  si  oh  I  c  eouilihrimn  when  AH  is-  vertically  u/nvards,  and  that  there 
is  also  a  configuration  of  equilibrium  in  which  the  rad  is  at  a  certain 
angle  to  the  vertical. 

Sol.  Let  AH  be  the  rod  of  length  /  hinged  at  the  fixed  point 
.4.  The  weight  H'of  the  rod  acts  through  its 
middle  point  G.  Let  /»  he  the  length  of  the. 
string  BCD  which  is  attached  to  E  and  passes 
over  a  smooth  pulley  at  C,  aC  being  vertical 
and  equal  to  a.  The  string  carries  a  weight  H'M 
ill  its  other  end  D.  Let  \  8AC^-  9. 

From  a  DA C. 

RC=  V(A B* -J  A C3  —  2 A  It.  A  C .cos  tf) 

«v/(/,r«=-2 la  cos  0). 
the  length  of  the  portion  CD  of  the 
string  hanging  vertically 

==/>—  BC-^h—  %/(/*  ]  a2  —  2 la  cos  0). 

The  weight  acts  at  the  point  G  whose  height  above  the  fixed  . 
point  A  is  AG  cos  0  i.e..  p  cos  0.  The  weight  W}4  acts  at  D  whosex. 
height  above  A  is  a  —  h+  \/(/2-|-a2— 2/o  cos  0). 

Hence  if  z  be  the  height,  above  the  fixed  point  A .  of  the  centre^, 
of  gravity  of  the  system  consisting  of  the  weight  W  and  **7.4,  then 
»')  H'.J/  cos  0  A-\W{a-bAr  V(l2+a2-2!a  cqi}))y 

i-r. .  5s  =  2  /  cos  0  a  -  -  h  4-  y/(l3  -f-  o2 — 2/a  cos  9).  r 


-  —21  sin  tf+ 


r  tPz 


V(/M-aJ-2/o  cos  i  _ 

al  cos  6  '7:- 

’  v'(/i4  ar—2la  cosTf)  r;' ' 

a*  P  sin2  9 


A- °2 -21  a  cos  tf)3'3 

For  the  equilibrium  of  the  system.- we  must  have  dz/dd^O. 
Obviously  ds/dO  vanishes  whenf smJ?f=j6^:e.-.  0=0  i.e. ,  the  rod  A B 
is  vertically  upwards.  Thus  the  systenris  in  equilibrium  when  the 
rod  AB  is  vertically  upwards, 

For  0----O,  we  have  5  2/+  — 777*7— [— tt~ \ 

'(IP2\fy  -f(l3A-a3—2  la) 

-  -2/^4"—,.  if  a  >  / 
a.—  /' 

_ 

a—  / 

which  is  positive  ir l<a<  21. 

Thus  in  <  a  <  21.  then  for  0=0.  d3:/d63  is  positive  i.e..  z  rs 
minimum.  Hence  this  is  a  stable  position  of  equilibrium. 

1  n  dz/dO  also  vanishes  when 


Aga 

-2 


\ZU2  I  a3— 21  a  cos  0) 

4n3_S  la  cos  0—0- 


=■0  or  4  —  - 


(/J.j.0a_2f  a  cos  P) 


4/2 

or  -  cos  /Lss  ’ - ,  which  gives  a  real  v<iluc  of  0  when  /<a<2/. 

So  there  is  also  n  configuration  of- equilibrium  in  which  the 
rod  is  inclined  to  the- vertical. 

Ex.  22.  Tiro  equal  uniform  rods  are  firmly  jointed  at  one  end 
so  that  the  angle- between  them  is  »,  and  they  rest  in  a  vertical  plane 
on  o  smooth  sphere  of  radius  r.  Show  that  they  are  in  a  stable 
or  unstable  equilibrium  according  as  the  length  of  the  rod 
is  >  Or  <  4r  casec  u. 


Sol.  Let  A3  and  AC  be  two  rods  jointed  at  A  and  placed  in 
a  vertical  plane  on  a  smooth  sphere  of  centre 
O  and  radius  r.  We  have.  .-;'  BAC=x.  Since 
the  rods  are  tangential  to  the  sphere, 
therefore  /_  BA  0*=  f_  CA  O  —  l  x. 

Suppose  A  B^=AC—2a. 

Tf  D  and  E  are  the  middle  points  of  the 
rods  AB  and  AC.  then' the  combined  C.G. 
of  the  rods  is  at  the  middle  point  G  of  ED 
which  must  be  on  AO.  Suppose  the  rod  AC 
■  touches  the  sphere  at  M..  We  have. 

OM^r,  A  fi—a,  ✓>tA/0=9O\ 

•  s_  AG£=90\‘  - 
.Supposc  ^O  makes  an  angle  0  with  the ihorirontal  line  OH 
.  through:  thc^fixed  point  O.  .Lct  .r  be  the  height  bLthe;  C-G.  of  the 
;;systerri--a'b<>ye.the  hor izontal' through-ip.j Thcn--;^  “'./ ;  • 

V  V.'.y  ;V  z^GN^OG  sin  8=(Ad^A^ ;sin:0yp  : 

'.-"j'r;’". -.-v  V  ■  cosec.’ jat—a  covja).. sin  0:  v  •  '• 

dz}dii=^(r  cosec  Jx^a^cos- jiX.cos  0.  y.,: 

•  - For.  the  equilibrium  of  thef^ods;  we|  must .’Have  W:/./0=O 
•  i.e.,  (/-.  co sec  la —a, cos  ix>  cov.0f=O  />.,  cos.  0:=  0; tie. . 

Thus  in  the  position  of  equilibrium.  of;ni;ds^the  line. /tC^must 
..be  vertical.  ...  :  .  '  •  .rS  f*rmf 

Also  dizfdOz~  — (r  coscc  Ja—  a  cds>iaj;,siiv  f 
=  — r  cosec 4-u  Cosi Ja,'  for 

The  equilibrium  wilj  bc  stableipr^unstable.  according  :is  the 
height  z  of  the  CJG.  of  the  syit ern^is vminim lim  or.  maximum  in  the 
position  of  equilibrium,  l  : 

i.e..  according  as  dlzjdijf IV/positivc  or  negative- at  i?=slw 
ir:,  according  as  ri;.c,QShS*=:>  or  <  r  coscc  i* 

.  .  .  .■«:?  2r 

t.e.,  accord  1  nqfas  2 0  .>  or.<  — - : — -. — 

.  -1-  .  cos  ia  sm  Ay. 


I.e., 

i.e.. 


■Oh  U 

Since  B  lies  on 


according  as : 2«3  -  or  <  - -  - 

.T:  v  '■  ,  s»n  <x 

according  as  2 a  >  or  <  4 r  cosec  a. 

Ex-  23.  ..  A  uniform  rod ,  of  length  2/,  is  attached  by  smooth 
' 'rings,  at- both  ends  of  a  parabolic  wire,  fixed  with  its  axis  vertical 
andyertex  downwards,  and.  of  \ tutus,  rertunt  4a.  Show  that  the  angle 
iO.  whicti the  rod  makes  with,  the  horizontal  in  ct  slanting  position,  of 

.•  . 

.>  equilibrium  is  given  by  cos 1  0— 2a//.  and  that,  if  these  positions  exist 
t  they  are  stable. 

Show  also  shat  the  positions  in  which  the  rod  is  horizontal  are 
stable  or_unstable  according  us  the  rod  is  below  or  above-  the  focus . 

SoJ.  Let  AB  be  the  rod  of  length  21. 

Take  OX  and  OY  as  coordinate  axes,  so 
that  the  equation  of -the  parabola  be 
written  as 

x3  w--4oy. 

Let  the  coordinates  of  the  point  A  be 
(2 at,  at2)  and  let  the  rod  AB  make  an 
angle  B  with  the  horizontal  AC.  Then  the 
coordinates  of  8  are  (2o/-f  2/  cos  9 ,  at2  +  21  sin  0). 
the  parabola  jr2*=4av,  therefore 

(2aM-2/cos  0)2  =  4a  (a/2-|-2/  sin  d) 
or  0  Batf  cos  0-j-4/J  cos2  0—ial  sin  0 

or  (2a/  cos  0)  t=*2al  sin  9— I3  cos2  0 

or  /=tan  0— (//2a)  cos  9.  ...(1) 

The  centre  of  gravity  of  the  rod  AB  is  at  its"  middle  -point  G. 
If  z  be  the  height  of  G  above  the  fixed  horizontal  line  OX.  then 
(AM  ~Bb:) 

—  |  [at3-r{at2-\-2!  sin  0)}--=a/2-l-  /  sin  9 

-  a  [tan  9—  (//2a)  cos  0]J-L/s?n  9  [from  (1)] 

=  (/a/4a)  cos2  0-r-a  tan2  0  —  (l/4a)  [ 1 3  cos2  0--4a2  tan2  0j. 

dzldO~{M4a')  f— 2Z2  cos  ti  sin  0-'r  802  tan  flsec2  0J 
=  (l/2o)  sin  0  [  —  l3  cos  0--4a3  sec'  0). 

For  the  equilibrium  of  the  rod.  we  must  have  dz/dO— 0 
i.e.  (1  /2a)  sin  0  ( —  I3  cos  0 -f  4r»-  sec2  0)  =  0. 

either  sin  tf  — 0  i.e..  0=0,  which  gives  the  horizontal 

position  of  rest  of  the  rod 

or  —  J\  cos  0  |  4 a~  sec-1  0  =  0  i.e.  / 2  cos  tf  =  4a2/cos)  tf 

i.e.,  cos4  fi  =  4a2//2  i.e..  cos*  0=^2ajl.  which  giver,  the  inclined 

position  of  rest  of  the  rod. 

Now.  tf3z ftlP.3—. ( 1  /2o)  cos  0  [  ~l-  cos  0  -f  4 a»  sc c*  01  - 

(l /2a)  sin  tf  [l2  sin  tf-  12a2  sec2  0  tan  0J.  ...(2| 

When  cos2  t>-  2 «//  i.e.,  when  -tf  cos  tf-r4o2  sec*  0  =  0 
we  have 

d'z/tlu2^ 1 1 /2n)  sin  tf  [/2  sin  tf  12dJ  sec*  tf  tan  tf] 

— -(l/2/i )  sin2  tf  [/-  i-  I2q2  sec*  tf].  which  is  >  O. 
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Stable  it  Unstable  Equilibrium 


(Statics)/!  0 


2CLt) 


or  tan  10*=  —  /. 


Hence  in  the  inclined  position  of  rest  of  the  rod,  z  is  mini¬ 
mum  and  so  the  equilibrium  is  stable. 

Again  when  the  rod  is  horizontal  l.e.,  0»O,  wc-bave,  from  (2) 

d'-z  8a1- 2  P.:  4a2 — P- 
d02'~  .4  a  Z* 

The  equilibrium  in  this  case  is  stable  or  unstable  according  as 
d-z}tW2  is  positive  or  negative 
i.r.„  according  as  Aar—P  >  or  <  0 

i.e..  according  as  la  >  or  <.  I 

i/,,  according  as  2/  <  or  >  4a 

jCw  according  as  the  tod  is  below  or  above  the  focus. 

Ex.  24.  A  uniform  smooth  rod  parses  through  a  ring  at  the 
focus  of  a  f  ixed  parabola  whose  axis  ft. vertical  and  vertex  below  the 
fonts,  and  rests  with  one  end  on  the  parabola .  .  Prove  that  the  rod 
wifi  be  in  equilibrium  ifit  makes  with  the  vertical  an  angle  6  given  by 
the  equation 

rax4  \fl=ra}2c 

where  4 a  is  the  laws  rectum  end  2c  the  length  of  the  rad.  investigate 
also  the  stability  of  equilibrium  In  this  position.  |  Lucknow  8 1 ) 

Sol.  I.et  the  equation  of  the  para¬ 
bola  be  rI-r4o.v. 

Let  AH  be  the  rod  of  length  2c  with 
its  end  A  on  the  parabola  and  passing 
through  a  ring  at  the  focus  .V.  Let  the. 
coordinates  of  A  be  («r:,  2«/)  :  ihe  co¬ 
ordinates  of  the  focus  .V  arc  (a.  0).  -  If 
the  rod  AH  makes  an  angle  0 .  with  the  . 
vertical  OX,  then 

tan  0— rthc  gradient  of  the  line  All 

2 n/-0  2r  —It 
at-  —  ii  "/* —  I  I — t 
2  tan  \0  2  (— t) 

’*  V-—tan2ltf  '  I -(-/)* 

Let  r  be-  the  height  of  the  ccntre'of  gravity  G  of  the  rod  AH 
above  the  fixed  horizontal  line  YOYr.  Then 

r  —  OM  +  HG=OM  +  AG  cos  ft 

—  OXlA-C  COS  ft 

[  v  O M — .v-co ordinate  of  A  and  AG  —  }A3] 
--a  tan2  cos  0 . 

dr i th)  -~2n  \U  see2  lb).  A  —  c  sin  0 

~a  tan  )0  see-  id— c.2  sin  Jtfeos  40 
™.«»n  Iff  (a  see3  iff  — 2 e  cos  40). 

For  the  equilibrium  of  the  rod.  we  must  have  dzftl6  -=-0 
—r.e.,  .  sin  frg  (usee2  iff=2r  cos  i  0)  —  0. 

either  sin  10--=: 0  i.e.,  t).~ 0, 

which  gives  the  vertical  position  of  equilibrium, 
or  n  see2  -}0  —  2 r  cot  )0  ^0  i.a .,  a  see2  J0— 2c  cos  ±0>-i  '■ 

l'e- ’  cos'  jff.-.-t aflc,  which  gives  the  inclined  position  of  rest 

oft  he  rod . 

Mow 

a  *2  y  ' 

-1  co*  wcJ  iff— 2c  cos  \0\ 

A-  sin.  J0  sec2  £0  ta u  40-,-r-siij  |t»  J 

m  i  cos  hO  [a  see2  \0—2c  cos'  k$]  ---sin2  40  [\i_seC  $0 
which  is  >0  when  cos*  \ff~al2c 
i.e.,  when  a  see2  \0— 2<*  cos  k0fs0Z\ 

Thus  in  the  inclined  position  of  equilibrium  of  the  rod. 
d^zjdO2  is  positive  i.e. ,  z  is  m i riimu ni:'>  Hen cc  the  equilibrium  is 
srablc  in  the  inclined  position. of  restVxf  the  rod. 

-  Ex.  25.  A  Square  .lamina,  rests.  with  its  plane  perpendicular 
to  a  smooth  wall  one  corner.heing  attached  to  a  point  in  the  wall  by 
a  fme  string  of  length  equal  to  the  side  of  the  square.  Find  the  posi¬ 
tion  of  equi/ihr'.trn  and  diow  that  it  it  stable. 

Sol.  A  BCD  is  a  square .  lamina 
of.  side  2q.  It  is  suspended  from 
the  point  O  in  the  wall  by  a  fine 
string  OB  of  length  2a.  The  corner  A 
of  the  lamina  touches  the  wal|  and 
the  plane  or  the  lamina  is  perpendi¬ 
cular  to  the  wall. 

I.et  BAO.-rfl.. 

T  hen  '.A  Oft  /.  If  AO  -=-  0. 

(V  A  B—O/i] 

Since  BC  is  perpendicular  to  yO/’and 
the  horizontal  line  EF  is  perpendi¬ 
cular  to  AO.  therefore  ~  ;  EDC.-.0. 

The  centre  of  gravity  of  the  lamina  is  the  middle  point  G  of 
i hr  diagonal"  BO.  We  have 

BG=l  ft D  =  s. 2a  y2-:.-jV2. 


tan  0—  J. 
in  equilibrium  the 


:  CBD~  45*  and  /_FBG=*y+8- 
If  r  be  the  depth  of  G  below  the  fixed  point  0,  then 

z—OE-i-MG^la  cos  sin  (45*+ 0) 

— -2o  cos  0  +a\F2  tOS  *rl'  \12  S1“  *) 

^.3 a  cos  0a* a  sin  0. 

JzlJt)--  —  3a  sin  0-{-a  cos  0. 

For  equilibrium,  dzfd0—0 
i.e.,  — 3a  sin  0-f-a  cos  0*=O  i.e.. 

This  gives  the  position  of  equilibrium  i.e., 
side  ABot  th.'  Vamina  makes. an  angle  tan*’  J  with  the.  wall. 

Now  rflr/r/0-=  —3a  cos  t»—  a  sin  6 

“  (3  *yfl>7  vlo)- when  ,an  l’“1 

a. negative  number. 

Thus  in  the  position  of  equilibrium  the:  depth  z  of  the  C.G. 
of  the  lamina  below  the  fixed  point  O  is  maximum.  Hence  the 
equilibrium  is  stable. 

Ex.  2b.  A  square,  lamina  rests  M  a  vertical  plane  on  two  smooth 
pegs  which  ore  in  the  same  horizontal  Hue.  Show  that  there  is.  only 
one  position  of  equilibrium  unless  the  distattegr between  the  pegs  is 
greater  than  one-quarter  of  rite  diagonal  of  t l 1  e  square,  hut  that  if  this 
condition  is  satisfied,  there  may  be  thr  expositions  of  equilibrium  and 
that  the  symmetrical  position  will  be-.s table,  but  tiff  other  two 
positions  of  etfuilihriuin  will  he  unstahief&&.  _ 

Sol.  ABCD  is  a  square  laroirffi^. 
resting  on  the  pegs  E  and  /v  '  which  " 
arc  io  the  same  horizontal, line*.. ^l;et 
EF=c  and  AC^2d.  Suppose-  the 
diagonal  AC  makes  an:;  angle  0  with 
the  horizontal  All.  Then  V 

/  EA  K=0~  £ CA  8k±0  -  45" . 

The  C-G.  of  ihe  lamina  is  the  .  _ 

middle  poini.G  oIjihc  diagonal  AC.  “  A 

Let  r  be  thc.hcighl  of  G  above  the  fixed  line  EF. 

Thcif%f ^  GA  -  C/A/  -  .V  A/--  G,vi-  EK 

t=  AG  -fnO—AE  sin  (0  —  45') 

-ir/  sin  0-  EF  cos  (t>-~45:)  sin  (0-45-) 

..  ixv/sin  ff—\c  sin  2  (0  — 45^) 
j^d  sin  tf— *c  sin  i20 — 90  ) 

—  d  sin  0+  Jc  sin  (90° — 2 fy^-d  sin  0-|-ic  cos  20. 

dz{d0=d  cos  0  —  c  sin  20. 

For  equilibrium, 

dzfd0—0  f.c.,  el  cos  0—c  sin  20  —  0 
i.e.,  *1  cos  0— 2c  sin  0  cos  0=*O  i.e.,  cos  B  ( d — 2c  sin  0)  =  O. 

COS  0=0  i.C.,  0=Jjr, 

or  d — 2c  sin  0  =  0  i.e.,  sin-  d—dfjc  i.e.,  0  — sin-1  (r//2c). 

in  the  position  of  equilibrium  given  by.  0=i^,  the  dingonal 
AC  is  vertical  and  the  square  rests  syhi metrically  on  the  pegs. 

In  the  position  of  equilibrium  given  by  0=sinTl :(z//2c),  if 
f//2c<l,  the  diagonal  AC  is  not  vertical  but  is  inclined  at  some 
angle  to  the  vertical.  So  it  gives  inclined- position  of  equilibrium. 

But  we  know  that  .  sin  0=sin  (»~0). 

Hence  we  shall  have  two  inclined  positions  of  equilibrium  »givcn  by 

0=s.\n-l  {dj2c)  RnA  e^b—sitC'Xdlfcy  . 

The  inclined  position;  of  equilibriumvis  possible  only  when 
d/2c<l  [*/  siii  '0<:l  for. inclined  position) 
i.e.,  when  d<2c  i.e.,  when  c>-  {d  Le.,  whcn  c>}.(2d) 
i.e.,  when  the  distance  between  the  pcgs-> 4  (length  of  the 

diagonal).' 

Thus  there  is  only  one  position  of  equilibrium  (/.c.,  tl\e  sym¬ 
metrical  position)  unless  the  distance  between  the  pegs  is  greater 
than  one-quarter  of-the  diagonal  of  the  square.  Also  if  2 c>//. 
there  arc  three  positions  of  equil  ibrium. 

To  determine  tht  nature  of  equilibrium  when  2c;>d. 

We  have,' 

cPzjdB2^  —  d  sin  0 — 2c  cos  20 
=— dsin  6 — 2c  (I  — 2  sin2  0)— *  — d sin  tf— 2c-l-4<:  sin2  0. 

For  the  symmetrical  position  of  equilibrium  0=j7r, 

d7z{d02*=—d—2c+4c-2c—d>0,  because  2od. 

.*.  d2z[dV2  is  positive -when  -0=  J77  and  so  z  is  .  minimum  for 
0  =  iir.  Hence  the  symmetrical  position  of  equilibrium  given  by 
0=  is  stable- 

For  the  inclined  position  of  equilibrium  given  by  sin  6=df2c, 
we  have 

d2z ^ 

dtp"  2c 

4c* 

■  C  0,  because  2c  >  d. 


,  d  .  ,  .  d2  d2  d2  . 
,-d--2c+4c.—, - — -2.- 


2c 
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Stable  &  Unstable  Equilibrium 


:-:C  • 

Sol..  A  BCD;  is-  a  square .. 

’  .  eiv'-  S'  -■ 

:  c. 

l 

£ 

board  resting  .bn  :-the  pegs  E 
and  E-  which  arc  in  tbe  same 

.i 

horizontal  line. 

Wc-have 

EF =c  anil. AC  D. 

*(p(M) 

The  mass' M  of  thc-lamina 

r\  ( 

AT 

\a 

.  e 

acts  aL  the-  niidtlle  point.  G;.  of 

r  ^r. .  / 

.-.•w 

<E. 

AC  aud  There,  is  a  mass,  m 

%  ' 

attached -at  X.  Suppose  the 

(pij/ifit*.  / 

!  d3zfd0-  is  negative,  when  sin  9±=d)2c  and  so  z  is  maximum 
for  the  inclined  positions -of  equilibrium;  Hence  the  inclined  posi¬ 
tions  ofequilibriurn  are  unstable. 

Remark.-  Wtcn  2c  C  d,  there  is  only,  one  ‘position  of  equili¬ 
brium  i.e. ,  thc  symroetrical  position,  ot  equilibrium.  For  this  posi¬ 
tion  of  equilibrium, d^zjdd1  =2  c — Jwh  i  chi s> <0,7  because  2c  <  d: 
Hence  z  is  maximum  and  the  equilibrium  Is  unstable. 

Ex.  '27.  A  uniform  .square.,  b oar  d^pfi- mass  Af;  is.  supported  in  a 
vertical  plane  o.h  two  smooth  pegs  on  the  sanie  horizontal  level.  The 
distance  between* the  pegs  is  a- and:  the  diagonal }fO/t fie  square  is  D\ 
wher.c  D->  4a.  If  one  diagonal,  is  yfrticaland.a  mass.  tti  "is  attached 
■ ro ■.  its  lower  end.,' prove  that  the  cquilibr i uindssiable,  if  ' 


4am  >  M : (D~  4a). 


diagonal  AC  makes  an  angle  0  with  the  horizontal d//.  Then 
£EaK=$—4$*=*£FEa.  '; 

The  height  of  (/■(/'.£.,  the  point-  where?  A/,  acts)  above  EF 
^GEi.^GM  bl^GAl-^EK^AG  sin  0-X£75in(0— 45°) 

=  fc£>  sin  0— £'Kco5.(fi— 45*)  sin'  (0 — 45*)^*  .V;. . 

=  it>  sin  0-^{a  sin  2  ^.4S*)»iZ>'sin  ff.^a  sin  (20-90°) 

*=  }£)  sin  0 +  Jrr.  sin  (9QT—28)  =  }  E>  sin  jOfc. \a  cos  20. 

Also  the  depth  of- A  (i.e.,  the  point>wherc  /»  acts)  below  £F 
«  EK-  A  E  sin  (0-45  •)«  EF  cos  (6>-45;)  sin  (5-45=) 

.  sin  (20—90°)—  — cos  29. 


Let  Z:' be  the  height  of  C-G.  ofi.The.  system  consisting,  of  the 
^passes  A i  and  m  above  the  lixed  line  EF.  Then 


- — ^  (i-P  sin  0~F|q  cos  20)~~tn  [—  (— }a  cos  20)) 

•  .  AJrjm  ~ 

\MD  sin  0-1- (A-/  $acos  28 

.  _  _  .v/-pm 

dZ  1  HMD  cos  0- a  sin  26]. 


;  0  =  0 


dO  M+m 

For  equilibrium,  d:}d9^=  0, 
i.e.,  JA/2>co$  8— 2a  (Af  -t-m)  sin  0  cos  1 

i.e.,  cos  6[\MD-2a  sin  0)^0.  -■  .  V 

,\  cilhcr  cos  0=0  I.e.,  0=  '  ' 

or  \MD  —  2a  (M  +  m)  sin  0^0 

i.v.  sin  0=zMDf{4a  (A/-|-ni)). 

Now  0— iv  means  the  diagonal  AC  is  vertical.  '' 

]  _-L 

— — -  [  —  A  At  D  sin  0  —2u.[M  A-tn)  cos  20} 

1  l  —  i  M  D  -I-  2af(A/rJ-»ij),  for  0-  -W. 


Wc  have  *[-2- 
t/Q- 


~  Ai-i-ni 


The  equilibrium  is  stable  ai  8~  Itt  if-.z  is  minimum  at  0=-=i?r 
i.e.,  if  d-zfdO* .is  positive  ut  O^irtr  T  —  i  MO  —  2o  (A/-|-  >n)  >  0 

or,  4 am  >  MD—4aM  or,  4  am  •>  Al  (D  —  4a). 

Ex.  28  (a).  .4  uniform  isosec ies.  -tr i angular  lamina  ABC  rests  in 
equilibrium  with  its  equal  sides k All  : and  AC  in  contact  with  two 
smooth  pegs  in  the  same  horizon  la  El  ine  at  a  distance  c  apart.  If  the 
perpendicular  AD  upon  BC2iS'k\\-show  t  hat  .there  ore  three  positions 
of  equilibrium,  of  which  the. one  with  AD  vertical  is  stable  and  the 
other  two  are  unstable,  if  h  <  3c  cosec  A;  whilst  if  h  >  3c  cosec  A. 


Sol.  ABC  is  an  isosceles  t ri- 
angulnr  lamina  resting  on  two  * 
smooth  pegs  £  and  F'.hieh  arc*  in 
the  sania  horizontal  .line  and 
ICF—c.  ffhc  perpendicular  AD 
Irom  A  upon  BC  is  of  length  h.  Wc 
have 

/_  BA /);=/  CA D ---A  A. 

The  weight  of  the  lamina  .  acts 
at  its  centre  of  gravity  (7.  where 
j>l  I)i=  iii. . 


which  is  unstable. 

C  ' 

/  %  / 

>& 

.  _ 

-  — Ct 

r*K. 

Then 


Suppose  AD  makes  an  angle  0  with  the  horizontal  AH,  so  (hat 
Z.BMI  0-i  t. 

Let  _  be  the  height  of  O'  above  the  iixed  horizontal  line  EF. 


c -G:\J--GN— .1 I i\r  —  MV — EE  AG  sin  9—AE  sin  (0—  \A). 


=  |A  sin  0 — AE  sin  (8—lA). 

Since  EF  is  parallel  to  AK ,  therefore 
/_  FEA  =  /  EAK=0- \A . 

Now  in  the  &A£F9  wc  have 

/_  EFA  7t—{A  +(0- iA))  ^n  —  (d  -F  M>* 

Applying  the  sine  theorem  of  trigonometry  for  the  [\AEF, 
wc  have 

AE  EF 

sin  F^EFA 

U..  ME 


sin  /_  FAE 


sin  {tt_ (0+  ±A)} 
AE - 


sin  A 


sin  A 


sin  (0+\A). 


Substituting  this  value  of-^i;  in  (J),  wc  have 


lh  sin  0- 


sin  A 


sin  (0-i-i/f)  sin  (d—  1-1) 


- \h  sin  0 —  - — ; — -  Icos  A—  cos  2d] 
2  SID  /l 


*5A  sin  V- 


'  col  A  ~ : — -•  cos  20. 
>  2  sin  A 


th 


-C2i 


For  equilibrium,  tlz/dO— 0 


i.e., 


2c 


lh  cos  0 - r-— sin  0  cos  0— X) 

sm  A  * 


2  cos  ( 

.cither  cos  0  —  0  .i.e.  Oy^\v 


,,  c  sin  0  _  ,  „  /i;stn  A 

\h - - ^0  i.e.  sin  0 

sin  A 


3c  "  3c  cosec  A 
Now  0=  Jw  gives  lhe;  position  of  equilibrium  in  which  AD  is 
verticaland  the  triangle  rests  symmetrically  on  the  pegs.  The  values 
of®  given  by..  '  sin  0 3c  eoscc  A) 
are  real  and  not  equal  to  iw  if  A  3c  eosccyt.  Since 
sin  (»r— 0)— sin  0, 

therefore  if  A<3 c  eoscc  A,  the  equation  sin  U  —  h/(3c  coscc  A)  gives, 
twolnclincd  positions  ofequilibriurn,  one  0and"thc  other  -*—0. 
TBus-fif  h  <2  3c  coscc  A,  there  are  three  positions  of  equilibrium, 
r-Vqnc.1  symmetrical  and  the  other  two  inclined. 


If  A  7.5  3c  cosec  A,  then  the  equation  sin  0s_A/(3c  coscc  A) 
..either  gives  no  real  value  of  0  or  the  value  of  9  given  by  it  is  aho 
equal  to  l»r-  Thus  in  this  case  the  symmetrical  position  of  equili¬ 
brium,  0=1»t,  is  the  only  position  of  equilibrium. 

Nature  of  cquilibrinm. 

From  (2), 


d2~ 

For 


-—  -t.  —  lh  sin  0 — r-. - -  cos  20- 

c/02  sin  A 


-(3) 


aA-i 


2  c 


—  ?  (  —  A-F3c  coscc  A), 


d0z  sin  A~ 

which  is  positive  or  negative  according  as 
A  <  or  >  3c  cosec  A . 

Thus  for  U—l-n,  z  is  minimum  or  maximum  according  as 
A  <•  or  >  3c  coscc  A . 

Hence  for  0—  the  equilibrium  is  stable  or  unstable  according  as 
h  c  or  >  3c  coscc  A. 

For  9>-  d2z/d0~  =  0  when  A  =  3c  coscc  A.  (n  this  ease  wc 

can  sec  that  tHzjdO2  —  0  and  d4zjd0*= —  6c  coscc  A,  which  is  nega¬ 
tive.  So  in  this  ease  z  is  maximum  and  the  equilibrium  is  unstable. 
Thus  the  symmetrical  position  of  equilibrium  Js  stable  or  unstable- 
according  us 

h  <  or  3c  coscc  A . 

Now  wc  consider  the  inclined  positions  of  equilibrium.  From 
(3),  wc  can  write 

d2z  "  '  “  2c ,  (1-2  sin2  0). 


-  JA  sin  0 - 


JQi~ 

For  the  inclined  positions  of  equilibrium,  sin  U^-(h  sin  A)l 3c. 
Fulling  sin  0  — (A  sin  A)[3c.  in  (4),  wc  get 

2 A  A  sin  A  2c  ,  4c  h~  sin1  A 

dO 2“ 

^2A- 
9c 


-I- 


sin  A  sin  A' 


Vc1 


A - r — — i—k-  s‘n  A  (A; — 9c-  coscc2  A), 

sm  A  9c  . 


which  is  negative  since  for  inclined  positious  of  equilibrium 
A  c  3c  cp see  A.  . 

Thus  for  the  inclined  posilidns  of  equilibrium, 'z  is  maximum 
and  so  they  arc  positions  of  unstable  equilibrium. 

Remark.  For  inclined  positions  of  equilibrium  to  exist,  we 
must  have  h<.  3c  coscc  A.  -For  these  positions  of  equilibrium,  8  is 
given  by  sin  0= — (A  sin  A)f3c. 

Now  l^l<0  sin  \A<  sin  0  =>  sin  £ A<  (A  sin  A)f3c 


r&&Txm  rc>- , ,  z. 
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►  A  >  -3c  sec-.-JJ. 


.  ,  ,  2/i  sin  \A  cos 

a*  sin  \A  <  — : - - 

:  Thus  for  inclined  positions  of  equilibrium,  \vc  must  have 

ic  sec  \A  <  h  <  3c  cosec  J. 

28.  (b)  An  isosceles  triangular  lamina  of  an-  angle  2a.  and 
height  h  rests  between  two  smooth  pegs  at  the  same  level>  distant  2c 
apart ;  prove  that  if 

3c  sec  a </i<6c  cosec  2a,  .. 

the  oblitfue  positions' of  equilibrium  exist ,  which  are  unstable.  Discuss 
the  stability  of  the  ver  tical  position . 

Sol.  Proceed  as  in  Ex.  28  (a).  >JTic  complete  question  has 
been  solved  there. 


l£x.  29  (a).  A  smooth  solid  right  circular  cofit,  of  height  It  anti 
vertical  angle  2a,  is  at  rest  with  its  axis  vertical  in  a  horizontal  cir-r 
cular  hole  of  radius  a.  Show  that  if  l6a>3/i  sin  2d,  the  equilibrium 
is  stable ,  and  there  are  two  other  positions ;  of  unstable  equilibrium; 
and  that  if  l6a<3A  sin  2a,  the  equilibrium  is  unstable,  and  r lie  posi¬ 
tion  in  which  the  axis  is  vertical  is  the  only  position  of  equilibrium. 


Sol.  ABC  is  a  solid  right. circular  cone  whose  height  AD  is  h 
and  vertical  angle  BAC  is  2a.  It  rests  in  a  horizontal  circular  hole 
PQ  of  radius  a,  so  that  TQ=2a.  Wc  have 
££AV=  s_CA_D=x. 

The  weight  of  the  cone  acts,at  its  centre  of-gtavity  C ,  where 
AG^iAD^l hr  ...  ' 

Suppose  Alt  makes,  an  angle  0 
with  the  horizontal  AH,  so  lhat 
£BAJI=Q—a. 

Lei  *  be  the  height  of  G  above  the 
ii;:cd  horizochtnine  PQ.  Then 
z  —  GN — PM 

—  AG  sin  Q-AP  sin  (8— a) 

=*5Asin&—  AP~s\n  (0— a).  -..(I) 

Since  PQ  is  parallel  to  AM,  there¬ 


fore 


_  QPA  LI* A M  -  0— a. 
Now  in  the  A APQ,  we  have 


/.PQA^n-{2a+(d-a))=r,-{e+a). 

Applying  the  sine  theorem  of  trigonometry  tor  the  tS-Ai'Q. 


AP  ' _ PQ 

sin  {tt— 2a’ 


sin  (0+«),  because  PQ—2a. 


sin  2<x 

Putting  the  value  of  AP  in  (l),  we  have 


z=5/i  sin  fl~2°  S,.n  (g±-j  sin  (0-«)  ’ 

sin  2a 


^r«*5/i  COS  0  —  ~--ir  sin  28.  \ 
dQ  s<n  2i 


-U) 


For  equilibrium.  dz(d0.— 0 


\h  cos  0 - r- 


„  f  4a  sin  B J1 

cos  0  J/i - : — =---- 

L  •  sin-, 2a  J 


cos  0  =  U 
~0. 


either  cos  0—0  i:c\,  8~~  ^. 


3,  4  a  sin  d  ...  .  - 

i/t  ~  ■  ■;  —  --O  i.r.,  sin  0- 


3/>  sin  2a 
1 6a 


sin  2a 

Now  0...  An  gives  the  position  of  equilibrium  in  whicb  the  axis 
A  D  of  the  cone  is  vertical.  The  values  of  0  given  by 
sin  It—-  (,3/r  sin  2a)/l6  a 

are  real  and  not  equal  to  In  if  sin  0  <  I  i.c..  if  16o  >  3/*  sin  2a. 
Since  sin  (w  —  f»)—-sin  0,  therefore  if  16 a  •>  3/i  sin  2«,  the  equation 
sin  0={3h  sin  2 y*);  1 6  a 

gives  two  oblique  positions  of  equilibrium  one  0nnd  the  other  n — 0 . 
Thus  if  I  6a  >  3/i  sin  2a,  there  are-three  positions  of  equilibrium, 
one  in  which  the  axis  AD  is  vertical  and  the  other  two  inclined. 

!f  16a  <■  3 h  sin  2*,  the  equation 

sin  (3/i  sin  2a)/ 1 6a 

gives  no  real  value  of />.  Thus  in  this  ease  the  only  position  of 
equilibrium  is  that  in  which  the  axis  of  the  cone  is  vertical. 

T^aturc  «f  equilibrium 


From  (2), 


d:z  ...  .  „  4a 

.10'  '  >111  i 


vos  2o. 


—  (3) 


For 


0  -7-.  In 


cPz 


“_Z_  ,  4« 

M  'sin  2a" 


3A  sin  2a  i*16n). 


4  sin  2al 

Which  is  positive  or  negative  according  as 
16a  >  or.  C  3A  sin  2a. 

Thus  for  0  —  |tt.  r  is  minimum  or  maximum  accordingja 


16r/  ">  or  ■<  3A  sin  2a. 

Hence  the  vertical  positioirof  equilibrium  is  stable  or  unstable 
according  as  16a  >  or  <  3A  sin  2a. 

Now  we  consider  the  inclined  positions  of  equilibrium  given 
by  sin  fl=*(3/f  sin  2a)/ 1 6a. 

These  exist  only  if  16a  >  3 A  sin  2a.  From  (3).  we  can  write 
d-z  ■  a.  .  4a 


sin  2a 


(1—2  sin2  0). 


Putting  sin  P-r=(3A  sin  2xj/l 6a  in  it.  we  get 


(Pi 


»— S*- 


3A  sin  2x 


9A2  .  _  4a 

s*n  2a  —  — — s 
64a  sin  2a 


16a 
Oh1  sin-  2a 


1  4a 
sin  2a 


8a  9A2  sin3  2^ 
sin  2a‘ 


256a2 
256a-  (3A  sin  2*)2 


,64a  sin  2a 


which  is  negntive  since  for  inclined  posit iohsiof. equilibrium 
1 6a  >  3A  sin 

Thus  for  the  inclined  positions  of/equTlilsriuni,  maximum 
and  so  they  are  positions  of  unstable  equilibrium. 


(1  bo)7 
64 a  sin  2* 


Kx.  29.  (b)'  A  smooth  cane  is  placccfwi th  vertex  downwards  in  tt 
circulor  horizontal  Jtblc .  PrOvcjha t'the  position  of  equilibrium  with 
the  axis  vertical  is  unstable  orys table  according  as  it  is,  or,  is  nor. 
die  only  possible  position  of  ^equilibrium.  \ 


Sol. 


Proceed  as  in^Ex..^  (a).  Also  take  help  from  Ex.  2X. 
Ex.  30.  (a)  A  rectangular  picture  hangs  in  a  vertical  position  by 
means  of  a  string ,  of  length  I,  which  after  passing  over  a  .cu  tooth  nail 
has  its  end v  attached \to0 two  points  symmetrically  situated  in  the 
upper  edge  t>f  thi'lpictitre  at  a  distance  e  apart .  If  the  height  of  the 

picture  is  a.  siwurt/tat  there  is  no  position  of  equilibrium  in  which  a 
side  of  the  picture  /.«  inclined  to  the  horizon  if  Ut  >  ryy(r7-f  o-), 
“Whilst  if  f  ‘  la  <  r  \/(c2 -l-<T2). 

thrre  arc  two  such  positions  which  arc  both  stable. 


Show  also  that  in  the  latter  case  the  position  in  which  the  side 
is.- vertical  is  stable  for  some  and  unstable  for  other  displacements. 


Sol.  A  BCD  is. a  rectangular 
picture  which  hangs  by  means  of 
-■  n-string-oFlengih  /  passing  over 
the  peg  P,  the  ends  of  the  string 
licing  attached  to  two  points  .'f 
and  S'  symmetrically  situated  in 
the  upper  edge  AD  of  the  picture 
such  that  SS'~c.  If  O  is  the 
middle  point  of  AD,  then-  O  is 
also  the  middle  point  of  SS'  be¬ 
cause  S  and  S'  are  symmetrically 
situated  in  AD.  Therefore 

If  G  be  the  centre  of  gravity  offKc  picture,  then  OG=\a,  as 
height  CD  of  the  picture  is  given  to  be  a. 

We  have  SP±S'P‘=L  —(0 

From  the  relation  (1).  it  is  obvious  that  P  lies^  on  an  ellipse 
whose  foci  arc  S  and  S‘  and  the  length  say  2a,  of  whose  major 
axis  is  /,  so  that  a  —  i/- 

We  have  £?.9=^at\  where  e  is  the  eccentricity  of  the  ellipse. 

—  «f  —  4c.  - 

If  p  he  the  semi  major  axis  of  the  ellipse,  then 
j32-«2-aV3=  !/2-]c2-{:(/2-c2).  so  thatJ?  =  Jx/(/2-c2). 

The  centre  of  the  ellipse  is  the  middle  point  O  of  SS'.  Take 
O  as  origin.  OS  as'.v-axis  and  a  line  perpendicular  to  OS  through 
O  as  y-»xi>.  Then  the  coordinates  of  <7  arc  (0,  —  la).  1-d  thcco- 
ordinates  of  f  be  (a  cos  8,  ji  sin  0). 

Since  the  line  PG  is  vertical,  therefore  if  r  he  the  depth  of  <7 
below  the  fixed  point  P\  then  r— PC. 

Now  z  is  maximum  or  minimum  according  as  r2  or  /'C-  is 
mnximum  or  minimum. 

Let  if  PG2-* (a  cos  0  —  O)2---(0  sin  0  +  jaP 
r^a2  cos2  sin3  -n8  sin  0-hiaJ. 


IS2 — 


do 


2  (B-  —  sin  8  cos  -op  cos  0 . 


For  equilibrium. 

dzitiO  —  Q  i.c.,  dujtfO—O, 

.  /.i*.,  cos  0  [2  (/i2  —  a3)  sin  0+«/J]=O. 


Pffl 
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either  cos  8  ^0  &=i*r, 

~2  (/5--c*>i  e2  *  ...(2) 

after  substituting  the  values  oT  x  and  £. 

Here,  0  — Aw  gives  the  position  of  equilibrium,  symmetrical 
about  the  peg  Pt  in  which  the' sides  Aft  and  CD  of  the  picture 
hang  vertically. 

There  is  no  inclined  position  of  equilibrium  if  the  value  of 
sin  0  given  by  (2)  is  >  1,  *  - 

if  ay/(f~  ~c*)  >  cz.  i.e.,  if  a2 1 2  —  nV^o-  c* 
i.e. .  if  o1!1  >  c2  (c2  r°7)  i.e.,  tf  ol  >  c  V,(fl2-i-c3). . 

Thus  if  a!  >  C\/(ni-}-c2),  l  her  is  no  position  of.  equilibrium 
in  which  a  side  of  the  picture  is  inclined^ to  the  horizon.  In  this 
ease  the  symmetrical  position  0—\*r  is  the  only  position  of  equili¬ 
brium. 

But  if  the  value  of  sin  0  given  by  (2)  is  <  I. 
i.e.,  a  v/C/’-r*)  c-.  or  at  <  c\/(a-  l-c2). 

then  (2> gives  real  values  of  0 .  Since  sin  0=?sin  («■— tf),  therefore 
when  a!  <£  cv/(us-bc2),  we  have  two.  inclined  positions  of  equili¬ 
brium  given  by  (2).  In  these  positions  the  side  CD.  may  be  inclined 
towards  either  side  of  the  vertical.  In  this  ease  there  arc  in  all 
three  positions  or  equilibrium,  one  symmetrical,  given  by  fl=r.  Att, 
and  the  ether  two,lwl»ich  are  inclined,  given  by  (2). 

Nature  of  the  positions  of  equilibrium. 

We  have, 

PujdS1  =  2‘  (/?* — x2)  (cos2  0— sin2  0) — aft  sin  8 

-=~2  (£2->x3)  (-1 — 2  sin2  8)—  aft  sin  8.  ...(3) 

For  the  symmetrical  position  of  equilibrium  given  by  Q^-  K-rr. 

-2  -op. 


fljit 


™-2  [  j  (/-  - r2) - 1  |  v'(/a - r2) 

»lr=—  i«  >/(/*-**)■ (r2  — «  r=». 

which  is  positive  or  negative  according  as  uy/iD—c')  C  or  >  r2 
i.c. ,  according  as  til  <  or  >  cv/^-fc).  . 

Thus  if  */  <  r  \/(c-  j-o2),  then  ti  and  so  also  r  is  minimum. 
Since  r  is  the  depth  of  6‘  below  the  fixed  point  ft,  therefore^  the 
equilibrium  is  unstable  in  this  ease.  Again  if  al  >  c 
then  it  and  so  also  -  is  maximum,  and  the  equilibrium  is  stable. 
Hence  the  symmetrical  equilibrium  position  is  unstable  if 

ol  <T  e  \/(r2  *  <iJ) 
and  stable  if  ol  >  r  ~-a7)- 

Now  consider  the  inctined  positions  of  equilibrium  given  by 
sin  0— (<3V(/2—c2)}/c2. 
which  give  real  values  of  8  only  if 

ax/(l2~c*)  <  c\  or  al  <  c  v'(c2+fl2).  ^  ';  -;, 

In  this  case  putting  sin  ft«s{ay/{lz—eT^lcxm  »n  (3),  we  get?;— ' 


~r-2lUP-^) 


—.4 


T  ■ 

which  is  negative  because  a \/(/7— 

Thus'in  this  case  if  and  so -also  rvis  maximum  and  the  equili¬ 
brium  is  stable.  Hence  if  al  0,c^/( c3 ■+- n1),  there  are  two  inclined 
positions  of-equi librium  apd  lhey''nrc  both  stable. 

Ex.  30  (b).  A  rcctanguIaPpicture-fradte  hangs  from  a  small  per¬ 
fectly  smooth  pulley  by  as  tying  of  length  2a  attached  symmetrically 
to  two  points  on  the  upper  edge  at  a  distance  2c  apart.  Prove  that 
if  the  depth  of  the.  picture  is  less  than 

2  c2/vV-e2), 

there  are  fhree  positions  of  ctpitfihriwn  of  which  the  symmetrical  one 
is  unstable,  ff  the- depth  exeeetls  *he  above  value  the  symmetrical 
position  of  equilibr  ium  is  the  only 'one  and  is  stable. 

Sol.  Proceed  ns  in  Ex.  30  (a). 
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